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Abstract

A signed inversion sequence of length n is a sequence e; - - - e, of integers, possibly
barred, such that e;1; € {0,0,1,1,...,4,i}, for all i = 0,1,...,n — 1. For a set of
signed patterns B, let Z,, (B) be the set of signed inversion sequences of length n that
avoid all the signed patterns in B. We say that two sets of signed patterns B and
C are Wilf-equivalent if |Z,,(B)| = |Z,(C)| for all n > 0. Let swy, be the number of
Wilf-equivalences among sets of k length-2 signed patterns. In this paper, we show
that sws = 93, swy = 195, 239 < sws < 240, swg = 190, sw; = 107, swg = 49,
swg = 22, swig = 8, swy; = 3, and swip = 1.

1. Introduction

An inversion sequence [5,10] m = myms - - m, of length n is a sequence of integers
such that 0 < m; < 4 for all i« = 1,2,...,n. Pattern-avoiding inversion sequences
have received a lot of attention in recent years (see, for instance, [1-4,6-8] and
references therein).

Recently, the authors extended the study of inversion sequences to signed inver-
sion sequences [9], where they determined the number of Wilf-equivalences among
sets of k length-2 signed patterns for £ = 1,2. The aim of this paper is to continue
this study by determining the number of Wilf-equivalences among sets of &k length-2

signed patterns for k = 3,4,...,12. A signed inversion sequence of length n is a
sequence ej - - e, of integers possible barred such that e;+; € {0,0,1,1,...,4,4}
for all ¢ = 0,1,...,n — 1. Note that signed inversion sequences are the Lehmer

code of signed permutations (a signed permutation is a word in which each of
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the symbols 1,2,...,n appears exactly once and may be barred). We denote
the set of all signed inversion sequences of length n by Z,,. For example, Iy =
{01,00, 00,01, 01, 00, 00,01}. For any integer a, we define the barring operation as
the operation that changes the symbol a to @ and the symbol @ to a. Thus, it is an
involution; that is, @ = a. Also, we define the absolute value by |a| = |a| = a for all
a>0.

Let § = 0,05---0,, € I, and 7 be any word containing all letters 0,1,...,k
possibly barred. We say that 6 contains 7, if there exists a sequence of k indices
1 <4 < iy < -+ < i < nsuch that |6;,|0:,] - 10;,] is order-isomorphic to
|T1||72| - - - || and that 0;, is barred if and only if 7; is barred for all 1 < j < k.
Otherwise, we say that 6 avoids 7. In this context, 7 is usually called a signed
pattern. For example, the signed inversion sequence 00202 avoids 001 but contains
001, and the signed inversion sequence 00021 avoids 000 but contains 021. We
denote the set of all signed inversion sequences in Z,, that avoid 7 by Z,,(7). For an
arbitrary finite collection of signed patterns B, we say that 7w avoids B if w avoids
every 7 € B; we denote the corresponding subset of Z, by Z,(B). We say that
two sets of signed patterns B and C are Wilf-equivalent if |Z,,(B)| = |Z,(C)| for all
n > 0.

The authors [9] showed that the number of Wilf-equivalences among length-2
signed patterns is 3, and the number of Wilf-equivalences among pairs of length-2
signed patterns is 30. In this paper, we extend these results by determining the
number of Wilf-equivalences among sets of £ length-2 signed patterns for £ > 3. In
particular, we show the following result.

Theorem 1. Let swy be the number of Wilf-equivalences among sets of k length-
2 signed patterns. Then sws = 93, swy = 195, 239 < sws < 240, swg = 190,
swy = 107, swg = 49, swg = 22, swig = 8, swi; = 3, and swiz = 1.

To prove this theorem, in the next section, we describe a general procedure, as
introduced in [9], using generating trees to find an explicit formula for the generating
function for the number of signed inversion sequences of length n that avoid a set
of signed patterns. In the subsequent sections, we apply this procedure to show
that sws = 93 and swy = 195. We also briefly describe how swy is determined for
k=15,6,...,12. Further, to complete the classifications of Wilf-equivalences among
sets of five length-2 signed patterns, it remains to show that {10, 10,00,00,00} ~
{10,10,01,01,00}, see Class 141 in Table 6.

2. Main Procedure

For each class C of signed inversion sequences avoiding a fixed set of signed patterns,
there is a corresponding generating tree whose nodes encode the elements of C, as
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described in [9]. More precisely, for given a set B of nonempty signed patterns, we
define Z(B) = U,,>0Z,(B). We then construct a pattern-avoidance tree 7 (B) for the
set Z(B). Let the empty word e be the root of 7(B). Starting from this root at level
0, the nodes at level n+1 in 7 (B) are generated from the nodes at level n as follows.
The descendants of 7 = 717y - - - 7, € Z,,(B) are 7’ = myma - - 7,5 € L1 1(B), where
j belongs to the ordered set {fi,n —1,...,0,0,1,...,n}. To study the tree T (B),
we introduce a new labeling for its nodes. Let T(B;m) be the subtree rooted at
the signed inversion sequence 7, including all its descendants in 7 (B). For any two
nodes 7,7’ in T(B), we say that 7 is equivalent to ©’, denoted m ~ 7', if and only
if T(B;7) = T(B;n') as (ordered) plane tree. We define the set of all equivalent
classes under ~ by £(B). Each equivalence class in £(B) is represented by the label
of the unique node in 7(B) that is the left-most node at the lowest level among
all nodes in the same class. Finally, let 7[B] be the tree obtained from 7 (B) by
replacing each node with the label of its corresponding equivalence class.

Example 1. Let B = {00,10,01}. The generating tree 7[B] is given by

€W67b17 OW()’COaala

1 1
Gm ~? Cm—1,Cm, (am+1)m+ , m2>1, by ~ Cm—1, (b7n+1)m+ m > 1

)™, m >0,

) 7

Cm ~ (Cm+1

where a,, = 01™, b,, = 0™, and ¢,,, = 000™. To prove this, we show that each of
these rules holds:

e The children of € are 0,b; = 0. Thus, € ~ 0, b;.

e The children of 0 are 01,00,01. Clearly, 01 ~ 0, 00 ~ ¢y and 01 = a;. Thus,
(_) ~ (_), Cp,0a1-

e The children of a,, are 01™1 ~ ¢;,_1, 01™0 ~ ¢, and 01™§ ~ a1 with
j = 1,2,...,m + 1, which leads to @, ~ ¢m_1,C¢m, (ams1)™ . Note that
01™1 ~ ¢,,—1 holds because any signed inversion sequence m = 0117’ that
avoids B can be mapped to o = 000" 'x”, where 7"’ is obtained from 7’ by
mapping j to 5 — 1 and j to j — 1. Thus, 7 avoids B if and only if o avoids
B, which gives the required result. Similarly, the other equivalences can be
shown.

e As before, we show that all the other succession rules hold.

For several detailed examples, we refer the reader to [9].

Now, we are ready to describe our general procedure, which explains how to
obtain an explicit formula for the generating function Fg(z) = Y., <, |Z.(B)|z"
for the number of signed inversion sequences of length n that avoid a set of signed
patterns B. The main procedure is as follows:
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e Given a set of signed patterns B and a natural number V;
e Built the first N levels of T[B];

e Attempt to guess the succession rules of 7[B] for all levels. If this fails, either
increase N and return to the previous step, or stop and declare that the
procedure fails;

e Translate the succession rules of 7[B] into a system of equations and solve
for Fp(z) = Ac(x). Note that the rule e ~» vV, ... () can be translated to
Ac(r)=1+2 Z‘;:l A, (x), where

Ay(z) = Z(#the nodes at level n in T(B;w))a"
n>0

is the generating function for the number of the nodes at level n > 0 in the
subtree of T (B;w), where its root stays at level 0;

e Using any method, solve the resulting system of equations to obtain Fp(x) =

A ().
Example 2. By translating the succession rules in Example 1 to equations, we
obtain
Ac(r) =1+ 2A5(2) + 2 Ay, (1),
A()(:L') =1+ xAO( ) + xACo( ) + xAth (l’),
Ag, (@) =1+ 2A,, () +2A., () + (m + 1)2A,,, . (), m=>1,

(2)
Ay, (2) =1+ A, (2)+ (m+DzA,,  (z), m>1,
() =1+ (m+3)zA,., ., (¥), m>0.

By iterating, we obtain

m+ 2+ j)lad
A, (z) = Z ¥7
j >

(m+2)!
(m+ j)la? (m+1+j+i)lattit!
A () =3 T DD mli(m+1+j)
j>0 : §>0i>0 ’ J
m—i—j 'x] m—l—l—l—]—!—z)'x"”"‘l
A, =
3>0 j>0 >0

ml(m+2+j)(m+1+7)
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Thus,
1 (j+ 1)l
Aj 1 -
o) = = (1+ L 95
j>1
j+i +2 1 pitit+2 +Z+3 |pitit+2
IDITES BB ZZ :
j>1 7>014>0 ‘]+2 7>014>0 j +3 +2)
2 | ptti+1
Ag(a) = Ay, () = G+ Dt 3030 UHIERITT
j>0 7>01i>0 ‘7 T

Hence, by A.(z) = 1+ zAg(z) + ©Ap, (x), we obtain

A(x) = Lt (Z(j+21)!xj

l—z 1—2x

i>1
D IEED ) DAL=l g A
§>1 j>0i>0 J+2 j>0i>0 ]+3 J+2)
2[7,+J+1
L I B B
32>0 7>014>0 ‘7+

By comparing the coefficients of =™ in both sides, we obtain that the number of
signed inversion sequences of length n that avoid {00, 10,01} is given by

. (1 Dt o, i (i+1)! " p!
+ i+ D+l + + = _ + -
; 2( ) Z]+2 (]+2)(]+3)) — i

which simplifies to
n
n!+ > jIH
j=1

where H,, = 377, - is the nth Harmonic number.

As an application, in the next sections, we apply the main procedure for any set
B of length-2 signed patterns with |B| > 3.

3. Avoiding a Triple of Length-2 Signed Patterns

There are 12 length-2 signed patterns, and (132) = 220 triples of length-2 signed
patterns. Calculating the first 7 terms of the counting sequence for the avoiders of
each triple gives 93 different sequences, and divides the 220 triples into 93 classes
— the candidate classes. A candidate class is trivial if it contains exactly one triple
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of signed patterns; otherwise, it is montrivial. Table 1 shows that there are ex-
actly 83 trivial and 10 nontrivial candidate classes. A trivial class certainly con-
stitutes a (singleton) Wilf-equivalence class, and we do not attempt to enumerate
the avoiders in such a class, since such enumeration is not needed for our purpose
of identifying Wilf-equivalence classes. The aim of this section is to show that
the 10 nontrivial candidate classes of triples of length-2 signed patterns are indeed
10 Wilf-equivalences, that is, in each class, all the counting sequences agree for-
ever, not just in the first 7 terms. Note that by the baring operation, we see that
|L.(B)| = |I,(B)| for all n > 0. So, in Table 1, we do not include the barring of a
set B if B is included.

No. B {IZn(B) |} =0

1 {01, 00,01} 1, 2, 5, 10, 19, 36, 69, 134

2 {01, 01, 00} 1, 2, 5, 11, 23, 47, 95, 191

3 {00, 01, 01} 1, 2, 5, 12, 37, 158, 879, 5920

4 {01, 00,01}, {01,01,01} 1, 2, 5, 13, 34, 89, 233, 610

5 {00, 01, 00} 1, 2, 5, 13, 35, 100, 309, 1041

6 {01, 00, 00} 1, 2, 5, 13, 35, 99, 296, 935

7 {01, 00, 00} 1, 2, 5, 14, 43, 146, 551, 2304

8 {01,01,01} 1, 2, 5, 14, 46, 188, 976, 6272

9 {01, 00, 00} 1, 2, 5, 14, 51, 192, 793, 3568

10 {01, 01, 00} 1, 2, 5, 15, 52, 203, 877, 4140

11 {00, 00, 01}, {00,01,01} 1, 2, 5, 15, 57, 273, 1593, 10953
12 {01, 01, 00} 1, 2, 5, 15, 60, 308, 1910, 13794
13 {00, 00, 00} 1, 2, 5, 16, 64, 308, 1730, 11104
14 {00, 01,00} 1, 2, 5, 16, 65, 326, 1957, 13700
15 {01, 00, 01}, {01, 00,01}, {01,01,00} 1,2, 5 17 ,74 ,394, 2484, 18108
16 {01, 00,01}, {01,00,01} 1, 2, 5, 17 ,75 ,407, 2619, 19487
17 {00, 01,00} 1, 2, 5, 17, 75, 408, 2643, 19875
18 {00, 00, 00} 1, 2, 5, 17, 79, 474, 3468, 29799
19 {00, 01, 00} 1, 2, 5, 18, 85, 494, 3400, 27000
20 {01, 00, 00} 1, 2, 5, 18, 85, 494, 3401, 27027
21 {01, 00, 00} 1, 2, 5, 18, 85, 495, 3421, 27330
22 {00, 00, 01} 1, 2, 5, 18, 86, 508, 3556, 28722
23 {01, 00, 00} 1, 2, 5, 19, 94, 572, 4122, 34278
24 {10, 01,01}, {1I0,01,01} 1, 2, 6, 17, 45, 115, 290, 730

25 {10, 00,01} 1, 2, 6, 19, 59, 168, 616, 2183

26 {10, 01,01} 1, 2, 6, 19, 64 247, 1166, 6890
27 {10,01,01} 1, 2, 6, 19, 69, 307, 1695, 11311
28 {10, 01, 00} 1, 2, 6, 20, 69, 243, 870, 3158

29 {10, 00, 01} 1, 2, 6, 20, 70, 254, 948, 3618

30 {10, 01, 00} 1, 2, 6, 20, 71, 273, 1149, 5288
31 {10, 01,01} 1, 2, 6, 21, 80, 321, 1333, 5672
32 {10, 01, 00} 1, 2, 6, 21, 81, 341, 1558, 7679
33 {10,01,01} 1, 2, 6, 21, 85, 407, 2325, 15673
34 {10,01,01} 1, 2, 6, 21, 86, 418, 2413, 16330
35 {10, 01,01} 1, 2, 6, 21, 87, 433, 2571, 17869
36 {10, 01, 00} 1, 2, 6, 21, 88, 445, 2676, 18739
37 {10, 00,01} 1, 2, 6, 21, 89, 459, 2823, 20211
38 {10, 01,01} 1, 2, 6, 22, 90, 394, 1806, 8558
39 {10, 00,01} 1, 2, 6, 22, 91, 409, 1955, 9800
40 {10,01,01} 1, 2, 6, 22, 96, 496, 3008, 21120
41 {10,01,00} 1, 2, 6, 22, 96, 497, 3018, 21155
42 {10, 00,01} 1, 2, 6, 22, 97, 511, 3178, 22954
43 {10, 00, 01} 1, 2, 6, 22, 98, 524, 3298, 23960
44 {10, 00,01} 1, 2, 6, 23, 100, 470, 2330, 12009
45 {10, 01, 00} 1, 2, 6, 23, 102, 499, 2635, 14857
46 {10, 00, 00} 1, 2, 6, 23, 106, 566, 3415, 22872
47 {10, 00, 00} 1, 2, 6, 23, 106, 568, 3456, 23469
48 {10, 01, 00} 1, 2, 6, 23, 106, 574, 3603, 25912
49 {10, 00,01}, {10,00,01} 1, 2, 6, 23, 106, 575, 3627, 26289
50 {10,01, 00} 1, 2, 6, 23, 107, 581, 3614, 25522
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Table 1: Number signed inversion sequences in Z,, (B), where n = 0, 1,
B is any triple of length-2 signed patterns.

in Table 1. Table 2 presents the succession rules of each triple in each of these cases
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As discussed above, to study the Wilf-equvalences, we focus on Cases

4,11, 15, 16, 24, 49, 59, 61, 90, and 91

whenever we successfully guessed them using our main procedure.

,7 and

No Succession rules of T[B]

4 {01, 00,01} € - 0,0; 00 - 00; am, - am, Qg1+ -5a1,00, am; bm -
@ms G155 @1,00, by 415 m = Cpyp1,d1sda, -y dmi dm - dim, d1, do,s - dim,
where ap, = 0™m, by, = 0™, ¢y, = 0™, and dyy, = 0™'m

{01,01,01} € 0,05 am = bm b 1,50 Amy13 bm = bm, b1, .- b0, bm, where am =
0™ and by, = 0™Mm (Lemma 1)
11 {00, 00,01} €~ 0,a15 0 - 0,01 am ~ b1, (A1) ™ b = (b 1)™ T2, where apy = 0™

and by, = 001™
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{00, 01, 01} €~ bg,ag; 00 — 00; am — 00, (ap41)™ T b — (byyq1)™ T2, where am = 0™ and
bm =01...-m (Lemma 2)
15 {01,00,01} €= 0,a1; 0~ bg,boi am = b1, (@)™ T b = (b 1) T3, where arm, = 0™
and by =000 _ _ _ _ _ _ _ _ _ _ _______
{01, 00,01} €~ 0,a1; 0« b1,b15 am ~ b, (@mp)™ T b = (0 1)™ 2, where amm = 0™ and
by = 00™
{01, 01, 00} €~ 01,015 bm ~ byt 1s Gmt1s O™ am = (apm41)™ T, where am = 0™ and
by, = 07 (Lemma 3)
16 {01, 00,01}
{01, 00, 01} e - bosat;  am - by by 15505 (A1) ™ T b -
b —1s b2y -+ s b0 (bm) ™1, where am, = 0™ and by, = 0™m (Lemma 4)
24 {10,01,01} € = b1,a15 bm — byyy1,0T,¢1,¢2,. -, em; 01 = 01,075 am - O™ a1q5 em -
cm,01,¢c1,¢0,...,cm, where am, = 0™, by, M and ¢y = 0™Mm
{10,01,01} € ~ by,ay; bm ~  bp41,00,c1,¢9,...,¢m; 00 -~ 00,00; 0I0 -~ 0I0;
am = dm.dp_1,--,d1,00,am 415 em -  cm,00,c1,c0, s cmi dm -
dm,dypyy_1,---,d1,010, where ay, = 0™, by, = 0™, ¢y, = 0™m, and dm = 0"'m
(Lemma 5)
49 {10, 00,01} e — 0,a1; 0 — 0,bg; am - cm70,cmflyl,.,.,clymfl,bmfl,(am+1)”7’+1; by -
0,505 b1s s b1 €45 = 4,05 Ciy1s -5 Cigs (“'i,j+1)1+1= where am = 0™, by =
N e
{10, 00,01} € — D,a15 0 — 0,b15 am — Cm,1:Cm—1,2:->¢1m:bm> (@mi)™ T b
0,01, 2 b 15 €5 = €i1,C1,2, ¢ s (¢ j41) T, where am = 0™, by, =
00™, and ¢; ; = 0%/ (Lemma 6)
59 {10, 01,00} € = 0,a1; 0 - bg,bo; @m — €m.00Cm—1,1 -1, m—1:bm—1, (@mt1)™TL bm -
j+2
D)™ T35 e = i1 1 Cim gl - r C1 4410 5o (¢4 j41) T2, where am =
0™ by, = 000™, and cig = 0%34d
{i0,01,00} € ~ 0,a1; 0 — b1,b15 Gm —~ Cm.1sCm—1,2r- > €1,m>bm> (@)™ b -
bt 1)™ 25 e 5 = €4 i1 Cim1,jb1s -5 C1,j415bjs (€5, j41)7, where am = 0™,
by = 00™, and cij = 0%37 (Lemma 7)
61 {10, 01, 00} €~ 0,a1;0 - (b1)% am - (bm)™ T, (0 1)™TY b = (b p1)™ T2, where am =
o™ and by =010™ . __
{10, 01, 00} e~ 0,a150 = (61)%5 am ~ Om)™ L (@)™ b~ (b 41)™ T2, where am =
0™ and by, = 01™
{10, 01, 01}
{10,01, 01} €000 (@D am - (apy)™ 3 where am =00 _
{10, 00,01} e~ 0,a150 - (01)%5 am ~ Om)™ L, (@)™ b~ (b 11)™ T2, where am =
0™ and by, = 0I2---m
{10, 01,00}
{10, 00,01}
{10, 01,00} (Lemma 8)
90 {10, 10,00} ~ 0,05 0 - 0,00)% am  ~ 0,b0sb1sesbm_1, (@mieD)™ T b -
0,50, b1 > b, (b 1) ™3, where arp, = 0™ and by, = 000™
{10, 10, 00} e - 0,06 0 ~ 0,(1)% am ~ 0,b1,b2, . bm, (ap)™T b -
0,b1.b2, 2 b, (b t-1) ™2, where arp = 0™ and by, = 00™ (Lemma 9)
91 {10, 00, 10}
{10, 00, 10} (Lemma 10)

Table 2: Succession rules of T[B], where B is a triple in Cases 4, 11, 15, 16, 24, 49,
59, 61, 90, and 91 in Table 1.

Now, we show that each class in Table 2 is a Wilf-equivalence class.

