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Abstract

In a recent paper, Jin, Liu, and Xia presented some modulo 4 congruences for
spt2(n), the number of smallest parts in the overpartitions of n where the smallest
part is even and is not overlined. In this paper, we extend the list of such con-
gruences in two directions. First, we prove some new individual congruences for
spt2(n). Then, we provide a number of infinite families of Ramanujan-like congru-
ences satisfied by spt2(n).

1. Introduction

We recall that an overpartition [3] is a partition in which the first occurrence of each

part may be overlined. Garvan and Jennings-Shaffer [5] introduced the function

spt2(n), which is the number of smallest parts in the overpartitions of n where

the smallest part is even and is not overlined. For instance, considering the 14

overpartitions of 4, namely

4, 4, 3 + 1, 3 + 1, 3 + 1, 3 + 1, 2 + 2, 2 + 2, 2 + 1 + 1,

2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1, 1 + 1 + 1 + 1, 1 + 1 + 1 + 1,

we see that spt2(4) = 3.

The study of arithmetic properties of partition functions emerged as a vibrant

area of research as Ramanujan [9] proved several divisibility properties of p(n),

including:
p(5n+ 4) ≡ 0 (mod 5),
p(7n+ 5) ≡ 0 (mod 7),
p(11n+ 6) ≡ 0 (mod 11),

where p(n) is the number of partitions of n. After Ramanujan, significant achieve-

ments have been made by many authors for several functions that enumerate par-
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titions satisfying certain restrictions. For example, Bringmann, Lovejoy, and Os-

burn [2] proved that the partition function spt2(n) satisfies the following set of

Ramanujan-like congruences: for all n ≥ 0,

spt2(3n) ≡ 0 (mod 3),

spt2(3n+ 1) ≡ 0 (mod 3),

spt2(5n+ 3) ≡ 0 (mod 5).

Very recently, Jin, Liu, and Xia [8] presented some modulo 4 congruences for

spt2(n), including

spt2(8n+ 3) ≡ 0 (mod 4),

spt2(16n+ 14) ≡ 0 (mod 4), (1)

spt2(32n+ 28) ≡ 0 (mod 4).

Our goal in this paper is to extend the congruences modulo 4 satisfied by spt2(n).

This is done in two directions. First, we prove some new individual congruences

for spt2(n). Then, we provide a number of infinite families of Ramanujan-like

congruences satisfied by spt2(n). The new individual congruences are the following.

Theorem 1. For all n ≥ 0,

spt2(36n+ 30) ≡ 0 (mod 4), (2)

spt2(48n+ 34) ≡ 0 (mod 4), (3)

spt2(72n+ 42) ≡ 0 (mod 4). (4)

It turns out that much more is true about spt2(n) modulo 4, and our elementary

approach to proving the congruences in Theorem 1 yields the insights needed to see

this. Thus, we state the following infinite families of non–nested Ramanujan–like

congruences modulo 4 satisfied by spt2(n).

Theorem 2. For all j ≥ 0 and all n ≥ 0,

spt2(2j+4n+ 7 · 2j+1) ≡ 0 (mod 4), (5)

spt2(2j+29n+ 15 · 2j+1) ≡ 0 (mod 4), (6)

spt2(2j+43n+ 17 · 2j+1) ≡ 0 (mod 4), (7)

spt2(2j+39n+ 21 · 2j+1) ≡ 0 (mod 4), (8)

spt2(2j+45n+ 17 · 2j+1) ≡ 0 (mod 4), (9)

spt2(2j+45n+ 33 · 2j+1) ≡ 0 (mod 4). (10)
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In the theorem below we present a different type of infinite family of Ramanujan-

like congruence for spt2(n).

Theorem 3. Let p > 3 be a prime such that p ≡ 5 or 7 (mod 8). Then for all

k,m ≥ 0 with p ∤ m,

spt2
(
32p2k+1m+ 24p2k+2

)
≡ 0 (mod 4).

This paper is organized as follows. In Section 2, we recall some basic identities

that are used in the proof of Theorem 1. Section 3 is devoted to the proof of

Theorem 1. The proofs of the infinite families of Ramanujan–like congruences shown

in Theorem 2 are presented in Section 4. The proof of Theorem 3 is the content of

Section 5.

