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Abstract

We study non-negative integer solutions (x, y, z) of the Diophantine equation (10m2+
1)x + (15m2 − 1)y = (5m)z, where m is a positive integer. This equation is related
to Terai’s conjecture, which concerns the uniqueness of integer solutions to cer-
tain exponential Diophantine equations. We provide a partial affirmation of Terai’s
conjecture by proving that the equation has the unique positive integer solution
(x, y, z) = (1, 1, 2) for all m > 1. The proof relies on the well-known primitive
divisor theorem and several results from the theory of exponential Diophantine
equations.

1. Introduction

Let a, b, c be fixed, pairwise relatively prime positive integers, and each greater than

one. The exponential Diophantine equation

ax + by = cz (1)

in positive integers x, y, z has been studied by many researchers (see [2], [10], [21]).

It is known that Equation (1) has only finitely many positive integer solutions [6].

If (a, b, c) is a Pythagorean triple (i.e., positive integers satisfying a2 + b2 = c2),

then the following conjecture is well known.

Conjecture 1 (Jeśmanowicz’s conjecture [8]). If (a, b, c) is Pythagorean triple, then

(1) has the unique positive integer solution (x, y, z) = (2, 2, 2).
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There exist many positive results for Jeśmanowicz’s conjecture, and we refer to

[12, 18, 20] for recent developments on this conjecture. Notably, Terai’s conjecture

[14] extends the ideas of Jeḿanowicz’s conjecture to a more general setting.

Conjecture 2 (Terai’s conjecture [14]). Let a, b, c, p, q, r be fixed natural numbers,

where a, b, c are pairwise relatively prime integers and ap + bq = cr with p, q, r ≥ 2.

Then (1) has the unique solution (x, y, z) = (p, q, r) with the exception of finitely

many triples (a, b, c).

The exceptional cases in the above conjecture are listed explicitly in [17]. Terai’s

conjecture has been demonstrated to be valid in various special scenarios ([1], [3],

[5], [9], [13], [16]), but in general, it remains unsolved. In 2024, Miyazaki and Pink

proved the following result.

Theorem 1 ([19]). Assume that at least one of a and b is congruent to 1 or −1

modulo c. Then there is at most one solution to Equation (1), except when (a, b, c)

or (b, a, c) is one of (3, 5, 2), (3, 13, 2), (2, 5, 3), and (2, 7, 3).

The main result (Theorem 2) of this paper provides a partial affirmation of the two

conjectures stated above. Although Theorem 2 is a consequence of Theorem 1, our

proof takes a different path. Like the argument in [19], our proof also ultimately

depends on Baker’s theory of linear forms in logarithms via the primitive divisor

result recorded below as Theorem 7. Nevertheless, the structure of our proof is

essentially distinct. This difference in method represents the main novelty of this

work. It proposes a simpler approach, which might be useful in addressing other

classes of Diophantine equations. We consider the exponential Diophantine equation

(10m2 + 1)x + (15m2 − 1)y = (5m)z, (2)

where m is a positive integer and we prove the following theorem.

Theorem 2. Let m be a positive integer. Then (2) has the unique positive integer

solution (x, y, z) = (1, 1, 2) for all m > 1.

Remark 1. It can be easily verified that the integers 10m2 + 1, 15m2 − 1, and 5m

are pairwise relatively prime.

The proof of Theorem 2 is presented in Section 3. We proceed by considering

the parity of m. When m is even, we utilize congruence theory, and when m is odd,

we reformulate Equation (2) and apply results from Section 2, which include the

class number of imaginary quadratic fields, the characteristic number of solutions,

and primitive divisors of Lucas numbers.

The organization of this paper is as follows. In Section 2, we provide a review

of several key results that will be instrumental in our study. Section 3 presents the

proof of Theorem 2. Section 4 provides a summary of the results.
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2. Preliminaries

We begin by recalling some definitions and known results that will be needed later.

The Fibonacci numbers Fn are defined by the recurrence

F0 = 0, F1 = 1, and Fn = Fn−1 + Fn−2 for n > 1.

Definition 1. Let α and β be algebraic integers. A pair (α, β) is called a Lucas

pair if the sum α + β and the product αβ are nonzero, relatively prime integers,

and α
β is not a root of unity.

