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Abstract

In 2013, Jörg Arndt recorded that the Fibonacci numbers count integer composi-
tions where the first part is greater than the second, the third part is greater than
the fourth, etc. We provide a new combinatorial proof that verifies his observation
using compositions with only odd parts as studied by De Morgan. We generalize the
descent condition to establish families of recurrence relations related to two types of
compositions: those made of any odd part and certain even parts, and those made of
any even part and certain odd parts. These generalizations connect to compositions
studied by Andrews and Viennot. New tools used in the combinatorial proofs in-
clude two permutations of compositions and a statistic based on the signed pairwise
difference between parts.

1. Introduction

Jörg Arndt observed the following occurrence of the Fibonacci numbers counting

a subset of integer compositions. This appears as a 2013 comment in the On-Line

Encyclopedia of Integer Sequences [7, A000045].

Throughout, let n denote a positive integer. An integer composition of n is an

ordered collection of positive integer parts (c1, . . . , ct) such that
∑

ci = n. When

listing compositions with single-digit parts, we often use the condensed represen-

tation c1 · · · ct, sometimes with exponents denoting repetition. Let C(n) be the

set of all compositions of n. We define Arndt’s compositions in terms of pairwise

descending parts.

Definition 1. Let A(n) ⊂ C(n) be the set of compositions such that c2i−1 > c2i
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for each positive integer i. If the number of parts is odd, then the final inequality

does not apply and is defined to be true.

See Table 1 for the A(n) compositions through n = 7. Arndt recorded that

a(n) = |A(n)| = fn, the nth Fibonacci number defined by f0 = 0, f1 = 1, and

fn = fn−1 + fn−2 for n ≥ 2, but did not provide a proof (and, per personal

communication in April 2022, does not recall how he made the connection).

n A(n) a(n)
1 1 1
2 2 1
3 3, 21 2
4 4, 31, 211 3
5 5, 41, 32, 311, 212 5
6 6, 51, 42, 411, 321, 312, 213, 2121 8
7 7, 61, 52, 511, 43, 421, 412, 322, 313, 3121, 214, 2131, 21211 13

Table 1: Arndt’s compositions and their counts for small values of n.

In previous work [5], the authors confirmed Arndt’s observation and explored

generalizing the pairwise difference condition to c2i−1 > c2i+k for positive integers

k. Here, we give another proof that a(n) = fn which leads to results about gen-

eralizing the pairwise difference condition to c2i−1 > c2i + k for negative integers

k.

Definition 2. Let Co(n) ⊂ C(n) be the set of compositions with parts restricted

to odd integers.

In 1846, Augustus De Morgan [3] established that co(n) = |Co(n)| = fn. For

more background, see the recent book of the first named author [4, pp. 57–58].

2. Another Proof of Arndt’s Observation

We establish a bijection between Arndt’s compositions A(n) and the compositions

with odd parts Co(n) considered by De Morgan.

Our arguments are simplified if we assume that every composition has even

length; we achieve this by adding a final part 0 if the normal length of the compo-

sition is odd. The examples, however, will not include any terminal zeros.

Theorem 1. A(n) ∼= Co(n).

Proof. Given c = (c1, . . . , ct) ∈ A(n), convert each pair of parts (c2i−1, c2i) into

(1c2i−1−c2i−1, 2c2i + 1),
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where superscripts denote repetition, a composition in Co(c2i−1 + c2i). In the case

c2i−1 − c2i − 1 = 0, there are no parts 1. Concatenating these gives an image in

Co(n). Visually, this uses the “bar graph” representation of a composition where

each part ci corresponds to a column of ci boxes. The operation reads two bars

from top to bottom where one less than the amount that c2i−1 exceeds c2i becomes

an equal number of parts 1 and the rest contribute an odd part at least 3. Since

c2i−1 > c2i, the specified number of parts 1 is nonnegative. See Figure 1 for an

example.

1

1

1

5

7 1

1

1

Figure 1: Correspondence between (6, 2, 4, 3, 3) in A(18) and (1, 1, 1, 5, 7, 1, 1, 1) in Co(18).

