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Abstract
For k > 2, let A = (a1,a2,...,ar) be a k-tuple of positive integers with ged(A4) =
1. For a non-negative integer s, the generalized Frobenius number of A, denoted
as g(A4;s) = glay,as,...,ax;s), represents the largest integer that has at most
s representations in terms of ai,as,...,ar with non-negative integer coefficients.
In this article, we provide a formula for the generalized Frobenius number of three
consecutive triangular numbers, g(t,, tn41, tnt2; ), which is valid for all s > 0 where

t, is given by (”'QH) Furthermore, we present a proof of Komatsu’s conjecture.

1. Introduction

The purpose of this paper is to provide a confirmation of Komatsu’s conjecture from
[10]. He proposed a conjecture for the explicit formula for the generalized Frobenius
numbers of three consecutive triangular numbers. Before reaching the conclusion,
we introduce some notation and background information. Afterward, we present
the full statement of Komatsu’s conjecture.

Let A = (a1,aq,...,ax) be a k-tuple of positive integers with ged(aq, ..., ax) = 1.
For n € Z>o, let d(n; A) = d(n;a1,as, ..., a;) be the number of representations of
a1x1 + asxs + - - - + apxr = n. Its generating series is given by

. 1
Zd(n,al,---,ak)x - (1_xa1)(1—xa2)-~(1—$ak’).

n>0

The study of the generalized Frobenius number has gained attention due to its con-
nection to number theory and combinatorial structures. Sylvester [15] and Cayley
[6] demonstrated that the function d(n;ay,as,...,a;) can be expressed as the sum
of two components: a polynomial in n of degree kK — 1 and a periodic function with a
period of ajas - - - ag. Beck, Gessel, and Komatsu [1] refined this result by providing
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an explicit formula for the polynomial component using Bernoulli numbers. For
the two-variable case, Tripathi [17] derived a specific formula for d(n; a1, as). Ex-
tending to three variables, Komatsu [8] showed that the periodic component can be
expressed using trigonometric functions when the integers a1, as, and az are pairwise
coprime. Additionally, Binner [4] derived a formula for the number of non-negative
integer solutions to the equation ax + by + cz = n and established a connection
between the number of solutions and quadratic residues.

We remind readers of the well-known linear Diophantine problem introduced by
Sylvester, known as the Frobenius problem': “Given positive integers ai, as, ..., a
which are relatively prime, find the largest integer that cannot be expressed as a
non-negative integer linear combination of these numbers.” This largest integer is

called the Frobenius number of the tuple A = (a1, as,...,a;), and is denoted by
g(A4) = g(ay,as,...,ar). Then, with the above notation, the Frobenius number is
given by

g(A) =max{n € Z | d(n; A) = 0}.

Note that if all non-negative integers can be expressed as a non-negative integer
linear combination of A, then g(A) = —1. For example, g(1,2) = —1. For two
variables A = (a,b) C Zxg, it is shown by Sylvester [16] that

gla,b) =ab—a—b. (1)

For instance, if A = (a,b) = (7,11), then the Frobenius number of A is given by
g(7,11) = 77—7—11 = 59. This means that every integer n > 59 can be expressed
as a non-negative integer linear combination of 7 and 11.

Several computational techniques and partial formulas for the Frobenius num-
ber in three variables have been discussed by Tripathi [18], although a complete
closed-form formula remains unknown. Some results therein were later clarified
and reformulated in [14]. Unfortunately, it is important to recognize that deriving
closed-form solutions becomes more challenging as the number of variables increases
beyond three (k > 3). Despite these difficulties, various formulas have been devel-
oped for Frobenius numbers in specific contexts or particular cases. For example,
explicit formulas have been established for certain sequences, including arithmetic,
geometric-like, Fibonacci, Mersenne, and triangular numbers (see [12] and refer-
ences therein).

In this work, we focus on a generalization of the Frobenius number. For a given
integer s > 0, let

g(A;s) = glay,ag,...,ax;8) =max{n € Z | d(n; A) < s}

be the largest integer such that the number of representations by aq,as,...,ax is
at most s ways. That means all integers greater than g(A;s) have at least s + 1

1t is also known as the coin problem, postage stamp problem, or Chicken McNugget problem.
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representations. The integer g(A;s) is called the generalized Frobenius number.
Furthermore, g(A4; s) is well-defined (that is, bounded above) (see [7]). Notice that
gla1,az,...,ar;0) = glay,aq,...,a;). As a generalization of (1), for A = (a,b) and
s € Z>o (see [3]), an exact formula for g(A, s) = g(a, b; s) is given by

gla,b;s) =(s+1)ab—a —b.

In general, d(g(As);A) < s, but for the case of two variables, by Theorem 1 in
[3], one can see that d(g(A,s); A) = s when |A| = 2. While exact formulas for the
generalized Frobenius number in cases where & > 3 remain unknown, specific results
exist for k£ = 3 in particular cases. Examples include explicit formulas for triangular
numbers [10], repunits [9], and Fibonacci numbers [11]. Recently, Binner [5] derived
bounds for the number of solutions to the equation aixi + asxs + azxrs = n and
leveraged these bounds to find g(a1, as, as; s) for large values of s. Woods [19] also
provided formulas and asymptotic results for the generalized Frobenius problem by
utilizing the restricted partition function.