Lemma 1. We have that {01,00,01} ~ {01,01,01}. Moreover, the generating func-
tion for the number of signed inversion sequences of length n that avoid {01, 00,01}

: : 1—x
is given by 5Tz

Proof. By translating the succession rules in Table 2 for the generating tree 7[01, 00,
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01] to equations, we obtain

Ac(z) =14 2A5(z) + zAo(2),
Ago(z) = 14 xAgy(2),

N

o8 = 1423 A (2) + 2Agp() + 2, (2),

i=1
Abm (:E) =1+z Em: Aai (iL') + .TAO()({E) + xAbm+1 (SL’),

i=1
Acm (‘T) = 1 + xACm,-H (q:) + z i Adi (l‘),
i=1
Ag, (z) =1+ zAq, () +x f: Ag, ().
i=1

Define A(z,v) = 32, 51 Aq,, (@)™ 1, Blz,v) = 32, 5, Ay, ()v™ L, C(x,v) =

> oms1 Ae,, ()0 D(zx,v) = > om>1 Ad,, (x)v™ 1. Then, the above system of
recurrences can be written as

Ac(x) = 1+ 2 Ag(2) + 2 Ao (),

Ago(7) = 1+ zAg(),

Awy0) = 5 iv + T Al v) + 7 Agg (@) + 2 A(, 0),

B(a,v) = + —— A, 0) + T Agg(z) + 2 (B(r, ) — Ao(a))
C(a,0) = 72— + 2(C(a,0) — Agla) + 1Dz, v),

D(z,v) = ﬁ +aD(z,v) + I%D(x,v).

Clearly, D(z,v) = m and A(z,v) = (1_1)(1_22_71(1_1)). By taking v = x
into the equations of B(z,v) and C(x,v), we obtain

1 x T 1
A = A Ag(z) = ————
o(z) 1—x+1—x (33a$)+1_x 00() 130422
1 x 1—=x
Ag(z) = —D =T
0(®) l-z 1-=x (@, 2) 1—3z+22’
Hence, A.(z) = %

By translating the succession rules in Table 2 for the generating tree 701,01, 01]
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to equations, we obtain

Aclx ):1+117A6( )+ xAo(x),

A _1+mZA,, x) +ad,, . (z), m>1,

am

Ay, ( f1+xZAb )+ x4y, (r), m>0.

Define A(z,v) = Y., <1 Aq,, (@)™ and B(z,v) = >, < Ap, (x)v™. Then, the
above system of recurrences can be written as

Ac(z) =14 zAg(x) + 2 Ao (),
Alr,v) = =2 + = (B(,0) + (B, v) ~ B(x, 0))) + 2 (A(z,v) ~ Ao(a))

l—v 1-w
1+ zB(z,v)

B(z,v) = o

+ zB(z,v).

Clearly, B(x,v) = m Then by taking x = v, we obtain

(1-=)
(1 —22)(1 — 3z +22)’

Thus, by the fact that Ag(x) = B(z,0), we have that A.(z) = % O

Ao(x) =

Lemma 2. We have that {00,00,01} ~ {00,01,01}. Moreover, the generating func-
tion for the number of signed inversion sequences of length n that avoid {00, 00,01}
is given by 1 + Z;:ol(Zj + 1)yl

Proof. By translating the succession rules in Table 2 for the generating tree 7[00, 00,
01] to equations, we obtain

Ac(x) =1+ zd5(x) + xAq, (),
Aj(z) =1+ zA5(x) + vAq, (2),
Ag,, () =14+ 24, (x) + (m+ 1)zA,,, . (), m>1,
Ay, () =1+ (m+2)xAbm+1( z), m>0.

By iterating, we obtain

Ay, (@)= (m 14k ;nljlj).?!xj,

which implies

Aam(ﬂﬁ)zz m+j Yl ZZ m+j+z'ac

72>0 3>013>0

J+i+1




INTEGERS: 26 (2026) 11

In particular,
A (2) =) G+ Dla? + 30> (j+i+ D)lad T,
j=20 §>0i>0
which implies

1 T
Adw) = = + 44, (@)
L, @ G+ D+ S5 i+ Dl
l—2z 1—2a4 1—a 4—“
5>0 5>0>0

By comparing the coefficients of 2™ in both sides, we obtain that the number
of signed inversion sequences of length n that avoid {00,00,01} is given by 1 +
] . .
>0 (25 + 15
As before, by translating the succession rules in Table 2 for the generating tree
77100,01,01] to equations, we obtain that the number of signed inversion sequences
of length n that avoid {00,01,01} is given by 1+ Z;Zol@j + 1) O
Lemma 3. We have that {01,00,01} ~ {01,00,01} ~ {01,01,00}. Moreover, the
number of signed inversion sequences of length n that avoid {01,00,01} is given by
n!(1+ H,), where Hy, is the nth Harmonic number.

Proof. By translating the succession rules in Table 2 for the generating tree 7[01, 00,
01] to equations, we obtain

Ag,, () =1+ 24, (2) + (m+1)2d,,, , (T), m2>1,
) =1+ (m+3)zA,, . (x), m>0.

As in the proof of Lemma 2, we obtain

m+ 2+ j)zd
A (@) = Z:O : (m+2j)?

and

Aa,n(x):z m+] Yl ZZ m+1—|—]+l)|$]+z+1.

I(
>0 j>04>0 ml(m +1 + j)

Thus, by Ac(x) =1+ x(1 + 2z, (z)) + A4, (x), we obtain

) . . 4 j 40+ 2)lgd Tl
Ae(x):1+x+x22(3—|—2)!w]+xZ(]—|—1)!x]—i—:):Z U ,+)2
>0 >0 0,20 J
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By comparing the coefficients of ™ in both sides, we obtain that the number of
signed inversion sequences of length n that avoid {01,00, 01} is given by n!(1+ H,,).
Note that the succession rules of the generating tree 7[01,00,01] are given by

)m+1

N N 3
€~ O>a17 0~ bO; b07 Am ~ bmfla (am+1 ) bm ~ (bm+1)"l+

and the succession rules of the generating tree 701,00, 01] are given by

m+1’ Con ~ (cm+1)m+2,

GW()?al? 6’\"901701, achma(am+1)
where a,, = 0™, b,, = 000™, and c,, = 00™. By mapping each node b,, in
7101,00,01] to ¢py in T[01,00,01], we obtain that {01,00,01} ~ {01,00,01}.

Now, by translating the succession rules in Table 2 for the generating tree
701, 01,00] to equations, we obtain

Ac(z) = 14 zAp, (z) + xA,, (2),
Ao, () =14+ (m+1)xA,, (), m>1,
Ay, () =1+2A4, ., () + (m+1)zA, . (), m>1

m

As in the proof of Lemma 2, we obtain

am Z m_|_] ImJ

>0
and ) )giti+l
m+] ld m+1+]+z It
A (€)= = D) -
>0 73030 ml(m + 1+ j)
Thus, by Ac(x) =1+ xAp, (z) + 24,4, (x), we obtain
]+z+2 'x]+l+2
y=1+2 + Dld T 4
50 pRpBLESEL

7>0 7>014>0

By comparing the coefficients of =™ in both sides, we obtain that the number of
signed inversion sequences of length n that avoid {01,01,00} is given by n!(1 +
Hy). O

Lemma 4. We have that {01,00,01} ~ {01,00,01}. Moreover, the number of
signed inversion sequences of length n that avoid {01,00,01} is given by Z?:o g+
1)n—j .

Proof. By Table 2 we see that the generating trees 7]01,00,01] and 701,00, 01]
are equal. So, {01,00,01} ~ {01,00,01}. By translating the succession rules in
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Table 2 for the generating tree 701,00, 01] to equations, we obtain
Ac(x) =14 2Ap (2) + A4, (),

Ao, (2) =142 Ay () + (m+ )z, (r), m>1,
j=0

Ay (z)=1+= Z Ay, (z) + mx Ay, (x), m>0.
§=0

By induction on m, we have that A; (z) 7- Thus,

_ 1
- (1-mz)(1—-(m+1)z

m
1
e d () = T
=0

which implies

1
A, L 1)z A, ,
@) = Ty O DA (@)
for all m > 1. By iterating, we obtain
(m+ j)la?
Aq, () = —
“ jzz(:)m!(l—(m—i—l-i-])x)
Hence, .
glad
Adw) =S —I2
2 (0= G+ D)
as claimed. O

Lemma 5. We have that {10,01,01} ~ {10,01,01}. Moreover, the generating func-
tion for the number of signed inversion sequences of length n that avoid {10,01,01}
s given by

(1 —x2)? (1 — 2+ 2?)

T AT s sy T G- -2

Proof. By translating the succession rules in Table 2 for the generating tree 710, 01,
01] to equations, we obtain

Ac(z) =14 zAp, (z) + 2A,, (2),

Ay (SC) =1+ xAbwz+1 (1') + xAOi(x) + IZACJ' (SC),
j=1

1
Aam ($) =1+ (m + l)xAOi(I) + $Aam+1 (‘T)a

A, () =1+zA. () +zApi(x) + Z Ag; ().
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Clearly, Apq(z) = 1=%-. By iterating, we obtain that A, (r) = H(g:gga(:’;f)xz

T—2z°
By induction on m, we have that A, (z) = % Thus,

11—z o (1—a)
A, (@) = 20 @)+ 750 x; (1= 22)i+0

with m > 1, which, by iterating, implies

(1 _ x)m+1
A = .
on (%) = Tt = 32 1 29)
Hence,
1—x)? 1— 2
Ar) =1+ z(l—x) z(l —z+a°)

(1-22)(1 -3z +22) (1—2z)(1—1x)*

Now, by translating the succession rules in Table 2 for the generating tree
7101,00,01] to equations, we obtain
Ac(x) =1+ xAp, (x) + zAq, (),

Ap (.’IJ) =1+ xAbm+l ({,C) + xAO()(x) + xZACj (.%')7
j=1

Ago(w) = 1+ 22 Ap5(7),
Apto(z) = 1+ 2 Ap10(2),

Ao, (@) =142 Ag (2) +2Ag(2) + TA,,,, (2),
j=1

A

Cm,

(¢) = L+ 2A, (2) + o dg(2) +a ) A, (2),
j=1

Ag, (x) =1+z Y Ag(2) + zAgip(2).
j=1

Clearly, Apig(z) = 75 and Agg(x) = 125;. By induction on m, we have that

T
Aq, (z) = W and A, (x) = % By iterating, we obtain A, (z) =

! o d Ay, (1) = g0 H
T + omya—ae and Ab,, (2) = Ggymi—s.527)- Hence,
Ar) =1+ (1 —x2)? (1 —x + 2?)
‘ (—20)(1-32+2%)  (-20)(1-2)
as claimed. O]

Lemma 6. We have that {10,00,01} ~ {10,00,01}.
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Proof. The succession rules of 73 = T[10,00,01] are given by

GW(_)?CLI? (_)W(_)ab(]v
m4+1 n
Am ~ Cm,07cm71,17"-7cl,m717bm717(am+1) ) bm W07b07b17"'7bm+13
i+1
Cinj ™ Ci,05Ci1s -+ -5 Cijy (Cij41)

and the succession rules of 73 = 710,00, 01] are given by

a A A A 1/
€~ 0,a'q, 0~>0,b,
/ / / / / / m+1 / n / /
amWCm,lvcmfl,27"';c1,m)bm>(am+1) 9 bmWO;b17b27"';bm+17
/ / / / / i+1
Ci,j”"Ci,1,Cz‘,2,~~~,Cz',j,(Ci,j+1) »

where a,, = 0™, b,, = 000™, ¢; ; = 0%07, a’,, = 0™, b/, = 00™, and ¢/; ; = 0%,
By mapping the nodes of 71 as an, — 'y, by — Uy, and ¢;; — cg_’j_s_l, we
obtain that the succession rules of 7; map to the succession rules of 75. Hence, 71
is isomorphic, as a plane tree, to 7s. [

Lemma 7. We have that {10,01,00} ~ {10,01,00}.

Proof. The succession rules of 73 = T[10,01,00] are given by

€~ 0, a1, 0 ~ bo, bo,
m+1 m-+3
A~ Cm,Oacm—l,la---7cl,m—17bm—17(am+1) ) bm ~r (bm—i-l) )
) +2
Cirj ™ Cim1,j41 Cim2,j+1s - - -5 C1j+1, 05, (Ci j41)!

and the succession rules of 73 = 710,01, 00] are given by

EW(),G/l, ()Wb/hblly
/ / / / / ! m—+1 / / m+2
am“""Cm,lacmfl,%“-;Cl,m;bma(aerl) ) bmw(berl) )
/ ’ ’ / / ’ j
ij o~ dijrtictjans o Vg (),

where a,, = 0™, b,, = 000™, ¢; ; = 0%, /., = 0™, b/, = 00™, and ¢/ ; = 0%,
By mapping the nodes of 71 as ap, — 'y, by — Uy, and ¢;; — C;,j+1? we
obtain that the succession rules of 7; map to the succession rules of 75. Hence, Ty
is isomorphic as plane trees to 7s. O

Lemma 8. For alln >0,

(i) |Z,,(10,01,00)| = (n + 1)!;

(ii) |Z,,(10,01,00)| = (n + 1)!;
(iii) |Z,,(10,01,01)| = |Z,(10,01,01)| = (n + 1)!;
(iv) |Z,(10,00,01)] = (n + 1)!;
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Proof. (i) By translating the succession rules of the generating tree 710,01, 00] in
Table 2 to equations, we obtain A.(x) = 1+xAs(z)+xAq, (2), A5(x) = 14224, (z),
Ao, () = 14+ (m+ 1)zAy, (x) + (m + 1)2zA,,, ., (2), and A (x) = 1 + (m +
2)zAy,, ., (). By iterating, we obtain Ay, (z) = 5, M, and then

(m+1)!
m—i—j Nad m—l—]—&—l—i—z)'aﬂ*‘”‘l
A ()= 3 LI L 5oy
7>0 7j>01i>0
Hence,
w) =Y jlad > gl + 0D (G i+ 2l T
Jj=0 Jj=1 Jj=01i20

which, by comparing the coefficient of ™ in both sides, implies that

|Z,,(10,01,00)| = (n + 1)
Note that any signed inversion sequence in Z, (10,01, 00) is given by a signed inver-
sion sequence where at most one of its letters is barred. Since there are n! inversion
sequences of length n, we have (n + 1)! signed inversion sequences in Z,, (10, 01, 00).
(ii) This case follows immediately from the fact that the generating tree of this
case is isomorphic to the generating tree in Case (i).

(ili) By translating the succession rules of the generating tree 7[10,01,01] in
Table 2 to equations, we obtain A.(z) = 1+ 2z45(x), Ag(z) = 1 + 3zA,, (z),
and A, () = 14 (m + 3)zA,,, ., (x). By iterating, we obtain that A, (v) =
22j>0 % Thus, Aq, (%) = > ;50 (j+z)!xj, which gives that Ag(z) = 1+

i 10d ]
S oy P2 and then Ac(x) = Y2,50(j + 1)l27. Hence,
|Z,,(10,01,01)| = |Z,(10,01,01)| = (n + 1)!

(both cases have the same generating tree).

(iv) The proof is very similar to Cases (i) and (iii).

(v) Note that any signed inversion sequence 7 in Z,(10,01,00) satisfies either
(1) m has no barring letter, or (2) there exists a letter k such that = contains the
subsequence k?k® with a > 1 and b > 0 and no other barring letters in 7. Also, any
signed inversion sequence 7 in Z,(10,01,00) satisfies either (1) = has no barring
letter, or (2) there exists a letter k& such that 7 contains the subsequence k’k®
with @ > 1 and b > 0 and no other barring letters in w. By this easy to see that

|Z,,(10,01, 00)| = |Z,,(10,01,00)| = (n + 1)!.



INTEGERS: 26 (2026) 17

(vi) Note that any signed inversion sequence 7 = mmy -7, in Z,(10,00,01)
satisfies either (1) 7 has no barring letter, or (2) there exist i, k such that m; = k,
where 7; is barring if and only if |7;| < k or m; = k with j > i. Since the number
of inversion sequences of length n is n! and the letter k£ has n + 1 possibilities (any
letter from 0 to n — 1, or else k does not exist), we obtain that there are exactly
(n + 1)! signed inversion sequences in Z,, (10,00, 01).

(vii) Note that any signed inversion sequence ™ = my7y --- 7, in Z,(10,00,01)
satisfies either (1) 7 has no barring letter, or (2) there exist i, k such that m; = k,
where ; is barring if and only if |7;| < k or 7; = k with j <. So, there are exactly
(n 4 1)! signed inversion sequences in Z,,(10, 00, 01). O

Lemma 9. We have that {10,10,00} ~ {10, 10,00} .
Proof. The succession rules of 73 = T[10, 10,00] are given by

€~ (_),O, (_)Wﬁa (b0)27
b

)m+1 )m+3

amW(_)ab07b1;-~~abm—l7(am+l ) mw(_),b07bla"'abmv(bm+l

and the succession rules of T3 = T[10,10,00] are given by
6W6707 OW(L (b/1)27
a'/m ~ 67 bll7 b/27 DI b/ma (a/m+1)m+17 b/m ~ ()a bll) bl?a ey blm7 (b/m+1)m+27

where a,, = 0™, b,, = 000™, a/,, = 0™, and V',,, = 00™. By mapping the nodes of
T1 as amy — a'p, and by, — by, 11, we obtain that the succession rules of 73 map to
the succession rules of 75. Hence, 77 is isomorphic as plane trees to 7a. O

Lemma 10. We have that {10, 00,10} ~ {10,00,10}.
Proof. Let us describe a bijection f between
A, =T7,(10,00, 10) and B,, = Z,(10, 00, 10).

Let m = mymo -+ T, € A,. Since m avoids {10,001}, all the barred letters of 7 forms
an increasing subsequence 7;, m;, - - - m;, (here |m;, | < -+ < |m;, | and m > 0). Since
7 € Ay, then there are no letters on left side of 7;; in 7 with absolute value bigger
than |7;,|. Moreover, each letter on the left side of 7;; whose absolute value is equal
to |m,| is not barred.

Now, we define f(7) to be the same as 7, where we barring all the letters 7, of
such that there exists i; with |m,| = |7, | and a < i;. Clearly, f(m) avoids {10,10}.
Also, by definitions, f(m) avoids 00 if and only if 7 avoids 00. Hence, f(7) € B,.
Since f? = id, we obtain that f is a bijection. O

By Lemmas 1-10 and Table 1, we have the following result.

Theorem 2. The number of Wilf-equivalences among sets of triples of length-2
signed patterns is 93.
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4. Set of Four of Length-2 Signed Patterns

There are (') = 495 sets of four of length-2 signed patterns. Calculating the first
7 terms of the counting sequence for the avoiders for each of these sets gives 195
different sequences, and divides the 495 sets of four of length-2 signed patterns
into 195 candidate classes. Table 3 shows that there are exactly 158 trivial and
37 nontrivial candidate classes. The aim of this section is to show that the 37
nontrivial candidate classes of sets of four of length-2 signed patterns are indeed 37
Wilf-equivalences, that is, in each class, all the counting sequences agree forever, not
just in the first 7 terms. Note that by the baring operation, we see that |I,,(B)| =
|L,(B)], for all n > 0. So, in Table 3, we do not include barring of a set B if B is

included.