For the reverse map, a composition in Co(n) can be broken into runs of the form

(1a, 2b+1) with a ≥ 0 and b ≥ 1, except that the final run could have b = 0, i.e., the

composition could end with a run (1a) which we treat as (1a−1, 1). The subsequence

(1a, 2b + 1) corresponds to the 2-part composition (a + b + 1, b) ∈ A(a + 2b + 1)

(clearly a+ b+ 1 > b). Concatenating the pairs gives a composition in A(n).

It is clear that the two maps are inverses, establishing the bijection. See Table 2

for an example of the bijection.

By De Morgan’s co(n) = fn result, we have shown again that a(n) = fn.

In relation to the bijection between A(n) and compositions with parts restricted

to 1 and 2 given in [5, Theorem 2.3], the bijection here sends all parts 2 and a part

1 to an odd part at least 3.

The connection to De Morgan’s restricted compositions counted by the Fibonacci

numbers is not just a nice complement to the result about compositions restricted to

parts 1 and 2, it is also the base case of the family of bijections for a generalization

of Arndt compositions defined in Section 4.

3. Two Permutations of Compositions

In this section, we establish two permutations of C(n), i.e., bijections from the set

of compositions of n to itself. These will be used in the next section and may be of
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A(6) ←→ Co(6)

6 16

51 133

42 15

411 1131

321 51

312 1311

213 313

2121 33

Table 2: The correspondence between A(6) and Co(6) from Theorem 1.

independent interest. Also, we characterize and enumerate the compositions fixed

by each permutation.

Both of the permutations connect pairs of parts and sequences of the form (1j , ℓ)

with j ≥ 0 and ℓ ≥ 2, that is, a run of parts 1 followed by a larger part (with the

possible exception of a terminal run of parts 1).

Theorem 2. Given a composition c ∈ C(n), determine U(c) by the pairwise map

(c2i−1, c2i) 7→

{
(1c2i−1−c2i−1, 2c2i + 1) if c2i − c2i−1 < 0,

(1c2i−1+c2i−2k, 2k) if 2k − 2 ≤ c2i − c2i−1 < 2k for k ≥ 1.

The resulting map U is a permutation of C(n).

See Table 3 for examples of U .

Proof. Note that a final pair (c2i−1, 0) maps to c2i−1 parts 1.

Since

c2i−1 + c2i = (c2i−1 − c2i − 1) + 2c2i + 1 = (c2i−1 + c2i − 2k) + 2k,

clearly U(c) ∈ C(n). To show that the map is injective, suppose c, d ∈ C(n). If

c ̸= d, then the two compositions must differ in at least one pair of parts and the

images of those pairs are distinct.

For the reverse map, partition a composition into subsequences of the form (1j , ℓ)

with j ≥ 0 and ℓ ≥ 2, i.e., parts greater than one each grouped with any preceding

run of parts 1. There can also be a terminal run of parts 1, that is, ℓ = 1 is allowed

at the end and a final run 1j is treated as (1j−1, 1). The reverse map is determined

by

(1j , ℓ) 7→


(j +m,m− 1) if ℓ = 2m− 1,

(k + 1, k + 2m− 1) if j = 2k and ℓ = 2m,

(k, k + 2m− 1) if j = 2k − 1 and ℓ = 2m.



INTEGERS: 26 (2026) 5

h(c) < 0 0 ≤ h(c) < 2 2 ≤ h(c) < 4

5 7→ 15 23 7→ 132 14 7→ 14

41 7→ 113 221 7→ 1121 131 7→ 41

32 7→ 5 2111 7→ 32

311 7→ 131 122 7→ 1211

212 7→ 311 1211 7→ 122

113 7→ 213

1121 7→ 23

132 7→ 212

15 7→ 221

Table 3: The permutation U of Theorem 2 on C(5) with compositions organized by
the h values of Definition 3.

It is direct to check that U sends (j + m,m − 1), since j + m > m − 1, to

(1j+m−m+1−1, 2(m− 1) + 1) = (1j , 2m− 1), etc.

Our applications of the permutations depend on the following statistic.

Definition 3. Given a composition c = (c1, . . . , c2u), let

h(c) = max
1≤i≤u

(c2i − c2i−1).

This is the greatest signed pairwise difference of c, the greatest increase from an

odd index part to its successor.

