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Abstract
In a recent paper, Jin, Liu, and Xia presented some modulo 4 congruences for
spt2(n), the number of smallest parts in the overpartitions of n where the smallest
part is even and is not overlined. In this paper, we extend the list of such con-
gruences in two directions. First, we prove some new individual congruences for
spt2(n). Then, we provide a number of infinite families of Ramanujan-like congru-
ences satisfied by spt2(n).

1. Introduction

We recall that an overpartition [3] is a partition in which the first occurrence of each
part may be overlined. Garvan and Jennings-Shaffer [5] introduced the function
spt2(n), which is the number of smallest parts in the overpartitions of n where
the smallest part is even and is not overlined. For instance, considering the 14
overpartitions of 4, namely

4,4,34+1,3+1,3+1,3+1,24+2,2+2,2+1+1,
241+1,2+14+1,2+1+1,14+1+14+1,T4+1+1+1,

we see that spt2(4) = 3.

The study of arithmetic properties of partition functions emerged as a vibrant
area of research as Ramanujan [9] proved several divisibility properties of p(n),
including:

p(5n +4) =0 (mod 5),
p(7Tn+5) =0 (mod 7),
p(1ln+6) =0 (mod 11),
where p(n) is the number of partitions of n. After Ramanujan, significant achieve-
ments have been made by many authors for several functions that enumerate par-
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titions satisfying certain restrictions. For example, Bringmann, Lovejoy, and Os-
burn [2] proved that the partition function spt2(n) satisfies the following set of
Ramanujan-like congruences: for all n > 0,

spt2(3n) =0 (mod 3),
spt2(3n+1) =0 (mod 3),
spt2(5n+3) =0 (mod 5).

Very recently, Jin, Liu, and Xia [8] presented some modulo 4 congruences for
spt2(n), including
spt2(8n+3) =0 (mod 4),
spt2(16n +14) =0 (mod 4), (1)
spt2(32n +28) =0 (mod 4).
Our goal in this paper is to extend the congruences modulo 4 satisfied by spt2(n).
This is done in two directions. First, we prove some new individual congruences

for spt2(n). Then, we provide a number of infinite families of Ramanujan-like
congruences satisfied by spt2(n). The new individual congruences are the following.

Theorem 1. For alln > 0,

spt2(36n +30) =0 (mod 4), (2)
spt2(48n +34) =0 (mod 4), (3)
spt2(72n +42) =0 (mod 4). (4)

It turns out that much more is true about spt2(n) modulo 4, and our elementary
approach to proving the congruences in Theorem 1 yields the insights needed to see
this. Thus, we state the following infinite families of non—nested Ramanujan-like
congruences modulo 4 satisfied by spt2(n).

Theorem 2. For all j > 0 and alln > 0,

spt2(27tin 4 7.2 =0 (mod 4), (5)
spt2(22129n +15- 2771y =0 (mod 4), (6)
spt2(2713n +17-2771) =0 (mod 4), (7)
spt2(27739n 421 -2 =0 (mod 4), (8)
spt2(29T45n + 1729 =0 (mod 4), (9)
spt2(2745n + 332771y =0 (mod 4) (10)
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In the theorem below we present a different type of infinite family of Ramanujan-
like congruence for spt2(n).

Theorem 3. Let p > 3 be a prime such that p = 5 or 7 (mod 8). Then for all
k,m >0 with ptm,

spt2 (32" m + 24p**2) =0 (mod 4).

This paper is organized as follows. In Section 2, we recall some basic identities
that are used in the proof of Theorem 1. Section 3 is devoted to the proof of
Theorem 1. The proofs of the infinite families of Ramanujan-like congruences shown
in Theorem 2 are presented in Section 4. The proof of Theorem 3 is the content of
Section 5.