No- B UZn (BT _,
1 {01, 00, 00, 01} 1,2,4,10,26,68,178,466
2 {01, 00, 01, 00}, {01, 01, 00, 00} 1,2,4,10,30,104,406,1754
3 {01, 00,01, 01}, {01, 00,01, 01}
{00, 00, 0T, 00} 1,2,4,10,34,154,874,5914
4 {01, 00, 00, 01}, {01, 00, 01, 00}
{01, 00, 01, 00}, {00, 01, 01, 00} 1,2,4,12,48,240,1440,10080
5 {01, 00, 01, 00}, {01, 00, 01, 00} 1,2,4,12,50,262,1640,11920
6 {00, 00,01, 00} 1,2,4,12,52,287,1888,14356
7 {01, 60, 00, 00} 1,2,4,13,58,324,2166,16827
8 {01, 00, 00,01} 12,4,14,62,338,2186,16346
9 {01, 00, 00, 01} 1,2,4,2,0,0,0,0
10 {00, 01, 01, 00} 1,2,4,4,4,4,4,4
11 {01, 00, 01, 00} 1,2,4,6,10,16,26,42
12 {01, 00, 01, 01}, {01, 01, 01,00}
{01, 01, 00, 00} 1,2,4,6,8,10,12,14
13 {01, 00, 00, 01} 1,2,4,7,12,21,38,71
14 {01, 00, 00, 01} 1,2,4,7,13,25,49,97
15 {01, 00,01, 01}, {01, 00,01, 00}
{01, 00, 00, 00}, {01, 00,01, 00}
{01, 01, 01, 01}, {00, 00, 01, 00}
{00, 00, 00, 00} 1,2,4,8,16,32,64,128
16 {01, 00, 01, 01}, {01,01, 00,01} 1,2,4,8,17,39,95,240
17 {01, 00,01, 01} 1,2,4,9,22,56,145,378
18 {01, 00, 00, 00} 1,2,4,9,22,57,156,452
19 {00, 00, 01, 00} 1,2,4,9,23,66,210,733
20 {01, 00, 00, 00} 1,2,4,9,24,76,279,1156
21 {01, 01, 01, 00}, {00, 01, 01,00} 1,2,4,9,28,125,726,5047
22 {00, 00, 01, 0T} 1,2,4,9,31,145,841,5761
23 {10, 01, 01, 00}, {10, 00, 01,01} 1,2,5,10,17,26,37,50
24 {10, 01, 00,01} 1,2,5,10,19,36,69,134
25 {10, 00, 01, 01}, {I0,01,01, 00} 1,2,5,11,23,47,95,191
26 {10, 01, 01, 00} 1,2,5,11,25,64,184,573
27 {10, 01, 01, 00} 1,2,5,11,31,129,731,5053
28 {10, 00, 01, 0T} 1,2,5,11,35,155,875,5915
29 {10, 00, 01, 00} 1,2,5,12,26,52,99,184
30 {10, 01, 00, 00}, {10, 01, 01,01}
{10, 01,01, 01}, {10, 00,01, 00}
{00, 01, 00, 10} 1,2,5,12,27,58,121,248
31 {10, 00, 00,01} 1,2,5,12,27,60,135,312
32 {10, 01, 00, 01}, {10, 01,00, 01} 1,2,5,12,28,65,152,360
33 {10, 01, 00,01} 1,2,5,12,29,71,176,441
34 {10, 00, 00, 01} 1,2,5,12,29,72,182,466
35 {10, 00, 01, 00} 1,2,5,12,31,88,275,942
36 {10, 00, 01, 0T} 1,2,5,12,37,158,879,5920
37 {10, 01, 00, 01} 1,2,5,13,33,82,202,498
38 {10, 01, 01, 01}, {I0,01,01,01} 1,2,5,13,34,89,233,610
39 {10, 00, 00, 01}, {10,01,01,01} 1,2,5,13,34,91,254,746
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40 {1

41 {1

42 {1

43 {1

44 {1

45 {1

46 {1
{1

a7 {1

48 {1

49 {1

50 {1

51 {10

52 {1o0,01

53 {10, 01

54 {10,01

55 {10, 01, 00,01}

56 {10, 00, 00, 01}

57 {10, 00, 01,01}

58 {10, 01, 00, 00}

59 {10, 00, 00, 00}

60 {10, 01, 0T,

61 {10, 00, 00, 00}

62 {10, 01, 00,01}

63 {10, 00,01, 00}

64 {10, 00, 00, 01}, {70,
{10, 00, 01, 00}, {10,

65 {10, 00, 01,01}

66 {10, 01, 01, 00}

67 {10, 01, 00, 01}

68 {10, 01, 00, 01}

69 {10, 00, 00, 01}

70 {10, 01,00, 01}

71 {10, 00, 01, 00}

72 {10, 00, 00, 00}

73 {10, 00, 00, 00}

74 {10, 00, 00, 00}

75 {10, 01, 00,

76 {10, 01, 00

7 {10,01,0

78 {10, 0
{10, 00,0
{10,01,0

79 {10,01,0

80 {10, 00,0

81 {10, 00, 0

82 {10, 01,0

83 {10, 00,0

84 {10, 00,0

85 {10, 00,0

86 {10,01,0 {10

87 {10, 00,0 {10

88 {10, 01, 00, 01}, {10,
{10, 01, 01, 00}, {To0,
{i0, 01, 00, 01}, {70,

89 {10, 00, 00, 01}

90 {10, 00, 00, 01}

91 {10, 00, 00,01}

92 {10, 00, 00, 00}

93 {10, 00, 00, 00}

94 {10, 00, 00, 01}

95 {10, 00, 00,01}

96 {10, 01, 00, 00}

97 {10, 00, 00,01}

98 {10, 01, 00, 00}, {1
{10, 01, 00, 00}, {1

99 {10, 01, 00, 01}

1,2,5,13,34,92,265,827
1,2,5,13,35,100,309,1041
1,2,5,13,35,99,296,935
1,2,5,13,36,108,353,1255
1,2,5,13,39,151,783,5167
1,2,5,14,42,132,429,1430

1,2,5,14,43,146,551,2304
1,2,5,14,44,150,537,1978
1,2,5,14,46,168,647,2559
1,2,5,14,46,184,916,5665
1,2,5,14,46,188,976,6272
1,2,5,14,47,195,1005,6342
1,2,5,14,48,209,1135,7412
1,2,5,14,50,232,1337,9147
1,2,5,14,51,244,1445,10086
1,2,5,15,49,168,594,2145
1,2,5,15,49,169,607,2249
1,2,5,15,50,180,691,2807
1,2,5,15,51,192,793,3568
1,2,5,15,52,203,876,4119
1,2,5,15,52,203,877,4140
1,2,5,15,53,216,993,5056
2,5,15,55,249,1371,8953
1,2,5,15,57,270,1552,10551

5,15,57,273,1593,10953
1,2,5,15,59,294,1764,12344
1,2,5,15,59,295,1782,12573
1,2,5,16,57,215,843,3398
1,2,5,16,59,234,967,4104
1,2,5,16,59,238,1020,4566
1,2,5,16,60,248,1092,5024
1,2,5,16,61,261,1215,6060
1,2,5,16,63,292,1546,9164
1,2,5,16,63,293,1566,9437
1,2,5,16,64,305,1660,10033
1,2,5,16,64,316,1876,13032
1,2,5,16,64,318,1902,13308
1,2,5,16,65,324,1928,13387

1,2,5,16,65,326,1957,13700
1,2,5,16,66,338,2070,14750
1,2,5,16,66,341,2119,15329
1,2,5,17,69,311,1500,7583

1,2,5,17,70,325,1648,8994

1,2,5,17,72,362,2117,14251
1,2,5,17,73,381,2358,16944
1,2,5,17,74,392,2446,17574
1,2,5,17,74,392,2446,17577
1,2,5,17,74,393,2469,17946

1,2,5,17,74,394,2484,18108
1,2,5,17,75,407,2614,19367
1,2,5,17,75,407,2618,19461
1,2,5,17,75,407,2619,19487
2,5,17,78,454,3175,25783
1,2,5,17,78,456,3224,26623
1,2,5,18,75,342,1654,8339
1,2,5,18,81,441,2830,20960
1,2,5,18,83,465,3062,23160
1,2,5,18,84,478,3204,24704

1,2,5,18,84,480,3240,25200
1,2,5,9,14,20,27,35
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100 {10, 1,2,5,9,14,21,31,46
101 {10 1,2,5,9,17,33,65,129
102 {10,

{1o, 1,2,6,16,38,84,178,368
103 {10, 1,2,6,16,40,99,248,631
104 {10, 1,2,6,18,50,130,322,770
105 {10, 1,2,6,18,52,150,444,1364
106 {10, 1,2,6,18,53,160,512,1766
107 {10, 1,2,6,18,57,210,973,5785
108 {10, 1,2,6,18,59,229,1107,6700
109 {10, 01, 1,2,6,18,62,270,1502,10206
110 {10,01, 00,10} 1,2,6,19,59,186,616,2183
111 {10, 01, 00, 10} 1,2,6,19,60,191,619,2048
112 {10, 10, 01, 00} 1,2,6,19,61,199,661,2234
113 {10, 01, 00, 10} 1,2,6,19,63,217,769,2782
114 {10, 01, 01, 10} 1,2,6,20,69,242,859,3081
115 {10, 00, 01, 10} 1,2,6,20,69,243,870,3158
116 {10, 10,01, 01}, {10, 10,01,01} 1,2,6,20,70,252,924,3432
117 {10, 00, 01, 10} 1,2,6,20,70,254,948,3618
118 {10, 01,01, 10} 1,2,6,20,70,256,976,3860
119 {10, 10, 01, 00} 1,2,6,20,71,273,1149,5288
120 {10, 01,01, 10} 1,2,6,20,73,310,1597,9984
121 {10, 10, 01,01} 1,2,6,20,76,344,1888,12416
122 {10, 01,10} 1,2,6,20,78,368,2094,14072
123 {1o, 01,10} 1,2,6,20,79,381,2218,15198
124 {10, 10, 00, 01} 1,2,6,21,81,333,1428,6298
125 {10, 00, 01, 10} 1,2,6,21,81,336,1480,6862
126 {10, 01, 00, 10} 1,2,6,21,82,352,1648,8363
127 {10, 10,01, 00} 1,2,6,21,83,373,1945,11961
128 {10, 00, 01, 10} 1,2,6,21,83,378,2014,12575
129 {10, 00, 01, 10} 1,2,6,21,84,385,2035,12460
130 {10, 10, 00, 01} 1,2,6,21,85,407,2325,15673
131 {10, 00, 01, 10} 1,2,6,21,88,445,2676,18739
132 {10, 10, 00, 01} 1,2,6,21,89,459,2823,20211
133 {10, 01, 00 1,2,6,22,87,355,1468,6103
134 {10, 10, 00 1,2,6,22,87,357,1495,6337
135 {10, 00, 01 1,2,6,22,88,366,1553,6671
136 {10, 10, 00, 1,2,6,22,88,369,1591,6981
137 {10, 01, 00 1,2,6,22,90,393,1789,8378
138 {10 1 1,2,6,22,90,394,1805,8543
139 {10, 1, 1,2,6,22,90,394,1806,8558
140 {10, 00, 01, 1,2,6,22,90,396,1838,8891
141 {10, 10, 01, 1,2,6,22,90,398,1880,9436
142 {10, 00, 00 1,2,6,22,92,420,2050,10550
143 {10, 00, 00, 1,2,6,22,92,422,2074,10754
144 {10, 10, 00, 00} 1,2,6,22,92,426,2146,11624
145 {10, 00, 01, 10} 1,2,6,22,93,430,2108,10760
146 {10, 00, 00, 10} 1,2,6,22,94,454,2426,14130
147 {10, 10, 00, 01} 1,2,6,22,94,464,2652,17562
148 {10, 01, 00, 10} 1,2,6,22,94,465,2654,17363
149 {10, 00, 01, 10}, {10, 00, 01, 10} 1,2,6,22,95,481,2848,19556
150 {10, 00, 01,10} 1,2,6,22,95,482,2854,19480
151 {10, 00, 00, 10} 1,2,6,22,96,480,2692,16666
152 {10, 01, 01, 10}, {10, 01, 01,10} 1,2,6,22,96,496,3008,21120
153 {10, 01, 00,10} 1,2,6,22,97,505,3054,21157
154 {10, 01, 00, 10} 1,2,6,22,98,525,3315,24179
155 {10, 01, 00, 10} 1,2,6,23,100,464,2232,10975
156 {10, 00, 01, 10} 1,2,6,23,102,496,2568,13918
157 {10, 01, 00, 10} 1,2,6,23,104,549,3344,23239
158 {10, 10, 01,00} 1,2,6,23,105,558,3424,24110
159 {10, 01, 00, 10} 1,2,6,23,106,567,3462,23946
160 {10, 01,00, 10} 1,2,6,23,106,572,3564,25377
161 {10, 10, 00, 01} 1,2,6,23,106,572,3569,25515
162 {10, 00,01, 10} 1,2,6,23,107,587,3721,26833
163 {10, 10, 01, 00} 1,2,6,23,107,589,3765,27518
164 {10, 10, 01,00}, {10, 10,01, 00} 1,2,6,23,108,604,3936,29364
165 {10, 01, 00, 10}, {10, 01, 00, 10} 1,2,6,23,109,620,4127,31508
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166 {10, 10, 00, 00} 1,2,6,24,114,606,3504,21690
167 {1 00,10} 1,2,6,24,116,637,3831,24665
168 {10 00, 10} 1,2,6,24,116,638,3850,24908
169 {10, 00, 00} 1,2,6,24,116,642,3950,26530
170 {10, 00,10} 1,2,6,24,116,644,4008,27606
171 {10, 00, 00, 10} 1,2,6,24,118,674,4298,29762
172 {10, 00, 00, 10} 1,2,6,24,118,676,4380,31576
173 {10, 00,10} 1,2,6,24,118,678,4416,31956
174 {10, 00, 00, 10} 1,2,6,24,118,680,4464,32788
175 {10, 10, 00, 00}, {10, 10, 00, 00} 1,2,6,24,118,682,4518,33766
176 {10, 01,01}, {10, 10, 00, 00} 1,2,6,24,120,720,5040,40320
177 {1 ,00,10}, {10, 00, 00, 10} 1,2,6,24,120,722,5090,41194
178 {10, 00, 00, 10} 1,2,6,26,146,1002,8102,75266
179 {10, 10, 01, 10} 1,2,7,28,116,484,2017,8376
180 {10, 10, 01, 10} 1,2,7,28,117,497,2125,9108
181 {10, 10, 01, 10} 1,2,7,28,117,498,2142,9287
182 {10, 10,01, 10} 1,2,7,28,120,551,2766,15635
183 {10, 10, 01 1,2,7,29,130,609,2933,14399
184 {10, 10, 01 1,2,7,29,131,625,3099,15818
185 {1 0,01 1,2,7,29,134,693,4064,27254
186 {1 01 1,2,7,29,137,738,4534,31640
187 {1 1,2,7,31,156,851,4915,29639
188 {1 1,2,7,31,158,888,5371,34420
189 {10, 1,2,7,31,158,888,5372,34447
190 {10, 10, 00, 10} 1,2,7,31,159,911,5731,39266
191 {10, 10, 00, 10} 1,2,7,32,170,997,6280,41783
192 {1 1,2,7,32,172,1041,6950,50673
193 {1 1,2,7,32,174,1071,7238,52631
194 {1 1,2,7,32,174,1076,7386,55514
195 {1 1,2,8,40,224,1344,8448,54912

Table 3: Number of signed inversion sequences in fn(B)7 where n =0,1,...,7 and
B is any set of four of length-2 signed patterns.

As discussed above, to study the Wilf-equivalences, we have to consider all the
nontrivial candidate classes in Table 3. Table 4 presents the succession rules of each
set in each of these cases whenever we succeeded in guessing by our main procedure.

No B Succession rules of 7T [B]
2 {00, 00,01, 01} €= bg,aibm - (bm) ™ ap, -
{00, 01, 00,01} €~ 0,a1:0 - a1, agiam — (am)"™, ay 1, where am = 0™
3 {01, 00, 01, 01}
{01, 00,01, 01}
{00, 00, 01, 00} €~0,a1:0 -0, a15am — (ap,+1)™ 11, where am = 0™
4 {01, 00, 00, 01} €= 0,a1:0 - boibm ~ (byt1)™TZ5am ~ by 1, (@ 41)™ L, where am = 0™, by =
001"

€~ 0,a1;0 ~ (a2)2;a-,” - (a7n+1)m’+1, where ay, = 0™

701,00}
0,01, 00} Theorem 4
<~ 0,0,0-00,0; 0 00,0, 0000

12

{00, 00, 01, 00}
{00, 00, 00, 00} €~ 0,00 -~ 0,0;0 ~ 0,0
16 {01, 00, 01, 017 €~ a1,050 = 00,0; 00 = 00; @m — Gpyy1,01,02, s 0m; bm — bm, 01,02, - bm,

where am = 0™, by, = 0™'m
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{01, 01, 00,01} € 0,ay; O ,00; 00 - 00; m = bmiybpy_1, , b1, bms am -
b, by 15+, b1, Gy g1, where am = 0", by = 0Mm
21 {01,01, 01, 00}
{00, 01, 01,00} €~ 0,a1;0~0,00; 00 - 00; am — (an,+1)™ T, where am = 0™

23 {10, 01,01, 00}

{10, 00, 01,01} e~ 0,0; 0~ 00,0; 0~ 0,00,01; 00 — 00; 01 — (00)2, 01
25 {10, 00, 01, 017 e - ag,0; 0 - 00,0;6 ag -~ a1,00,01; 00 - 00; 0l -~ 0,00,01;
am =  @py41,00,0,c0,¢3, s Cm,bymy1s em  — 00,0,c9,¢3, ..., Cmi bm -
cm,00,0,¢c9,¢3,--.,Cp_1:bm, where am =01 -m, by, = apy_1m, ¢y = ampm
{10,01,01, 00} e -7 0,a9; ap -~ 01,00,ay; 0 - 0,00; 01 -~ 01,00
cm ~ CmsCym_1s---:€2,0,00; by ~ bm.Cp_1,Cm_2,---,¢2,0,00,cm; am -
bm+1,cm,cm71,..432,0,00,am+1, where am = 01---m, by = a,_1m, ¢y =
bmm
30 {10, 01, 00, 00} €~0,a0; 0~ (0% am - (™12, a,,11, where am =01---m
{10, 01,01, 01} €~0,a1;0 - (6)2; am ~ (6)m+1, Ay 41, where am = om
{10,01,01,01} e = 0,a1; 0 - (0)2; 0T - 01,010; 0T0 — OT0; by ~ b, b1+ --»b1,010; am -

by by —1s s b0s A1, Where am = 0,

{10, 00, 01, 00}

{00, 01, 00,10} € ay,0;0 - (0)2; 010 - 010; ay - Amt150,b1,02, -, bm bm ~ 010,b1, b2, ..., bm,,
where am = 0", by = amm

32 {10, 01, 00, 01}

{10, 01, 00,01} €~ ap,b1i am = Ay g1,C€1,€2, - Cmi bm ~ dm,dpy 1, ..., d1, 00, by, 15 00 ~ 00;
cm — €ms€1,€2,---,¢m; dm — dm,dyy_1,-..,d1,00, where am = 0", by, = 0™,
cm = amm, dm = bmm

38 {10, 01, 01, 01}

{10,01, 01,01} €~ a1,0; 0 « 0,05 am ~ pyy1,0,b1,b2, -, bm; bm — bm,0,b1,...,bm, where

am = 0", by = amm
39 {10, 00, 00, 017 € — 0,a1; @m — ©€0:Cl--+Cm—_1,m,%m4y1; bm - 002,b1,b3, .-, bm; cm -

0,aq; 002 ~ 002, where am = 0", by = am0, cm = Olam

{10, 01, 01,01} €~ ag,0; 0~ (002 am - b1,bg, .. bms @15 05 by~ by, b, ... by g1, 0105 010
010, where am, = 0™, by, = 01™
41 {10,00, 01,00} €~ ag,0; 0 - (0% ag — a1,0,b15 by — €1,0,b15 am ~ i1, (em)™ T by s
b ~ cms (Cm—1)"bmi cm ~ (em)™T2, where am = 01---m, by = ap_1m,
= Om)™ T ap115 b~ (bm)™ L, where am = 0™,
45 { L Gy t1, where am = 0™
{ ) @mt1, where am =01+ m
46 {10, 01, 00, 00} € = 0,a0:0 — b1,0; bm — byyp1, (bm) ™Y am 0, (00)™ L 4y, 1, where am =

01---m, by, = 00™

,01, 00,00} € = a1,00 = a1,0; am ~ i1, bm, (@m)™; bm —~ (bm)™TL, where ay = 0™,

bm = am0

50  {10,01,01,01F

{i0,01, 01,01} €-0,a1; 0~ (0% am - 0, (a4 1) ™!, where am = 0™
60 {10, 01, 01, 00}
{10,01, 01, 00} €~ a1,00 - a1, 0; am ~ api1, (am) ™, where ap, = 0™
64 {10, 00, 00, 017
{10, 00, 00, 01} €~ 0,a1;0 - 0,015 b = (byyp1)™T25 am ~ by 1. (apmp1)™ T, where am = 0™,
{10, 00, 0T, 00}
{10, 00, 01,01} € = b, a;00 ~ 00; am = 00, (4t 1)L b« (bpyi1)™ T2, where am = 07,
by =01---m
78 {10, 00, 01, 00} e - b ; m+1. g b m+2 " wh = 0™, by, =
» 00,01, ~ bo,a1; am ~ (amy1) m = b1 (@mp2) where ay, = L bm =
ot..m_
{10, 01,00, 01} € — bg,a1; bm — bmubyy_1,- -5 b0i Gm ~ by by 1., b0, (Agp1)™ T, where
am = 0", by = amm
{10, 00,01, 00} €~ 0,a0; 0~ 012 b ~ (bt 1)™ T2 am —~ )™ 2 appp1s am = 01---m,

{10, 00, 01,01}

{10,01, 00,01}

79 {10, 01, 00, 01}
{10, 01, 00,01} €~ 0,a1;0 = 05 b — (bm)™ T am — by b1, bos (A1) ™, where am =
0", by = amm
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84 {10, 00,01, 00}
{10, 00, 01, 00} Theorem 5
86 {10, 01, 00, 00}
{10, 01, 00,00} Theorem 5
87 {10, 00, 01, 00}
{10, 01, 00, 00} Theorem 6
88 {10, 01, 00, 01}
{10, 00,01} €= 0,a1;0 - (50)%; b = (byp1)™ T35 am ~ byy—1, (@ 41)™ L, where ap = 0™
bm =000
{10, 01, 00, 01}
{10, 01, 00, 01 €~ 0,a1: 0 ~ (51)%5 b ~ (bt 1™ T2 am = bm, (apmp1)™ T, where am = 0™,
by = 00™
{10, 01, 01, 00}
{10, 01,00} €~ bi,aq;am ~ (am+1)m+1; bm = by 15 Gmg 1, (B 1), where am = 0™, by, =
om
98 {10, 01, 00, 00}
{10, 00,00}
{10, 00,00}
{10, 00, 0T, 00} Theorem 7
102 {10, 01,10} € ~ ag,ep; 01— (012 010 ~ 010; cm - (OD™Fl e 19 am -
@415 0T, b1, b2, -+ bms b = 010,b1,bg, ..., by, where am = 0™, by, = 0™m,
cm = 0™
{i0,01, 01, 10} ¢ — ap,ep; 01 ~ 01,0105 00 — (00)%; 010 - 010; dim — dm,dp_1,-- - d1,010;
cm = dm,dp_1,---,d1,00, ¢ 415 am  ~  App41,00,b1,b0, ..., bm; bm ~
010, by, bg, ..., bm, where am = 0", by = 0"'m, ¢y = 0™, dpyy, = 0™'m
{10, 01,10} €~ ay,by; 01 = (01)2; by — (D™ T b 495 am = ayyy1, O1)™TL, where am = 0™,
bm = 0"
116 {10,10,01,01} €~ 0,a0; 0 - by, (a1)?; b = b1,b2, . by y1i am — 01,02, - b1, (A1),
where ay;, = 00, by, = 01™
{10, 10, 01,01} < - a1, bo; am . @1,a0, s ami1,b0, b1, - s bm; b .
bg, b1, -, bm,bg, by, ..., bm, where am =0, by, = amm
139 {10,01,01,10} ¢ -0,a0; 0~ (a1)?, aq; @m = 41, Smp1, Gms -, a0, where am = 00™
{10, 01,10} e~ 0,a0; 0~ ag,a1,a13; am ~aQ, a1, .-, ami1,dm41, where am = 00"
149 {10, 00,01, 10}
{10, 01,10} Theorem 5
152 {10, 01, 01, 10}
{10,01,01,10} € - 0,a0; 0 - (a1)2,bg; am - (amy1)2 Gm)™TL b~ (b 1)™ T3, where am =
00™, by = am 1
164 {10 01,00} e~ 0,a1;0 - (bg)2; m+3, 0 m+1
, , ¢~ 0,a1; 0~ (b0)%; b ~ (bypg1) i am ~ 0,b0, b1, .. by 1, (A1) , where
am = 0", by = 000™
0, 01,00} € - 0,a1; 0 ~ (b1)2: by, ~ (bm+1)m+2; am ~ 0,by,bg,...,bm, (am+1)m+1. where
am = 0", by = 00
165 10 00, 10}
i0 00, 10} Theorem 8
175 10 00, 00}
i0 00,00} Theorem 9
176 10, 10, 01, 01} e~ 0,a0; 0~ (a1)3; am - (amil)m+3 where ay, = 00™
10, 00, 00} €-0,a1;0-0,a1; am —0,a1,a2, - ,am, (am+1)7n+1, where ay, = 0™
77 00, 00, 10}
00, 00, 10} Theorem 8

Table 4: Succession rules of T [B] for some sets B of four of length-2 signed patterns
in Table 3.