Table 3 illustrating the permutation U also gives several examples of the h statis-

tic. Notice that if h(c) < 0, i.e., if all pairs satisfy c2i−1 > c2i, then U(c) is a

composition with only odd parts. If h(c) = 2j − 2 or 2j − 1 for j ≥ 1, then U(c) is

a composition with parts that are either even and at most 2j, or are odd.

As a permutation, U partitions the compositions C(n) into disjoint cycles. In a

first step towards understanding the resulting cycle structure, we characterize and

enumerate the 1-cycles/fixed points CU(n) of C(n) under U .

Proposition 1. For the map U described in Theorem 2, the fixed points CU(n) are

the compositions c = (c1, . . . , ct) ∈ C(n) with the parts c2i−1 = 1 and parts c2i even

for every i. The count cU(n) satisfies the recurrence

cU(n) = cU(n− 2) + cU(n− 3)

with initial values cU(1) = 1, cU(2) = 0, cU(3) = 1.

See Table 4 for the CU(n) compositions through n = 10. The sequence cU(n) is

known as the Padovan numbers [7, A000931].
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n CU(n) cU(n)

1 1 1

2 ∅ 0

3 12 1

4 121 1

5 14 1

6 141, 1212 2

7 16, 12121 2

8 161, 1412, 1214 3

9 18, 14121, 12141, 121212 4

10 181, 1612, 1414, 1216, 1212121 5

Table 4: The compositions in C(n) fixed by the permutation U and their counts for
small n.

Proof. Examining the definition of U , a pair of parts (c2i−1, c2i) fixed by the per-

mutation must have c2i−1 = 1. In the first case of the definition of U , to have a

single part 1 start the image requires c2i−1 = c2i + 2 which is a contradiction. In

the second case of the definition of U , having a single part 1 in the image requires

c2i−1 + c2i = 2k + 1. Thus a composition in CU(n) consists of pairs (1, 2k) where a

final odd-indexed part 1 is allowed (the case c2i = 0).

For the enumeration result, we establish a bijection CU(n) ∼= CU(n−2)∪CU(n−3).
Given a U -fixed composition of n−3, add two parts at the end of the composition:

1, 2 if the original length is even, 2, 1 if the original length is odd. The resulting

composition of n has an additional even-indexed part 2 and an additional odd-

indexed part 1, so it is in CU(n). Given a U -fixed composition of n − 2, increase

the last even-indexed part by 2. This gives a composition of n that maintains the

necessary structure, so it is also in CU(n). The two sets are disjoint considering the

last even part: it is 2 for the compositions coming from CU(n − 3), while it is at

least 4 for the compositions coming from CU(n− 2).

For the reverse map, given a U -fixed composition of n, if the last even part is at

least 4, decrease it by 2 to make a composition in CU(n − 2); if the last even part

is 2, remove it and the last 1 to make a composition in CU(n− 3).

It is clear that the two maps are inverses, establishing the bijection. The initial

values follow from Table 4. See Table 5 for an example of the bijection.

The second permutation is very similar to U , switching the parity of the second

part of each pair.
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CU(8) ∪ CU(7) ←→ CU(10)

161 181

1412 1414

1214 1216

16 1612

12121 1212121

Table 5: Correspondence between CU(8) ∪ CU(7) and CU(10) from Proposition 1.

Theorem 3. Given a composition c ∈ C(n), determine V (c) by the pairwise map

(c2i−1, c2i) 7→


(1c2i−1−c2i , 2c2i) if c2i − c2i−1 < 1,

(1c2i−1+c2i−2k−1, 2k + 1) if 2k − 1 ≤ c2i − c2i−1 < 2k + 1

for k ≥ 1.

The resulting map V is a permutation of C(n).

See Table 6 for examples of V .

h(c) < 1 1 ≤ h(c) < 3 3 ≤ h(c) < 5

5 7→ 15 23 7→ 113 14 7→ 5

41 7→ 132 131 7→ 131

32 7→ 14 122 7→ 311

311 7→ 1121 1211 7→ 32

221 7→ 41 1112 7→ 23

212 7→ 1211

213 7→ 122

113 7→ 213

1121 7→ 212

15 7→ 221

Table 6: The permutation V on C(5) with compositions organized by h values.

