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Abstract
For n € N, we define the ged-sum function P(n) := >°}_, ged(k, n). We study
the discrete higher moments of the function A(n) = @ in the paper and obtain

asymptotic formulae for the sums Y __ A*(n) with improved error term for certain
integers k.

1. Introduction

In 1933, Pillai [16] introduced the ged-sum function

n

P(n) := chd(k,n) = nz #,

k=1 d|n
where ¢ is Euler’s function. This arithmetical function is studied by many authors
(see [1], [3], [4], [5], [6], [7], [10], [17], [18], [19]). Define A(n) := @ for any integer
n > 1. In 2010, Téth [18] considered the summatory function Y. __ A%(n) and
established the asymptotic formula

n<zx
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> A%(n) = zPs(logz) + O(x77°),

n<zx

where Ps(log z) is a polynomial of degree 3 in log .
Later, in 2013, Zhang and Zhai [19] gave an asymptotic formula for the summa-
tory function AF(n) for any integer k > 2, which is

n<x

3 AFn) = 2Q% H(logz) + O(a7++9), (1)

n<x
(For ¢ € Z*, Q¢(y) denotes a polynomial of degree ¢ in y). The B4’s in the error
term are given by

1 5 7 31 207 1
B2 5 B3 g Ba 5 Bs 36 Be 5 and Sy F0.0%F

> 7.
YR for k>7

It is not difficult to see that

d d
SECES IS SO Dol

n<z n<z d|n d<z g<z
d
=3P row)
d<z
p(d) o(d)
:xz - -1—0(2 y] )
d<z d<z

Throughout the paper, Cy, Cs,... with or without suffixes, denote effective
positive constants and may depend only on k, and need not be the same at each
occurrence. Similarly, the number € is any small positive constant, the value of
which need not be the same in different occurrences. The aim of this paper is to
improve the error term in 1 for £k =2, k =3, and 7 < k < 11. Indeed, we prove the
following theorems.

Theorem 1. For k=2 and x > xo, where xq is sufficiently large, we have
Y A%(n) = My(x) + O(x? exp(Ca(loglog x)?)).
n<z

Theorem 2. For k =3 and x > xq, where xg is sufficiently large, we have
Z A3(n) = Ms(z) + O(x% exp(Cs(loglog )?)).
n<z

Theorem 3. For k=4 and x > xg, where xq is sufficiently large, we have

3 A n) = My(x) + O(x155+°).

n<x
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Theorem 4. Let k > 5 be any fized integer and x > xo, where xq is sufficiently
large, we have
_ a2
Z Ak(n) = Mk(x) + Ok($1+26 13.2k 9 )

n<lz

Remark 1. Clearly, the exponents of the error terms appearing in Theorems 1
and 2 are improvements of the exponents 32, 83 (appearing in (1)), respectively.

: 42 1 : 1 42 .
We also notice that 1 3= < 1 02 provided 022 < 3ph=s It is

enough to secure the inequality 13(2%) — 9 < 13(2F) < 2100(23*%) (i.e., 25 < 2190)),

By taking the logarithm, we see that, Theorem 4 is an improvement as long as
2100

7 < k < 22. Note that k < [%

13 ] = 22. It should be noted that in Theorem
3, the exponent of the error term is 221 = (0.7889 > 34 = % =0.7777....

log 2
199

2. Preliminaries and Some Lemmas

To establish our main theorems, we need the following lemmas.

Lemma 1 ([11], Theorem 8.4 and 8.8). For any € > 0, we have
T 5 12
/ )C <+it>‘ dt <. T,
0 7

Lemma 2 ([9]). For T sufficiently large, we have

uniformly for T > 1.

T 8
/ ((g + zt)‘ dt < T(log T),

T
2

uniformly.

Lemma 3 ([12]). For any € > 0, we have

T S 2
d o
/1 Clo+it)|2dt =T ;g’j) +O(TT7 T,

n=1
for any fixed o satisfying % <o<1landlt|>1.