By using the main procedure (as in Examples 1 and 2), we obtain the following

result (here Cx means Class x in Table 4).

Theorem 3. We have

k

C2: F{66,60,61,01}($) = F{()D,Gl,Oﬁ,Ol}(x) =1+2 2@1 m;

k .
C8: Fo1,60,01,01) (€) = F(o1,60,01,013 (£) = F(56,00,01,00} () = g0 2oimg 12"
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C4:

C12:
C15:

C16:

C21:
C25:

C25:
C30:

C32:
C38:
C39:
C/1:
C45:
C46:

C50:
C60:

C64:

C78:

C79:
C88:

F{01 00,00 01}( ) F{Gi,ﬁ(‘),oi,oﬁ}(x) = F{(_JL(_JO,OT,O(_)}(m) = F{ﬁo,ﬁl,oi,oﬁ}(x) =
142375, Kl ;

2
Fio1,00 01,01}(55) = Fo1,01,01 00}( T) = F{(’)L(’n,o(),oo}(x) = (ﬁﬁ)z ;
Fo1,00,01,013 (%) = Fro1,00,01,003(%) = Fo1,00,01,001 (%) = Fyo1,00,00,003 () =
F{61761701701}(5€) = F{GD 00,01 00}( ) F{66760706700}($) = ﬁ;

_ _1-3x+2z"—
(LC) - (1- x)w?_l 3EB‘)m’jjacZ)’

F61,01,01,00) (%) = F(o0,01,01,00) (%) = 7oz + X js0 4127

—XT 132
F(10,01,01,00) (%) = Fi0,00,01,01y (2) = 155555

_ 2
Fi0,00,01,01) (%) = Fri061,01,00) (%) = g aSaay s
F10,01,00,00y (%) = F1o,01,01,013 (%) = Fiio,01,01,013(®) = Fiio,00,01,003 (%) =

— 2T 132
F50,01,00,10} () = %7’

o 1—42452% 32>
Fi0,01,00,013 () = (—z)(1—22)(1—3z+a2)

10,01,00 01}(95) =
F10,01,01,013 (@) = Fiio,01,01,013 (%) = 0525

r+2x x°— 24222/ 4x
F(10,00,00,01) () = Fiio,01,01,01) () = 2222 ;f(l x()l (f ;f) Wit

o o _ 1 1 J
F{10,00,01,00} $) = F{10,00,00,01}($) =1 T 1= Zpl 1— (?—T)x’

r) = Fy10,01,00,00} () = F{10,01,00,00} (%) =
@' (—jz)
j>1 H]Jrl(l ix)’

I
_|_
1

15

o _ _ o _ 1—x - .
F10,01,01,013 (%) = Fyioo1,01,01) (%) = 1955 25507275

F{i()m,oi,oo}(fc) = F{io,éLoLoo}(x) = ijo m;

F(16,00,00,011 (%) = Fiio,60,00,013 (%) = Fio,g0,01,004(¥) = F10,00,01,013(7) =

F(10,00,01,00y (%) = F(10,01,00,01} (%) = F10,00,01,003(*) = Fyi0,00,01,013 (%) =
Fii0,01 ( 5 )

k+1
Fii0,01,00013 (%) = Frio.o1,00013 (%) = 155 + Yy Kb + 23, SiH K
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9.2
C102: Fip,01,01,10) () = Frio01,0110(€) = Fiao01,01,10)(2) = 70355 ¢

C116: Fi1p,10,01,013 (%) = Fiio,70,01,013 (%) = o5

C139: Fioo1,01,101(%) = Frioon01,10) = =505 “21;6“"”2 ;

i+l
C152: F{j()761701716}(1’) = F{io,()i,oi,lﬁ}(x) =19 T Z]>2 Zf g ]('124-2 i
C164: Fiip,10,01,003 (*) = Fyi0,10,01,003 () =

, }
45\ kD! it
(ijoﬂx]) + D i1 Zk 122550 ((1:;];;') T
C176: F(15,10,61,013 (%) = F(16,10,00,00} () = X507 + Dla .

Note that Theorem 3 does not cover all the classes in Table 4 (the nontrivial
candidate classes of four of length-2 signed patterns), namely, it does not cover
Classes 5, 84, 86, 87, 98, 149, 165, 175, and 177. For any set B in these classes, we
failed to obtain the generating tree 7[B]. In the next theorems, we consider the
Wilf-equivalences for these classes.

Theorem 4 (Class 5). We have that {01,00,01,00} ~ {01, 00,01,00}.
Proof. Let A,, = 7,,(01,00,01,00) and B,, = ZL(()L 00,01, 00). Note that any signed

inversion sequence in A,, can be written as

T :ﬂ-(o)a070ﬂ-(070)a071ﬂ-(0’1) N aoﬂ:oﬂ-(ovlo)

1,0 11 1
a1.0m 0y 170D gy, i)
m,0 m,1 My
..amyoﬂ( )am,ﬂr( )...am,imﬂ( ),
where only the barred letters in m are ag,...,am,0 (m > —1) such that |ago| >
> amol, lajol = aj1 =+ = a;,;,, 799 is a subword of 7, and any letter in

709 ... 70:4) is smaller than lajol, for all 5 =0,1,...,m.
On the other hand, any signed inversion sequence in B,, can be written as

7 =100 0O g 7O . gq ;. 7 (i0)

1,0 1,1 1,i
aLOﬂ( )amﬂ( ) ...almﬁ( 1)
m,0 m,1 m,i
..am’oﬂ( )am,ﬂ( ) "'am,imﬂ( m)
where only the barred letters in m are ag,0,a0,1,---,80,ip- - @m,0, Gm,1,- -+ > Cm,in,
(m > —1) such that |ago| = -+ = [ag,| > |a1o0] = -+ = |ar | > -+ > |amo| =

= |@m., |, 799 is a subword of 7, and any letter in 759 ... 7(%) is smaller
than
For any 7w € A,,, we define 7’ to be the same as m where we barred the elements
aji,... a5, forall j =1,2,...,m. Clearly, 7 € A, if and only if 7’ € B,,. Hence,

the map 7 — 7’ is a bijection. O
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Theorem 5 (Class 84). We have that

(i) {10,00,01,00} ~ {10,00,01,00}.

(11) {10,01, 00,00} ~ {10,01,00,00}.

(i) {10, 00,01, 10} ~ {10,00,01, 10}.
Proof. (i) Let A = {10,00,01,00} and B = {10,00,01,00}. Any signed inversion
sequence that avoids A with at least one barred letter can be presented as

0) m)

S RO -

m

-

where the subword 719 is given by 7)) = 700 |z, |7UD ... |1 [76m) 1 < j < m,
such that

e any letter of 77 (1) ... 7(™) is unbarred;

e any letter of m;, m;, - - - m;, . is barred such that |m;, | < |m,| < -+ < |m |;

m

e any letter of (L0 7LD ...z (mmm) ig gmaller than |, |.

On the other hand, any signed inversion sequence that avoids B with at least one
barred letter can be presented as

00; 69,62 ...9, 6D
such that
e any letter of #©9() ... 9D is unbarred;

e any letter of 6;,0,, - - - 0;, is barred such that |0;,| < |0;,] < --- < 10;,1;

id
e any letter of #(V9(2) ... 9D is smaller than |6;,|.

We are now ready to present a bijection a from Z,(A) to Z,,(B). Let 7 € Z,,(A).
If 7 has no barred letters, then we define a(n) = 7. Otherwise, by the above,
we can define a(r) = 0©¢; 019,02 ...0;, 6™ where 6 = 70 and #U) =
7T(j’0)|7Tij |m@1) ... |7rl-j|7r(j’”f), for all j = 1,2,...,m. Hence, 7 € Z,,(A) if and only
if a(r) € Z,,(B), which shows that « is a bijection.

(i) Let A" = {10,01,00,00} and B" = {10,01,00,00}. The proof of (2) is similar
to the proof of (1), where we only look at the decreasing/non-increasing subsequence
of barred letters in Z,,(A’)/Z,(B’) instead increasing/non-decreasing subsequence
of barred letters in Z,,(A)/Z,(B), respectively.

(iii) It follows from the proof of Case (i). O

Theorem 6 (Class 87). We have that {10, 00, 01,00} ~ {10,01,00,00}.



INTEGERS: 26 (2026) 27

Proof. Let us construct a bijection a between A, = Z,(10,00,01,00) and B, =
fn(T0,0i,O(_),OO). Let m = mymg - - - m, € A,. If each letter of 7 is barred, we define
a(r) = m € By,. Otherwise, let m; be a minimal unbarred letter in 7; in this case we
assume that 4 is minimal. Thus, 7 = 7'm; 7" where (1) each letter s of 7’ is unbarred
if |s| > m;, and barred if |s| < m; (because of the minimality of ¢ and avoiding 00,
we see that |s| # m;), and (2) each letter ¢ of 7"/ is unbarred if |¢t| > 7;, and barred
if |t| < m;. Define a(m) to be the same as m where we change any letter ¢ of 7’ such
that ¢t = 7; to m;. Clearly, we see that a(m) € B,,. The inverse of o can be defined
exactly as a where we change any letter ¢ of 7’/ such that ¢ = m; to 7;. Hence, « is
a bijection. O

Theorem 7 (Class 98). Let A = {10,01,00,00}, B = {10, 01, 00,00}, C = {10, 01,
00,00}, and D = {10,00,01,00}. Then A~ B ~ C ~ D.

Proof. We first show that A ~ B. Here we construct a bijection a between Z,,(A)
and Z,,(B). Note that for any 7 = myma -7, € Z,(A), we have that either (1) 7
has no barred letters, or (2) there exists ¢ such that 7; is barred; in the latter case,
every m; with j # ¢ is an unbarred, and there is no k > ¢ for which || = |m|.

Also, for any 7™ = mymy - - -7, € Z,(B), we have that either (1’) 7 has no barred
letters, or (2’) there exists ¢ such that m; is barred; in the latter case, every m; with
J # i is an unbarred, and there is no k < 4 for which |m| = |m;].

In Case (1), we define a(m) = 7. In Case (2), let m;, = m, Ty = Ty oo, T, =
i, T, = 7; with & maximal. Then we define a(m) to be the same as 7, where we
exchange 7;, with 7;,. Hence, by (1)-(2) and (1’)-(2’), we have that = € Z,(A) if
and only if a(r) € Z,,(B), which implies that « is a bijection.

Next, we show that B ~ C. Here, we construct a bijection 5 between fn(B) and
Z,(C). Note that for any 7 = mym -7, € Z,(C), we have that either (1”) 7 has
no barred letters, or (2”) there exists ¢ minimal such that 7; is barred; in this case,
every m; with j # i and m; # m; is unbarred and 7; is barred whenever |7;| = |m;].

In Case (1°), we define S(7) = . In Case (2’), we define 5(7) to be the same as
7 where we replace 7, by 7 whenever k > ¢ and 7, = |m;|. Hence, by (1')-(2’) and
(17)-(27), we have that m € Z,(B) if and only if 8(r) € Z,(C), which implies that
B is a bijection.

Next, we show that C' ~ D. Here, we construct a bijection v between Z,(C)
and Z,(D). Note that for any 7 = mym2 -7, € Z,(D), we have that either (1)
7 has no barred letters, or (2”’) there exists ¢ such that m; is barred (|m;| maximal)
and there is no barred letter m; with |7;| > |m;|, so any letter m; with |7;| < |m;| is
barred.

In Case (17°), we define () = . In Case (2”), we define v(7) to be the same
as m where we replace m, by 7 whenever |m;| < |m;|. Hence, by (17)-(2”) and
(17")-(27"), we have that 7 € Z,,(C) if and only if v(7) € Z,, (D), which implies that
v is a bijection. O
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Theorem 8 (Class 165). We have

(1) {10,01,00, 10} ~ {10,01,00,10}.

(ii) {10,00, 00,10} ~ {10,00, 00, 10}.
Proof. (i) Let A = {10,01,00,10} and B = {10,01,00,10}. Here we construct a
bijection o between Z,,(A) and Z,,(B). Note that for any 7 = mymg -+ - m, € Z,(A),
we have that either (1) 7 has no barred letters, or (2) there exists ¢ such that ; is
barred, so m; with j # ¢ is unbarred letter and there is no k < ¢ such that m, > |m;].
Also, for any m = myme -7, € L,(B), we have that either (1’) 7 has no barred
letters, or (2’) there exists ¢ such that m; is barred, so 7; with j # ¢ and |m;| # ||
is unbarred letter and if |mr;| = |m;| then either j < ¢ and m7; = m;, or j > 4 and
m; = |m|. In Case (1) we define a(m) = 7 and in Case (2) we define a(m) to be
the same as m where we replace 7 by T whenever k < i and 7 = |m;|. Hence, by
(1)-(2) and (17)-(2’), we have that = € Z,(A) if and only if a(n) € Z,(B), which
implies that « is a bijection.

(ii) Define A,, = Z,,(10, 00,00, 10) and B,, = Z,(10,00,00,10). Let 7 € A,, and let
Tiys Tigs - - -, Tk be a subsequence of 7 of all barred letters. So, |m;,| < -+ < |m,|.
Clearly, there is no letter 7; in 7 such that |m;| > |m;,| and j < is, or |mj| = |m,|
and j > i,. Define B(7) to be the same as m where we replace 7; by T; whenever
|| = mi, and j < i for some s = 1,2,... k. Clearly, (r) € B,,. Since 8% = id,
we obtain that 5 : A, — B, is a bijection. O

Theorem 9 (Class 175). Let A = {10,10,00,00} and B = {10,10,00,00}. Then
A~ B.

Proof. Here we construct a bijection a between Z,,(A) and Z,,(B). Let 7 = 7y -+,
in Z,,(A), so all barred letters of 7 stay at positions i1, ig,- - ,im, m > 0, such that
i1 < dg < -+ < iy oand |m,| < |my,| < -0 < |m,|. We define a(m) to be the
same 7 where we change m (respectively, T%) to 7T (respectively, 7;) whenever
ij < k < ijy1 and 1 = |m;;[, where 1 < j < m (here iy,q1 = n +1). Clearly, 7
avoids {10, 10,00} if and only if a(n) avoids {10, 10,00}. Note that 7 contain 00 if
and only if a(m) avoids 00. Hence, « is a bijection. O

As a sequence of Table 4 and Theorems 3-9, we obtain the main result of this
section.

Theorem 10. The number of Wilf-equivalences among sets of four of length-2
patterns is 195.
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5. Sets of k Length-2 Signed Patterns with k > 5

There are (%7) sets of k length-2 signed patterns. Calculating the first 7 terms of
the counting sequence for the avoiders for each of these sets gives the number of
different sequences, as shown in Table 5.

k [5 6 7 8 9 10 11 12
() 792 924 792 495 220 66 12 1
Number of Candidate

Classes 239 190 107 49 22 8 3 1
Number of nontrivial

Candidate Classes 62 69 48 29 12 6 3 0

Table 5: Number of candidate classes and nontrivial candidate classes.

The aim of this section is to show that the number of nontrivial candidate classes
of sets of k length-2 signed patterns is indeed the number of Wilf-equivalences (see
Table 5), that is, in each class, all the counting sequences agree forever, not just
in the first 7 terms (here we do not present the tables of the first 7 terms for the
counting sequences). Note that by the baring operation, we see that |I,,(B)| =
|I,(B)|, for all n > 0. So, in the next tables, Tables 6-13, we do not include barring
of a set B if B is included. In particular, we show the following result.

Theorem 11. Let swy be the number of Wilf-equivalences among sets of k length-
2 signed patterns. Then 239 < sws < 240, swg = 190, sw; = 107, swg = 49,
swg = 22, swig = 8, swy1 = 3, and swio = 1.

As in the previous two sections, we prove this theorem using our main procedure;
when we fail to obtain the desired result (the succession rules and/or the generating
function), we present an alternative proof (see the following theorems). We mark a
trivial candidate class by a star whenever we fail to obtain the succession rules of
its generating tree by our main procedure.

Case k=5
No B Succession rules of T[B] Generating function Fp(z)
1 {01, 00, 00, 00, 01}
{01, 00,01,00,01} € - 0,0; 0~ 0,00; 0 - 00 1+ 2z + 322 + 23
2 {01, 00, 01, 01,00} €~ 0,0; 0 - 00,0; 0 ~ 00 1+12+%
3 {01, 00,01, 00,00} € -0,0;0-0,0; 000
{01,01,01,00,00} €-0,0;0~ 050 0,00
{01, 00, 00, 01,01}
IR _ I 2
{00, 00,01, 01,00} € - 0,0; 0~ 00,0;0 0 1420 + P25
I {01, 00 00,01} € -0,0;0-0;0-0,0
{01, 00, 01, 0T, 00}
{01, 00, 01, 01, 01}
{01, 00, 01, 00, 00}
{01, 00, 00, 00, 00}
{01, 00, 01, 01,01}
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{00, 00, 01, 00,00} € - 0,0;0-0,0;0~0 ﬁ?
—x
5 {01,00,00,01,00} € — bg,ag; bm = by—1>bm—_2,--- - %»w_g
—r—x
bynt1sbms -2 bgs a1, where am = Ol m,
bm = a1 M
3 {01, 00,01, 00,00} €-0,0;0-0;0-0,0
{01, 00, 00, 00, 01}
{01,00,01,00,01} €~ 0,a1; 0« 0; b ~ byy—1bym—2+ -+ - » b2, 0s by
am = bmiby_1s---:b2,0,ap 11, where am =
0", by = amm
Ao o = 2. - = 1—xz—a2
{01, 00,00,01,00} €-0,0;0~ (0)2;0-0 = T er
- - - Pl
7 {01,00,00,01,01} € - 0,a1; bm — by 1:bm_2,---,01,0,bm; T8
am = bmibyy_1s---:b1,0, a1, where am =
0™, by = amm
5T 500 a5 a a a 3_22_op41
8 {01,00,01,00,01} € — O,a1; 0 — 05 bym — bm,by—1s--->b1sbm; m‘_";T)
am = bm, b1, b1, Gpy 1, where am = 0™,
bm = amm
9 {01,00,01,00,00} €~ a1,0; 0~ 0; am ~ i, (am)™ [ P
,00, 01, 00, ~ ay, 05 0~ 0; - Qg1 — -
1-z =" nf_q(1—iw)
10 {00, 00,01, 01, 00}
{01, 00, 01, 01, 00}
{01,00,01,01,00} €~ 0,a1; 0 - 05 am ~ (apmq1)™ L, where am = 1o + 5> klzP
om _