Proof. The proof is analogous to the proof of Theorem 2. Here, we just give the

explicit reverse map, again in terms of subsequences of the form (1j , ℓ) with j ≥ 0

and ℓ ≥ 2, i.e., parts greater than one each grouped with any preceding run of parts

1; there can also be a terminal run 1j (with j ≥ 1) which maps to the single part
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j. For non-terminal subsequences, applying

(1j , ℓ) 7→


(j +m,m) if ℓ = 2m,

(k + 1, k + 2m− 2) if j = 2k and ℓ = 2m− 1,

(k, k + 2m− 2) if j = 2k − 1 and ℓ = 2m− 1,

to each subsequence of c determines the reverse map. It is direct to check that

V sends each output pair back to the corresponding subsequence: (j + m,m) to

(1j , 2m); (k+1, k+2m−2) to (12k, 2m−1) form ≥ 2; (k, k+2m−2) to (12k−1, 2m−1)
for m ≥ 2; and (j, 0) to 1j . Note that ℓ = 1 (i.e., m = 1 in the odd case) does not

arise non-terminally since all non-terminal subsequences have ℓ ≥ 2.

Notice that if h(c) = 2j−1 or 2j for j ≥ 1, then the image is a composition with

parts that are either odd and at most 2j + 1, or are even.

We also characterize and enumerate CV(n), the V -fixed compositions of n.

Proposition 2. For the map V described in Theorem 3, the fixed points CV(n) are

the compositions c = (c1, . . . , ct) ∈ C(n) with the parts c2i−1 = 1 and parts c2i odd

and at least 3 for every i. The count cV(n) satisfies the recurrence

cV(n) = cV(n− 2) + cV(n− 4)

for n ≥ 5 with initial values cV(1) = cV(4) = 1 and cV(2) = cV(3) = 0.

See Table 7 for the CV(n) compositions through n = 10. The sequence cV(n)

from n = 2 is the Fibonacci numbers each occurring twice [7, A103609]. In other

words, cV(2j) = cV(2j + 1) = fj−1 for j ≥ 1.

n CV(n) cV(n)

1 1 1

2 ∅ 0

3 ∅ 0

4 13 1

5 131 1

6 15 1

7 151 1

8 17, 1313 2

9 171, 13131 2

10 19, 1513, 1315 3

Table 7: The compositions in C(n) fixed by the permutation V and their counts
for small n.
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Proof. Examining the definition of V , a pair of parts (c2i−1, c2i) fixed by the per-

mutation must have c2i−1 = 1. In the first case of the definition of V , to have a

single part 1 start the image requires c2i−1 = c2i+1 which is only true if c2i = 0. In

the second case of the definition of V , having a single part 1 in the image requires

c2i−1 + c2i = 2k + 2 (recall that k ≥ 1). Thus a composition in CV(n) consists of

pairs (1, 2k + 1) where a final odd-indexed part 1 is allowed (from the first case of

the definition when c2i−1 = 1 and c2i = 0).

For the enumeration result, we establish bijections CV(2j + 1) ∼= CV(2j) and

CV(2j) ∼= CV(2j−2)∪CV(2j−4). Note that since all parts of a composition in CV(n)

are odd, the compositions in CV(2j +1) have odd length while the compositions in

CV(2j) have even length.

For the first bijection, a composition in CV(2j+1) must have last part 1; removing

that gives a composition in CV(2j). For the reverse map, given a composition in

CV(2j), add a part 1 at the end. It is clear that the maps are inverses, establishing

the first bijection.

For the second bijection, given a V -fixed composition of 2j − 4, add the parts 1,

3 at the end of the composition. The resulting composition of 2j has an additional

odd-indexed part 1 and an additional even-indexed part 3, so it is in CV(2j). Given a

V -fixed composition of 2j−2, increase the last part by 2. This gives a composition of

2j with the necessary structure and final part odd at least 5, so it is in CV(2j). The

two sets are disjoint considering the last part: it is 3 for compositions coming from

CV(2j − 4) while it is odd and at least 5 for compositions coming from CV(2j − 2).