Lemma 4 ([9]). For T sufficiently large, we have

’ 1 . 12 2 17
/1 ¢(5+it)|dt < T2(10g7)",

uniformly.
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Lemma 5 ([13]). For T sufficiently large, we have

T1¢e(3 +it)* 5
/10 7|<(i+2it)| dt < T(logT)?,

uniformly.

Lemma 6 ([14], [2]). For any € > 0, we have

(o +it) <c (14 |t))meetsz(-0)0kte
uniformly for % <o<l+4+eandl|t|>1.

Lemma 7 ([15]). For U > Uy, where Uy is sufficiently large, there exists a point
T* € (U, 2U) such that

max [((o +iT7)] < exp(C(loglog U)?) < UC.

=2

Lemma 8 ([10]). Let s be a complex variable with $(s) > 1. Then we have

n

> k n k
S AW 2t 66y,

where Gi(s) = Y00, 97(:2) is a Dirichlet series which is absolutely convergent for

R(s) > % Moreover, we have

Gr.a(s)

Gr(s) = — 55— (2)
<4k_3k_(22’~)(28>
where
: 1\ —+(3) 3k b (3) gk L1
Gra(s) = H(l N ﬁ) (1 + p2s - pstl ot (21 pstk
4k 6k 4 ()28 — (3)  kakol - 2kgh
+ pSS + p28+1
2k.2k3k—1 _ 3f 4k—1 _ | 2k=1(2))
+ T +o)s 3)

which is absolutely convergent for R(s) > %
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Now we discuss the structure of the L-function Gi(s).

3. Structure of L-function Gg(s)

Let

Fi(s) ;:ZA ( ).

n

n=1
For k > 2, by Lemma 8, we can express F(s) as

Fk(s) = ﬁékvg(s).

" =3-(2) (25)

By [10], Gy.2(s) absolutely converges in the half-plane R(s) >
(2), we have

%. From Equation

Gr.a(s) '
<4’“*3k’*(22k)(2s)

By induction, we can express G(s) as

Gi(s) =

Gi(s) = 7 Crunls) '
¢ ) (25 (35)C11(45) - € (ms)

From Equation (3), we see that

[ i(—l)r(f) (m+1)-n* 2<m<n

Theorem 5. For any fized integer k > 2, £, = 0 for m > 2 — 1. Therefore,
G n(s) converges absolutely for o > % for any fized k > 2. In particular, for k = 2
we have

¢*'s) A

FQ(S) = C(28) G272($)7

where Gy5(s) is a Dirichlet series that converges absolutely in the half-plane R(s) >
% for any positive integer n.

In order to prove the theorem stated above, we first require the following lemmas.
Similar results related to this lemma can be found in [8, Sec. 1.6].

Lemma 9. Letne N and 0 </ <n. Then
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Proof. Let

For each i < n —1, (1 — ) divides xfl;;f, and hence f;(1) = 0 for all i < n — 1.

Therefore, we have

Z(—l)r (Z) rf =0, forall £<n.

Corollary 1. Letn € N and 0 < ¢ < n. Then

i(—l)’” (Z) (r—1)f =0.

r=0

Proof. Since (r —1)¢ is a polynomial of degree £ in r, using Lemma 9 we obtain

f:(—nr (Z) (r—1)f =0.
O

Proof of Theorem 5. First, we consider the case n = 2¥ — 1. In this case, we have

T
- _ [orey(}) (2(—1)(2:)#)] n
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By Lemma 9, we have

ka_:l(—l)r (2:) (2F —r)F = zk:(_l)l(zk)k_l <k

r=0

Using this identity in Equation (5), we get

Sy (2= =0

r=0

Hence, ¢,, = 0 for all n > 2% — 1.
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4. Proof of the Main Theorems

Proof of Theorem 1. We choose T' = +T; € (U, 2U) such that Lemma 7 is satisfied.
Applying Perron’s formula to Fy(s), we obtain