11 {01,00,00,01,00} €~ 0,a1;0 — a1; am — (apt1)™ T, where ap =

Om
{01,00,00,01,01} € -0,a1; am - 0, (ap,+1)™ 11, where am = 0™ 14 5psq (k! + (k= DDk
12%¥ {01, 00, 00, 01, 00}
13 {10, 01, 00, 00,01} € - 0,0; 0 - 01,01; 0 — 01,01; 01 - 01 1+ 2¢ + 422 + 23
14 {10, 01, 00,00,01} € - 0,0; 0 - 01,00; O - 00, 0T; 0T - 00 1+ 23 4 422 + 223
- - - 3
15 {10,00,01,01,00} € - 0,0; 0 - 00,0; 0 - 01, 00; 0T - 01 14 20 + 422 4 J25
— - — Pl
16  {10,00,01,01,00} €~ 0,0; 0~ 00,05 0 - 0, 00 1420+ F25
S - - — 3
17 {10,00,01,00,01} € - 0,0; 0 - 00; O - 0,00,01; 01 - 00, 00 14 20 + 422 4+ D25
18  {10,00,01, 01,01} 0,0; 0 ~ 00, 0; 0 - 00, 00; 00 - 00
{10, 01, 01,00, 01} o
2
I8 67 60 6 14
10, 01, 00, 01, 00
{ } e
19 {10, 00,00, 01,017
{10, 00, 00, 01, 01}
{10, 01, 01, 01, 00}
{10, 00, 01, 01, 01}
{10,01,01, 01,00}
{10, 01, 00, 01,01}
{10, 01, 00, 01, 01}
{10, 01, 01, 00,01}
{10, 01, 01, 00, 00}
10,01, 01, 00, 00 0; 0-0,0; 00,00 1to?
{10,01,01,00,00} €-0,0;0-0,0;0-0, (=o)2
16 01 00 O 5 5 9 ;™ 00 11—z 127m3 m4
20 {10,01,00,00,01} € -0,a1;0 - 0; am - (0)™,00, ay, 1, where am = ggl—)s_‘*;
—x
OTTL
- - - — - a3
21 {io,01,00,00,01} e - 0O,ay; O - 00,0; 00 —  00; 1*12%?
bm - brn—1:bm—2,---sb1; am - (QA-2)f(l-z—a=)
b, bm—1,- b1, Gmp1, where am = 0™,
b = amm
AU - — - 123 _ o4
22 {10,01,00,00,01} € ~ 0,a1; 0 - 05 bm — by 1,bpy_0,...,by,00; =7 =T
4 (l—z)(1—z—2=)
am ~ bmibgy—1.- 551,00, apyy1, where am =
0™, by = amm
23 {10, 00, 01, 00, 01} € - ag,0; 0 - bg; ag - ay,bg,cy; e¢1 ~ 0,bg;
am - Am41500,0,02,03, ..., bm,cmy1;
bin, - b0, 0,b,b3, ..., byy_1;  cm .
b, bg, 0, b2, b3, ..., by _1, where am = 01 - - m,
bm = amm, cm Qpp—1m

I _ _ 2
{10,01,00,01,00} e - 0O,ag; ag ~ cj.bg,ay; 0 =~ bo; iFeHe

€1~ b0,0; bm  — by 1)bm_2,---,bg,0,bg; 1 TETE
em - b 1> bm—2s - » b2, 0, b0, b
am  ~  Cmg1sbmsbpy 1 b2, 0,00, apyqs

where ayy = 01 -m, by = amm, Cm = Ay 1M
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24 {10,01,00,00,01} e - a1,0; 0 - (01)2; oI -  of; %

am - am+1,01,b2,b3,.“,bm, bm .
bm,01,bg,bo,...,by_1, where apm = 07,
bm = amm

25 10, 00, 01, 00,01} €-0,0; 0 - 0; 0 - 0, 0, 01; 01 — 0, 01
10, 01, 00, 01, 00}

{10, 01, 00, 00, 01}

,01,00,01}
, 00, 00,01}

26  {i0,01,00,01,01} e - 0O,ay; O - ©0; 01 -~  010; -
bim, - b 1> by —2s -« -, b1,010;  am o =% )
b by 15 61,0, ay,41, where am = 0™,
bm = amm

27 {10,01,00,00,01} e - a;,0; 0 - 0,00; a; - ag,00; 00 -
00; am - @m41,00,0,b3,bg, ... bm; bm
bm,00,0,b3,byg,...,by, 1, where apm = 0™,

{10, 01,01, 00,01}

120422
(1—z)2(1—2z)

{10, 00, 01, 00, 00}

28 {10, 01, 00, 00, 01}

{10, 01, 00, 00,01} €« a1,0; 0 — 0; am — apyy1,00,b1,bg, ..., bm;
bm, ~ bm,00,by,bo, ..., by _1, where am = 0™,
bm = amm
3
10,00, 0 5,0 2.5 051,0: o1 —z—w
{10, 00,01, 00,01} €~ 0,0; 0 - (0)%; 0~ 0I,0; 0T ~ 01 T—=)(1—2z)

— - 2
29 {10, 00, 01, 00,00} € - 0,0; 0~ 0,0; 0~ 0,00; 00 ~ 002, 00; 002 — 002 1*(1“ )2””
—xT

o 5 0 . 5.60.01: 00 —. 00.00: O 5 1-2z40 ot
30 {10,00,00,00,01} ¢~ 0,0; 0 0; 0~ 0,00,01; 00 — 00, 00; 01 — 0,00 L=2z}z -2
(1—x)?2(1—22)

31 {10, 00, 00, 01, 00}
{10, 00, 00, 01,00}
{10, 00, 00, 00, 00}

{10, 00, 00, 00,01}

{10, 01, 00, 01,00}

{10, 00, 00, 00, 00}

{10, 01, 00, 00, 00}

{10, 01,01, 01,01}

{10, 01, 00, 00, 00}

{Io,01,01,01I,01}

{10, 01,00, 01,00} €-0,0;0 - (0)%; 0 - (0)2

{10, 01, 01, 00,01}

{10,01,01,00,01} € — a1,0; 0 — 03 am — apy1,0,b1,b2, .., bm;
bm ~ bm,0,b1,bg,...,by, 1, where apm = 0™,
bm = amm

{10, 00, 00, 01, 00} e - 0,a0; 0 — 0; by ~ 0,bg,b1,0...,bm; am ~—
0,b0,61,0...,bm,ap 41, where apy, = 01---m,
b = am0

{10,01,00,01,00} € - 0,a0; 0 - 0; by — b by 10> b1,0; am —
b by —15 -+ 50150, @pyyq, where am = 01---m,
bm = apy_1m

{10,01,00,00,00} e - 0O,ag; 0 - 0; 00 - (00)%; am
0, (00)™FL, a1, where am =01 - m

o bmabpy_1,---.b1,

-
S
o
0
3
I
-
g
=8
o
[
o]
s
3
e

{10,01,01,00,01} € — D,ay; 0 — 8,00; 0T — (01)2; 00 — 005 am -
(01)™, ayyq 1, where am, = 0™

{10,01,00,01,01} €~ 0,a1;0~0; 0T ~ (01)%; am - (01,)™, D, apy41,
where a,;, = 0™
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{10,00,01,00,01} € ~ ag,bos am ~ @mi1:b0,b1s - bmili 1w
b, — bg, b1, by ., bm, where am0L---m, by =
amilm
32 {10, 01,00,01,01}
o _ _ _ 2_ .3
10,01, 00, 01, 01 e - ap,0; 0 ~ 00,0; 00 - 00; ap - —L=3z+2z -
! (—2)2(1-3a+22)
am1,01,b2, . bms bm — bm, by bo, . b, g
where ay, = 0™, by = amm
I _ _ — &
33 {10, 00, 00, 00, 01} e -~ 0,a1; 0 - 0,a1; bm -~ (bm)™; am - ﬁ:kzoﬁﬁ
(bm)™, apyy1, where am = 0™, by, = amm
I - - ® k
34 {10,00,01,00,01} € - 0,a1; 0 — b1,a2; bm ~ (bm)™; am - Sp>0 TS0 + Sk>1 TS0
(bm)™, @41, where am = 0™ by, = amm - -
35 {10,00,01,01,01}
{10, 00, 01, 01, 00} e ~ ap,0; 0 - 00,0 067 - 00; am - ﬁf+c(z)
a1,a2, ..., 8,41, where apm = 0™
36 {10,01,01,00,00} €-ay,0;0 05 am - a1,a2, -, amy1,00, where TE_ + (1+ 22C(x))C(x)
ay = 0
37 {10, 00,01, 01,00}
I 2
{10,01,01,00,00} ¢ - a1,0; 0 — 0; by - (byyp1)™F2 ap — 2+ 225 +2k20k!a:’°
(bm)™, A1, 00, where am = 0™, by, = 01 m
I _ 2 20322
38  {10,01,00,00,01} € ~ a1,by; dm  ~  dm,dm_1-- - d1; 22 Seto —oyl-2z—30
(% —2x°4Tx*—bx+1)
bm - dm,dpm—1,---,d1,bmy1;  am -
Gpp415€15€25 - -5Cmi Cm ~ €m,C1,C2, -5 Cm;
where am = 0™, by, = 0™, ¢y = amm,
m = bm M
39% {10, 00, 00, 00, 01}
70 {10, 01,01, 00,01}
I0 BT 07 06 1—2x
10, 01, 01 1 - ; - ; -
{10,01,01,00,01} € a1,bg; am am+1’b0’bl>m s bms bm =) (1-30%22)
brms b0, b1y - -+ bm, where am = 0", by, = amm
41¥ {10, 01, 00, 00, 00}
42 {10,00,00,01,01} e - bp,a1; cm - €0rCls s Cmtli Toggy T Cx)
bm - bos b1y bms am -
€0, €1y -y Cm—1,bm, apy1, where am = o,
b = am0, ¢y = 0laym,
43 {10,01,01,00,01} €~ ay,0;0 05 by — by, ba, .. by y1,010; am ~ G 1 2 + (1+z)<(11—z£30(2)—1)
— —x -
b1, b, ..o, bm, apy1,0, where am = 0™, by =
o1m
T4 {10,00,00,00,00] e - 0,a1; 0= 0,a1; am — ai,as, .. dyq1 where
_om
am = 0
{10,01,01,00,01} €~ a1,0; 0 — 0; am — a1,an,..,amt1,0, where
em=9" _ _ _ _ _ o _
{10,00,01,00,00} €~ a1,0;0 ~a1,0; am — ay,ag, .-, ay41, where 2—C(z)
_gm
am =0
45 {10,00,00,01,01} € - 0,a1; 0 - 0; am - (bm)™F 1 api1: bm ~
(bm)™ T where am = 0™, by, = 0w
{10, 00,01, 00,00} € - ag,0; 0 - 0; ag — ay, (00)2; 00 — (00)2; apm, -
am+1x<bm)m+2? bm - (bm)m+2, where a,, =
0L ---m, by = - m0
o , _ _ k
{10,00,00,01,00} ¢ - D,ap; ag - (b1)%,a15 0 - 0 am - Tp>0 =215
1o +1 = (k+1Dx
(41T amy1s bm ~ (bm)™ T, where am =
01 m, by, =01---(m — 1)m
16 {10, 01,00, 00,00}
R k
{10,01,00,00,00} € - a1,05 0 = a1,0; am - api1, (am)™, where Tlg g5 72—
P n5—1 (1—iz)
7 {10,01,01, 01,00}
{10, 00, 01, 01,00}
{10,01,01,01,00} ¢ - 0,a1; 0 — 0,00; 00 - 00; am — (ap41)™Fh,
where ap, = 0™
{10, 00,01, 01, 00}
{10,00,01,01,01} € - ag,0; 0 - 00,0; ag ~— (a1)2; 00 - 00; am -
(am+1)™T2, where amm =01 -
{10,01,01,00,01} T T~ T T T T T T T 77—
{10,01,01,00,01} € ~ a1,0; 0 - 0; am ~ (bm)™, apmy1,0; bm ~ ﬁj-mzkzo klok
(byn+1)™ 2, where am = 0™, by, =01+ -m
I8 {10,00,00,01, 01}

{10, 00, 00,01, 01}

e -~ 0,a1; 0 - 0; am - 0(_),(am+1)m+1, where
—om

T2 +SEs1 (kL + (B — DHF
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1-524822 323 4244225
(1—z)2(1—2x)(1—3z422)

49 {10,01,00,00,01} ¢ - b1,a1; 01 ~ (01)%; am ~ (0D™, apyy1: bm ~

bmt1:01.¢2, .- em: em — em.0L,co, ..., cm,
where am = 0", by = 0" vem = bmm
50 {10, 00, 01, 00, 01} e - 0,a1; 0 - aj,ag; am — a1,a2,...,a;,11;
m

where a,

{10,00,01,00,01} e - 0,0 0 - 0, a1 LT 0,a1: am - 2C(z) — 1
O,al,a2,4..,am+1,wheream=Oﬁm

51 {10, 01,01, 00, 00}
{10,01,01,00,00} € ~ a1,0; 0 - 0; am ~ apyi1,bm (@m)™; bm

()™, where am = 0™, bn = am0
{10, 01, 00, 01, 00}
S _ _ k
{10,01,00,01,00} e ~ 0,0 0 ~ a3,0; 0 ~ «a1,0; am ~ 142557 F—2—r
m+1 — ogm =" i (1—ix)
am41 (am) , where am = 00

52 {10, 01, 00, 01, 01}
{10, 01,00, 01,01}
{10, 01, 00, 01, 01}
{10,01,00,01,01} €~ 0,a1;0 - 0; am - 0, (ap,+1)™ 1, where ar, =

{10, 0o, 01, 00, 00} 3o SR> klek

3 p
53 {10,01,00,00,01} ¢ ~  aj,coi Cm = C1sCs.-esCmits 1*7”’“3”’2;(21\;15_“‘7‘:;3“’ )V/1—dz
bm, - b1,bo, byl Gt am -
b1.b2, . bm. i1, em. where am = 0™,
by = O1™, cpy = 01™
54% {10, 00, 01, 00, 01}
55 {10,00,01,00,01} € — a1,bg; bm — b1, by i1, byi1: am - c(z)+iﬂ2—6¢‘”2
a1,ag, ..., a;,41, where am = 0", by, = 01™
56% {10, 00, 01,00, 01}
57 {10,00,01,01,00} ¢ - a1,b1; bm ~ (i)™ am  ~ Cx) + 5> k2P
@1,a2, -, Gy, Where am = 0™, by = 0™ -

58% {10, 00, 01, 00, 00}

59  {10,00,01,00,01} e — ag.b1; bm ~— (am—1)" bmi1: am -

(am+1)m+2, where ayy = 01 - -m, by, = 0™

{10,01,00,00,01} € - ay,0; 0 — 012; ay - bi,ag,0T; 0T - (b1)2%; k>0 k!zk+mzizoz%€:0 4
b = (bt 1) ™2 am — (bm)™, a1 b1,
where ay, = 0™, by, = 01---m

60% {10, 01,00, 01,007

61 {10,01,00, 01,007}

62%¥ {10, 00, 00,01, 00}

63% {10, 00, 00, 00, 01}

64 {10, 01, 00,00, 01}
{10,01,00,00,01} e — 0,a1; 0 - bg; bm = (1) ™T2 am -

b—1: (amt1)™ T, where am = 0™, by, = 001™

{10, 01, 00, 01, 00}
{10, 00, 01,01, 00}
{10, 01, 00, 01,00}
{10, 01, 00, 01, 00}
{10,01,00,01,00} ¢ - 0,a1; 0 ~ (a2)?; am ~ (am41)™ L, where

{10,00,01,00,01} €~ 0,00 - (a1)%; 0 - (a1)?; am = (apmy1)™F2, 14255, klaP

where ay, =012---m

65 {10, 00, 01, 00, 01}

66* {10,00,01,00,01}

67% {10, 01, 00, 00, 00}

68 {10,01, 00, 0L, 00}

{10, 01, 00, 01, 00} Theorem 12

69% {10, 00, 00, 01, 00}

70% {10, 00, 01, 00, 00}

T1¥ {10, 01, 00, 00, 01}

T2% {10, 01, 00, 00, 01}

73 {10,01,00,00,01} ¢ — 0,a1; bm ~ by—1,bm—2,---,b1,0; am — Sp>gklzF (1 4+ 2)F+!
b by 15 - -2 5150, (A1) ™ T, where am =
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o _ k+1
74  {10,01,00,00,01} ¢ -~ 0,a15 bm -~  (bm)™ am =~ Tp>g k!mk+zk21:§=o%
by by 15 - -2 0150, (G 1)™ T, where
am = 0", by = amm
75% {10, 00, 00, 00, 01}
76% {10, 01,00, 00, 00}
— — - - - 2
77 {10,10,01,00,01} e~ 0,ay; 0~ 00,0; 00 — 00; arp — (0™ ap vy, (11+2z)
722
where a,, = 0™
- — - N - - 2 52314
78  {10,01,00,01,10} e ~ O,a3; 0 ~ (0D2?; 01 — 01; ap - i=2H2e"-3e 4o
vl . (1—x)
(01) @y i1, where am =0
N - - N 2 5.3 4.5
79 {10,01,00,01,10} e - a1,0; 0 -~ (01)2; o1 .  of; %2_211—_12‘*&
am = apy1.0T,b1bo, by by - (T@T(m@—a®)
010,b1,bo,...,by, 1, where am = om,
bm = amm
80 {10,01,00,01,10} €~ 0,a1; 0 - 01,0; 0T - 0T; ay — (OD)™FL, ap, 19,
where a,;, = 0™
16,01, 0 o 5.0:5 - 5.00: 05 —. 0D 1-z420% 23
{10,01, 01,00,10} € - 0,0; 0 — 0,00, 0; 0 — 0, 00; 00 - 00 B
—x
JRE— - = a0 5. 08 1—ata? 23224
81  {10,01,00,01,10} e - 0O,a;; O - 00,0; 01 - 010; 00 - ﬁQU—T)
= = —x —z—x
00; bm - bp_1:bm_2,---,b1,010; am -
b, by 1,5 b1,00,ap,41, where am = o,
bm = amm
S o 2 . T+ l—ztz?_223
82 {10,10,01,00,01} ¢ ~ ag.0: 0 .~ (0D ol . ol {yEhr=ge
am - am+1,01,b1,b2,,“,bm; bm -
bm,01,b1,bg, ..., byy_1, where am = 0™,
b = amm
83  {10,01,01,00,10} € — 0,0; 0 — 01,00,0; 0 — 0,00; 01 - 01, (00)2;
00 0
{10, 10, 01, 01, 00}
{10,01,01,00,10} ¢ ~ 0O,ag; O - 0,00; 00 - 00; am -
0, (00)™F 1, apy 1, where ap = 0L m
- I C o T 2
{10, 10,00,01,01} € — 0,0; 0 — 00,0; 0 — 0,00,01; 00 — 00; 01 - 1(_15” 2)“”
(00)2, 01 °
84  {10,10,01,01,00} € - ay,0; O ~ 00,0; 00 ~— 00; by ~ (ﬂli)m%Jrc(z)
: —x
b1, by 15 @m — b1,b2, oo, b, apy i, 00,
where ay, = 0™, by, = 01™
3 2
85  {10,01,01,00,10} ¢ - a7,0; 0 - (00)2; 00 - 00; & “‘2)0(11)‘*'12—“”‘*'1)0“‘)
bim, - b1,b2, s by, 010; am - (1—=)
by,ba, ..., bm,ap11,00, where am = 0™,
by = 01™
2
86  {10,00,01,01,10} ¢ -~ O,a;; 0 - (00)2; 00 - 00; am - ﬂz;f—z—)g—lJrz,oomzk
_ —x >
00, apyq 15 (bm)™ 5 b, (bm+1)m+2, where am =
0™, by = aml
87  {10,10,00,00,01} €= 0,0; 0= 01,0; 0 = 0,0,01; 01 = 01; 01 = 01,0, 01
{10,00,01,00,10} € - 0,0; 0 — 0,00,0; 0 - 0, 00; 03 - 002, 00; 002 ~
02 __ _ _ _ _
5 87 66 a a 58 a a aym—+2 1—2x 3(!27(23
{10, 01, 00, 00,10} € - 0,aqg; 0 - 0,01; 01 — 01; a, - (0) a1 4(11'—)47
where a;;, = 01---m &
88 {10, 10,01,01,01} a1: 0 — (0)%; 01 - 015 am — (01)™, 0, apyy 1,
_om
A 70 68 B 5 8T f 57 sr 1—3z+4z2 323
{10, 10, 00, 01, 00} ; 0 - 01,03 01 -  01; ﬁm
s o= —x —2x
01,0, b1, bg, ..., bm; am -
 bmapy1, where am = 01---m,
89 {10,01,00,01,10} e - ag,by; 01 - (01)2; 00 - 00; by -