One of the special cases is to calculate the Frobenius number for three consecutive
triangular numbers, where the nth triangular number ¢,, is defined as ¢,, = @
for n > 1. The explicit formula for s = 0 (the original Frobenius number) is provided
by Robles-Pérez and Rosales [12],

(n+1)(n+2) (377,) 7 17

(tot fi2:0) = 7 for even n,
Bl Tty Enp2s ) = 7@“1@”) (3n—3) —1, for odd n,

and, for s = 1,2,...,10, they are presented by Komatsu [10]. Furthermore, Ko-
matsu formulated a conjecture for the explicit formula for s > 0 as follows. “For
some non-negative integer s, there exists an odd integer ¢ and integers n; (j =
1,2,3,4) such that

(gn)(n+1)(n+2)

7 for even n > no,
g (tnstnt1,tns2;5) +1 =0 (gn-g)(nt1)(nt2)
4 b

for odd n > nq,

and

(gn+6)(n+1)(n+2)

. _ 7 s
g(tn tnt1ytni2is +1) +1= { (@D - for 6dd 0 > g,

for even n > ny,

and so on. For some non-negative integer s’, there exists an even integer ¢’ and
integers ns and ng such that
(¢'n) (n+1)(n+2)

g (tnvtn+17tn+2; 5/) +1= 1 (TL > TL5)

and
(n+6)(n+1)(n+2)

g (tn, tot1,tngos s +1)+1= -

(n > ne)
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and so on.” In other words, for many integers s > 0 (or s’ > 0), we can determine
g(tn, tn1,tnta; s+ 1) from gy, tni1, tnto; s) and the difference between those two
g S+ - \We make this precise in our main results, which are summarized
in Theorem 1 and Theorem 2. Theorem 1 presents an explicit formula for the
generalized Frobenius number involving three consecutive triangular numbers for all
s > 0. Theorem 2 confirms Komatsu’s conjecture and provides a precise statement
for the above-mentioned phenomena.

Theorem 1. The Frobenius number g(tn,tni1,tnt2;s) is given for all s > 0 as
follows:

(i) For even n > 6|v/s+ 1] — 6, we have

(n+1)(n+2)

4 (QSTL + 605) - L (2)

g(tnatn+lvtn+2;5) =

i) For oddn > 6| X252 _ 3 we have
(it) 2

1 2
g(tna tn—l—la tn+2; 5) = %(qen + 665 - 358) — 1. (3)

Here the g5, cs, and 65 are given by

1 if s > [V3]2 + V),

0, otherwise.

qs:2|_\/gj+2+537 Cs:S_L\/§J2_55|_\/§J7 552{

Some initial values of g5, cs, and ds are shown in Table 1.

s1/0]1(2 3|4 5|6 7 8|9 10 11|12 13 14 15|16 17 18 19|20
qs || 314 6|77 7|8 8 8(9 9 9 9|10 10 10 10|11
¢ ||0j0j0O 10101201 2|0 1 2 3|0 1 2 3|0
0511110 1j0 0j1 110 0 01 1.1 1|0 0 0 O

Table 1: gs, cs, and 05 when s =10,...,20

For s > 0, we write for the bounds appearing in the above theorem

Vais+5—1
NEe™ .= 6|vs+ 1| — 6 and Nodd = G{SZJ -3 (4
We also define
B={neN|n=Fk orn=Fkk+1) for some k > 1} = {1,2,4,6,9,12,16,...}.

We show later that if s ¢ B, then the condition for n in Theorem 1 becomes
n > N and n > N2,
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Remark 1. In Komatsu’s conjecture, two types of linear coefficients appear in the
formula: odd integers ¢ and even integers ¢’, depending on the structure of the
value s. In Theorem 1, both cases are unified under the formula

qs :2|_\/§J +2+657

where d, determines the parity of ¢4: it is odd when 65 = 1 (matching ¢ in Komatsu’s
conjecture), and even when 6, = 0 (corresponding to ¢’). This parity behavior
is closely related to the structure of the set B. In fact, we have the following
characterization: if k > 1 such that k(k+1) <s < (k+ 1)(k + 2), then

1 if s< k2,
s =
0 if s> k2

As a consequence of Theorem 1, we prove the following result, which gives a
proof of Komatsu’s conjecture.

Theorem 2. Let s,n € Zxq. Suppose that n > NV if n is even, and n > N299
if n is odd. Then, the following statements hold:

(i) If s+ 1 ¢ B, we have

6(n+1)(n+2
g(tn7tn+17tn+2; S+ 1) - g(tn7tn+17tn+2; 5) = w

(ii) If n is even and s +1 € B, then

(n—6k+6)(n+1)(n+2)

gt tnytstna2; s+ 1) —gltn, tar1,tnie;s) = 4 .

(iti) If n is odd and s+ 1 € B, then

(n—6k-+9)(n+1)(n+2) ifs+1=Fk2

8(tn, tnt1, tnt2; S+1) —g(tn, tnt1, tny2; 8) = {(n—6k+3)§n+l)(n+2) otherwise.

The proofs of Theorem 1 and Theorem 2 are given in Section 3.
Corollary 1. We have

(n+1)(n+2)
4
(n+1)(n+2) 9

g(tna tn+17 tn+2; ]-2) = { (n-&-lf(n—‘,—?) 9
4

g(tn, tna1,tnyo; 11) = 8n+12) -1, forn=12 andn > 14,

n) —1, for even n > 14,
—1, foroddn > 17,

3
|
w

( 1
( )

W(Qn +6)—1, forevenn > 12,
( )

. _ 4
8(tn; tnt1, tn2;13) = { (e 1)42) (9 4 3) 1, for odd n > 15
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. 14) — (nt1) (n+2)(9n +12) — 1, for even n > 12,
g(tn, tnt1,tnto; 14) = (n+1) (n+2)(9n 49 =1, foroddn > 15,
(

(n+1)(n+2) 9n+18) — 1, for even n > 18,
WIM(Q +15)—1, for oddn > 15,

(n+1)(n+2)
4
(n+1)(n+2)
4
(n+1)(n+2)
4
(n+1)(n+2)

4
() (+2) (17 1,

g(tn, tnt1,tny2;15) = {

g(tn, tnt1,tny2; 16) = (10n) =1, forn =17 and n > 19,

g(tn,tnt1,tnto; 17) = (1o0n+6)—1, forn=15andn > 17,

g(tn,tnt1,tnio; 18) = (10n+12) =1, forn =17, and n > 19,

g(tn, tnt1,tny2;19) = (1I0n+18) =1, forn =20 and n > 22,

for even n > 18,

trs tna1, tnya; 20) = n n
&(tn, tnt1, tn2; 20) {W(lln—iﬂ—l, for odd n > 21.

