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Abstract
Let p,(n) denote the number of overpartitions of n into odd parts. The partition
function p,(n) has been the subject of numerous recent studies, in which many
explicit Ramanujan-like congruences have been discovered. In this paper, we provide
three linear recurrence relations for p,(n). Several connections with partitions into
parts not congruent to 2 (mod 4), overpartitions, and partitions into distinct parts
are presented in this context.

1. Introduction

A partition of a non-negative integer n is defined as a finite non-increasing sequence
of positive integers whose sum is n. For example, there are seven partitions of 5:

5, 441, 342, 34+1+1, 24241, 2414141, 1+1+1+141.

We denote the number of partitions of n by p(n). The generating function of p(n)
is given by

= 1
p(n)q" = ;
nz:% (=) (45 9)o0
where
1 for n =0,

(@ @) = H(l —ag®1), for n>0
k=1
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is the g-shifted factorial,
(a;@)o0 = lim (a;q)n,  [q| <1.
n—oo

An overpartition of a non-negative integer n is a partition of n in which the first
occurrence of parts of each size may be overlined. For example, there are eight
overpartitions of the integer 3:

3, 3, 241, 24+1, 241, 241, 14+14+1, T+1+1.

We denote the number of overpartitions of n by p(n). The generating function of
p(n) is given by
49
p(n)q" = 7. (1.1)
Z (q, Qoo
For more details on overpartitions, see [5], [9], [10], and [13].
Now consider that n has been overpartitioned into odd parts. We denote the

number of such partitions by p,(n). The series-product identity due to Lebesgue
[12] represents the generating function of p,(n):

i 1q ); 92 (—q;¢%) o
= ¢0; (5

For more details on overpartitions into odd parts, see [3] and [11].
Euler [1] presented the following recurrence relation for the partition function
p(n) involving pentagonal numbers:

p(n) —p(n —1) —p(n —2) + p(n —5) + p(n — 7) — p(n — 12) — p(n — 15)
4o+ (=DFp(n — k(Bk — 1)/2) + (=1)*p(n — k(3k + 1)/2) +

)1 ifn=0,
10 otherwise.

Further, in 1973, Ewell [7] gave the following recurrence relation for the partition
function p(n):

p(n) —p(n—1) —p(n —3) + p(n — 6) + p(n — 10) — p(n — 15) — p(n — 21)
o (CDPPIp(n = G+ 1)/2) + ()PP lp(n = (G +1)/2) +
_ {0 if n is odd

pa(n) if n is even,
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where pg(n) denotes the number of partitions of n into distinct parts. Choliy,
Kolitsch, and Sills [4] also gave two Euler-type recurrences for p(n), stated below:

p(n) —p(n—1) = p(n —2) +p(n —4) +p(n - 8) = p(n — 9) — p(n — 18) + ...

i : ; ) 0 if n is odd
--+(—1Vp01—12)+(—1Vp01—23%-%~-=={ o
pao(n) if n is even,

and
p(n) =2p(n — 1) +2p(n —4) — - + (=1)"2p(n — 5°) + - = (=1)"pao(n),

where pgo(n) denotes the number of partitions of n into distinct odd parts. In [14],
Merca gave two linear recurrence relations for the partition function p(n) using
consequences of bisections of the pentagonal number theorem. He also established
a relation showing that the partition functions p(n) and pg,(n) have the same parity.
One of the main results is given below:

with p(z) = 0 when x is a negative integer and G}, represents generalized pentagonal
numbers given as:

Gi = 5Ik/2] (3TK/2] + (-1)F)

Recently, da Silva and Sakai [6] derived several recurrence relations for p(n), pa.(n),
p(n), the partition function with odd parts p,(n), and pt,, the partition function
of n with parts congruent to £¢ modulo m, by invoking classical identities and
generating function manipulations.

Merca [15] also provided two recurrence relations for the function ped(n), where
ped(n) denotes the number of partitions of n with distinct even parts and unre-
stricted odd parts. Its generating function is

- n __ (q47q4)00
2_ped(n)i" = (4 0)s0

n=0
The two recurrence relations for ped(n) due to Merca are the following.