{10, 01,00, 01, 10}

(01)™, 00, by 415 @m ~ apyt1,00,¢2,¢3, .-, cm;
cm — 00,c9,c3,...,cm, where apy = 0™, by, =
O em=amm_
€ - ay,by; 00 - 005 dy — dm,dpyy—1s---,d1,00;
bm - Aoy dy— 15+ - d1, 00, by 15
am - am+1,00,02,63,...,cm; cm -
00,co,c3,...,cm, where ap, = 0™, by, = 0™,
Ccm = amm, dm = bmm
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2
I ~ ~ R - 1—
{10,00,01,01,10} € -~ ag,0; 0 — 00,0; ag ~ ay,00,01; 00 ~ 00; 01 ~ m%?
0,00,015 am ~ apyq1,00,0,b0, b3, bm. Cmp1s
bm, - 00,0, bg, bg, -+ s bm; cm -
b, 00,0,b3,b3, ... by _1,cm, where am =
01, by = amm, ¢m = Ay _1m
I - B B 1 5.3 1602
90 {10,10,01,00,01} e - ay,by; 01 — 0I5 by — (OD)™ T by 115 ap, . 226z 62" —duil
At 1,€1,€25---,Cmsi Cm ~ €m,C1,€2,---,Cm, (1-2)°(1=3z+a®)
where am = 0™, by = 0™, ¢ = amm
2.3 5.3
91  {10,00,01,01,10} e ~ O,a;; O - 0,00, 00 - o0p; {(d=2+z *f;i@ C(2))C(z)
= —x
am - 00, apmi1:bmobyy_1s---sb15 bm o -
016,bm+1,bm,..,,b1, where am = o,
b = am 1
02 {10,00.01,01, 10 0.a1: 0 0.00: 00 o; EYEE) ok
{10,00,01,01,10} ¢ ~ D,a1; 0 - 0,00; 00 - 00 am - FILE 4wpyokle
00, @yt 1, (bm)™; b — (byy1)™ L, where am =
0™, by = am 1
. - - - - - Pl
93 {10,10,00,01,01} ¢ - O,a1; 0 -~ (00)% 00 - 00; am - & + 1o Sp>qkla”
00, (ay,41)™ L, where ap, = 0™
I - - — - 1 2 o314
94  {10,00,01,00,10} ¢ - O,ags 0 ~ 0,00; 00 - 002,00 Ll=fEdTe _—O6r tz
002 ~ 002 bm - 002,b0,b1, . bm; am (1—2)%(1—2x)
0,b0, b1, -2 bm,apt1, where apm = 01---m,
by = am0
95  {10,10,01,00,00} € ~ 0,a0; 0 - ()2 am - (0™F2, a,,11, where
am =01---m
{10,10,00,00,01} e -  0,a;; 0 -  0,a;: 0l - oI
b - 01,b1,b9, ..., bm; am -
01,by,b2,...,bm,am41, where amym = 0™,
{10, 0,a;; 0 - (0)%; 010 - 010;
by by 15+ -5 01,0105 am -
..b1,0,ap,41, where apm = 07,
{10, ,0; 0~ (0)2;0 - 0,0,01; 01 - (0)2,01
{10, 0, 0 - (0)%2; 010 -  010;
Am4150,b1,b2, ..., bm; b -
010, b1, b5, ..., bm, where apy, = 0™, by = amm
{10,01,00,01,10} €~ ay,by; 0T - (01)2; 00  00; am, — a1, (01)™;
b ~ (01)™, 00, by, 415 where amp = 0", by, = 0™
{10,01,00,01,10} € - ai,by; 01 ~ (01)2; 00 - 00; by -
(01)m,bm+1; am - apyyy1,00,b1, b, b
b — 00,b1,ba, ..., bm, where aym = 0", by =
0", e = ecmm
{10, 01,01, 01,10}
o _ _ 2
{10,01,01,01,10} € — 0,a1; 0 - (025 am - (O™, a1, where ﬁ%
am = 0"
2 5.3 _o4d
70 61 06 35 512 7 6 (5)2 15 1—4dat4a—22° —2x
96  {10,01, 00,00, 10} El(;,go, 0 - 01,0,0; 0~ (0)%; 0T - 010, (0)%; 010 . LF2ZFAe- T8 =20
010
97  {10,10,00,01,01} ¢ - O,ay; 0 - of,00; oi . of d==)?
= (1—2w)2
bm - 01,b0,b1,---:bms; cm
0L, b0, b1, - - by Cppp 1 am -
0T, b0, b1y s by 2 o 12 Gt 15 where
am = 0", by, = 00am 1, ¢y = 00a.m,
- - B - _ 2 .. 3.4
98 {10,10,01,00,01} ¢ - aj,e; 01 ~ 0Ly em =~ (OD)™, emyqs 1(1‘Lm )36?1 Er ey
— —xT —or xT
am - am+1,01,b1,b2,.“,bm; bm -
bm,01,by,bg, ..., bm, where am = 0™,
by, = amm, cm = 0"
99% {10, 00, 00, 01, 10}
75 1061 01 P
100 {10,70,01,01,01} €~ a1,0: 0 ~ (0)% b = b1, b, byt1i am = T-gya—zz) + (=)
b1, b2, ..., bm, apyyq,0, where am = 0™, by =
o1im
— - - - - — - k
. . . . 1 2
101 {10,01,00,00,10} ¢ = 0,0; 0 = 0,a3,0; 0 = 1,015 01 =~ 0%y am ~ Gio + =25 Sk>2 590

am+1’<bm)m+1? bm - (bm)m+1, where a,, =
00™, by = aml
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102 {10,00,01,00,10} ¢ - ag,0; O =~ 00,01; ag - a1,00,c1; 7% + (1+@)Sk>g ﬂff;i
00 - (00)2; 01 — 01; 1 - by, (00025 am - -
Amt1s )™ eiqs bm = (m) ™2 e -

bm,(bm_l)m+1, where am = 01.--m, by =

am0, cm = am_1m

- 1-4z+622—3a2

103 {10,10,00,00,01} ¢ ~ O,a1; O ~ O az,e1; bm - bi b, .. bm; (T Tew
am, - b1,bo, s bmsyamy; cm -
b1,bg, ... bm, Ay i1s €1, Where am = o,
by = aml, ¢y = 01™
104 {10,10,01,01,01} €~ ag,0; 0~ (0)%; am — appy1.0,b1.b2, ... bm; 1,;%2
bm  ~ bm,0,b1,ba, ..., bm, where am = 0™,
bm = amm
105 {10,01, 01,01, 10} € . a1,0; 0O . (0)2; 010 - 010;
bom, - b1,b2, s by, 010; am -
S bm41 @pmy1,0, where apm = om,
m
{10,01,00,00,10} € -  a1,0; O - a1,0; 002 - 002
am =~ Am4lsbmscmsCm—1,---5¢15 bmo -
b b1, 501,002 Cm — CppglsCms -, Cls
where am , bm = am0, ¢ = aml
{10,00,00,01,10} € - 0,a1; 0 - 0,0; 002 — 002 by -
b, b1,y b1 em ~ 002,¢c1,¢, ..., ¢m; am -
b0, P15 bm—1, Cms Gmg1, Where am = 0™,
b = OTam. cm =amd _ _ _ _
{10,01,01,01,10} ¢ -~ O,a;; 0 - (@2 010 - 010 1 + —22 C3)
5 . (1—=z)
am, - O,am+1,bm,bm_1,...,b1, bm -
010, by 41, bm, ..., by, where am = 0™, by =
am 1

I - - - - - _ &
106 {10,01,00,00,10} ¢ ~ 0,0; 0 — c1,a1,0; 0 — a1,01; ¢ - eg,a1,01; TEE — 3=L 5, o, oo
01 ~ 0L; em ~ c¢mit1ram, (by—1)™, am - -

g1 Om)™TL b (bm)™ T, where am =

00™, by = am 1, ¢ = 01
107 {10, 01,00, 00, 10}
o _ k—1
1 1 1
{10,01,00,00,10} €~ a1,0;0 ~ ay,0; ap — am+1,(bm)m+ pbm - 1ozt 1707 Sk>2 ToFs
(bm)™ T where am = 0™, by = am0
T08  {10,10,01,00,00] €~ a1, 0; 0 = ag,0; by = b1, b2, bpui1s am -
b1,b2, .o bm, a1, bm, where am = 0", by, =
o™ _
{10,00,01,00,10} ¢ - 0 T D,a1.0; 0 = O.ari am -
0,a1,ag, ..., a1, where apmp = ad"™
{10,00,01,01,10} € « ag,by; 00 — 00; by — 00, byypqsbm, ..., by; 2=2)C@)=1
am ~ @1,ag, ..., a4, where am = 0™, by =
Om
109 {10,01, 01,00, 10}
k
{10,01,01,00,10} e - a1,0; 01 - e1,01; 01— 0l em - TRo 4Ty %
Cm+1y(bm)m+ i am = Gyt ems (bm)™s bm ~
(bm)m+1, where ay, = 0™, by, = aml, cm =
Oam,

T10% {10, 00, 01,01, 10}

111 {10,01,01,01, 10}
{10,01,01,01,10} € - 0,a1; 0 - (D2 am - 0,441, (bm)™; bm ~ sy a=za) k20 klzk
(byn+1)™ T2, where am = 0™, by = a1

112 {10,70,01,01,00} € -~ ay,by; 00 ~ 00; bm - (byp1)™ T
cm - €1:€25 -5 Cm415 am b
€1,€2, -+, Cm, apmy1,00, where am = 0™,

m

o - N N .2 2
{10,00,01,01,10} ¢ — aj,by: 00 — 00 bm — 00, by, (cm)™; =22 C@)C (x) + 50 BlaP

(1—x)
cm - (Cm+1)m+2; am - @1,a2,. .., Qmym 11,
where ay = 0™, by = 0™, ¢y = aml
113 {10,01,00,00,10} e — 0,ag; 0 — b1,0; b — byyy1,bm,---,b1,0; 2(1—(;2)051)—1
—x
am - 6,(b1)m+1,am+1, where a;, = 01---m,
by = 00™
114 {10, 10,01, 00,01} e - ag,b1; bm — Db1,b2,-...bm; am -
bi,bos s bmsy @iy by, where apm = 0™,
bm

0,00,01,01,10y T~ T~ T T T T T T T T 77—
0,10,00,01,01} ¢ — O,a15 0 — 0,015 am — 0,a1,a9, .-, ami1,

where a,;, = 0™
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sbmg1s

o bm '
—1a
1 m+1,bm, where am,

37

{10,
10.00. 01. 00
{10, 00,01, 00,10} e
—~ ag,0; 0 -
P where a —0" o onam e
P ___Tl__01_ I m-41>9m; ,ag, 0
€ —~ a o 0: ap - .
1,0; 0 — .
: - al,O, e a
15  {10,10,01,0 S - :
,00,00} €~ 0 0 - S
< ,ag; 0 - by,0; b ’ -
0, (b1)™ 1 a m o= bp1s ()™
{10, 10, 0T, 00 00™ m+1, where am = o =
,10,01,00,00} ¢ - a3,0: 0 — S
- € S a1, 0, 0 - a1,0; am — amy —
o o 05 am — at1sbms (@m)"
NS O(m) +1 where a __mm+1,bm,(am)m. Th
e, ™ i ; eorem 12
am = Cm_1 b b1 o
— a " l’c
cm, b ’ m+11b b b
a mA41,bm, b At E
{10,0 aml, cm = 001™ 1 where am = 0™ bm :
51,00,00,10) € -~ ag,0; 0  aq, - -
10 o by b
10} e - g 05 0 - ag,05 br ~ by, ba, ... B
< - a ~ a1,0; by ~ by, b e
b LY sba, ..., b S
o oo s bm41s em; (1—z)(1—
S ——— bm :(’)Tm' m> Am415 Cm—1 vt;’ am mi )( z(éllm_)c(m)—2m2+5z—1
118 {10 ,00,10} , ¢m = bm0 ere em = 0 o
,01, 01,00, 10} 7
119 10,10,0
{10, 10, 00, 01, 01}
€
- a1,0; 0
e e ; v
g AR ; 00 -~ 00; v
120% s b1, b9, b s b2y bms b, o ORISR
I AR AN ,bm,b1,bg, ..., b m - (1—x) z)(1—2x)
121 {10,0 00 } S — o -
0,01,01,00,10} e
- aj,by; b
- o P, ~ bm - (b m+1
LT T 7 m+1,00, where am, :gr,,{) 5 am - x 2
ot i R — T2 C%(x) + = k
123 {10,10,0 am =om' - O am = 0. —
— : s am+1)m+1, where -1=Z
~ ay,by; 00 0 i k
= : Y S i z k>0 P
o S o - 00, (b m+1
- - a1, wh ,m+1) H
{10’00760,0{16} ere am = 0™, by = sz . C(z)+ L
,} s 7 S 17m2k21k31k
i ap - 00,a 0
a - T ’
125% m bm—1:am l; 1,m T :
- I o ;-11( m)™; bm (b 1%
— - "
- {10,10701,01’00} by ) m+1) +2, zzkzok!(kJrZ?*O 1yzk
127 10, 00,0 ) =
{10, 00,01, 01,10} 0
B € - 0,a7; 0
128 {10, 10,01 where uly gwrr(tbl)% 00 - 00 b
0, 10, 01, 00, 01} m = 0", by = aml T (bm+1)m+1 )
€ - ay, 0; ’ kZO(Ez()k_l)H-k :
aj,ag,...,a | ’O ; N ’ —
139% 0,by,ba, . Tb”+1, ,b1, b2, ..., b ; b - e
9% {10 am =0 m,0,b1,0 o " o
S e ,bg, ..., b - YO (x)+2
™ o OOY o , bm = amm »Om—1> where
,01,00, 01,10}
e - a
1,bo5 b
o m -~ bg, by, ..
B %MQ .,am+1,bm, wl:nerle, a"bmtl; oz
{10, 01, 00, 01, 10} 5.a1: 0 - bg.0; L
e - 0,a7; 0 0 b ~ broi1sb
1; 0 - bg,0; -
e 0505 bm = bpyq,b by
1317 m—1>e T here am S
- I g m41sa@m; .-, a1, wher » b1, 05 (1=5z)C(x)42x
32% {10, 01, O - .
i {10, 700,01, 10} ’
- ,01, 00,01, 10}
" ——
{10,10,01,00,01} e T—m)2=C(2))
al,aQ.H* o bo
135 b1,b2’ ,baerl’bO*bl*‘O‘y‘ b o 1
{10, 0 by e m, bg, b T ! S
00T, 0T, 10T € =0 amm 1o bm, where a:: - o S
: ;a1; 0 - 0,b15 cm ~ :
- ) o Cc1,c2, .-, ¢
c1, ¢, s b1, b, b ; T
.., Cm,bm,a s o
m+1, where am = 3
= om

by = 00™ 1
, cm = 01I™
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{10,01,01,00,10} ¢ =«  aj,b1; bm =  byiil.bm.... by 1+ 203 (@) + 122
am ~ Am+1:bm+41>m> Cm41s - -5 €15
Cm ~ Cm41s Cm41sCm, - - -, C1, where am = om,
by, = 0™, ¢y = am 1

136% {10,01,00,01,10}

137% {10, 00,00,01,10}

138* {10, 00,00, 00,10}

139% {10, 10, 00, 00, 00}

140% {10, 00, 00, 00, 10}

141 {10, 10, 00, 00, 00} Open

{10, 10, 01, 01, 00} e - 0,0; 0 - 0,0; am ~ A1, (am)m+1, where Tp>( +1mk -
o gm 2 ,‘37.5:1(1—”)
142%¥ {10, 00, 00, 00, 10}
143% {10, 01, 00, 01, 10}
144 {10, 01, 00, 01, 10}
{10,01,00,01,10} e - 0,by; 0 - a1,01; 01 - (e1)?; am -
Am+1> (enm)™TLS by - am; byt (em)™; cm -
(em+1)™ T2, where am = 00™, by, = 0™, ey =

am 1

145% {10, 01, 00,01, 10}

146%* {10, 10, 00, 01, 00}

147% {10, 00, 01,00, 10}

148 {10, 10, 01, 00, 01}
{10,10,01,00,01} €~ 0,a1;0~0; am ~ (0)™ T, (ay,11)™F!, where
am = 0™
{10,10,00,00,01} € ~ 0,a1; 0 - 0,a1; bm — (i)™ T2 am -

by —1 (am+1)m+1, where am

0
0

-~ -

o =

€~ 0,a1: 0~ 0,(a2)?; am - (apmp1) ™!, where T Sk>o(k + 1)1zk + k>0 klzk

am =0

140 {10, 01,00,01, 10}
{10, 01, 00, 01, 10}
{10, 01, 01, 00, 10} Theorem 13

150% {10, 01,00, 00, 10}

151% {10, 10,00, 00, 01}

152* {10, 00, 00,01, 10}

153* {10, 00,01, 00, 10}

154% {10, 10, 00, 00, 01}
155% {10, 10, 01, 00, 00}
156 {10,01,00,01,10} e -  O,ay3; 0 - (b2 bm -
bm+1:bm41,bm, -5 b1 am -
bm, @1 bms b1, ..., b1, where am = 0™,
by = 00™
S _ _ 2_ —3)/1— 2
{10,01,00,01,10} €~ a1, 050 - (b1)%; b = b1, b2, -\ byi 1, bmp1s = 61+5+(123)‘ Srte
am ~ by,ba, ..., bm, apyq1, bm, where am = 0™,

by = 01™

157% {10, 00, 01,00, 10}

158% {10, 00,00, 01, 10}

159% {10, 10,00, 01,00}

160* {10, 01, 00, 00, 10}

161* {10, 00,00, 00,10}

162* {10, 00, 01,00, 10}

163* {10, 10,00,01,00}

164 {10, 00, 00, 00, 10}

165 {10, 10,00,00,00] < - 21,0, 0 - a1,0;,  am -
aj,ag, ..., am41, (am)™, where apyy =0

166* {10, 00,00,01,10}

167* {10, 01,00, 00,10}

168* {10, 00,00, 00,10}

169% {10, 01, 01, 00, 10}

{10,01,01,00,10} ¢ ~ a1,b15 bm ~ (i)™ am -
1o (bm+1)m+1, where ay = 0™, by, = 0™

=i Ol
[=]
=
=3

=3
(=l
—
SR=]
- -

)m+1,

ol
ol =i
S o
o ol

€ ~ ag,by; bm o~ (bypy
Ap1s (bm+2)m+2, where ay, = 01---m, by =
m
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{10,01,00,01,10} e - 0,a1; 0 - (b0)%; bm = (byp1)™ T35 am -
b 1:ami1s (b —1)™, where am = 0™, by =
{10, e 2 0,a1; 0 — 05 bm - b0,bis--sbm; am - Theorem 14
b0, b1s - bm (4 1)™ T, where am = 0™,
by, = am0
170% {10, 00, 00, 01, 10}
171¥ {10, 10, 00, 00, 01}
172% {10, 01,00, 00, 10}
173% {10, 00, 00, 01, 10}
174 {10, 01, 00, 00, 10}
175% {10, 01, 00, 00, 10}
176% {10, 10, 00, 01, 00}
177 {10, 00,01, 00, 10}
{10, 00, 01, 00, 10} Theorem 15
178% {10, 01,00, 00, 10}
179% {10, 00, 01, 00, 10}
180 {10, 10, 01, 00, 00}
{10, 10, 01, 00, 00} Theorem 12
181 {10,10,01,00,01} ¢ - 0,a1; 0 - (bg)%; bm — (bppy1)™F3 am —
YyM+1 where am = 0™, by, = 00am
{10,10,01,00,01} ¢ - O,a1; 0 - (b1)%5 bm = (b 1)™ 25 am -
b, (am41)™ L, where am = 0™, by = 00™
{10,10,01,00,00} € - O,a15 0 - bgi bm - (bpya1)™T25 am -
0,50, b1+ b1, (api1)m + 1, where am =
0™, by, = 001™
{10,10,01,01,00} ¢ ~ a1,b15 bm ~ (D)™ am - Sk>0 k1L + sk %)Ik
am+1,bm+1,(am+1)m, where ap = 0™, by =
Om
182 {10, 01,00, 00, 10}
10, 01, 00, 00, 10 eorem 1
0,01, 00, 00, 10 Th 2
183% {10, 00, 00, 00, 10}
184* {10, 01, 00, 00, 10}
185 {10,10,01,01,10} e - aj,by; 01 - O0I; 00 - (00025 by -
(01)™, 00, by 415 @m ~ a1, (00)™FL, where
am m m

o - - _ _ _ 2 4.3

10, 10, 01, 01, € - ay,cy; 1 - 1; . ;

0,10, 01,01, 10 1,15 0 0 00 00)2 %ﬁg’%
am = Gp1.00,b1.bg, e b by - (T®T(A22)
01,b1,bo,...,bm; cm - (Oi)m,OG,cm+1, where
A = 0™, by = amm, cm = 0™

I - - - - 2_..3

186 {10, 10,00,01,10} - 0,a; 0 . 0,bg,ay; 01 . 11_4‘” 7‘; _25’
01; cm - 01,cp,c1,---scm; bm - (A-2)2(1-2a)
01,cqg,cq, - ,cm,bm+1; am -
0T, ¢0,€1s -1 Cm—2:bm—1:Gm41 where
am = 0", by, = 00am, cm = bm 1
— - - - - 2_.3 _ Pl
187 {10,10,01,01,10} e ~ ay,by; 00 - (00)2; 010 - 010; 1Fz"—2" 5(y) . __1-3z+tw
101 -z (1—x)2(1—2x)
b - 00, by q1:dm, - - -, dy; dm -
010, dyyy 1. dm. -« d1s Cm = €1.€20- -1 Cmil:
am - €1,€2, ..., Cm, apy1,00, where am = o,
b = 0™, ¢ = 01™, dyy = am 1
188* {10, 10,01, 01, 10}
— - - - - B - _ 3
189 {10,10,00,01,10} e -~ O,ay; O - 0O,eg,by; 0T — O (1 13;’(”1_42‘”@
dm - 01,dg,dy, .-, dm; cm -
01, dg,d1, ... dm, epy1s am .
Olvdovdlx'~'vdm—210m—1vam+1? bm -
0T, dg,d1, -2 dpm—2: Crm—1:Cms b 41, where
am = 0", by, = 01", ¢y = 00amm, dm = cm 1
190% {10, 10,01, 00, 10}
191 {10,10,01,00,10} e ~ a1,0; O ~ ayp,by,0; OI ~ OI, by; (1+I)C'2(I)—m
m - 0T, b1,b2, .2 bymi1s am -
01,b1,b2, .- by 1 Gy t1: bm, where am = 0™,
m = Oam
2 52
192 {10, 10,01,01,10} e - a;,0; 0 - 0% am - ﬁ—ﬂi“_fitszlf)gm}(z)
a1, ag, .., ay41,0,b1,b2, .., bm; bm -
0,c1,¢2,--.,¢cm,bm; em -~ c1,¢2,...,¢cm,

where ay = 0™, by, = amm, ¢y = bm (m — 1)
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2
193 {10,10,01,00,10} € - aj,bp; 01 — a1,01; bm ~ (0)™F2, b, 1 1; <1—’80 gz)—“‘
— - —x
am = @m41sam,--.,a1,0l, where apm = 0,

by =01---m

C(x)+222Ct(2)

194 {10, 10,01, 00, 10} € - aj,cq; ~ 01,b1; b — 01,by,b2, ... by i
cm —- f),bl,bQ,.,.,bm+1,cm+1; am -
0T,b1,b2, by 1, @mp1, bm, Where ap, = 0™,
b = 0am, ¢y =01---m
195% {10, 10, 01,01, 10}
196 {10,10,01,01,10} e - ay,bg; am - 1+ zC3(X)C(x)
@1, a9, s Q10605 b1y - - s b b -
bg, b1, .-, bm,bm, where apmp = 0", by, = amm