Definition 2. For any Lucas pair (α, β), the Lucas numbers Ln(α, β) are defined

recursively by

Ln(α, β) =
αn − βn

α− β
, n = 0, 1, 2, . . .

Definition 3. The primitive divisors of the Lucas number Ln(α, β) are the prime

numbers p such that

p | Ln(α, β) and p ∤ (α− β)2L1(α, β) . . . Ln−1(α, β).

Theorem 3 ([7], Theorems 11.4.3, 12.10.1, and 12.14.3). Let D be any positive

integer and h(−4D) be the class number of positive binary quadratic forms of dis-

criminant −4D. Then

h(−4D) <
4

π

√
D log(2e

√
D).

Theorem 4 ([11], Theorems 1 and 2). Let D and k be relatively prime positive

integers such that D > 1 and k is odd. If the equation

u2 +Dv2 = kw

has a solution (u, v, w), where u, v, w ∈ Z, gcd(u, v) = 1, w > 0, then any solution

of the above equation can be expressed as

u+ v
√
−D = λ1(u1 + λ2v1

√
−D)t,

w = w1t, t ∈ N,

where λ1, λ2 ∈ {±1} and u1, v1, w1 are positive integers satisfying u1
2+Dv1

2 = kw1 ,

gcd(u1, v1) = 1, and h(−4D) ≡ 0 (mod w1).

Lemma 1 ([11], Lemma 1). Let D1, D2 be relatively prime positive integers greater

than 1, and let k be an odd integer greater than 1 with min{D1, D2, k} > 1. Let

(X,Y, z) be a fixed solution of the equation

D1X
2 +D2Y

2 = kz, where gcd(X,Y ) = 1, z ≥ 1, X, Y, z ∈ Z. (3)
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Then there exists a unique positive integer L such that

L = D1αX +D2βY, 1 ≤ L < k,

where α, β are integers with βX − αY = 1.

Definition 4. The positive integer L (defined in Lemma 1) is called the character-

istic number of the solution (X,Y, z) and is denoted by ⟨X,Y, z⟩.

Lemma 2 ([11], Lemma 6). If ⟨X,Y, z⟩ = L, then D1X ≡ −LY (mod k).

Definition 5. If (X0, Y0, z0) is a solution of (3) with ⟨X0, Y0, z0⟩ = L0, then the

set of all solutions (X,Y, z) with ⟨X,Y, z⟩ ≡ ±L0 (mod k) is called a solution class

of (3) and is denoted by S(L0).

Theorem 5 ([11], Theorems 1 and 2). For any fixed solution class S(L0) of (3),

there exists a unique solution (X0, Y0, z0) ∈ S(L0) such that X0 ≥ 1, Y0 ≥ 1 and

z0 ≤ z, where z runs through all the solutions (X,Y, z) ∈ S(L0). The solution

(X0, Y0, z0) is called the least solution of S(L0). Every solution (X,Y, z) ∈ S(L0)

can be expressed as

X
√
D1 + Y

√
−D2 = λ1(X0

√
D1 + λ2Y0

√
−D2)

t, λ1, λ2 ∈ {±1},

z = z0t, 2 ∤ t, t ∈ N.

Theorem 6 ([23], Theorem 2). Let (X0, Y0, z0) be the least solution of S(L0). If

Equation (3) has a solution (X,Y, z) ∈ S(L0) satisfying X ≥ 1 and Y = 1, then

Y0 = 1. Furthermore, if (X, z) ̸= (X0, z0), then one of the following conditions is

satisfied:

1. D1X0
2 = 1

4 (k
z0 ± 1), D2 = 1

4 (3k
z0 ± 1), (X, z) = (X0|D1X0

2 − 3D2|, 3z0),

2. D1X0
2 = 1

4F3r+3e, D2 = 1
4L3r, and kz0 = F3r+e, (X, z) = (X0|D1

2X0
4 −

10D1D2X0
2 + 5D2

2|, 5z0), where r is a positive integer, e ∈ {1,−1}, and Fn

is the nth Fibonacci number.

The primitive divisor results presented in [22] serve as powerful tools for solving

exponential Diophantine equations.

Theorem 7 ([22]). If n > 30, then Ln(α, β) has primitive divisors.