Theorem 1 ([15]). Forn >0,

Z(_DD/ﬂ ped(n — j(j +1)/2) = if n k(k + 1), k € No,
pard 0 otherwise.

Theorem 2 ([15]). Forn >0,

> (=1 ped(n —2j%) =

j=—00

> 1 ifn=k(k+1)/2, keNy,
0 otherwise.
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Motivated by the above works, we establish three recurrence relations for p,(n).
The following recurrence relation is analogous to Euler’s recurrence for p(n), as well
as to the recurrences for ped(n) and pod(n).

Theorem 3. For any integer n > 0,

0 Cnym2 g = mG@m)
S (1), (n_k(3k+1)):{( 1)m21 ifn mtH) m e Z,

2 0, otherwise.
k=—o00

In the following, we state the recurrence relations for p,(n) that involve the tri-
angular numbers, k(k+1)/2, k € Ny, and the perfect square numbers, respectively.

Theorem 4. For any integer n > 0,

S (-1)HTp (n - WH)) _ [ =g m e,
k—0 ¢ 2 0, otherwise.

Theorem 5. For any integer n > 0,

2, ifn=m? meN,
1, ifn=0,

0, otherwise.

ﬁo(n) +2 Z(_l)kﬁo(n - ka) =
k=1

If n is small then it is relatively easy to evaluate p,(n), namely

p,(0) =1,

Po(1) =2,

Po(2) = 2p,(0) = 2,
Po(3) = 2p,(1) = 4,
Po(4) =2+ 2p,(2) = 6,
Po(5) = 2P,(3) = 8,
Po(6) = 2p,(4) = 12,
Po(7) = 2P,(5) = 16,
Po(8) =2(

Po(9) =2

Dol

Q

We prove Theorems 3 — 5 in Section 2 and connections with p,(n), and other
partition functions are established in Section 3.
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2. Proofs of Theorems 3 — 5

Jacobi’s triple product identity can be stated in terms of Ramanujan’s theta function
[2, p. 34] as follows:

(—a;ab)oo (—b; ab)oo (abj ab)og = Y @D/ pr(n=1/2, (2.1)
n=-—oo
Proof of Theorem 3. Replacing a by —¢? and b by —q in (2.1), we get

oo

(4:6%)00 (0% 6%)o0(@®:¢%)oo = D (=1)"g B H0/2) (2.2)

n—=—oo

which is Euler’s pentagonal number theorem. The above identity can be rewritten
as

(—q; —q3)oo(q2;—q3)oo(—q3;—q3)oo:((_;;qg))m D> (=1)rgren 2 (2.3)

n=—oo

Replacing a by —¢? and b by ¢ in (2.1), we derive

(% =0%)oo (0% =0V (— % —¢%)oo = D (=1)I"/2gnGrl/2 - (2.4)
In view of (2.3) and (2.4), we arrive at
Z (_1)[n/2]qn(3n+1)/2 _ Zﬁo(n)qn Z (_1)nqn(3n+1)/2. (25)
n=-—o0o n=0 n=—oo
Theorem 3 follows from the above identity. O

Proof of Theorem 4. By (2.1), with replacing a by —¢* and b by —¢, we obtain

(4600 (6% Moo (05 M)oe = 3 (—1)"g2" .

n=—oo

The above identity can be rewritten as

2 S

—4:49" )oo n

(_(]§ QZ)OO(q4;q4)OO _ ((q_qg)) § (_1)[n/2]q (n+1)/2 (26)
’ ® n=0

Replacing a by ¢® and b by ¢ in (2.1), we derive the identities

(40" oo (0% 0" oo (0¥ Moo = Y "2, (2.7)
n=0
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2 q°) = (n+1)/2
x =Ygt D/, (2.8)
S

By (2.6) and (2.7), we deduce that

Z gt /2 Zpo )q" Z 1)[n/2] gnin1)/2,
= = n=0
Theorem 4 follows from the last identity. O