2
i5. 10 66 01 o o o o 5 1-2x)/1—4x—4x“+6x—1
197 {10,10,00,01,10} ¢ ~ 0O,a;; 0 ~ 0,bp,ay; 002 ~ bg,002; ( 2)1(1_1)\/ﬁ;

b - b1 bms -5 b0, 0025 am -
b1+ @mt1>@ms---,a1, where am = 0™,
by = 00am,
198% {10, 10, 01, 01, 10}
199 {10, 10, 01,01, 10}
{10,10,01,01,10} e - 0,0; 0 ~ by,(ap)?; 0 - by, (ap)?;
bm, - b1,bo, byt am -
b1, b2, s b1y (apq1)?, where am = 00™,
by = 01™
200% {10, 10,00, 01, 10}
301% {10, 10, 01, 00, 10}
2 3_ .2
202 {10,10,00,01,10} €~ ay,by; 0T — OT,b1; b — O, by, bo, .o by 1-6z+49x 72210 271(z4f4m+1)\/1*4z
m _om z=(1—4x)
am —a1,a2, s g1, (bm)™, where am = 0™,
by, = 0™
203%¥ {10, 10,01, 00, 10}
204%¥ {10, 10, 00,01, 10}
205% {10, 10,00, 01, 10}
206% {10, 10, 00, 01, 10}
207 {10,10,00,01,10F € - a1,b1; bm = 01,02, - bmi1; am -
g1 (b 1)™TL, where am = 0™,
m
e T T _ 2_(1_42)yT—13
{10,10,00,01,10} €~ a1,0; 0 - 0,b15 by ~ bg,bls- -, byyi1i am —~ = 4I+212m(1(i4:)1) s
a1, ag, ..., am4t, (bm+1)m+1, where ay,, = 0™,
bm = O0am,
208% {10, 10, 01, 00, 10}
200% {10, 10, 00, 01, 10}
210% {10, 10, 01, 00, 10}
Z11¥ {10, 10,00, 01, 10}
212%¥ {10, 10,00, 01, 10}
213% {10, 10, 01, 00, 10}
214% {10, 10, 01, 00, 10}
215% {10, 10, 00, 00, 10}
Z16% {10, 10, 00, 00, 10}
Z17% {10, 10, 01, 00, 10}
218% {10, 10, 00,01, 10}
219% {10, 10,00, 01, 10}
220% {10, 10, 01, 00, 10}
221 {10,10,01,01,10} ¢ - 0,0; 0 — (a1)?,a0; 0 - (a1)? ag; am -

G415 @41, @m, - - -5 ag, where am = 00"

222% {10, 10, 01,00, 10}

223* {10, 10, 00,01, 10}

224% {10, 10, 00, 00, 10}

225% {10, 10, 00, 00, 10}

226* {10, 10, 01,00, 10}

227* {10, 10, 01,00, 10}

228% {10,10,01,01,10}

229% {10, 10, 01, 00, 10}

230% {10, 10, 00, 00, 10}

231% {10, 10, 00, 00, 10}

232* {10, 10, 00, 00, 10}

233% {10, 10, 00, 00,10}

234% {10, 10, 00, 00, 10}

235% {10, 10,00, 00, 10}

236* {10, 10, 00, 00, 10}



INTEGERS: 26 (2026) 41

237% {10, 10, 00, 00, 10}

238 {10,10,01,10,10} e - O,a;; 0 ~ (b1)2,01; 01 ~ c,01;
bim, - b1 Pl Cmos Cm—1s - - c1,01;
cm - Cmf1s Cmos - s c1, 015 am -
0,b1,b2, -, bms @yt ams- -, ay, where
am =0, bm =00, em =bml
{10,10,01,10,10} e =~ O,a1; 0 -~ 0L, (b1)% 01 ~ 01,c1; T=9%C(x)
cm - 01,c1,¢c0,..., Com41; b —
0T, 1,2, - Cms b1 Dt 1 am -
0,b1,b2, -, bm,samytsams- -, ay, where
am =0, by = 00", ey = 001™
239 {10,10,00,10,10] € -  O,a1; 0 - 0,b1,a1; bm =
0,b1,b2, - byl aGmp1s@m, - ay;
am, ~ 0,by,bg, ..., by Gy 15 @y - - ay
where ay, = 0™, by, = 00™
{10,10,00,10,10} ¢ - 0,ay3; 0 -  0,bg,a1; bm - Tk>0 ﬁ(?»nyj»l)mk
0,bg, b1, .-, b1 G425 Cmgds - o ar;
am - 0,bg, by, ..., bm—1sCmt1s @ms -« s ay,
where ay;, = 0™, by, = 00am,

Table 6: Succession rules of 7[B] and generating function Fp(z), where |B| = 5.

Theorem 12. We have

(10,01, 00, 01,00} ~ {10,01,00, 01,00} ~ {10, 01,01, 00, 10};
{10, 70,01, 00, 00} ~ {10, T0, 01, 00, 00}
(10,01, 00, 00, 10} ~ {10, 01,00, 00, 10};
(10, 70,01, 80, 00} ~ {10, 10,01, 00, 00}

Proof. Let A — {10,01,00,01,00}, B = {10,01,00,01,00}, and C = {i0, 01,01, 00,
10}. Any signed inversion sequence that avoids A with at least one barred letter
a can be presented as 7@ar™ ...ax() such that 771 ... 7(5) has no barred
letters. On the another hand, any signed inversion sequence that avoids B with
at least one barred letter @ can be presented as 7(@arMarx® ... ax(®) such that
7@ 71 ... 7() has no barred letters. We define a from Z,(A) to Z,(B) by letting
a(pi) be the same as 7, except that we change all barred letters other than the
leftmost letter (if any such barred letters exist) to unbarred letters. Clearly, 7 €
Z,(A) if and only if a(r) € Z,,(B).

By arguments similar to those used in defining the bijection a, we see that there
is a bijection between Z,,(A) and Z,(C) and we obtain

{10, 70,01, 00,00} ~ {10, 10,01, 00, 00},
(10,01, 00,00, 10} ~ {10, 01, 00,00, 10},
{10,10,01,00,00} ~ {10, 10,01, 00,00}

Theorem 13. We have {10,01,00,01,10} ~ {10,01, 00,01, 10}.
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Proof. Let A = {10,01,00,01,10} and B = {10,01,00,01,10}. Any signed inver-
sion sequence 7 that avoid A either (1) 7 has no barred letters, or (2) contains a
subsequence aa - - - aaa - - - a for some a, where the absolute value of each letter in 7
is at most aand no letter smaller than a is barred.

Also, any signed inversion sequence 7 that avoids B either (1) has no barred
letters, or (2) contains a subsequence aa . . .aaaa . . . a for some a, where the absolute
value of each letter in 7 is at most a and no letter smaller than a is barred.

Thus, there is a bijection o between Z,,(A) and Z,(B) defined as follows. Let
7 € I,(A). We define o) = 7 if m has no barred letters, and a(r) = 7’ where 7/
is obtained from 7 after barring all the letters a on the rightmost of the letter @ in
. O

Theorem 14. We have

0,00,00} ~ {10,00, 01,00, 10}
o -

{10,01, 01,00, 10} ~ {10,01,01,0 ,1
10, } ~ {10, 10,00, 00, 01}.

~ {10,01, 00,01, 10} ~ {10

Proof. Note that if T(A) = T(B) then A ~ B. Thus, by Table 6 (see Class 169),
we have that

{10,01,01, 00,10} ~ {10,01,01, 00, 10},
{10, 10,00, 00,00} ~ {10,00,01, 00, 10},
{10,01,00, 01,10} ~ {10,01, 00,01, 10}.

The succession rules of 7 ({10, 10,00, 00,00}) are given by

)7n+1;

€~ Qap, bl; bm ~ (berl A~ Q41 (bm+2

where a,, = 01---m and b,, = 0™. The succession rules of 7({10,01,01,00,10})
are given by

€~ cy,dy; A ~ (dm+1)m+1§ Cm ~ Cm+1, (dm+1)m+1

where ¢,, = 0™ and d,,, = 0™. By mapping 7 ({10, 10,00, 00, 00}) to 7({10,01,01,
00,10}) with a; + ¢;11 and b; — d;, we obtain that
{10, 10,00, 00,00} ~ {10, 01, 01,00, 10}.
Very similarly, we can construct a bijection between the generating trees 7 ({10,
01,01, 00, 10}) and 7 ({10,01, 00, 01, 10}). To prove the last equivalence, we find the
corresponding generating functions. Note that the rules 7({10,01,00,01,10}) can

be translated to Ac(z) = 14+ 2Aq,(7) + Ay, (2), Aq,, () = Ay, (x) +2A4,, ., (2),
and Ay, () =14+ (m+1)xA,,, ., (x). By iterating, we see that

Ap,, (x) = Z Mﬂ, Agy(x) = ZZ kf!xk_l.
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Hence, Ac(z) = Zk>oz 0 o
Moreover, the rules ’T({ 00, 00,01}) can be translated to A.(z) = 1+
) = )

rAg(x) + 1hq, (7), Ag(z) = 53 A, L+ 2370, Ay, (), and A, (2
Loy o Ay (x) + (m + 1)anm+1( x). Clearly, by induction on m, we have that
A0, 0) = . Thus, Ao, (2) = by + (m 4 Dol (o), which (by

iterating) implies that A, (z) = >, % Hence,

,_-H\H’

JFE\ k-1 1
3 DI A ) DL
§>1k>0 k>0 =0 7
which implies Ac(z) =37, Zf 07 Kk
Since F(1,61,00,01, ()}( x) = F16,10,00 ()0,()1}(1‘), we complete the proof. O

Theorem 15. We have A = {10, 00,01, 00,10} ~ B = {10, 00, 01,00, 10}.

Proof. By our method, we see that the generating tree 7 (A) is given by

€~ ay, bl;
A, ~ A1, 02, -y Gt 1,
b ~ Cm,1,Cm—1,2, - - s CLim, bt 1, dim, 1, A2, - -+ iy,
Cm,j ~ Cm,15Cm,2y- > Cm.j5 (Cm,j+1)m+1’
dim,j ~ Crg 1,1, Cm,2, - Gt (dmgn )
Q1,541 Qmt1,j425 -+ - s Ak 1,m+1,5

where a,, = 0™, by, = 0™, ¢j = a;m?, and d, ; = a,j. Also, the generating
tree T (B) is given by

€~ eo, f1,
€m ~ €1,€2,...,E6m41,
fm ~ Om,0,9m—1,15---,91,m—1, fm-‘rla hm717 hm,Za sy hm,ma
9m,j ~ 9m,0,9m,1, - -+ 9m,j5, (gm,j+1)m+l7
hm,j ~ Gm+1,0,9m, 15+ - -5 9j+1,m—5> (hm—&-l,j)j+15
Pomt1,5415 Pmt1,425 -+ s Bt 1,m+1,

where e, = 00", f, = 0™, gy j = ammaj, and by, j = apmj.

By mapping am — em—1, bm = fm, Cmj = Gm,j—1, and dm; = by j, We
obtain that there is a bijection between the generating trees T(A) and 7 (B). Thus,
A~ B. O

Case k=6
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{Io, 01,
{10, 01
{10, 01
{10,01,00,00,01,00} €~ 0,aq; am - O™, ap 41, am =01+ m Géjj
—xT
12 {10, 01,00, 01,00, 01}
10, 61, 50, G0, 05 8. a1 O = O . -
{10,01,00,00,00,01} ¢ ~ 0,a1; 0 = 05 b = by 1. bm 2.2 b1 Go By
am = bmo b1, 01, Gpyt1, where am =
0™, by = amm
- - - — 3. .3 _, 4
15 {10,00,01,00,00,01} € - 0,0;0 —0; 0 - 0,00; 00 — 00, 00 l:ﬁ%;}%jg;giing
16 {10, 01,00, 01,00, 01}
{10, 01, 00, 00, 00, 01}
{10, 01, 00, 00,01, 01}
{10, 00, 01, 00, 00, 01}
T7  {10,00,01,00,00,00F € = ag,b0; @m — @mil: 00, 01: - bmils
bm ~ bg, b1, ..., by _1, where ayy = 01---m,
bm = apy_1m
{10,01,00,00,01,00} € — bg,ag; bm — bm_1:bm_2s---:b0;
am = bypg1sbmo o bgs Gyyp1, where am =
01...m, by = a,,_1m
(mﬁﬁQOm}sw%wﬁmwhwaJVWWWm*iigp
b byy—1s- -5 b0s g1, where am = 0™,
b = amm
18 {10, 01,00, 01,00, 017}
{10, 01, 00, 01, 00, 01}
{10, 01, 00, 00, 00, 01}
{10,01,00,00,00,01} e ~  ai,bg; by ~  bgi am -
Apt1: 00, b2, b3, - - b b -
b s bos b2, b3, -y byy_1, where apm = 0™,
{1I0,01,0
{10,01,0
{10,00,0
{10,01,0
{10,01,0
I - T a2
{10, 01, 00, 01, 00,00} € - 0,0;0 - 0; 0~ 0,0 (Tigﬁ%fﬁggj
- - - - k
19 {10, 00, 00, 01, 00, 01} €~0,a1; a1 - 0,a2; 0~ 0; by — (bm)™; am ~ 11T +Te>1 5%
(bm)"™, apyq1s where am = 0™, by = amm -
20 {10, 01,01, 00, 00, 017}
IR 2
{10, 01, 01, 00, 00, 01} € ~ a1,0; am ~ apm41,0,b1,b2 ..., bm; 1422+ 13,”21
b — bm,0,b1,bg, ... by 1, where am =
0™, by, = amm
— - - — B 3
21 {10,01,00,01,00,01} e 0,a15 0 - 0; 01 — (01)2; am - Afliggi%é%rf
(01)™, appt 1. where am = 0™ (A—2)(1—22)
22 {10, 01,00, 01, 00, 017
o w2423
{10,01,00,01,00,01} € - a1,0: 0 - 0; am — ayyy1,b1.b2, ... bm; fliziﬂl_gwiz 3
bm ~ bm,b1,ba, ..., bm, where ay = 0™,
bm = amm
23 {10, 00,01, 01,00, 01}
{10, 00, 01, 0T, 00, 00}
{10, 00, 01, 01, 00, 01} €~a1,0;0~0; am ~ag,ag,...,a;,41, where
am = 0™
{10, 00, 00, 01, 00, 01} €-0,a7;0-0; am ~ajy,as, ) @41, where ﬁ{»c(z)
am = 0™
24 {10, 01,00, 01, 00, 00}
{10,07,00,01,00,00} € = 03,050 0; am — sy, (am)™, where 25 4550 55—
am = 0" j=1 Jjx
25 {10,00,01,00,00,01) € - a1,0; 0 - a1; Gm - G1.02, - Gmil
where ay;, = 0™
{10, 01, 01, 00, 00, 01} € - ay,0; am - aj,as, yam41,0, where (1+ z)C(x)
am = 0™
26 {10, 00,01, 01,00, 00}

{10, 00,01, 01, 00, 01}
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{10, 00, 01, 01, 00, 01} € - a1,0; 0 —~ 0; am ~ (am+1)m+2, where

{10, 01, 01, 00, 00, 01}

0,01, 01, 00}
0,01,01,00}
0,01,01, 00}
"1, 01, 00}
,01,01,00}
01,01, 00} e - 0,a1; 0 - 0; am - (am+1)m+1, where ﬁ+zk>0 klzk

am =0

=== =="E=1

ol olol ol ol ol
[SIRSRS]

R SIR STt

» 00,

27 01,00, 00, 01,00}

;
.01, 00,00, 01,00}
,

00, 00,01, 01}
,00,00,01,0T} € — 0,a1; am ~ 0, (ay,41) ™!, where am =

=)

{10,00,01,00,00,01} € - ag,0; 0 — ag; am - (apq1)™F2, where rpsqklab + 5y — )12k

Ay = 01---m
28%* {10, 00, 01, 00, 00, 01}
29% {10, 01, 00, 00, 01, 00}
30% {10, 00, 01,00, 00, 017
31 {10, 01,00, 00, 01, 00}
32 {10,01,00,00,01,10} ¢~ 0,0; 0 01,01; 0 ~ 01,01 1+ 20 + 422

01
33 {10, 01,00, 00, 01, 10}
1o ;0-01,01; 0 - 01,01; 01 - 01 1+ 22 + 422 + 23

;0 - 01,00; 0~ 00,0I; 01 — 00 1+ 22 4 422 + 223

34  {lo,01,00, 00,01, 10}
1

35 {10, 00, 01, 01, 00, 10} ;0 00,01; 0 - 01, 00; 01 — 01 1+212+1{7$I
T

0
0,00, 01,01,00}

36 {10, 70~ 00,0; 0~ 01,00; 01 - 0T
o - P, 2
{10, 00, 01, 01, 00, 10} ;0 00,01; 0~ 0,00; 01 - 01 14 2z + 22 + B2
37 {10, 01,00, 01,00, 10} 70 -0,00,0;0-00
o - P 2
{10, 00,01, 01, 00,10} ¢~ 0,0; 0~ 00, 0; 0 ~ 0, 00 1420+ £
38 {10,10,00,01,00,01] € -0,0; 0~ 00; 0~ 0,00, 01; 01 - 00,00
U _ _ B 3
{10,01,00,01,00,10} €~ 0,0; 0~ 0I,00,0; 0 - 00; 0 - 00, 00 1+ 2z + 402 + B
39 {10, 01,01, 00,01, 10}
{10, 10, 01, 01, 00, 01}
{10, 01, 00, 01, 01, 10}
{10, 10, 00, 01, 01, 01}
{10, 01, 00, 01, 00, 10}
{10, 10, 01, 00, 01, 00}
{10, 01 10}
{10, 01 10}
{10, 10 01} € - ﬁ,a}n; 0 - 05 am — (01)™F1 ap, g, where ﬁ,lz)
am =0
I - B N N 223
40 {10,01,00,00,01,10} e ~ a3,0; 0 - (0D)2; ol ~ oI; Ai=2e-z
am = Gppg1.b1.b2. . bmi by - (AT@)(Am@—e®)
by, by, .. by 1, where am = 07,
41 {10, 10, 01
{10, 10, 00
{10, 10, 01
{10, 00, 01
{10, 01, 01
{10, 01, 00
{10, 01, 00
{10, 10, 01
{10, 10, 01
{10, 01, 01
{10, 01, 01
{10, 01, 01
{10, 01, 00, 01, 00
{10, 10, 00, 0
{10, 00, 00
{10, 10, 01

12 {10, 01, 00, 00, 01, 10}
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{10, 01, 00, 00, 01, 10} e~ 0,a1; 0 - 0; am - ((_))m,O(_),am+1, where
_om
am =0
o _ _ _ _ _ _ 2_.3,.4
{10, 01, 00, 00, 01, 10} ~ 0,a1; 0 - (01)2; 0T - 0T; am - 1-2 f I T
(Oi)m,am+1, where ay;, = 0™ (1—=)
T0 BT 08 06 3 a 30 6 A a 17m7m3
43 {1o,01,00,00,01,10} e =~ 0O,ay; O - 00,0; 00 ~ 00; s ;
bon . b1 bm—2,---,b13 am . T T
bms b 155 b1, a1, where am = 0™,
b = amm
i1 {10, 01, 00, 00, 01, 10} €~ 0,a1; 0 = 0; by ~ by, —1,by—2, ..., b1, 00;
am - bm,bp_1,...,b1,00,ap,41, where
am = 0", by = amm
N _ 1Bt
{10, 01, 00, 00,01, 10} e - ay,0; 0 - 03 am - Goma ;
5 —x —r—T
App41500,b7, b2, ..., bm; bm ~
00,b1,bg,...,by_1, where apy = 0™,
bm = amm
o — _ — - 2
45 {10, 00, 01,00,01,10} € - ag,0; 0 — 00; ag — a,00,01; 01 — 0, 00; ixﬁz
- —z—a
am - Qpy41500,0,b9,b3, -, by 415
bm —~  00,0,bg,b3,...,bp_1; cm ~
b, 00,0,by,b3,...,by 1, where apm =
01 M, byp = amm, ¢m = Ay _1m
o N - N 3
46 {10,10,01,00,00,01} e - a1,0; 0 - (01)2; oI - of; ,A—%—2z
am = Gyy1,01,b9,b3, .., bm;  bm -
bm,01,bg, bz, ... by _1, where ay = 07,
bm = amm
a7 {10, 01, 00, 01, 00, 10}
{10, 01, 00, 00, 00, 10} €~ 0,0; 0 — 0,0; 0 — 0, 01; 01 — 01
{10, 10, 00, 00, 00, 01}
{16, 60, 01, 00, 01, 10}
{10, 00, 00, 00,01, 10} ~0,0; 0 01,0; 0~ 0,0; 0T - 01
{10, 10, 01, 01, 00, 01}
{10, 01, 00, 00, 01, 10} - O,a;; 0 - 01,0; 01 — 0T; am -
(o)™, @y 41, Where am = om
{10, 10,01, 00,01,01} T~ T T T T T T T 77
{10, 01, 00, 01, 01, 10}
{10, 01, 00, 01, 01, 10}
{10, 00, 00, 01, 00, 10}
{10, 01, 00, 01, 00, 10}
{10, 10, 01, 00, 01, 00}
{10, 10, 00, 01, 00, 00}
{10,017, 00, 01, 00, 10}
R, 2
{10, 10, 00, 01, 00, 01} 1(;¢+)m
—xT 3
18 {10, 01, 00, 01, 0L, 10}
bm,bm_l,,..,bl,ﬁ,am+1, where ay;, = 0™,
bm = amm
10.01. 01 0 ol 5 17m7w4
{10,01,01,00,01,10} ¢ =~ a1,0 0~ 05 01 - 010, m—5 )
am - 450,01, b2, bms b - r To®
010,b1,b2,...,by, 1, where apm = 0™,
bm = amm
19 {10, 00, 00, 01, 00, 10}
{10, 00, 00, 01, 00, 10} ,0; 0 - 00,01; 0 - 0,0; 00 - 00, 00; 01 ~ 01
{16, 61, 60, 00, 00, 10} 0, 0-0,00,0; 0 0; 00 - 00, 00
{10, 01, 00, 01, 01, 10
16,01, 00, 01 o 5. 05 12242283
{10, 01, 00, 01, 01, e - a1,0; 0 -~ 00,0; a; -~ ag,00; 00 - ﬁgﬁ
. u —z —2z
00; am ~ app41,00,0,b3,b4, . bm; bm -
00,0, b3, by, ...,bm, where am = 0™, by, =
amm
50 {10, 01, 00, 01, 00, 10}
{10, 01, 00, 01, 00, 10}
. 3
{10, 10,01, 00,00,01} € - ay, 0; 0 -~ 03 am - (Tigzjafzxj
Apg1, 00,01, bo, s bms; bm -
b, 00,by,bg, ..., by, _1, where ap = 0™,
bm = amm
51 {10,10,01,01,00,00} € - a1,0; 0 — 03 bm = b1,b2, - bmi1;
am - by,ba, .-, bm, 1,00, where am =
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I ~ _ ~ _ 2
{10,00,01,01,00,10} e - a1,0; 0 ~ (00)2; 00 00; am - =+ 2Z= 4 C(x)