For the reverse map of the second bijection, given a V -fixed composition of 2j, if

the last part is at least 5, decrease it by 2 to make a composition in CV(2j − 2); if

the last part is 3, remove it and the last part 1 to make a composition in CV(2j−4).

It is clear that the maps are inverses, establishing the second bijection.

The initial values follow from Table 7. See Table 8 for an example of the bijection.

CV(10) ∪ CV(8) ←→ CV(12) ←→ CV(13)

(1, 9) (1, 11) (1, 11, 1)

(1, 5, 1, 3) (1, 5, 1, 5) (1, 5, 1, 5, 1)

(1, 3, 1, 5) (1, 3, 1, 7) (1, 3, 1, 7, 1)

(1, 7) (1, 7, 1, 3) (1, 7, 1, 3, 1)

(1, 3, 1, 3) (1, 3, 1, 3, 1, 3) (1, 3, 1, 3, 1, 3, 1)

Table 8: The correspondences between CV(10) ∪ CV(8), CV(12), and CV(13) from
Proposition 2.
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4. Generalizing Arndt’s Compositions

Arndt’s compositions A(n) require a descent from each c2i−1 to c2i for each i.

Repeating [5, Definition 3.1], this condition can be generalized as follows.

Definition 4. Given an integer k, let A(n, k) ⊂ C(n) be the set of compositions

such that c2i−1 > c2i + k for each positive integer i. If the number of parts is odd,

then the final inequality does not apply and is defined to be true.

The Arndt compositions A(n) are the same as A(n, 0). See Table 9 for values of

a(n, k) = |A(n, k)| for small values. The authors considered the cases k > 0 in [5]

where a steeper descent is required. Here we focus on the cases k < 0 which allow

for equality or a limited increase between each part c2i−1 and c2i.

k\n 1 2 3 4 5 6 7 8 9 10 OEIS

3 1 1 1 1 1 2 3 5 7 10

2 1 1 1 1 2 3 5 7 10 14 A107332

1 1 1 1 2 3 5 7 11 16 25 A130137

0 1 1 2 3 5 8 13 21 34 55 A000045

−1 1 2 3 6 10 19 33 61 108 197 A028495

−2 1 2 4 7 14 26 50 95 181 345 A052535

−3 1 2 4 8 15 30 58 114 222 435

Table 9: Generalized Arndt compositions counts a(n, k) for small n and k along
with related OEIS sequences [7].

As an additional motivation, the generalized Arndt compositions A(n, k) for

negative k are related to the compositions studied by George Andrews that require

ci ≥ ci+1 − d for all i and an integer parameter d [1]. These d-compositions were

further studied by Viennot using his “heaps of pieces” approach [8]. The generalized

Arndt compositions here are a pairwise version of this with c2i−1 > c2i + k (recall

that k is negative) but no restriction between c2i and c2i+1.

Theorem 4. The number of generalized Arndt compositions satisfies the recurrence

a(n, k) =

{
a(n− 1, k) + 2a(n− 2, k)− a(n− 2 + k, k) if k ≤ 0,

a(n− 1, k) + a(n− 2, k)− a(n− 3, k) + a(n− 3− k, k) if k ≥ 0.

For generating functions of a(n, k), see Checa and Ramı́rez [2, Corollary 6].

Proof. The k = 0 case is Theorem 1 above (see also Theorems 2.1 and 2.3 of [5]).

The k > 0 case was established in [5, Theorem 3.2]. Here, suppose k < 0.
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Write Ao(n, k) for the compositions of A(n, k) with odd length and Ae(n, k) for

those with even length. We establish two bijections,

Ao(n, k) ∼= A(n− 1, k),

Ae(n, k) ∪A(n− 2 + k, k) ∼= 2A(n− 2, k)

where the coefficient 2 indicates two copies of the set A(n− 2, k). (If n− 2+ k ≤ 0,

then the bijection establishes Ae(n, k) ∼= 2A(n−2, k) and we set a(n−2+k, k) = 0.)

This gives a slightly stronger result,

ao(n, k) = a(n− 1, k),

ae(n, k) = 2a(n− 2, k)− a(n− 2 + k, k)

from which the claim follows, since a(n, k) = ao(n, k) + ae(n, k).