Theorem 8 ([15]). If 4 < n ≤ 30 and n ̸= 6, then up to equivalence, Ln(α, β)

has a primitive divisor except for the following parameters (e, f), where (α, β) =

( e+
√
f

2 , e−
√
f

2 ) :

• (1, 5), (1,−7), (2,−40), (1,−11), (1,−15), (12,−76) or (12,−1364) if n = 5,
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• (1,−7) or (1,−19) if n = 7,

• (1,−7) or (2,−24) if n = 8,

• (2,−8), (5,−3) or (5,−47) if n = 10,

• (1,−5), (1,−7), (1,−11), (2,−56), (1,−15) or (1,−19) if n = 12,

• (1,−7) if n = 13, 18 or 30.

Definition 6. Two Lucas pairs (α1, β1) and (α2, β2) are equivalent if α1 = ±α2

and β1 = ±β2, with the same sign in both components.

3. Proof of Theorem 2

The proof is divided into two cases based on the parity of m.

Proof of Theorem 2. We now prove Theorem 2. The proof is divided into two cases

based on the parity of m.

Case 1: m is even. If z ≤ 2, then (x, y, z) = (1, 1, 2) is clearly the only one solution

of (2). For a contradiction, assume z > 2. Then taking Equation (2) modulo m2,

we obtain 1 + (−1)y ≡ 0 (mod m2). Clearly y is odd since m2 > 2. Reducing

Equation (2) modulo 5m3, yields

1 + 10m2x+ (−1) + 15m2y ≡ 0 (mod 5m3),

2x+ 3y ≡ 0 (mod m).

Now y is odd and so 2x + 3y is an odd number, but m is even. We conclude that

Equation (2) has no positive integer solutions when z > 2. Thus, when m is even,

(2) has a unique positive integer solution (1, 1, 2).

Case 2: m is odd. This is more involved, and the rest of the manuscript deals with

this case. Let (x, y, z) be a solution of (2). Clearly (x, y, z) = (1, 1, 2) is a solution

of (2). Taking Equation (2) modulo m2 (since m > 1), we conclude that y is odd

by the same argument as in Case 1. We now consider two subcases based on the

parity of x.

Subcase (a): x is odd. We rewrite (2) as

(10m2 + 1)X2 + (15m2 − 1)Y 2 = (5m)Z , where X,Y, Z ∈ Z, Z > 0. (4)

Since (x, y, z) is a solution of (2), we see that

(X,Y, Z) = ((10m2 + 1)
x−1
2 , (15m2 − 1)

y−1
2 , z) (5)
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is a solution of (4). Let

L =< (10m2 + 1)
x−1
2 , (15m2 − 1)

y−1
2 , z >

be a characteristic number of the solution given in (5). Then from Lemma 2, we

get

(10m2 + 1)
x+1
2 ≡ −L(15m2 − 1)

y−1
2 (mod 5m), (6)

L ≡ ±1 (mod 5m). (7)

Let L0 =< 1, 1, 2 > be the characteristic number of the solution (X0, Y0, Z0) =

(1, 1, 2) of (4). Thus, Lemma 2 implies

(10m2 + 1)× 1 ≡ −L0 × 1 (mod 5m), (8)

L0 ≡ −1 (mod 5m). (9)

From (6) and (8), we get L ≡ ±L0 (mod 5m), which implies that the solution

(X0, Y0, Z0) = (1, 1, 2) and the solution in (5) are in the same solution class S(L0)

of Equation (4). Since the solution (X,Y, Z) = (1, 1, 2) is evidently the smallest

possible solution in S(L0), by Theorem 5, we get

X
√
10m2 + 1 + Y

√
1− 15m2 = λ1(X0

√
10m2 + 1 + λ2Y0

√
1− 15m2)t, (10)

where λ1, λ2 ∈ {1,−1} and z = Z0t = 2t with 2 ∤ t, t ∈ N.
After expanding the right-hand side of (10) and equating the coefficients of√
1− 15m2, we get

(15m2 − 1)
y−1
2 = λ1λ2

t−1
2∑

i=0

(
t

2i+ 1

)
(10m2 + 1)

t−1
2 −i(1− 15m2)i. (11)

We claim that y = 1. We prove this claim by contradiction. Let y > 1. Then from

(11), we have

0 ≡ λ1λ2t(10m
2 + 1)

t−1
2 (mod (15m2 − 1)),

0 ≡ ±t(10m2 + 1)
t−1
2 (mod (15m2 − 1)).