2. Preliminaries

In order to accomplish the above goals, we require a few classical tools. First, we

recall Ramanujan’s theta functions

f(a, b) :=

∞∑
n=−∞

a
n(n+1)

2 b
n(n−1)

2 , for |ab| < 1,

ϕ(q) := f(q, q) =

∞∑
n=−∞

qn
2

=
(q2; q2)5∞

(q; q)2∞(q4; q4)2∞
, (11)

ψ(q) := f(q, q3) =

∞∑
n=0

qn(n+1)/2 =
(q2; q2)2∞
(q; q)∞

, (12)

where (a; q)∞ := (1 − a)(1 − aq)(1 − aq2) · · · is the usual q-Pochhammer symbol.

These functions satisfy many interesting properties (see Entries 18, 19, and 22 in

[1]), including:

ϕ(−q) = (q; q)2∞
(q2; q2)∞

,

ψ(−q) = (q; q)∞(q4; q4)∞
(q2; q2)∞

. (13)

Throughout the remainder of this paper, we define

fk := (qk; qk)∞

in order to shorten the notation.

The proof of Theorem 1 requires a few well-known 2- and 3-dissections.
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Lemma 1. We have

f21 =
f2f

5
8

f24 f
2
16

− 2q
f2f

2
16

f8
, (14)

1

f21
=

f58
f52 f

2
16

+ 2q
f24 f

2
16

f52 f8
. (15)

Proof. By Entry 25 (i), (ii), (v), and (vi) in [1, p. 40], we have

ϕ(q) = ϕ(q4) + 2qψ(q8), (16)

and

ϕ(q)2 = ϕ(q2)2 + 4qψ(q4)2. (17)

Identity (14) follows from (17) after replacing q by −q. By (11) and (12) we can

rewrite (16) in the form
f52
f21 f

2
4

=
f58

f24 f
2
16

+ 2q
f216
f8
,

from which we obtain (15) after multiplying both sides by
f2
4

f5
2
.

The three identities in the following lemma were derived in [6, Eq. (14.8.5)], [10],

and [7], respectively.

Lemma 2. We have

f31 =
f6f

6
9

f3f318
+ 4q3

f23 f
6
18

f26 f
3
9

− 3qf39 , (18)

f4
f1

=
f12f

4
18

f33 f
2
36

+ q
f26 f

3
9 f36

f43 f
2
18

+ 2q2
f6f18f36
f33

, (19)

f1f2 =
f6f

4
9

f3f218
− qf9f18 − 2q2

f3f
4
18

f6f29
. (20)

Lemma 3 ([6], Eq. (14.3.3)). We have

ψ(q) =
f22
f1

=
f6f

2
9

f3f18
+ q

f218
f9
. (21)

Lemma 4 ([4]). We have

ψ(−q) = f3f12f
5
18

f26 f
2
9 f

2
36

− q
f9f36
f18

.
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Lemma 5 ([6], Eq. (14.3.4)). We have

ϕ(−q) = f29
f18

− 2q
f3f

2
18

f6f9

Lemma 6 ([6], Eq. (1.7.1)). We have

f31 =

∞∑
n=0

(−1)n(2n+ 1)q(n
2+n)/2.

3. Proof of Theorem 1

We now present a proof of Theorem 1.

Proof. In many occasions below, we will make use of the following elementary fact:

for any positive integers k,m, and n,

f2
km

n ≡ f2
k−1m

2n (mod 2k).