2. Preliminaries

In order to accomplish the above goals, we require a few classical tools. First, we
recall Ramanujan’s theta functions

o0
n(n+1)  n(n—1)

flab):i= Y a" 2 b 7, forlab| <1,

o B q .q2)5
é(q) = ngmq = oLt (11)
¥(a) = fla.q ZWW Ualv:Y (12)

(4 9)0

where (a;¢)s = (1 —a)(1 —aq)(1 — ag?®)--- is the usual g-Pochhammer symbol.
These functions satisfy many interesting properties (see Entries 18, 19, and 22 in
[1]), including;:

3 ((LCI) (q q)

Throughout the remainder of this paper, we define

fre = (0" 6"

(13)

in order to shorten the notation.
The proof of Theorem 1 requires a few well-known 2- and 3-dissections.
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Lemma 1. We have

o f2fg 9 fafts 14
fl - folQ(j q f8 ) ( )

BB TR
Proof. By Entry 25 (i), (ii), (v), and (vi) in [1, p. 40], we have
#(q) = ¢(q") + 2q9(q%), (16)

and
?(0)® = &(¢*) + 4qv(q*)*. (17)

Identity (14) follows from (17) after replacing ¢ by —¢g. By (11) and (12) we can
rewrite (16) in the form

5 5 2
52 2 = 582 + 2‘1@7
fifi fifis fs
from which we obtain (15) after multiplying both sides by jf—% O
2

The three identities in the following lemma were derived in [6, Eq. (14.8.5)], [10],
and [7], respectively.

Lemma 2. We have

s fefS sf3fs o 48
W=gp T (18)
fi hafls | f6f3fse 2 fef18f36
[ T A Y- A B (19)
_ Jfefs o o fafis
fife= al2 qfofis —2q fol2 (20)

Lemma 3 ([6], Eq. (14.3.3)). We have

O fefs | I
Y(q) = T Tahis +4q T (21)

Lemma 4 ([4]). We have

o fahefts  fofse
v = Rz hs
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Lemma 5 ([6], Eq. (14.3.4)). We have

L f8 L B
o(-) = fig qf6f9

Lemma 6 ([6], Eq. (1.7.1)). We have

3. Proof of Theorem 1

We now present a proof of Theorem 1.

Proof. In many occasions below, we will make use of the following elementary fact:
for any positive integers k, m, and n,

ST = A (mod 29).

We know from [8, Eq. (4.12)] that

Ti)spﬂ(éln +2)¢" = QJE - fif;f
f 2
=23 f3 (4) (mod 4). (22)
fi

Using (18) and (19), we obtain

o~ — 6 6 2 8
Zspt2(4n+2)q" — 2f24f36 + 2q4f§6 . <f12f18 o 3q2f138> (f12f18
n=0

Y fof3s 13 f36
f6 18 fis f62f§’f12f128>
+¢? + 2q (mod 4),
f3 s f3 f36
which, after extracting the terms of the form ¢3"*!, yields
0 302 8 476 £3 2
Z 8pt2(12n + 6>q3n+1 = 2q4f§)6 + 2qf6f97f12f18 4 3q4 fﬁ f98f128f36 (mod 4)
3 f36 I3 fis

n=0
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Dividing by ¢ and replacing ¢® by ¢, we obtain

& 3 r2 £8 4 £6 £3 £2
E m(l2n+6)qnE2qf§2+2f2f$fif6 +3qf2f38f62f12
= 112 G
f33
=2qf1y + 2205 +3af5 18
Jifs
f2
=2qf1y +3af5 8 + 213 f% (mod 4).

Thanks to Lemma 3, we see that the right-hand side of the congruence above does
not have terms of the form ¢3"*2, which proves (2).

We now proceed to the proof of (3). We start by using (15) to extract the even
part of (22), which yields

£
13 s
= 2f£’ — f22f8 (mod 4).

Z spt2(8n + 2)¢*" = 23 —

n=0

After replacing ¢° by ¢, we get

> spt2(8n+2)q" =2f5 — fifs (mod 4). (23)

n=0

Now we make use of (14) to extract the even parts on both sides of the above
congruence:

00 5
> spt2(16n + 2)¢>" = 2f5 — f2f§ (mod 4).
n—0 f4f16
After replacing ¢° by ¢, we are left with
o0 5
> spt2(16n + 2)q" = 2fF — fi‘;
n—0 f2f8
f1fa
=2f — ===
fl f2
=2f} —4(—q) (mod4), (24)

using (13). Thanks to (18) and Lemma 4 we see that the right-hand side of the
last congruence does not have terms of the form ¢3"*2, which completes the proof

of (3).