Since m is odd, we get 2 | t(10m2 + 1)
t−1
2 , which is a contradiction. Hence, y = 1.

From (5), we have Y = (15m2−1)
y−1
2 = 1. Since (X0, Y0, Z0) = (1, 1, 2) is the least

solution of S(L0), by Theorem 6, we have either

10m2 + 1 =
1

4
((5m)2 ± 1) (12)
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or

F3r+e = (5m)2, (13)

where e = ±1. From (12), we get 4(10m2 + 1) = (52m2 ± 1). This implies that

4 = ±1 (mod m2), which is a contradiction. Furthermore, from (13), we get F12 =

122 = (5m)2, because the only Fibonacci number greater than 1 that is a perfect

square is F12 = 122 [4]. Thus, 5m = 12, which is also not possible because m is

odd. Hence, by Theorem 6, we get

(X,Z) = ((10m2 + 1)
x−1
2 , z) = (X0, Z0) = (1, 2).

Subcase (b): x is even. We rewrite (2) as

U2 + (15m2 − 1)V 2 = (5m)W , where gcd(U, V ) = 1, W > 0. (14)

Hence, Equation (14) has a solution

(U, V,W ) = ((10m2 + 1)
x
2 , (15m2 − 1)

y−1
2 , z).

Thus, from Theorem 4, we have

(10m2 + 1)
x
2 + (15m2 − 1)

y−1
2

√
1− 15m2 = λ1(U0 + λ2V0

√
1− 15m2)t (15)

with λ1, λ2 ∈ {1,−1} and

z = W0t, t ∈ N. (16)

Here, U0, V0,W0 are positive integers that satisfy

U0
2 + (15m2 − 1)V0

2 = (5m)W0 , where gcd(U0, V0) = 1, (17)

h(−4(15m2 − 1)) ≡ 0 (mod W0). (18)

Suppose 2 | t and let

u+ v
√

1− 15m2 = (U0 + λ2V0

√
1− 15m2)

t
2 . (19)

Taking the norm on both sides of (19) in Q(
√
1− 15m2) and using (17), we obtain

u2 + (15m2 − 1)v2 = (5m)
W0t
2 = (5m)

z
2 . (20)

Substituting (19) into (15), we get

(10m2 + 1)
x
2 + (15m2 − 1)

y−1
2

√
1− 15m2 = λ1(u+ v

√
1− 15m2)2.

It follows that

(10m2 + 1)
x
2 = λ1(u

2 − v2(15m2 − 1)), (21)

(15m2 − 1)
y−1
2 = 2λ1uv. (22)
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Since gcd(10m2 + 1, 15m2 − 1) = 1, from (21) and (22), we get |u| = 1. Hence,

|v| = 1
2 (15m

2 − 1)
y−1
2 . Substituting the values of |u| and |v| into (20), we obtain

1 +
1

4
(15m2 − 1)y = (5m)

z
2 .

This implies 3 ≡ 0 (mod 5m), a contradiction to the fact that 5m > 3. So we

conclude that 2 ∤ t.
Let

α = U0 + V0

√
1− 15m2, β = U0 − V0

√
1− 15m2. (23)

Moving further, we take the complex conjugation in (15) and get

(10m2 + 1)
x
2 − (15m2 − 1)

y−1
2

√
1− 15m2 = λ1(U0 − λ2V0

√
1− 15m2)t. (24)

Now, subtracting (24) from (15), we obtain

(15m2 − 1)
y−1
2 = V0

∣∣∣αt − βt

α− β

∣∣∣ = V0|Lt(α, β)|.

We will now check that Lt(α, β) is in fact a Lucas sequence. Clearly α + β = 2U0

and α − β = 2V0

√
1− 15m2 (by (23)). Also αβ = (5m)W0 (from (17)). Since

gcd(U0, V0) = 1, the integers αβ = (5m)W0 and α+β = 2U0 are also relatively prime

( by (17)). Furthermore, α
β ̸= ±1, since ±1 are the only units in Q(

√
1− 15m2).