2. A Reformulation and Preliminary Lemmas

In this section, we give a reformulation of Theorem 1, which is Theorem 3. To
facilitate this reformulation, we introduce the following variables: xSvem gcven
odd and yodd

)

Definition 1. Let s be a non-negative integer and let k be the non-negative integer

such that s = k(k+ 1) 44, for some 0 < ¢ < 2k + 1. Then, we define integers x¢°",

even’ odd and yodd

ye as follows:

( even even) (Z, Q(k - Z)), lf 0 S ) § k7

s ¥ (i—k—1,4k—2i+3), ifk+1<i<2k+1,
(
(

2i,k — i), if0<i<Ek,
20—k)—1,2k—i+1), ifk+1<i<2k+1.

s [[0]1]2 3|4 5|6 7 8|9 10 11|12 13 14 15/16 17 18 19|20
zen (1000 1|0 1{0 1 2|0 1 2|0 1 2 3|0 1 2 3]0
yerem 101112 03 1(420(5 3 16 4 2 07 5 3 1|8
229 110110 21 3[0 241 3 5[0 2 4 6|1 3 5 7|0
yodd |l0l0|1 0/1 0[210/2 1 03 2 1 03 2 1 0|4

Table 2: z¢ven, yever 3294 and y°44 when s = k(k + 1)+ for 0 <i <2k + 1
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With the same parameters as defined in Definition 1, we can express NS¢ and
N24introduced in (4), as follows:

Neven — 6k — 6, %fOSi'Sk—l, and  Nod — 6k — 3, %f(.)gig%,
6k, if k<i<2k+1, 6k +3, ifi=2k+1.

The values of integers x¢"¢", yevem x99 and y°9¢ are presented in Table 2, while

S

the values for N¢¢ and N2% can be found in Table 3.

i |01, k—=1| k | k4+1,...,2k|2k+1
Neven 6k — 6 6k 6k 6k
Nodd 6k — 3 6k — 3 6k — 3 6k + 3

Table 3: N¢ve™ and N2% for k > 1 when s = k(k + 1) +i for 0 <i <2k + 1

Theorem 3. Let s be a non-negative integer. Then, for an integer n > 2,

t ; ]
( ) n2+1 ((2302”6" +ys’m +3)n + 612”6"), for even m > NSU¢™,
gtn7tn+17tn+2;5 +1= t
";1 ((m‘s’dd + 2y2% 1 3)n + 32:0% — 3), for odd n > N2,

The next section shows how Theorem 3 implies Theorem 1. To prove Theorem
3, we first introduce several lemmas.

For a positive integer n, let ¢,, denote the nth triangular number, which is given
by t, = (”;rl) = w We also define

n+2

dl = gcd(tn+17tn+2) = {TLQ_’_,Q if n is odd

if n is even,

Then,
toi1 n+1, ifnis even, thio n+3, ifnis even,
= n+1 : : and = n+3 : :
dy e, if n is odd, dy s, if n is odd.
Beck and Kifer [2] show the following result on g(aj,az,...,ar;s) in terms of

¢ = ged(ag, as, ..., ax).

Lemma 1 ([2, Lemma 4]). For k > 2, let A= (a1,...,ax) be a k-tuple of positive
integers with ged(A) = 1. Let £ = ged(az, as, ..., a;) and a; = la; for 2 < j < k.
Then, for s >0,

glar, as, ... ag;s) = lgay,ay,al, ... ap;s) +ai (0 —1).
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Our main approach involves applying Lemma 1 to three consecutive triangular
numbers &, t,4+1, and t,49 by setting £ = dy = ged(tp41,tnt2). For s > 0, this
leads to the expression:

tn tn
g(tnatn+1atn+25 5) = d1g<tn, d+1’ d+2 5 5) + tn(dl - 1)'
1 1

By Theorem 4, it follows that

tn-‘rl tn+2 ) (tn—i-l tn+2 )
s ; ;s = ) ; tn,
g( "m0 dy 4 dy Te) T Ystn
Where (x57y8) = (xgven,ygven) fOr even n > Ngven? a‘nd (I’S,ys) = (wgdd7ygdd)

for odd n > N24d. This leads directly to the formulas presented in Theorem 3.
In Section 3, we establish a connection between Theorem 3 and our main result
in Theorem 1. The proof of these claims involves introducing several supporting
lemmas.

Lemma 2. For integers m > 0,

[m/tn]

tn+1 tn+2 . tn+1 tn+2
d 5 tn7 ) = d - tnv ) .
(m d ' d ) ; (=i d ' d )
Proof. This follows immediately from the definition of d. O

The detailed proofs of the following lemmas are discussed and presented in [13].

Lemma 3 ([13, Lemma 6]). Let a,b € Z~( with ged(a,b) = 1, and let i, s € Z>o.
Suppose that ¢ is a positive integer such that ¢ =0 (mod a) or ¢ =0 (mod b), and
j €Z. Then,

d(g(a,b; s) + jc;a,b) =1,

if and only if,
g(aab;i - 1) < g(CL, ba S) + jC S g(a'a ba 7’)

Here we set g(a,b; —1) to be —co.

Lemma 4 ([13, Lemma 7]). Let a,b € Z~q with a < b and ged(a,b) = 1, and let
s,k € Z>o. If m is an integer such that m > g(a,b; s) + ka, then, for all j € Z>y,
we have

d(m — ja;a,b) > d(g(a,b;s) + (k — j)a;a,b).