We know from [8, Eq. (4.12)] that

∞∑
n=0

spt2(4n+ 2)qn ≡ 2
f28
f4

− f32 f
2
4

f21

≡ 2f34 − f32

(
f4
f1

)2

(mod 4). (22)

Using (18) and (19), we obtain

∞∑
n=0

spt2(4n+ 2)qn ≡ 2
f24f

6
36

f12f372
+ 2q4f336 −

(
f12f

6
18

f6f336
− 3q2f318

)(
f212f

8
18

f63 f
4
36

+q2
f46 f

6
9 f

2
36

f83 f
2
18

+ 2q
f26 f

3
9 f12f

2
18

f73 f36

)
(mod 4),

which, after extracting the terms of the form q3n+1, yields

∞∑
n=0

spt2(12n+ 6)q3n+1 ≡ 2q4f336 + 2q
f6f

3
9 f

2
12f

8
18

f73 f
4
36

+ 3q4
f46 f

6
9 f

3
18f

2
36

f83 f
2
18

(mod 4).
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Dividing by q and replacing q3 by q, we obtain

∞∑
n=0

spt2(12n+ 6)qn ≡ 2qf312 + 2
f2f

3
3 f

2
4 f

8
6

f71 f
4
12

+ 3q
f42 f

6
3 f

3
6 f

2
12

f81 f
2
6

≡ 2qf312 + 2
f33 f

2
4

f1f22
+ 3qf23 f

5
6

≡ 2qf312 + 3qf23 f
5
6 + 2f33

f22
f1

(mod 4).

Thanks to Lemma 3, we see that the right-hand side of the congruence above does

not have terms of the form q3n+2, which proves (2).

We now proceed to the proof of (3). We start by using (15) to extract the even

part of (22), which yields

∞∑
n=0

spt2(8n+ 2)q2n ≡ 2f34 − f24 f
5
8

f22 f
2
16

≡ 2f34 − f22 f8 (mod 4).

After replacing q2 by q, we get

∞∑
n=0

spt2(8n+ 2)qn ≡ 2f32 − f21 f4 (mod 4). (23)

Now we make use of (14) to extract the even parts on both sides of the above

congruence:

∞∑
n=0

spt2(16n+ 2)q2n ≡ 2f32 − f2f
5
8

f4f216
(mod 4).

After replacing q2 by q, we are left with

∞∑
n=0

spt2(16n+ 2)qn ≡ 2f31 − f1f
5
4

f2f28

≡ 2f31 − f1f4
f2

≡ 2f31 − ψ(−q) (mod 4), (24)

using (13). Thanks to (18) and Lemma 4 we see that the right-hand side of the

last congruence does not have terms of the form q3n+2, which completes the proof

of (3).

In order to prove (4), we rewrite (23) as

∞∑
n=0

spt2(8n+ 2)qn ≡ 2f32 − f21
f2
f2f4 (mod 4).
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Combining (18), Lemma 5, and (20) we can extract the terms of the form q3n+2 on

both sides of the last congruence, which yields the following:

∞∑
n=0

spt2(24n+ 18)q3n+2 ≡ 2q2f318 + q2f29 f36 (mod 4).

Dividing by q2 and replacing q3 by q, we are left with

∞∑
n=0

spt2(24n+ 18)qn ≡ 2f36 + f23 f12 (mod 4).

Since there are no terms of the form q3n+1 in 2f36 + f23 f12, we obtain (4).

4. Proof of Theorem 2

We now present a proof of Theorem 2.

Proof. We begin by recalling an interesting internal congruence satisfied by spt2(n)

(see [8, Theorem 1.7]) that will serve as an important component in our remaining

proofs: for n ≥ 0,

spt2(8n+ 5) ≡ spt2(16n+ 10) (mod 4). (25)

The congruence in (5) follows from a straightforward proof by induction on j.

First, we note that the basis case, j = 0, is simply the statement that, for all n ≥ 0,

spt2(16n+ 14) ≡ 0 (mod 4).

This is Equation (1) above, which appears in [8, Theorem 1.8].

Next, we assume that the statement is true for some j ≥ 0. We then wish to

prove that

spt2
(
2j+5n+ 7 · 2j+2

)
≡ 0 (mod 4)

for all n ≥ 0 as well. Note that

2j+5n+ 7 · 2j+2 = 16

(
2j+1n+ 7 · 2j−2 − 5

8

)
+ 10.