Proof of Theorem 5. Replacing a and b by —¢? in (2.1), we obtain

> 2
(0% 0" (0% 6o (0% 0o = D (1)
Rewriting the above equation, we see that
L2 L2 2. 2 q q ) ) 2n2
(00" )oo(—0:07) 0 (075 0" ) o0 = Z : (2.9)
n=—oo
By replacing a and b by ¢ in (2.1), we obtain
e 2
(4020 = Y 4", (2.10)
From (2.9) and (2.10), we have
o0 R o0 o0 N
" =B, D (1)
n=—oo n=0 n=-—oo

Equating the coefficient of ¢"™ on both sides of the above equation, we arrive at
Theorem 5. O

3. Relation Connecting p,(n) with Other Partition Functions

Let pod(n) denote the number of partitions of n wherein odd parts are distinct and
even parts are unrestricted. The generating function for pod(n) is given by

Z pod(n M (3.1)

(0% 4%

We shall prove that p,(n) can be expressed in terms of pod(n).
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Theorem 6. For any integer n > 0,

(oo}

Po(n) = 3 pod <n - ’“““j”) |

k=0
Proof. From (3.1), we have
2 &)
—4;49" )oo n
((.2)) = (0% ¢*)oo(— 4 @)oo Y _ POd(n)q".
;9" )oo o

By (2.8), we deduce that

Zﬁo(n)q” = (Z pod(n)q”) (Z q"(n+1)/2> .
n=0 n=0 n—0

The proof follows from the last identity. O

The parity of p,(n) and Theorem 6 allows us to derive the following congruence.

Corollary 1. For any integer n > 0,

;pod (n— k(k;D) =0 (mod 2).

The partition functions p(n) and p,(n) can be related as follows.

Theorem 7. For any integer n > 0,

Ran) = 3 (<) (- ML),

k=—o0

Proof. From (2.2), we have

0o -1
1 _ [ Z (_1)nqn(3n+1)/2‘| .

From (2.5), we see that
> P.(n)g" = (ZP(”)Q") ( > (—1)("/2%”(3”“)/2) :
n=0 n=0 n=-—oo
The proof follows from the above identity. O

Corollary 2. For any integer n > 0,

i p<n—k(3k;_l)> =0 (mod 2).

k=—o0
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Proof. Tt easily follows from the Theorem 7 and the parity of p,(n). O

Theorem 8. For any integer n > 0,

oo

Po(n) = Y (=1)*p(n — 2?).

k=—o

Proof. Considering the generating function of p,(n), we have

Y Po(M)d" = (G Doo(—G )0 (3:2)
n=0
mjo(—q; 7)o (43 @)oo

Using Equations (2.9) and (1.1), we see that

> Po(n)g" = (ZP(”)Q”) ( > (—1)”q2”2> :

n=0 n=-—oo

The proof follows from the final equation. O

The Equation (3.3) below appears in Theorem 2.12 of [11], while (3.4) is due to
Hemanthkumar and Chandankumar [8]:

(0% )0 (0% 6°)° o

ZPO (2n 4+ 1)g" = 2 TR (3.3)
and
" n_ (654"
;p0(2n)q (392 (6% 6% 0% ¢8)2 (3.4)

Theorem 9. For any non-negative integer n,

,(2n+1) Z (n —2k(k+1)).

Proof. Rearranging (3.3), using the generating function of p(n) and (2.8), we get

Zpo 2n+1 _QZp niqw(gﬂ),
n=0
= 22 <Zp(n — 2k(k + 1))) q
n=0 \k=0

Equating the coefficient of ¢" on both sides of the last equation, we arrive at the
result. O
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Theorem 10. For any non-negative integer n,

Do(2n) =P(n) +2 ) pl(n — 2k).
k=0

Proof. Rearranging Equations (3.4) and (1.1), we have

5§t (2n) (¢*; 4")5 j;i (n)
Po(2n)q" = ’ p(n)q".
= (4%:6%)3. (6% ¢*)3 =

Invoking (2.10), we get

oo LS , &
DBt = ) ¢ ) pn)d",
n=0 n=0

n=—oo

Equating the coefficient of g™ on both sides of the above equation completes the
proof. O
Let Py(n) denote the partition function of n with parts not congruent to 2

(mod 4). The generating function of P(n) is given by
oo 2. 4

ZPQ(TL)(]" — (q jq )oo

= (45 0)oc

Let g(n) denote the bipartition function of n into distinct parts. The generating

function for g(n) is given by

Theorem 11. For any positive integer n,
oo
_ k(k+1)
i =3m (1 50).