The next lemma shows that, for s > 0, the number of representations for

tni1 tn . tn tnyo
( dtl, dJlrz ; xs> + ystp in terms of t,, dtl, and df is equal to s.
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Lemma 5. Let k be a non-negative integer and i € {0,1,...,2k + 1}. We let
s:=sg; = k(k+1) +1i. Then, for each even n > N™ and odd n > N2,

tn—i—l tn+2 tn-i—l tn+2 .
d ( ) ; s) stn; tn, s =k(k+1 =95 5
<g L ) bt S ) kb D i s (5)

where (x4,ys) = (2", y€U") if n is even and (zs,ys) = (229 y°4d) if n is odd.

Proof. Throughout the proof, we define

g(m) :=g(tzl,t’f;m) and  d(m) ::d(m; t’zl,“z?).

Then, the left-hand side of (5), making use of Lemma 2, can be written as

L(g(ﬁs))""ystn)/tnj B

d<g<xs>+ystn;tn,@f,tz2> S dlgla)+ e -dt). ©

Jj=0

Recall that for two variables, d(g(m)) = m for all m > 0. We prove this lemma by
induction on the non-negative integer k. Let k = 0. Hence, i € {0,1}. Suppose that

i = 0. Then, s = 0. We have N§*" = 0, N§44 = -3, and x§?*" = ycv*" = 2§ =
Y6 = 0. From Lemma 2 and Lemma 3, we have that d(g(0);tn, t?i?? tz;f) =0.

If i = 1, then s = 1 with N{v*" = 0, and N9 = 3. For each even integer n > 0,
we have

T = x'fven =0 and = yfven — 1.
Observe that, for all even n > 0 = N7”°",
g(0) < g(0) +t, < g(1).
Thus, by Lemma 3, a(g(O) + tn) — 1. Hence, for all even numbers n > 0,

L(g(0)+tn)/tn]

PRNAE BRTTE S W ) =
d(g(0) + tnitn, P ) = d(g(0) + 1) + ; d(g(0) — jtn) = 1.

For each odd integer n > 3 = N9, we have

rp =29 =1 and vy =y =0.

It can be shown that, for odd n > 3, we have g(1) — t,, < g(0). Therefore, by (6)
and Lemma 3, we obtain that, for odd n > 3,

l8()/tn]

a(e(M)st, 2 ) —d(e() + Do Alg(1) ~gta) = 1.

j=1
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For the induction hypothesis, let P(m) be the property that, for an integer m > 0
and an integer ¢ € {0,1,...,2m + 1}, if we set

si =m(m+1) 41,

then we have

byl tn+2> o
dl ) dl Sis
provided that n is even with n > Ng¥" or is odd with n > N;’idd.

Assume that P(k — 1) holds. In other words, for » € {0,1,...,2k — 1} and
v :=v, = (k — 1)k + r, the following condition is satisfied:

t t
d g(xv)"’—yvtn;tna n+1aL+2 = (k_ 1)k+T:U7
di " dy
for even n > NE" or odd n > N2 where NS'" and N29¢ are shown in Table
4. The goal is to show that P(k) holds. To prove this, we divide the argument into
eight cases, as outlined in Table 3. We begin with the scenario when n is even.

roo 101, k=2 k=1 | k... 2k—2]|2k—1
Neven 6k — 12 6k — 6 6k — 6 6k — 6
Nodd 6k — 9 6k — 9 6k — 9 6k — 3

Table 4: N¢ve™ and N2% for k > 1 when v = (k — 1)k + 7 for 0 <r <2k — 1

Case 1: n is even. In this case, we consider the following subcases.

Subcase (a): Leti€ {0,1,...,k—1} and s = k(k+ 1) +i. Thus, N&*" = 6k — 6,

even
S

x =17 and gy =2(k —1).

Observe that, by the induction hypothesis, we have, for each r =0,1,...,k—1 and
for n > 6k — 6 and 25" = r, and y*" = 2((k — 1) — r). Then,

| &2 | +2(k—r—1)
Z El(g(r) + (2k —2r—2-— j)tn) = d(g(?“) + 2(k —-1- r)tn§ tn: t:;lrl 3 tzll&)
=0

=(k-Dk+r

Thus, it follows that

tn tn
d(g(i)+2(k—i)tn;tn, 1 “)

di ' dy
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gt(i)J+2k72z
- a(g(i) +(2k — 2i)tn) + &(g(i) +(2k—2i— 1)tn> + ) a(g(i) 2k —2i— j)tn)
= a(g(i) +(2k — 2i)tn) + a<g(i) +(2k —2i— 1)tn) 4 (k- Dk +1i. (7)
We claim that for even n > 6k — 6,
gk — 1) < g(i) + (2k — 2i — D)t,, < g(i) + (2k — 20)t,, < g(k). 8)

To determine the condition for an even integer n such that g(k — 1) < g(é) + (2k —
2i — 1)t,, we can equivalently examine the inequality:

g(i) — g(k — 1) + (2k — 2i — 1)t,, > 0.

Since n is even, g(m) = g(t:;lrl, t*&f;m) =(m+1)(n+1)(n+3)—(n+1)—(n+3).

Consequently, the above inequality becomes

n(n+1)

>0,
2

(—k+1)(n+1)(n+3)+(2k—2i—1)
which is equivalent to n > 6(k — i — 1). Therefore, the inequality holds for even
n > 6k — 6 when ¢ = 0, and remains valid even for even n > 6k — 6 when ¢ €
{1,...,k =1}

On the other hand, to show that g(i) + (2k — 2i)t,, < g(k) for even n > 6k — 6,
it suffices to verify that

n(n+1) >0

(k —i)(n+ 1)(n+3) — (2k — 2i)

This is equivalent to 6(k — i) > 0, which is always true since i € {0,1,...,k — 1}.
By (8) and Lemma 3, we get

El(g(i) +(2k — 2i)tn) - a(g(i) +(2k — 2i — 1)tn) — k.