For the first bijection, given c = (c1, . . . , ct) ∈ Ao(n, k), let

c 7→ (c1, . . . , ct−1, ct − 1)

where, if ct = 1, the resulting 0 is omitted in the image. Since decreasing (or

deleting) the terminal odd indexed part does not affect the pairwise difference

conditions, this gives a composition in A(n − 1, k). For the reverse map, given

c = (c1, . . . , ct) ∈ A(n− 1, k), let

c 7→

{
(c1, . . . , ct + 1) if t is odd,

(c1, . . . , ct, 1) if t is even,

in other words, adding 1 in the last possible odd position. Note that in either case,

the image has odd length. Again, the terminal odd indexed part does not affect the

pairwise difference conditions, so the image is in Ao(n, k). These maps are clearly

inverses.

See Table 10 for an example of this first bijection.

For the second bijection, suppose c = (c1, . . . , ct) ∈ Ae(n, k). Let

c 7→ (c1, . . . , ct−1 − 1, ct − 1)

where any parts 0 (from ct = 1 or ct−1 = 1) are omitted. This gives compositions in

A(n−2, k) since decreasing the last two parts by 1 maintains the pairwise difference

condition or, when ct−1 = 1, gives an odd length composition with last part ct −
1. More specifically, the compositions with ct = 1 give one set of A(n − 2, k)

compositions (note that the images can have even or odd length). The compositions

with ct > 1 give some compositions in the second A(n − 2, k). Again, the images

can have odd or even length depending on ct−1. In the case of an odd length image,

we have ct−1 = 1 and, by the pairwise difference condition, ct < −k+1, so that the

last part in the image is less than −k.
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Ao(6,−1) ←→ A(5,−1)
6 5

411 41

321 32

312 311

23 221

213 212

214 213

114 113

11211 1121

142 15

Table 10: An example of the first bijection in the proof of Theorem 4 between
Ao(6,−1) and A(5,−1).

Continuing the second bijection, suppose c = (c1, . . . , ct) ∈ A(n− 2 + k, k). Let

c 7→

{
(c1, . . . , ct − k) if t is odd,

(c1, . . . , ct,−k) if t is even,

in other words, adding −k in the last possible odd position. This does not affect

the pairwise difference conditions, so the images are in A(n−2, k), have odd length,

and last part at least −k.
The only case to verify that this is an injection is the odd length compositions of

A(n− 2, k). As noted, those with last part less than −k come from Ae(n, k) while

those with last part at least −k come from A(n− 2 + k, k).

We conclude the proof by giving the reverse map for the second bijection. Sup-

pose c = (c1, . . . , ct) is in the first copy of A(n− 2, k). Let

c 7→

{
(c1, . . . , ct + 1, 1) if t is odd,

(c1, . . . , ct−1 + 1, ct + 1) if t is even,

in other words, make an even length composition of n by adding 1 in the final odd

indexed and even indexed parts of the pre-image. The image is in Ae(n, k): for t

odd, the image has penultimate part greater than 1 and last part 1, which certainly

satisfies the pairwise difference condition; for t even, adding 1 to the last two parts

maintains the pairwise difference condition. This gives the Ae(n, k) compositions

with penultimate parts greater than 1.

Continuing the reverse map for the second bijection, suppose c = (c1, . . . , ct) is
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in the second copy of A(n− 2, k). Let

c 7→


(c1, . . . , ct−1, 1, ct + 1) if t is odd and ct < −k,
(c1, . . . , ct−1, ct + k) if t is odd and ct ≥ −k,
(c1, . . . , ct, 1, 1) if t is even.

The t odd and ct < −k case gives an even length composition of n that satisfies

the pairwise difference condition since 1 = −k + 1 + k > ct + 1 + k. These are

the compositions of Ae(n, k) with penultimate part 1 and last part greater than

1. The t even case gives the compositions in Ae(n, k) whose last two parts are 1

(which certainly satisfies the pairwise difference condition). With the images from

the first copy of A(n−2, k) above, these give all of Ae(n, k). The t odd and ct ≥ −k
case gives compositions of n− 2 + k of both odd and even length (the latter when

ct = −k) which are in A(n− 2 + k, k) since the first t− 1 parts satisfy the pairwise

difference condition.