14 g +iT s 1 2
ZAz / Fg(s)x—ds—l—O(m).
n<lx 27” 1+1o§;m_iT s T
We move the line of integration to R(s) = % Let R be the rectangle with the

vertices % +47 and 1+ 10196 £ ¢T. In the rectangle R, the function Fg(s)% has a
pole of multiplicity 4 at s = 1. Thus, by using Cauchy’s residue theorem on R, we

1 14 oas HT e 1 LT LT
T J14 o —iT s K I s +iT 14T

lo
I oas —iT 5
- Fy(s)— ds,
1T s

where My(z) is the main term, given by the residue of F5(s)%- at s = 1.
Now we begin by estimating the horizontal contribution C'g 2 along the line from
2 +1T to 1 + o= + 41" . We assume that 7' > 10, and it follows that

get

1+logz xs
Chral| < ‘/ )—ds’

+1T
1+10“+1T C4(5) _ 5

< /;Jrz'T ’C(Qs) G272(S)? s
I g +iT |C(s)|4 ~ Ed

< Goo(s ds.

/;HT c@s] 220N

For o > 3, |G22(s)| is bounded, and m < log(|T'| + 10). Moreover, by Lemma
7,f0r%§a§l+@,wehave

¢(s)[* < exp(Ca(loglog T)?).

Therefore,

|Cr 2] < (logT).exp(Cz(loglo T)Q)/1 R
. ex o
H,2 g p(Calloglog . | T ¢
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from which it follows that

I gz
|Cr 2] < (logT). exp(C2(loglog T)Q)x T
1
Togw
< xng exp(Ca(loglog T)?)

< %exp(@(loglogx)?),

since our choice of T is going to be a power of z.
Now we estimate the left vertical contribution C'y,2 of F3 (s)% in absolute value,
that is,

Jr’LT 5
Cya| < ]/ —ds

(3 +it)|* 23
<[ e 7

1 1 IC(5 +it)[* 1
< +I/ C(1+2i0)] ¢

Using Lemma 5, we get
|Cy 2] < 22 + 27 (log T)°.
Therefore, the total contributions of FQ(S)% (i.e., the sum of the horizontal and

vertical contribution and O(M)), is given by

z(log z)? T 1
|Ch2| +|Cv2| + O(%) < Texp(C’g(loglogx) )+ 2 (log T)?
z(log x)?
+O(7T )

We choose T'= 22 to obtain an optimal estimate, so that

1 2 1 1 1.k
|Cr2| + |Cval| + O(%) = O(x2 exp(Cy(loglog £)?)) + O(z2 (log 2.2 )°)
+O(z2 (log z)?).
Hence,
Z A?(n (z) + O(22 exp(Cy(loglog 7)?)).

n<x

This proves Theorem 1. O
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Proof of Theorem 2. We choose T = £T% € (U,2U) satisfying Lemma 7. By ap-
plying Perron’s formula to F3(s), we get

I+ g +iT s 2
3( Tog = x® z(log x)
ZA 2m/ FB(S)S d8+0( T )

1 .
n<x LS e —iT

Now, we shift the line of integration to R(s) = g. Let R be the rectangle with
the vertices 2 44T and 1+ béw £iT. In the rectangle R, F3(s)% has a pole of
multiplicity 8 at s = 1. Now, by using Cauchy’s residue theorem on the rectangle

R, we get

1 I e T e 1 2+iT 2—iT
— Fi(s)—ds = Ms(z) + —{ — -
2mi iy 1 p S 271, 141 T 54T

log = log =

14 e —iT 5
- F5(s)— ds,
T s

where Mj3(x) is the main term (i.e., the residue of Fg(s)%) at s = 1.