Proof. Considering the generating function of p,(n), we have
v (66w
bo\N)q = 55—
;g% ") (0% ¢%)
(%14 (6% 6%)%
(0o (G0)
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Invoking (2.8) in the above equation, we get

Y Po(n)g" = Z Pa(m)q" > g E
n=0 =

n=0

S =3 (Som (v D) ) o

n=0 n=0

Equating the coefficient of ¢ on both sides of the above equation completes the
proof. O

The parity of p,(n) and Theorem 11 allow us to derive the following congruence.

Corollary 3. For any integer n > 0,

ki:OPz (n— k(k;_l)) =0 (mod 2).

The following result is a relation connecting the partition functions g(n) and
p(n).

Theorem 12. For any positive integer n,

Zp( k+1))'

Proof. Consider the generating function of p,(n), we have

Zpo (—@:0%)oo(~4: @)
() ((%5dD)2
(0% ) ( (¢59)o0 )

1 1 > (n+1)
=7 X 2. 2 Zq E

(G d)  (=0%0%)00 =,

Rewriting the above equation, we have
— _ h e n N~ nntl)
o Y Po(m)g" = p(n)g Zq 2,
n=0 n=0 =
= _ E(k+1 .
> it z(zp( HEED)) o

=0 —

Equating the coefficient of ¢" on each side of the previous equation completes the
proof. O
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Let py(n) denote the number of partitions of n into distinct parts. The number of
partitions of n into distinct odd parts is denoted by pg,(n). The generating functions
for pg(n) and pgo(n) are given by

> pa(n)g" = (—¢;Q)se
n=0

and
oo
> pao(m)q” = (=¢;¢°)oo-
n=0

It is easy to see that

Bo(n) = 3 palk)pao(n — k).

k=0

Theorem 13. For any integer n > 0,

> (-1)Fp, (n - "7(3’{;1)) = > (~1)*pao(n — k(3k +1)).

k=—o0 k=—o0

Proof. Rewriting (3.2), we get
(=4 0*) oo (=€ Do (43 @)oo = (=43 6*) 50 (475 ¢%) oo

which implies that

(Zpo(n)qn) ( Z (_1)nqn(3n+1)/2> _ (Zpdo(n)q”>
n=0 n=—oo n=0
« ( i (1)nqn(3n+1)) )

n—=—oo

O

By using Theorem 3 and Theorem 13, we obtain the following recurrence relation
for pao(n).

Corollary 4. For any integer n > 0,

s {(_1)fm/21’ ifn = m(37;+1)’ m ez,

> (1) pao(n — k(3k + 1)) =

i , otherwise.

Theorem 14. For any integer n > 0,

> (0, (n= M) = 3 1)t~ ks 1)

k=—o0
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Proof. Rewriting relation (3.2), we see that
(=43 @)oo (=0 4*) oo (@ 6% 0 (41 0 ) 50 = (=45 )00 (0% 67 ) 50

which implies that

(Zpo(n)qn> ( > (1)["/2191”(”*1)/2) = (Zpd(n)q”>
n=0 n=-—oo
% < i (_]_)716171(371—‘,-1))7

where we have used (2.6). O
By using Theorem 4 and Theorem 14, we obtain the following recurrence relation

for pa(n).

Corollary 5. For any integer n > 0,

m(m+1)

i (=1)*pa(n — k(3k + 1)) = {1’ ifn="75—", méeNo,

0, otherwise,

k=—oc0
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