As noted, the reverse map is injective by looking at the last two parts of the

images: penultimate part greater than 1 from the first copy of A(n− 2, k), penulti-

mate part 1 from some of the second copy of A(n− 2, k) with the remainder of the

second copy going to A(n− 2 + k, k).

See Table 11 for an example of this second bijection.

Ae(6,−1) ∪A(3,−1) 7→ 2A(4,−1) 2A(4,−1) 7→ Ae(6,−1) ∪A(3,−1)
51 4 4 51

42 31 31 42

33 22 22 33

313 31 211 2121

1131 112 112 1131

2211 22 14 1122

2121 211 4 3

1122 14 31 313

16 14 22 2211

3 4 211 21

21 211 112 13

13 112 14 16

Table 11: An example of the second bijection in the proof of Theorem 4, from
Ae(6,−1) ∪A(3,−1) on the left-hand side, from 2A(4,−1) on the right-hand side.

We conclude this work by establishing a bijection between the generalized Arndt

compositions A(n, k) for k < 0 and certain classes of compositions, based on the
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parity of their parts, which are defined next.

Definition 5. For a nonnegative integer k, let C2k
o (n) be the set of compositions of

n with parts restricted to even integers at most 2k and any odd integers. Similarly,

let C2k+1
e (n) be the set of compositions of n with parts restricted to odd integers

at most 2k + 1 and any even integers.

Note that C0
o (n) is the set of odd part compositions considered by De Morgan.

Current OEIS occurrences for other sequences of these counts are c1e(n) [7, A028495]

and c2o(n) [7, A052535]. For fixed n and sufficiently large k, we have C2k
o (n) =

C2k+1
e (n) = C(n), as all parts arising in C(n) are allowed.

Theorem 5. For k a negative even number, a(n, k) = c−k
o (n).

Proof. Given k = −2j for a positive integer j, we show that the permutation U of

Theorem 2 restricted to A(n,−2j) is a bijection with C2j
o (n).

Comparing the Definition 4 of A(n, k) and Definition 3 of the h statistic, a

composition c ∈ A(n,−2j) has h(c) < 2j. By the description of U in Theorem

2, compositions with h(c) < 2j are sent to compositions with even parts at most

2j or odd parts, i.e., compositions in C2j
o (n). The inverse of U described in the

proof of Theorem 2 sends a composition in C2j
o (n) to a composition in A(n,−2j),

completing the bijection.

Table 3 provides examples for n = 5. The 5 compositions in the left-hand column

show A(5, 0) ∼= C0
o (5) = Co(5). The union of the 14 compositions in the left-hand

and middle columns show A(5,−2) ∼= C2
o (5). The 16 total compositions in all three

columns show A(5,−4) ∼= C4
o (5) = C(5).

Theorem 6. For k a negative odd number, a(n, k) = c−k
e (n).

Proof. Analogous to the previous theorem, given k = −2j − 1 for a positive integer

j, the permutation V of Theorem 3 restricted to A(n,−2j − 1) is a bijection with

C2j+1
e (n).

Table 6 provides examples for n = 5. The 10 compositions in the left-hand

column show A(5,−1) ∼= C1
e (5). The union of the 15 compositions in the left-hand

and middle columns show A(5,−3) ∼= C3
e (5). The 16 total compositions in all three

columns show A(5,−5) ∼= C5
e (5) = C(5).

The connections established in these last two theorems show why c2ko (n) and

c2k+1
e (n) satisfy essentially the same recurrence relation, a fact that is not obvious

from their definitions.

Corollary 1. For k ≥ 1,

c2k+1
e (n) = c2k+1

e (n− 1) + 2c2k+1
e (n− 2)− c2k+1

e (n− 2− 2k − 1),

c2ko (n) = c2ko (n− 1) + 2c2ko (n− 2)− c2ko (n− 2− 2k).
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Proof. Theorems 5 and 6 connect c2ko (n) and c2k+1
e (n) to, respectively, a(n,−2k)

and a(n,−2k − 1). The recurrences follow from Theorem 4.

Let us mention that Ramı́rez and collaborators, working from a preprint version

of this article, have further developed some of these ideas [2, 6].
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