Hence, (7) becomes

d(g(z’) 42k — i) b, t’zl“, t’&“) et (k= Dk ti= h(k+1) +i=s.
1 1

Subcase (b): Let ¢ = k and s = k(k + 1) + k. We have N&V°" = 6k, 22" = k,
and y<¥" = 0. We obtain

d<g(k);tn,t’;1, t’f) = (k) + _ A(gk)—jtn) =+ S dAgk)—jtn).
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We claim that, for all n > 6k and ¢ =0,1,...,k,
glk—0—1) <gk)— (20+2)t, <g(k)— 20+ 1)t,, < g(k—¢). (10)
The second inequality is obvious. To establish the first condition in (10), we examine
(+1)(n+1)(n+3)—(20+2)t, > 0.

This inequality is equivalent to (2¢ + 2)(n + 3) — (2¢ + 2)n > 0, and hence to
6(¢+ 1) > 0, which holds for ¢ > 0. Therefore, the first inequality in (10) holds. In
the same way, the second inequality in (10), g(k) — (20 4 1)t,, < g(k — ), holds if
and only if n > 6¢, which is true since n > 6k > 6¢. Thus, (10) holds. Additionally,
it is not challenging to demonstrate that g(k) > 2kt,, for all n > 1. By (10) and
Lemma 3, (9) becomes

d<g(k);tn,t2“,t’;l+2> =k+2(k+ (k-1 4 +1)=k+k(k+1)=s.
1 1

Subcase (¢): Letie {k+1,k+2,...,2k} and s = k(k + 1) + i. In this subcase,
we have NJV°" = 6k,
2 =i — (k+1), and yeUen = 4k — 2 + 3.

By the induction hypothesis, for each r € {k,k + 1,...,2k — 1}, we have v =
(k—Dk+r with 28" =r —(k—1+1)=r —k, and y=**" = 4(k — 1) — 2r + 3.
Then, for even n > 6k — 6,

1 1

| B9 | 4 (ak—2r—1)

tn

= &(g(r—k)+(4k—2r—1—j)tn).

<.
I
=)

Observe that

[7% [7%
d|gli — (k+1)) + (4k — 2i + 3t t,,, ot t2
dy ' dy

- a(g(z‘ —k—1)+ (4k —2i+ 3)tn) +&(g(i — k- 1) + (4k — 2i+2)tn>
| Bk | fag—2i41
+ d(gli—k—1)+ @k =20 +1—j)t,). (1)

=0
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By the induction hypothesis, since i — 1 € {k,k + 1,...,2k — 1}, we find that the
last summation yields

| B | 4 ak—2i+1

3 a(g(ifkfl)Jr(4k72i+17j)tn>:(kfl)kJrifl.
7=0

Therefore, (11) becomes

d( gi = (k+ 1))+ (4k — 2 + 3)tps t, L T2
dy ' dy

:a(g(i—k— 1)+(4k:—2z'+3)tn) +a(g(i—k— 1)+(4k—2i+2)tn)
F(k—1k+iL

We claim that, for even n > 6k, we have
glk—1)<gli—k—1)+ (4k — 2i + 2)t, < g(k) (12)

and
gk)<gli—k—1)4 (4k —2i 4+ 3)t, < gk +1). (13)

A direct calculation shows that g(k—1) < g(i—k—1)4 (4k—2i+2)t,, is equivalent to
n > 3(2k—1), which holds since n > 6k and ¢ < 2k. Hence, the first inequality in (12)
is satisfied for i = k+1,...,2k. In the same way, g(i —k—1)+ (4k —2i+2)t,, < g(k)
holds if and only if 3(4k —2i+2) > 0. This condition follows since ¢ < 2k. Therefore,
(12) holds for n > 6k. To show the left inequality in (13), we examine whether
g(k) < g(i—k—1)4(4k—2i+3)t,, holds. This is equivalent ton > 6(2k—i+1). Since
i > k+1 and n > 6k, this condition is satisfied. Note that fori € {k+2,...,2k—1},
the inequality n > 6(2k — i + 1) remains valid even for even n > 6k. On the other
hand, g(i —k—1)+ (4k—2i+3)t, < g(k+1) holds if and only if n+6(2k—i+2) > 0,
which is true since ¢ < 2k. Then, (13) holds. Therefore,

lnt1 tn ;
d(g(i —(k+1)) + (4k — 2i + 3)tp; tn, dH’ d+2> =k(k+1)+i=s.
1 1
Subcase (d): Let i =2k + 1 and s = k(k+ 1) 4+ (2k + 1). Then, N¥*" = 6k,
2 =2k +1— (k+1)=Fk, and yo =4k —2(2k+1)+3 = 1.
Then, by (10) in Subcase (b), it follows that, for even n > 6k,

|52 ]
d(g(k) bt tzl, t’zlf) - Ei(g(k) + tn) + &(g(k)) + ; &(g(k) — jtn)

J
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:a(g(k)+tn) kA k(k+1). (14)

It remains to show that &(g(k’) + tn> = k + 1 which is equivalent to showing that
g(k) <g(k) +tn <g(k+1).

The first condition is obvious. For the second, a direct calculation shows that it is

equivalent to n > —6, which is true under the assumption n > 6k. Therefore, for
even n > 6k, (14) becomes

d<g(k>+tn;tn,t’;“,t’;+2> —(k+ 1) +k+k(k+1)=k(k+1)+ (2k+1) =s.
1 1

Hence, we have completed the proof for the case when n > NS is even. Lastly,
we prove the case when n > N2 is odd.
Case 2: n is odd. In this case, we consider the following subcases.