Thus, Lt(α, β) is a Lucas sequence. From Theorems 7 and 8, we obtain t ≤ 30.

Moreover, if 4 < t ≤ 30 and t ̸= 6, then the parameter

(e, f) = (2U0, 4V0
2(1− 15m2))

must be one of the parameters given in Theorem 8. But, none of them match with

any such parameter. So it follows that t ≤ 3. We will show that the case t = 3

is also not possible. If possible, let t = 3. Upon expanding the right-hand side of

(15), we get

(U0 + λ2V0

√
1− 15m2)t =U0

3 + 3U0
2λ2V0

√
1− 15m2

+ 3U0V0
2(1− 15m2) + λ2V0

3(1− 15m2)
√
1− 15m2.

(25)

Combining (15) and (25) and equating coefficients on both sides, we obtain

(10m2 + 1)
x
2 = λ1U0(U0

2 − 3(15m2 − 1)V0
2) (26)

and

(15m2 − 1)
y−1
2 = λ1λ2V0(3U0

2 − (15m2 − 1)V0
2). (27)
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From Equation (17), we see that gcd(3U0, 15m
2−1) = 1. Hence, from (27) we have

3U0
2 − (15m2 − 1)V0

2 = ±1. (28)

By considering Equation (28) modulo 3, we conclude that only the positive sign can

occur, i.e.,

3U0
2 − (15m2 − 1)V0

2 = 1. (29)

Thus, from (29)

|V0| = (15m2 − 1)
y−1
2 . (30)

Substituting (29) into (26), we get

(10m2 + 1)
x
2 = λ1U0(U0

2 − 3(15m2 − 1)y).

By reducing (29) and (30) modulo 3m, we obtain

3U0
2 − (−1)1 ≡ 1 (mod 3m),

which means that U0
2 ≡ 0 (mod m). Reducing Equation (17) modulo m gives

U0
2 ≡ 1 (mod m). These two congruences force 0 ≡ 1 (mod m), i.e., m = 1,

contradicting m > 1. Therefore, the case t = 3 is not possible, forcing t = 1. Then

z = W0t = W0 (from (16)), and (18) gives W0 ≤ h(−4(15m2 − 1)). Applying the

upper bound from Theorem 3, we have

z <
4

π

√
15m2 − 1 log(2e

√
15m2 − 1). (31)

Assume that z = 3. Then at least one of x and y must be greater than 1. Let x ≥ 2,

which gives (5m)3 > (10m2 + 1)x ≥ (10m2 + 1)2 > (10)2m4. Hence, 53 > (10)2m,

which leads to a contradiction since m > 1. Similarly, if y ≥ 2, then the inequality

(5m)3 ≥ (15m2 − 1)2 + (10m2 + 1) leads to 125m > 225m2 − 20, which is also a

contradiction. Hence, z ≥ 4. Reducing (2) modulo (25m4) yields

10m2x+ 15m2y ≡ 0 (mod (25m4)).

So

2x+ 3y ≡ 0 (mod 5m2),

and that implies

5m2 ≤ 2x+ 3y. (32)

Since

(10m2 + 1)x < (5m)z and (15m2 − 1)y < (5m)z,

we deduce that x < z and y < z. Hence, by (32), we have m2 < z. Combining this

with Inequality (31) yields

m2 < z <
4

π

√
15m2 − 1 log(2e

√
15m2 − 1).
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Thus, m ≤ 32. Since z is bounded, the same holds for x and y. Using Inequality

(31) together with x, y < z, we wrote a brief Maple program to examine all potential

solutions to Equation (2) in the range 2 ≤ m ≤ 32. No positive integer solutions

(m,x, y, z) were found for z ≥ 3. This completes the proof.

4. Conclusions

In this study, we examined the equation

(am2 + 1)x + (bm2 − 1)y = (cm)z (33)

with specific parameters (a, b, c) = (10, 15, 5) and demonstrated that the corre-

sponding Equation (2) has a unique solution (x, y, z) = (1, 1, 2), when m > 1.

These findings provide further support to Terai and Jeśmanowicz’s conjectures. To

expand on the results of this study, future research may explore Equation (33) in a

more generalized case, where 2 | a, 2 ∤ b with a+ b = c2.
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