Thanks to (25), we know that, for all n ≥ 0,

spt2(8n+ 5) ≡ spt2(16n+ 10) (mod 4).
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Thus,

spt2
(
2j+5n+ 7 · 2j+2

)
= spt2

(
16

(
2j+1n+ 7 · 2j−2 − 5

8

)
+ 10

)
≡ spt2

(
8

(
2j+1n+ 7 · 2j−2 − 5

8

)
+ 5

)
(mod 4)

= spt2
(
2j+4n+ 7 · 2j+1

)
≡ 0 (mod 4)

by the induction hypothesis. The result follows.

The proof of (6) also follows from a straightforward proof by induction on j.

First, we note that the basis case, j = 0, is the same as saying that, for all n ≥ 0,

spt2(36n+ 30) ≡ 0 (mod 4).

This is Equation (2) in Theorem 1.

Next, we assume that the statement is true for some j ≥ 0. We then wish to

prove that

spt2
(
2j+39n+ 15 · 2j+2

)
≡ 0 (mod 4)

for all n ≥ 0 as well. Note that

2j+39n+ 15 · 2j+2 = 16

(
2j−19n+ 15 · 2j−2 − 5

8

)
+ 10.

Thanks to (25), we have

spt2
(
2j+39n+ 15 · 2j+2

)
= spt2

(
16

(
2j−19n+ 15 · 2j−2 − 5

8

)
+ 10

)
≡ spt2

(
8

(
2j−19n+ 15 · 2j−2 − 5

8

)
+ 5

)
(mod 4)

= spt2
(
2j+29n+ 15 · 2j+1

)
≡ 0 (mod 4)

by the induction hypothesis, which completes the proof of (6).

Here we also proceed by induction on j. The basis case, j = 0, is the same as

saying that, for all n ≥ 0,

spt2(48n+ 34) ≡ 0 (mod 4).

This is Equation (3) in Theorem 1.

Next, we assume that the statement is true for some j ≥ 0. Then we prove that

spt2
(
2j+53n+ 17 · 2j+2

)
≡ 0 (mod 4)



INTEGERS: 26 (2026) 9

for all n ≥ 0 as well. Note that

2j+53n+ 17 · 2j+2 = 16

(
2j+13n+ 17 · 2j−2 − 5

8

)
+ 10.

Thanks to (25), we have

spt2
(
2j+53n+ 17 · 2j+2

)
= spt2

(
16

(
2j+13n+ 17 · 2j−2 − 5

8

)
+ 10

)
≡ spt2

(
8

(
2j+13n+ 17 · 2j−2 − 5

8

)
+ 5

)
(mod 4)

= spt2
(
2j+43n+ 17 · 2j+1

)
≡ 0 (mod 4)

by the induction hypothesis, which completes the proof of (7).

Proceeding by induction on j, we see that the basis case, j = 0, is the same as

saying that, for all n ≥ 0,

spt2(72n+ 42) ≡ 0 (mod 4).

This is Equation (4) in Theorem 1.

Next, we assume that the statement is true for some j ≥ 0. Then we prove that

spt2
(
2j+49n+ 21 · 2j+2

)
≡ 0 (mod 4)

for all n ≥ 0 as well. Note that

2j+49n+ 21 · 2j+2 = 16

(
2j9n+ 21 · 2j−2 − 5

8

)
+ 10.

Thanks to (25), we have

spt2
(
2j+49n+ 21 · 2j+2

)
= spt2

(
16

(
2j9n+ 21 · 2j−2 − 5

8

)
+ 10

)
≡ spt2

(
8

(
2j9n+ 21 · 2j−2 − 5

8

)
+ 5

)
(mod 4)

= spt2
(
2j+39n+ 21 · 2j+1

)
≡ 0 (mod 4)

by the induction hypothesis, which completes the proof of (8).

Proceeding by induction on j, we see that the basis case, j = 0, is the same as

saying that, for all n ≥ 0,

spt2(80n+ 34) ≡ 0 (mod 4).
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This follows directly from [8, Theorem 1.4]. Indeed, since k(k + 1)/2 ̸≡ 2 (mod 5),

we see that

spt2(80n+ 34) = spt2(16 · (5n+ 2) + 2) ≡ 0 (mod 4)

by [8, Eq. (1.4)].