Subcase (a): Let ¢ € {0,1,...,k —1} and s = k(k + 1) + 4. In this subcase, we
have N2% = 6k — 3,

209 =2i  and 9% =k —i.

By the induction hypothesis, for all » € {0,1,...,k — 1}, we have v = (k — 1)k +r
with xgdd = 2r and ygdd =k —1—r, so that, for odd n > 6k — 9,

£ |4 (k—r—1)

d(g(2r) + (k=1 —=7)ty;tn, tz_l , tz_z) = Z Ei(g(Zr) +k—-r—1- j)tn>

Observe that
. . tn1 tnao
d 2 k — t'ru tn7 7
<g< )+ (= )t t, 2, 222 )
(22 it

- a(g(m) + (k- i)tn) + Y d(g(2i) b(k—i—1— j)tn)

=0
- a<g(2z‘) + (k- i)tn) + (k= 1)k +i. (15)

We need to show that, for odd n > 6k — 3,

g(2k — 1) < g(2i) + (k — i)tn < g(2K). (16)
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Since n is odd, g(m) = g(t”‘dt1 , tf;f ;m) = (m+1) (HHL("H) - (";1) — (”;3). Thus,
(n+1)(n+ 3)

| — 1
(2i — 2k +1) 1

+ (k—i)t, >0

is equivalent to (2i — 2k + 1)(n + 3) + (2k — 2i)n > 0, and hence to n > 6k — 6i — 3.
Therefore, the left inequality in (16) holds since ¢ > 0 and n > 6k — 3. Note that
for i € {1,...,k — 1}, the inequality n > 6k — 6i — 3 remains valid even for odd
n > 6k —3. On the other hand, the right inequality in (16), g(2¢)+ (k—1)t, < g(2k)
holds if and only if 3(2k — 2i) > 0. Since 0 < ¢ < k — 1, the condition is satisfied.
Therefore, by (15), (16), and Lemma 3, we obtain the result,

tn tn . .
d(g(%)ﬂk—i)tn;tm o d“) =2k + (k— Dk +i=k(k+1)+i=s.
1 1

Subcase (b): Let i =k and s = k(k + 1) + k. Then, N%¥ = 6k — 3, 2294 = 2k,
and 329 = 0. We first claim that, for all £ € {1,...,k} and for odd n > 6k — 3, the
inequality

g(2k — 20) < g(2k) — 0t, < g2k —20+1) (17)

holds. The left inequality, g(2k — 2¢) < g(2k) — lt,, holds if and only if 6¢/ > 0,
which is true since ¢ > 1. Hence, g(2k — 2¢) < g(2k) — ¢t,, holds for £ = 1,... k.
On the other hand, we have that g(2k) — ¢t, < g(2k —2¢ 4 1) holds if and only if
n > 6 — 3. This condition follows since n > 6k — 3 and k > ¢. We also observe
that g(2k) > kt,, for n > 1. Therefore, by applying Lemma 3 to (17), we obtain the
result that

LM

tn

d<g(2k);tn,tzl,tz2> —d(g2m) + Y d(e(k) — jtn)

j=1

=2+ (k= 1)+ (k= 3) + -+ 1) =2+ K =,

Subcase (c¢): Let i € {k+1,...,2k} and s = k(k + 1) + 4. Thus, we have
Nodd — 6k — 3,

20 =2(i — (k+1))+1=2i —2k—1, and y%%=2k—i+1.
By the induction hypothesis, if r € {k,k+1,...,2k — 1} and v :== (k — 1)k +r, we

have 229 = 2(r — k) +1=2r —2k+1and 2% =2k —1) —r +1 =2k —r — 1.
Therefore, for odd n > 6k — 3 = N2, we have that

tn tn
(k—Dk+r= d(g(Qr — 2k +1) + (2k —r — Dty tn, d“, d”)
1 1
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| E2r=2h) | op g
- a(g(zr—2k+1)+(2k—r—1—j)tn).
=0

We consider the expression

tupt to
d(g(2i—2k—1)+(2k—i+1)tn;tn7 ~ +2>

di ' dy
{%Pﬂk,i
= &(g(zi —2k— 1)+ (2k—i+ l)tn) + 3 a(g(zi — 2k — 1)+ (2k—i —j)tn).
=0

Notice that ¢ —1 € {k,k+1,...,2k — 1}. Therefore, in the last summation, by the
induction hypothesis, we obtain that the right-hand side of the above equation is
equal to the expression

&(g(%—%— 1)+(2k—i+1)tn> Y k- Dk+i- 1
It remains to show that, for odd n > 6k — 3, we have

g(2k) < g(2i — 2k — 1) + (2k — i+ 1)t,, < g(2k + 1). (18)
Again, g(2k) < g(2i—2k—1)+(2k—i+1)t, holds if and only n > 3(4k—2i+1). Since
i > k+1, we have 4k —2i+1 < 2k — 1. Hence, we have n > 6k —3 > 3(4k —2i+1).

Note that, for i € {k +2,...,2k}, the inequality n > 3(4k — 2i + 1) remains valid
even for n > 6k — 3. Similarly,

g(2i — 2k — 1)+ (2k — i+ 1)t,, < g(2k +1)

holds if and only if 6(2k — ¢ + 1) > 0. This condition holds for all i € {k + 1,k +
2,...,2k} and all n. Therefore, (18) holds, and we are done in this subcase.