First, we estimate the horizontal contribution Ch3 of Fg(s)% (i.e., sum of the

T

s 14— — s
F3(s)*-ds and fgilngl F3(s)*%- ds

contributions of the line integrals fl el +ZT

in absolute value) is given by

+log:c S
|Cr 3] < ’/+T s)% ds‘
1+10“+1T CS( ) 5
S ) a9 d
<</+iT i Cra() 5
1+ +1T
Toe s 1C(s)[® |2°|
< s ds.
: /SH-T Casp G324

For ¢ > 2, |G'3.2(s)| and m are bounded, and hence

1+$ x°
[ <</ C(o+iT)P = do
5

8

ek ks .
< / |¢(o +41)|° do.
5
8

T

By using Lemma 7, we get

5T
|Ch 3| < e exp(Cs5(log logT)Q)

< % exp(C3(loglog z)?),
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as our choice of T is going to be a power of x.
Now we estimate the vertical contribution Cy 3 in absolute value, that is,

8+1T 5
O] < ‘/ —ds
O |2
< Gsa(s ds
/5 o 1C@s)plP2 Ol

1C(5 +it)]® 5 Jast
< [ BT |Gaa(o it dt
/ RE +2t)|9| 32(3 N\%Jrz't\

5 5 |C( +it)[® 5
8 8 =8 |G T fdt
L x8 +x /72" |C( +22t)‘9| 32( +1 )|

As 2 > %, both |C~¥372(g +4T)| and m are bounded. Hence, we have
542t

|C( +zt)|
t

|Cy3| < a8 +x%/ dt.
T

2

By using Lemma 2 and partial integration, we obtain
ICv3| < x8 (log x)*°

Therefore, in total, we have

z(log 7)? x o3 39
(T) < Texp(C’g(log log z)?) + 2% (log )°

N O(x(lo;{x)Q)'

To get an optimal estimate, we choose T = m%, so that we obtain

(Csl + Cyal + O(LEEL) = 0(oF exp(Ciloglogr)?)
+O(x §(log z)39) + O(x §(10g9£)2).
Hence,
D A%(n) = My(z) + O(xF exp(Cs(loglog)?)).

n<lz

This proves Theorem 2.

11

O

Proof of Theorem 3. As before, we choose T' = £T5 € (U, 2U) satistying Lemma 7.

By applying Perron’s formula to Fy(s), we get

Ut foz +iT x® x(log z)?
At(n Fy(s)—d —).
Z T 2mi /1 1 1(s) s ot O( T )

71<], +loga:_iT
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Now we move the line of integration to R(s) = % Let R be the rectangle with
vertices 2 4T and 1+ loéx £4T. We note that the function F4(s)§ has a pole of
multiplicity 16 at s = 1. Thus, by using Cauchy’s residue theorem on the rectangle
R, we have

1 14 i +iT o 1 44T 5T
b F4(S)de=M4(l')+7. - -
2mi I iy —iT s 2mi 14 44T 34T

Tog =

14 e —iT 5
- Fy(s)— ds,
5T s

where My () is the main term (i.e., the residue of F4(s)%s at s =1).

Now we estimate the horizontal contribution Cy 4 in absolute value:

1+log'r ms
ICral < ‘/ )—ds‘
+iT

7]

5]

ds.

1+ +iT 16
w T ()
G
<Aﬁr Tecaa) 12t

We note that |Gy 2(s)| and Hence, we have

are bounded for o > %

1
1€(25)[%°

It g T 8
Cud < [T el
ST Is|

I+ 5ea o
<</ ’ |§(a+iT)|16%da

7

T
<7 ﬁ |¢(o +i¢T)|™° do.
7

By Lemma 7, we have

1
xlogw

(exp(C(loglog T))*)'¢

< % exp(Cy(loglog z)?),

X
|CH74| <

as our choice of T is going to be a power of x.
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The estimate of the vertical contribution Cy 4 in absolute value is given by

+1T
—zT
24T ClG B 5

< ‘ / 4 2(5)7 dS‘
T C55 S

T +n—>|16 5 et
< —G + ot dt
/|<<170+2T>|55 27+l
ToRE 5 o
BELAY SREia e — +4t)|— dt.