In order to prove (4), we rewrite (23) as

> S0 + 2" =28~ T gy moa )
n=0 2
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Combining (18), Lemma 5, and (20) we can extract the terms of the form ¢3"*2 on
both sides of the last congruence, which yields the following:

oo
> spt2(24n +18)¢* 2 = 27 fis + ¢* 3 s (mod 4).
n=0
Dividing by ¢? and replacing ¢> by ¢, we are left with
Z spt2(24n + 18)¢™ = 2f8 + fifi2 (mod 4).
n=0

Since there are no terms of the form ¢3" ! in 2f3 + f3 f12, we obtain (4). O

4. Proof of Theorem 2

We now present a proof of Theorem 2.

Proof. We begin by recalling an interesting internal congruence satisfied by spt2(n)
(see [8, Theorem 1.7]) that will serve as an important component in our remaining
proofs: for n > 0,

spt2(8n + 5) = spt2(16n + 10)  (mod 4). (25)

The congruence in (5) follows from a straightforward proof by induction on j.
First, we note that the basis case, j = 0, is simply the statement that, for all n > 0,

spt2(16n +14) =0 (mod 4).

This is Equation (1) above, which appears in [8, Theorem 1.8].
Next, we assume that the statement is true for some j > 0. We then wish to
prove that
spt2 (27 +7-2772) =0 (mod 4)

for all n > 0 as well. Note that
240 472712 = 16 (2j+1n +7.2072 Z) +10.

Thanks to (25), we know that, for all n > 0,

spt2(8n + 5) = spt2(16n + 10) (mod 4).
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Thus,

spt2 (2750 4+ 7 2712) =5pi2 (16 (2J’+1n +7-2072 Z) + 10)

_sp2(8 <2J+1n+7 212 Z)+5) (mod 4)

spt2 (274 4+ 7. 2711
(

by the induction hypothesis. The result follows.
The proof of (6) also follows from a straightforward proof by induction on j.
First, we note that the basis case, j = 0, is the same as saying that, for all n > 0,

spt2(36n +30) =0 (mod 4).

This is Equation (2) in Theorem 1.
Next, we assume that the statement is true for some j > 0. We then wish to

prove that
spt2 (27129n +15-2772) =0 (mod 4)

for all n > 0 as well. Note that

2+39n 4 15. 2712 = 16 (2j_19n +15-207% — Z) +10.

( (2j_19n +15.2972 — Z) + 10)
= spt2 ( (2J‘19n+ 15-2972 — 2) + 5> (mod 4)

pt2 (277290 + 15 2711)
(mod 4)

Thanks to (25), we have

spt2 (274390 + 15 - 2712) = 5pi2

If
S

by the induction hypothesis, which completes the proof of (6).
Here we also proceed by induction on j. The basis case, j = 0, is the same as
saying that, for all n > 0,

spt2(48n+34) =0 (mod 4).

This is Equation (3) in Theorem 1.
Next, we assume that the statement is true for some j > 0. Then we prove that

spt2 (277930 +17-27%%) =0 (mod 4)
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for all n > 0 as well. Note that
294530 +17-2712 = 16 (2J'+13n +17-27972 Z) + 10.

Thanks to (25), we have

- ) ) ) 5

spt2 (271°3n +17-2772) = spt2 ( 16 (2f+13n +17-2777 — 8) + 10)

‘ . 5

8 <2ﬂ+13n +17-2972 — 8) + 5) (mod 4)

= spt2
=0 (

(27H43n + 17 2711)
mod 4)

|
0

by the induction hypothesis, which completes the proof of (7).
Proceeding by induction on j, we see that the basis case, j = 0, is the same as
saying that, for all n > 0,

spt2(72n +42) =0 (mod 4).