Subcase (d): As in the previous subcases, we let i = 2k 4+ 1 and s = k(k+ 1) +
2k+1 = (k+1)(k+2)—1. We have N2% = 6k+3 and 229¢ = 2k+1, and y2%¢ = 0.
We first show that, for odd n > 6k +3 and ¢ € {1,2,...,k+ 1}, we have

g(2k —20+1) <g(2k+1) — lt,, < g(2k —20+2). (19)

To establish the left inequality in (19), we consider whether g(2k — 2¢ + 1) <
g(2k + 1) — £t,, holds. This is equivalent to 3¢ > 0, which is true since £ > 1.
Therefore, the inequality holds. On the other hand, g(2k+ 1) — ¢t,, < g(2k—2(+2)
holds if and only if n > 6¢ — 3. The condition is satisfied since ¢ < k + 1 and
n>6k+3=6(k+1)—3.

One can also show that g(2k + 1) > kt,, for all n > 1. Using (19) and Lemma 3,
we obtain that

LE(ZTZC:UJ
. tn—i—l tn+2 3 It o
d(g(2k+ it S, ) - d(g(2k+ 1)) + ;:1 d(g(2k+ 1) ]tn)
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=Q2k+1)+ (2k+2(k—1)+---+2)
=2k+1)+k(k+1)=s,

for all odd integers n > 6k + 3 = N294. Hence, we have completed the proof of the
induction step. O

Remark 2. Note that, in the proof of Lemma 5, particularly in Subcases (a) and
(c) for both even and odd cases, if s ¢ B (i # 0 or k + 1), Equation (5) holds for
even n > NS and odd n > Ns"dd.

Next, we present Theorem 4, which is a consequence of Lemma 5 and Lemma 4.
Following this, we show the proof for Theorem 3.

Theorem 4. Let s be a non-negative integer with s = k(k+1) 41 for some integers
k>0 and 0 <i<2k+1. Then, for even n > N§'" and odd n > N;’dd,

tnt1 ot ) (tn+1 tnto )
tn, , ;S| = , ;Ts |+ yYst
g( n dy dy dy d; s Ysln
tn+2tn+1 tn+2 tn+1
= +1 - — + ystn,
(xs ) d% s dy Ysln

odd ,0dd

cven yeven) if n is even and (s,ys) = (x2%, yo%*) if n is odd.

where (xs,ys) = (x5"", y¢

Proof. Again, for convenience, we let g(m) and d(m) denote

tn+1 tn+2 ) ( tn+1 tn+2>
. d d .
g( dl ) dl ym an m; dl ; dl ;

tny1 tnt2

respectively. By Lemma 5, we have d(g(:cs) + Ystnitn, “5t, 2 ) = 5. Therefore,

by the definition of g(tm t’gl , tzr? ; 5), it follows that

tnal tnao
g(zs) + Ystn < g(tna i s nt ;5)~
di  dy
Suppose that m is an integer such that m > g(xs) + yst,. Then, m — yst, > g(xs),
and

thy1 tnoo thy1 tnoo tpy1 thoo
M st T T T, A U A A A AR

Therefore, &(m—ystn) > &(g(ms)) Since t,,+1/dy divides t,, for all positive integers
n, following the result in Lemma 4, we have that for j € Z>,

d(m = jtn) > d(gl@.) + (4 = tn).



INTEGERS: 26 (2026) 18

So, by comparing term by term, we obtain that

t t
d(m;tn, n+1 n+2>

di 7 dy
lm/tn] le(s)/tn]+ys
= > dm-jt) = > d(m-jt)
j=0 j=0
le(zs)/tn]+ys tng1 tnio
> 3 (8@ + (e = 0)ta) = A(glre) + petsty, S 22 ) <
=0
This implies that
tn+1 tn+2 ) (tn—i-l tn+2 )
tna 5 5 = ) Y Ts stn
( dl dl s dl dl v Y
tnaoty tn tn
= (-Ts + 1) tamtl _ ot2 bl + Ystn.- O

d? dy dy
We are now ready to prove Theorem 3.

Proof of Theorem 3. By Lemma 1 and Theorem 4, we have that, for s > 0,

g(tn7tn+17 tn+2; 8)

tn+1 tn+2
—d (tn, In2, ) to(dy —1
18 a4 )T (dr—1)

e 1) (et g D)tdy — by — b — tae,
(2 4 1) P2y (yodd - V)t dy — by =ty — tna,

(n+1¥n+2) (szven + y;zven + 3)n + Gxiven) _ 17 fOI‘ even n > vaen,

(D nt2) ((podd 4 224 4 3)n + 320 — 3) —1, for odd n > N2,

O

Following Remark 2, if s ¢ B, Theorem 3 and Theorem 4 are valid for all even
numbers 7 > NU" and odd numbers n > N;)dd.

3. Proofs of Theorems 1 and 2

Proof of Theorem 1. Let s > 0 be an integer. Assume that s = k(k + 1) + ¢ for
some k>0 and i€ {0,1,...,2k+ 1}.
Case 1: If i € {0,1,...,k}, then by Definition 1 and Theorem 3, we have that

(xgvenvygven) _ (Z, 2(k _ ’L)) and (xodd’ ygdd) — (22’ k — 7,),

S
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and the value of g(tn, tnt1,tnt2;s) is given by

(n+1)(n+2)

1
g(tn,tns1,tnyo:s) = (n+1)(n+2)
() (n42)

% + 2(k — 1)

( )n+6i)—1,
2 + 2

( +3
( kfi)+3)n+3(2i)f3>fl,
W (2k +3)n+ 62) -1, for even n > NZv",
(o2 (2% 4 3)n + 61— 3) — 1, for odd n > N,

In this case, one can see that |/s] = k and J, = 1 since s = k(k+ 1) +i > k? + k.
It follows that
qs =2|Vs] +2+0s =2k +2+1=2k+3,

cs=5— |52 =0,V =k(k+1)+i—k* —k=i.
Thus, Equation (2) is proved for this case.