As \64 2(2 4+ it)] and W are bounded for o > % and for t € R, we have

t 16
|CV,4|<</ M 2 4t
-7

T 5 1\ [16
2 t
0

12
/ KGO (2 i, 17121

\I\v

<zt4u

By using Lemmas 1 and 6, together with partial integration, we have
+ it)|*2

|Cya| < 27 (1+ 1)t + / u dt

0

& pTTTRT2
The total contribution is given by
1 2
(m> <= exp(Cy(loglog x)?) + o7 T +2¢

T T
N O(x(lojgﬂx)z)

To get an optimal value, we choose T'= x99 so that

1 2
ICral + [Cva] + O(%) < pisht2e,

Hence,
> Al () + O30+

n<zx

This proves Theorem 3.
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Proof of Theorem 4. Again, our choice of T = +Tf € (U,2U) satisfies Lemma 7.
By applying Perron’s formula to Fi(s), we get

14 g +iT s 2
K Tog = x® z(log )
ZA 27m/ ; Fi(s) s d8+0( T )

1
n<x It gz —iT

Now we shift the line of integration to R(s) = 3. Let R be the rectangle with
vertices 2 + 47T and 1+ oz T In R, Fi(s)%; 2~ has a pole of multiplicity 2% at
s = 1. Now, by applying Cauchy s residue theorem on the rectangle R, we get

1 N 5, - 5 .
1 1+m+zT 5 1 24T z2—iT
— Fr(s)—ds = Mp(z) + —< — -
21 Sy T S 2mi 14 1 T 5T

o Tog @

I+ oaz —iT o
- / Fi(s)—ds,
ST s

where Mj,(z) is the main term (i.e., Res(Fy(s)%) at s = 1).

S
First, we calculate the horizontal contribution Cp i, which is given by the line

. 14 ol —iT .
integrals f1+ Lt Fy(s)%- ds and f%:‘"T“ Fy(s)%- ds. We have

S

1+1051_ €T
|OHk|<<‘/ )7d5
—+T S

1+logm+zT k B s
<</ ’ﬁGm(s)x—dS
544T -3 (% )(23) s

It 1oa +T 2k .
<[ O, oL,
r () il

~ N k
Since |Gr(s)] and [¢(2s)]* =3 ~(%) are bounded for any o > 2, we get

I rogz o 2o+
C < / o+1iT 7da

_1 41
xxlogz log .
< / I¢(o + zT)|2k do.
5
7

By using Lemma 7, for sufficiently large T, we have

1

Togz
xT exp(28C(loglog T)?)

X
|Cri| <

< % exp(Cy(loglog x)?),
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where C}, is an effective positive constant depending on k, since our choice of T is
going to be a power of x.
The contribution of the left vertical line in absolute value is given by

%-‘riT 5
Gyl < L/‘ f%(sygqu
5T s
ST ok B s
T g
goir |t (5) (25) i
T 5 1 542" 54y
(3 +it ~ 5 |z7Td
<</ ‘ (7 k)' — |Gk,2(?+’lt)||5 . | dt
T (A0 4 2t 3 (%) |7 + it]

ok

Note that |ék2(% +it)] and [¢(3 + 2it)|4k73k7( >) are convergent for all o > 2.
Thus, we have

T |0(5 4 44)[12 /
|Cv,k| < z7 er%/ MK(%Jﬂt)Ftudt.
0

By using Lemmas 1 and 6, along with partial integration, we get
Cy k| < 2 + 2T (51242

Therefore, in total we have

log z)?
ICri| + |Cv.k| + O(%) < %exp(C’k(loglog z)?%)

2
4 i 2F 12 42 +O(@)_

42
To get an optimal value, we choose T' = z13.2*-9 g0 that

x(log z)?

|CH,k|+|Cv,K|+O( T

) = O(x(l_l?»-;%fﬁ’) exp(2¥C(loglog x)?))

+ 0" ") 4 0 (17T (log 2)?)).

Hence,
a4z
Z Ak(n) = Mk(x) + Ok(x1+2€ 132k 9 ),
n<x
This proves Theorem 4. .
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