This is Equation (4) in Theorem 1.
Next, we assume that the statement is true for some j > 0. Then we prove that

spt2 (271*9n 4+ 21-277*) =0 (mod 4)

for all n > 0 as well. Note that
21149 + 212912 = 16 (2j9n +21.2972 g) + 10.
Thanks to (25), we have
spt2 (27149n + 21 - 2772) = spt2 (16 (2j9n +21-2772 2) + 10)

= spt2 (8 <2j9n +21-2072 — 2) + 5) (mod 4)

= spt2 (27739n 4 21 - 271)
(

by the induction hypothesis, which completes the proof of (8).
Proceeding by induction on j, we see that the basis case, 7 = 0, is the same as
saying that, for all n > 0,

spt2(80n 4+ 34) =0 (mod 4).
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This follows directly from [8, Theorem 1.4]. Indeed, since k(k + 1)/2 # 2 (mod 5),
we see that

spt2(80m + 34) = spt2(16- (bn+2)+2) =0 (mod 4)

by [8, Eq. (1.4)].
Next, we assume that the statement is true for some j > 0. Then we prove that

spt2 (27795n +17-2712) =0 (mod 4)
for all n > 0 as well. Note that
201550 4172912 = 16 (2f+15n +17-2972 g) + 10.
Thanks to (25), we have
spt2 (27T°5n + 17 - 2712) = spi2 (16 (2j+15n +17-2972 — 2) + 10)
(

8 <2j+15n +17-2972 - 2) + 5) (mod 4)

(27450 + 17 27F1)

= spt2
(

by the induction hypothesis, which completes the proof of (9).
Proceeding by induction on j, we see that the basis case, 7 = 0, is the same as
saying that, for all n > 0,

spt2(80n 4+ 66) =0 (mod 4).

This follows directly from [8, Theorem 1.4]. Indeed, since k(k + 1)/2 # 4 (mod 5),
we see that

spt2(80n + 66) = spt2(16- (bn+4)+2) =0 (mod 4),

by [8, Eq. (1.4)].
Next, we assume that the statement is true for some j > 0. Then we prove that

spt2 (271°5n 4+ 33-277*) =0 (mod 4)

for all n > 0 as well. Note that

27550 + 332712 = 16 (2j+15n +33.2172 — :) + 10.
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Thanks to (25), we have

spt2 (27755n + 33 - 2712) = spt2 (16 (2J‘+15n +33-2/72 :) + 10)

spt2 (8 <2j+15n +33.2772 — z> + 5> (mod 4)

= spt2 (27+%5n + 33 - 2/11)

=0 (mod 4)
by the induction hypothesis, which completes the proof of (10).
O
5. Proof of Theorem 3
We now present a proof of Theorem 3.
Proof. Initially we recall the following congruence (see [8, Eq. (4.16)]):
o 3 42
Z spt2(16n + 8)¢" = _f2 ‘;4 (mod 4).
o fi
Using (15), we get
- ont1 _ o fifie
Z spt2(32n + 24)¢*" 1 = 2¢ (mod 4),
— f 2 f 8
which, after dividing by ¢ and replacing ¢? by g, yields
= Ty n — f§f82 — 3 £3
> spt2(32n +24)¢" = 2-2°F = 2f3 1 (mod 4). (26)
= fifa

Using Lemma 6, it follows from (26) that

Z spt2(32n + 24)q" = Z Z REFDF2+H) - (mod 4).
n=0 k=0 =0

Note that n = k(k+1)+2I(I+1) is equivalent to writing 4n+3 = (2k+1)2+2(21+1)2.
Thus, spt2(32n + 24) = 0 (mod 4) if 4n + 3 is not of the form x? + 2y2. Since

—2
p=5or7 (mod 8) we know that <> = —1, i.e.,, —2 is a quadratic nonresidue
p

modulo p. This implies that v,(N) is even if N is of the form 222 + y2. However,
here n = p?**1m + 3(p?k*2 — 1) /4. Then

An 4 3 = 4p*FTim 4 3p?k+2 = 2K+ (4m + 3p).

Therefore, v,(4n + 3) is odd and the result follows. O
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6. Concluding Remarks

In the work above, we have accomplished our primary goal, which was to prove
new Ramanujan-like congruences satisfied by spt2(n) modulo 4, including some in-
finite families of congruences. With that said, we admit that our results above are
not exhaustive; computational evidence indicates that there are more Ramanujan—
like congruences modulo 4 satisfied by spt2(n) which are not covered by our re-
sults above. We leave it to the interested reader to consider proving additional
Ramanujan-like congruences which are satisfied by spt2(n).
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