Next, we assume that the statement is true for some j ≥ 0. Then we prove that

spt2
(
2j+55n+ 17 · 2j+2

)
≡ 0 (mod 4)

for all n ≥ 0 as well. Note that

2j+55n+ 17 · 2j+2 = 16

(
2j+15n+ 17 · 2j−2 − 5

8

)
+ 10.

Thanks to (25), we have

spt2
(
2j+55n+ 17 · 2j+2

)
= spt2

(
16

(
2j+15n+ 17 · 2j−2 − 5

8

)
+ 10

)
≡ spt2

(
8

(
2j+15n+ 17 · 2j−2 − 5

8

)
+ 5

)
(mod 4)

= spt2
(
2j+45n+ 17 · 2j+1

)
≡ 0 (mod 4)

by the induction hypothesis, which completes the proof of (9).

Proceeding by induction on j, we see that the basis case, j = 0, is the same as

saying that, for all n ≥ 0,

spt2(80n+ 66) ≡ 0 (mod 4).

This follows directly from [8, Theorem 1.4]. Indeed, since k(k + 1)/2 ̸≡ 4 (mod 5),

we see that

spt2(80n+ 66) = spt2(16 · (5n+ 4) + 2) ≡ 0 (mod 4),

by [8, Eq. (1.4)].

Next, we assume that the statement is true for some j ≥ 0. Then we prove that

spt2
(
2j+55n+ 33 · 2j+2

)
≡ 0 (mod 4)

for all n ≥ 0 as well. Note that

2j+55n+ 33 · 2j+2 = 16

(
2j+15n+ 33 · 2j−2 − 5

8

)
+ 10.
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Thanks to (25), we have

spt2
(
2j+55n+ 33 · 2j+2

)
= spt2

(
16

(
2j+15n+ 33 · 2j−2 − 5

8

)
+ 10

)
≡ spt2

(
8

(
2j+15n+ 33 · 2j−2 − 5

8

)
+ 5

)
(mod 4)

= spt2
(
2j+45n+ 33 · 2j+1

)
≡ 0 (mod 4)

by the induction hypothesis, which completes the proof of (10).

5. Proof of Theorem 3

We now present a proof of Theorem 3.

Proof. Initially we recall the following congruence (see [8, Eq. (4.16)]):

∞∑
n=0

spt2(16n+ 8)qn ≡ −f
3
2 f

2
4

f21
(mod 4).

Using (15), we get

∞∑
n=0

spt2(32n+ 24)q2n+1 ≡ 2q
f44 f

2
16

f22 f8
(mod 4),

which, after dividing by q and replacing q2 by q, yields

∞∑
n=0

spt2(32n+ 24)qn ≡ 2
f42 f

2
8

f21 f4
≡ 2f32 f

3
4 (mod 4). (26)

Using Lemma 6, it follows from (26) that

∞∑
n=0

spt2(32n+ 24)qn ≡ 2

∞∑
k=0

∞∑
l=0

qk(k+1)+2l(l+1) (mod 4).

Note that n = k(k+1)+2l(l+1) is equivalent to writing 4n+3 = (2k+1)2+2(2l+1)2.

Thus, spt2(32n + 24) ≡ 0 (mod 4) if 4n + 3 is not of the form x2 + 2y2. Since

p ≡ 5 or 7 (mod 8) we know that

(
−2

p

)
= −1, i.e., −2 is a quadratic nonresidue

modulo p. This implies that νp(N) is even if N is of the form 2x2 + y2. However,

here n = p2k+1m+ 3(p2k+2 − 1)/4. Then

4n+ 3 = 4p2k+1m+ 3p2k+2 = p2k+1(4m+ 3p).

Therefore, νp(4n+ 3) is odd and the result follows.
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6. Concluding Remarks

In the work above, we have accomplished our primary goal, which was to prove

new Ramanujan–like congruences satisfied by spt2(n) modulo 4, including some in-

finite families of congruences. With that said, we admit that our results above are

not exhaustive; computational evidence indicates that there are more Ramanujan–

like congruences modulo 4 satisfied by spt2(n) which are not covered by our re-

sults above. We leave it to the interested reader to consider proving additional

Ramanujan–like congruences which are satisfied by spt2(n).
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