Case 2: Ifie{k+1,k+2,...,2k + 1}, then by Definition 1 and Theorem 3, we
have that

(weven yever) = (i —k — 1,4k — 2 +3)  and
(208, yodd) = (2(i — k) — 1, 2k —i + 1),
and the value of g(tn,tni1,tnto;s) is given, for both even n > N and odd

n > N2 by

g(tn,tn+1> n+2; S )
(D)2 (95 — 2k — 2) + (4k—2i+3)+3)n+6(i—k—1))—1,
(et D)2) (95 — 9k — 1) + (4k—2i+2)+3)n+(6i—6k—3)—3)—
(
(

()42 (9% 4 4)n 4 6(i — k — 1)) — 1, for even n > NEve,

W 2% +4)n+6(Gi—k—1)) =1, for odd n > N2

Since s = k(k+1)+i > k(k+1)+ (k+1) = (k+1)?, it follows that |/s] = k+1
but §s = 0 since s = k(k+1)+i < (k+1)>+ (k+1) = |\/s]*+ |v/3]. In this case,
we have

qs =2|Vs] +2+0, =2k +1)+2+0=2k +4,
cs=s—|Vs|P—ds|Vs|=k(k+1)+i—(k+1)>=i—k—1.

Therefore, Equation (3) follows. This concludes the proof of Theorem 1. O

Next, we give the proof of Theorem 2.
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Proof of Theorem 2. Let s > 0. We divide the proof into two cases: s+ 1 ¢ B and
s+1eB.

Case 1: s+ 1 ¢ B. Suppose that s > 2 and that there exist integers k > 1 and
i €{0,1,...,2k + 1} such that s = k(k 4+ 1) + 4. Since s + 1 ¢ B, the integer s + 1
is neither a square nor of the form k(k 4 1). Therefore, exactly one of the following
statements hold:

(i) k(k+1)<s<s+1<k(k+1)+E.

(i) k(k+1)+ (k+1) <s<s+1<k(k+1)+ (2k+1).
By the proof of Theorem 1, both cases have |\/s + 1| = |/s] and ds41 = J,. Thus,
Qsy1 = 2|Vs + 1] + 2+ 0511 = 2[\/5] +2 + 65 = q; and we have
gt tnt1,tnt2; s+ 1) — gltn, tnt1, tngas s)

= O DD (g 1 VAT — b lVAT ) — (5 - VAP - 4,LVED).

Therefore,

6(n+1)(n+2
g(tns tnt1, tnro; s + 1) — gltns bny, tng2; 8) = %

Case 2: s+ 1 € B. There exists an integer &k > 1 such that one of the following
statements hold:

(i) s+1=k*=(k-Dk+k and s=k*—1=(k—-1k+(k—1),

(ii) s+1=k(k+1)=(k—1)k+2k and s=k(k+1)—1=(k—1k+(2k-1).

If n is even and (i) holds, then following the proof in Theorem 1, we obtain that
[Vs+1] =k, |Vs] =k—1,ds01 =0, and 6; = 1. Thus,

Qo1 — s = (2|Vs + 1) + 2+ 0g41) — (2[V5] +2+65)
= (2%k+2) - 2k -1 +2+1) =1,

and
Cs41 — Cs = (S+1— [vVs+1 2_6s+1\_\/8+1J) - (3_ L\/EJQ_(SS\_\/EJ)

=(s+1-k)—(s—(k—-1>—(k-1))
=1-k+kk-1)=1-k
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If n is even and (ii) holds, we obtain [v/s+ 1] = k = |/s], ds41 = 1, and §; = 0.
In this case, we have

Gst1—qs = 2k +24+1) = 2k +2+0) =1

054_1703:(s+17k(k+1))7(sfk2):17k.

Hence, if n is even and s + 1 € B, then

g(tna tnt1, tnt2; $ + 1) - g(tna tnt+1, tnta; 3)
n+1)(n+2 n+1)(n+2

UADIURL) Z ) ((qu —gs)n+6(cs1 — Cs)) = {nd L( ) (n — 6k +6).

If n is odd and (i) holds, similar to the case where n is even, we have | /s + 1| = k,
|[vVs| =k —1, 6541 =0, and §s = 1. Thus, gs41 — ¢s = 1, cs41 —¢s = 1 — k, and
0sy1 — 0 = —1.

If n is odd and (ii) holds, we have |v/s+ 1| =k = |[/s], 0541 = 1, and §; = 0.
Thus, gs41 —gs =1, ¢sy1 —cs=1—k,and §541 — s =1—-0=1.

Hence, if n is odd and s+ 1 € B, we have that

(n+1)(n+2)

gltn,tnt1,tny2; s+ 1) — g(tn, tni1, tnia; 8) = 1 (n—6k+9)
if s+1=k2 and
gltn,tnt1,tny2; 8+ 1) — gltn, tnt1, tnta; 8) = W(n — 6k +3)
if s+ 1= k(k+ 1). This completes the proof of Theorem 2. O

Remark 3. We introduce Theorem 4, a reformulation of Theorem 3, using the
sequence (zs,ys) from Definition 1. Moreover, the proof of Theorem 4 extends
beyond triangular numbers to any three integers that satisfy certain conditions. Let
s be a positive integer, and assume that s = k(k+1)+i for some i € {0,1,...,2k+1}.
Let Ay, Ay, As € Z<; satisfy ged(Ag, Az, A3) = 1 and A7 = 0 (mod Az). Let
K" = |Vs+1) — 1 and Kg? = | YE5=1] 1 2 < 434 and 438 < 24 Lo (if
k>1, ie.,if s > 2), then we have

8;(1417 As, As; S) = g(Az, As; $§”e") + YU Ay

If § < 4234 <1 (if k= 0) and § < 42 <

) (if £ > 1), then we have

od
S
2K21—1

g<A1’ Ay, As; 5) = g(A2,A3; w?dd) +y2A;.
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