T
a1,ag, ..., ami1, where am = 0™ v
— - - - 2,3
52 {10, 10,00, 00,00,01} € - 0,0; 0 - 0; O - 0, 00, 00; 00 - 0, 00 1—(Il+as )+z
—x 3
53 {10, 00,01, 00, 00, 10}
{10, 00, 00, 01, 00,10} € — 0,0; O — 00,0; 0 — 0, 0; 00 - 00, 002; 002 -
002 _ _
I _ _ o o 2
{10, 01, 00,00,00,10} e - 0O,ag; 0 - 0; 00 ~— 00,0; am - 1—(121‘*')2””
_ _ —x
0, (00)™*1, 4y, 11, where am =01---m
- — - — 34
54 { 10} e - 0,0; 0 ~ 01,00,0; 0 — 0; 0T ~ 00,0; 00 - ~L—22fz-—=_
00, 00 (1—z)Z(1—2x)
55 {10 007}
{10 10}
{10 , 00,01, 00}
{10 0,00, 00}
{10 0, 00, 00}
{10 1,01,01,01}
{10 10}
{10 10}
{10 10}
{10, 10}
{10, 00, 00, 00, 00, 10}
{10, 00, 00, 00, 00, 10}
{10, 01, 00, 00, 00, 10}
{10, 00, 00, 01, 00, 10}
{Io, 01, 00,01, 01, 10}
{10, 01, 00, 01, 01, 10}
{10, 10, 00, 00, 00, 01}
{10, Io, 00, 01, 00, 01} e - 0,a;; 0 - 01,00; 01 -~ O0I; bm -
by bo, ..y bmi am — b1,ba, ... bm, a1,
where ay = 0™, by, am1
{10, 10, 01,00, 00,00} ¢ « O,ag; 0 - 0; 00 — (00)% am -
0, (00)™ 1 a4 1, where am = 01---m
{10,00,01,00,01,10} ¢ - ag.bg: am ~ ami1.b0.b1..-
bm — bg, b1, .., bm, where am
bm = apm_1m
{10,01,00,00,01,10} € — c1,a1: bm -  bmsbm_1s---:b13
am - bmvbm—lv”wblxam-f—l; cm -
cm41-9d1,d2, .-, dm; dm - di,da, ..., dm,
where am = 0™, by = amm, cm = 07,
dm = cmm
{10,10,01,01,00,01} ¢ ~ a1,bg: am — i1, bg:b1s .- bmi bm -
bm,bo, b1, -5 by 1, where am = 0", by, =
amm
{10, 00, 00, 01, 00, 10}
{10, 10, 00,00, 01,00} € — 0, ag; 0 — 05 by ~ 0,bgsb1s- - bm; am ~
0,50, b1, s bms Gump1, Where am =01+ - m,
{10, 10, 00, 01, 00, 00}
{10, 01, 00, 01, 01, 10}
{10, 01, 00, 01, 01, 10}
{10,01,01,00,01,10} ¢ - 0,az; 0 — 0,00; 01 — (01)2; 00 — 00; am —
(01)™, apy 41, where am = 0"
{10, 10, 00,00,01,01} € — bg,a1; 0 - 0; bm — bg, b1, bm; am -
bo, b1y -+ bms Ay g1, where am = 0", by =
am,0
{10,01,01,00,01,10} € - a1,bg; am - @mt1,b0,b1s -+ bm; bm - ﬁ
bg, b1, ..., bm, where ay, = 0™, by, = amm
- - - - 2__3
56 {10,10,01,00,01,01} e -~ a3,0; O ~ 00,0; 00 - 00; —t—3¢2e -z
am ~  ami1,briba, . bms bm - 2)2(1-3z+z=)
by b1, b2, ..., bm, where am = 0™,

m = Amm

57 {10, 01, 00, 00, 00, 10}
{10,01,00,00,00,10} €~ a1,0; 0~ a1,0; am - ami1: (bm)™; bm ~ 722 + 12 Ti>1
(b )™, where am = 0™, by = am 1

58 10, 01, 00, 01, 00, 10}
I _ _ _ k
10,01, 00,01,00,10} € — 0,a0; 0 — a1,bg; am - app1, (bm)™TL; 14+ 5e>1 7555

b — (b )™ 1L, where am = 00™, by = am1
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59 {10, 00, 01, 01, 01, 10}
{10, 10, 00, 01, 0T, 01}
{10,10,00,01,01,00} e - a7,0; O ~ 00,0; 00 - 00; am -
1,42, ...\ Gy 41, Where am = 0™
{10, 10, 01,01,00,01} T~ T T T T T T T 77
{10,10,01,01,00,01} € - a1,0; 0 — 0; by — by, b, -, byy1;
am ~ b1,b2, ..., bm,ap, 41,0, where am =
0™ by, = 01™
{10,00,01,01,00,10}y T T T T T T T T 77
{10, 01, 01, 01, 00, 10} e - 0,a;; 0 -~ 0,00; 00 - 00; am - ﬁ?*c(z)
Uyt 1sam, - .-, a1, where am = om
60 {10, 00,00, 01,01, 10} € - 0,a1; 0 = 0; am — 00, ppi1, Gms .-, 01
m
{10, 01, 01, 00, 00, 10} =5 + (1 +22C(2)C(x)
61 {10, 00, 00, 01, 01, 10}
{10,00,00,01,01,10} €~ 0,a13 0 - 0 am — 00, a1+ (bm)™;: bm
(bm+1)m+2, where ay = 0™, by, = aml
{10, 00, 01, 01, 00, 1
{10,10,00,01,01,00} e - 0O,aj; 0 ~ (01)%2; 01 - O0I; am - z+%+:k>0k!mk
(am4+1)™ T, where am = 0™ -
62 {10,01,00,00,01,10} ¢ - aj,c1; 01 — (OD2 cm ~ (OD™, cppqs *zi(lfhfff?g)
am . Gt1:01:b2. - bm:  bm ~ x x
b1,bg,...,bm, where am = 0", by, = amm,
cm =0
63  {10,10,01,00,00,01} e a ;o1 01; 1)m . l—det5a® 2% 207445
P R T R - 81l = 0L em = (0D, emyqs (1—2)3(1—3a+z2)
am, - am+1,b1,b2,,.,,bm; bm -
bm,b1,bo, ..., bm, where am = om,
bm = amm, cm = 0™
64% {10, 00, 00, 00, 01, 10}
65 {10,10,01,01,00,01} € - a1,bg; am - am+1,b0,b1,..,l7lfrbm; by~ (1790)(11——72;“?)
b, b0y b1y« -« bm, where apy, = 0, by =
amm
66 {10, 00,00,01,01,10} € - 0,a1; 0 - 0; bm - b0, b1, - bmyi1s
cm - €O, Cls -+ +sCm; am -
b0, b1y b1, Cm» Gy p1, Where am = 0™,
bm _=0lam, em =am0
{10, 01, 01, 00, 00, 10} e - a1, bg; am - ﬁ + C(z)
am+1,bm,cm,cm_1,...,cl; bm, -
bmsbyy—15 - -2 b05 Cm ~ CopblsCms - €1
where ayy = 0™, by = am0, ¢y = am 1
67  {10,01,00,01,01,10} < = O,a;; O = 0, am -
0,am41:0m bm_1,---,b15 b -
010, by 41, bm, ..., b1, where am = om,
bm = am1
{10, 01, 01, 00, 01, 10} €~ a1,0; 0 - 0; by — bl,bQ,.,.,bm+1,ﬁio; ﬁf + (1 + x)C(x)
am - b1,b2, .., bm, apt1,0, where am =
0™, by = 01™
68 {10,01,01,00,01,10}f € = a1,0; 0 = 0; @m — 1,02, > Gmt1,0;
where a,
{10, 00, 00,00, 01,10} € - 0,a1;
where am,
{10, 00, 00,01,00,10} € - 0,a1; 0 - 0,a15 Gm — Gmit1s@m,---say
where ap,
{10, 00, 01,00,00,10}y T~ T T T T T T T 77
{10, 10,00, 01, 00, 00} ¢ - al,0;
where am,
{10,01,00,01,0T,10} € — 0,a1; 0 - 0; am — O, @mi1,@m,---s a1
where am =07 _ _ _ _ _
{10,01,00,00,00,10} € — a1,0; 0 — a1, 0; am ~ Gpyy1,am, - a1, G2
where a;, = 0™
69 {10,00,01,00,00,10} €~ a1,0; 0 = 05 am ~ apyp1, (bm) ™25 by
(b )m+2, where ayy = 01---m, by, = am0
{io0,01,01,00,00,10y T~ T T T T T 777
{10,01,01,00,00,10} € — a1,0; 0 — 0; by — (bm)™TL; am - EkZOﬁikﬁﬁ
amt1 m)™TL, where am = 0™, b = am0
70 {10, 10, 01, 00, 00, 00} €~ a1,0;0 - ay,05am ~ G, (am )™, where ﬁ k>0 ;%
i=

am:()m

71 {10, 01, 00, 01, 01, 10}
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{10, 01, 00, 01, 01, 10}
{10, 01, 00, 01, 01, 10}
{1o, 01, 00, 01, 01, 10} €~ 0,a1;0 05 am ~ 0,ap,41, (bm)™; bm -
(bm+1)m+2, where ay = 0™, by, = aml
{10, 10, 01, 01, 01, 00}
{10, 00, 01, 01, 00, 10}
{10, 01,01, 01, 00, 10}
{10, 01, 01, 01, 00, 10} e - 0,a3; 0 -~ 0,00; 00 -~ 00; am - ﬁ? + k>0 klak
(am4+1)™ T, where am = 0™
72 {10,10,00,00,01,01} €~ 0,a15 0 ~ 0; am - 00, (apm41)™FL, where 142z + 551 (1 + (k+ 1)(k — DHaP
am = 0™
- - - - _ 3. 5.3
73 {10,01,00,00,01,10} € — ag,by; 01 — (01)2; by — (01)™, byiq; %@%
am ~ apyg1, (0™, where amp = 0™, by =
Om
7Z  {10,00,01,01,00, 10} € = a1,b1; bm = Bmtl>bmo -, 015 am -
aj,ag, ..., am41, where am =0, by = 0™
{10,01,00,01,00,10} € - 0,a1; 0= a1, 25 Gm = amgtr ams - ais
where a;, = 0™
{10,01,00,01,00,10} - 0,aq; 0 - a,a0; am — @m41sams - - a0,

where ap, = 00™

{10, 10, 00, 01, 00, 01}
{10,00,01,00,01,10} € - 0,a1: 0 — 1,02} Gm — G1,Q2: - - -+ Appp1s
where ap =070 _
{10,10,01,00,00,01} € - ai,bg; bm — b1,b2, .., bypi1; am -
b1, b, Gyt 1, bm, where ap = 0™,
by = 01I™
{10,00,01,00,01,10y T~ T T T T T T T 77—
{10,10,00,01,00,01} €~ 0,aq; 0 ~ ag,a1; am — g, ai, .., amy1, 2C(z) — 1

where ay;, = 00™

75% {10, 00, 01, 00, 01, 10}

o O

76% {10, 00, 01, 00, 01, 10}

77 {10,10,01,00,0T,00} €~ aj,ag; 0~ ag,ag; am - a1, (am)™FL,

where ay, = 00"
10,10, 01, 01, 00 k
{10, 10,01, 01, 00,00} ¢ ~ a1,b0; am =~ amq1s (bm), (am)™s b~ 142551~
(bm)™FL, where am = 0™, bm = am0 i=1

78% {10, 00, 01, 00, 00, 10}

79 {10, 10, 00, 00, 01, 00}
{10, 00, 00, 01, 00, 10}
{10,00,00,01,00,10} €~ 0,a1; 0 - 0,a1; am — (amy1)™ T, where
G = O™
{10, 10,01, 00, 01,01} T~ T T T T T T 77T
{10,10,01,00,01,01} ¢ = O,a1; 0 — 05 am — 0, (ap41)™ L, where ﬁzkzo klzk
am = 0™
80 {10, 01, 00,01, 00, 10}
81 P = . . 1—4m2—z3—z(3—4m—w2)c(m)
{10, 10, 060, 01,00,01} e - ai,bg;  bo - bo;  am - Aoz ali(iom
al,ag,...,am+1,b1,b2,..,,bm; bm -
b, b1y bms b1, bo, by 1, where
am = 0", b = amm
82 {10, 01, 00, 00, 01, 10} < = a1,0; 0 = <1 am =
b1,b2, s bms g1y Cms bm -
b1,b2, . by 15 Com 1 cm .
€1,€2, .-, Cpy1, where am = 0™, by, = 01",
em=01"
{10,01,00,00,01,10} € —~ 0,a15 0 ~ boi bm ~ bymiy1:bm.-- - bos %\/%5“—1
am = by 1:8m41:6msCm—1,---,C1; Cm -
bm, €41 Cms - -+, €1, where am = 0™, by =
001, ¢y = am 1
83% {10, 01, 00,01, 00, 10}
84  {10,10,00,01,00,01} -« - a1,0; 0 - 0;  am - 1’3“;?19”_24:1()’”(1’_1?)1’4”
ai,ag, . ,,am+1,b1,b2,..,,bm; bm -
b1,bo, ..y bm, b1, ba, .., bm, where
am = 0™, by = amm
85% {10, 00, 00, 00,01, 10}
86 {10,01,00,01,00,10} € = b1,a1; @m — il am -, 01; bm -
Y41 Om41>bms -, bo, where am = 0™,
m
{10,00,01,00,01,10} € — aq,bg; bm — b1,b2. -, bm, b1, bmy1: Cle) + 1=2
am -~ ap,ag,...,apy,41, where am = om,

by = 01™
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87 {10, 00, 00, 01, 00, 10}

88%* {10, 10, 00, 01, 00, 00}

89 {10, 00, 01, 01, 00, 10}
{10,10,00,01,01,00} ¢ ~ bi,a1; am - (apmy))™TE by« Cx) + 5> k2P

b1,b2, .-, by g1, where am = 0™, by, = 0™

90 {10, 01, 00, 01, 00, 10}
{10,01,00,01,00,10} ¢ ~ by.a1; am ~ (apmi)™T bm -
brt1s (@m)™, where am = 0™, b,

{10,01,0

10,01, 0 10} e -~ D,a1; ap — 00,ap.bis O - 00; 00 - DpsgkleF +asisoshg Kok
D% am = b1 amg1s Gm)™ bm - -
(bm+1)m+2, where ay = 0™, by = aml

91%* {10, 01, 00, 01, 00, 10}

92% {10, 01, 00, 01, 00, 10}

93 {10, 10, 01, 00, 01, 00}

{10, 10, 01, 00, 01, 00} Theorem 16

94% {10, 00, 00, 01, 00, 10}

95% {10, 10, 00, 00, 01, 00}

96%* {10, 10, 01, 00, 00, 01}

97% {10, 01, 00, 00, 01, 10}

98% {10, 01, 00, 00,01, 10}

99% {10, 10, 00, 00, 00, OL}

100* {10, 01,00, 00,00, 10}

101* {10,01,00, 00, 01,10}

102* {10, 01, 00, 00, 00, 10}

103 {10, 10, 01,00, 01, 00}
{10, 00,01, 01, 00, 10}
10,01

{10, 10, 01, 00, 01, 00}

{10, 01, 00, 01, 00, 10}

{10, 01,00, 01, 00,10} ¢~ 0,a1; 0 - (a2)?; am - (amy1)™H!, where
am=0" _

{10,10,01,00,00,01} ¢ - 0,a1; am — (0™TL, (a4 1)L, where

10, 10, 01, 00, 00, 01 e - 0,a1; 0 — bg; bm ~ (b m+2 4, -
{ } 1 05 bm (brm41) m

b1 (A1) T, where am = 0™, by =
oov™_

01, 00, 01,00, 10}

01, 00, 01, 00, 10}

01,00, 00,01, 10} € - 0,a7; am -
by b0y Gt 1y s - s Cmym
bm - (bm)™; Cm,j -
byl bjs (Cmg1,5)7 s Cmag 1,50 Cmt1,541>

- Cm41,m+1s where am = 0", by = amm,
Cm,j = amj
{10, 10, 01, 00, 00, 00} Theorem 17, 1 4 255> kla®

104* {10, 00, 00, 01, 00, 10}

105*% {10, 01,00, 00, 00, 10}

106 {10, 10,01, 00,01, 10}

H

— _ - - - 3.3
. O,ay; 0 - (00)2; 00 - 00; am H{ff—m)f—

e
(01)™, 00, @y g1, where am = om

Pl
G 37 A0 a a . B a0 a 3. 142z
107 {10, 10, 01, 00, 01, 10} ¢ - 0a;; 0 - 00,0; 00 - 00; am - (?;T)f
(01)™, 00, a1, where am =0

— — - - - 3 53,4
108 {10,10,01,00,01,10} e - a1,0; 0 - (01)2; 01 — 0T; am - Lﬁf*)ﬂm
i _ —x
a1, (O™ where ap = 0™

_ __ _ - - - 2 3 4 5
109 {10,10,01,00,01,10} e - a3,0; 0 - (0D)%; oI - oI; 01 -~ Li=2te -2ev—o too
(1—z)*(1l—xz—x<)

010; am ~ ap41,0L,01,b2, ..., bm; bm ~
010,b1,bo,...,by, 1, where am = 0™, by, =
amm

110 {10, 10, 01,01, 00, 10} e~ 0,0; 0~ 0,00,0; O~ 0,00; 00 - 00

1-z4222 o3

{10, 10, 00, 01, 01, 10} e - 0,0; 0~ 00,0; 0- 0,00,0; 00 -~ 00 e
111 {10, T0,01, 01, 00, 10} 0; 0 0)2; 00 o, zOte—os?
, 10,01, 01, 00, e - ag,0 - (00)2; 00 - 00,4—2—1+C(z)
bm . b1, bo, by am . (-o
b1,02, .-, bm, Gpypq,00, where am = 07,
by = 01I™

112 {10, 10,01, 01, 00,10} € - O,ag; 0 - 0,00; 00 - 00; am -
0,(00)™F ! ar 1, am =01 m
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{10, 10, 00, 00, 01, 10}
{10, 10, 00, 01, 01, 10} . 00 — 00; 01 -
I T T T T T T 2
{10, 10, 00, 01, 00, 10} e~ 0,0;0-0,0,0; 0~ 01,0; 01 — 01 %’%%
—z
15.10. 5. & 5 i 1 1 o1)y™ 1-3z+tde? 4542t
113 {10, 10,01,00,01,10} € - ay,cy; 01 — 01; em ~ 0L, (O1)™, cpppy1; st Tewers:
— —x —2x
am  —~  am41,01,b2,b3, ... bm;s by, -
01,bg,b3,...,bm, where am = 0™, by, =
amm, cpym = 0"
2
114 {10,10,01,01,00,10} e - a3,0; O - 00,0; 00 -  0O; %;;“;T)Jrc(m)
bm - by, bo, . by am - x
b1,b2, ..., bm, ap, 1,00, where am = 0™,
by = 01™
2
115 {10,10,00,01,01,10} ¢ - 0O,a;; 0 - (00)2; 00 - 00; %_27’)?+(1+z)c(z)
am ~ 00,am+1,bm,bm_1,,.,,b1; bm -~
010, by 415 bms - - - » by, where apy = 0™, by, =
am 1
- ~ ~ ~ - ~ )
116 {10,10,00,01,01,10} e - O,ay; 0 - (00)2; 00 - 00; am - ﬂ(lfr—z)zrbrz,oomk
_ —z =
00, am+1,(bm)m; by - (bm+1)m+2, where
am = 0", by = am 1
117 {10, 10,01,00,00,10) € - O0,ag; 0 = 0,01; 01 - 01; am -
((_))m+2, Gy, where app = 01---m
{10, 10, 00, 00, 01,10} ¢ — 0,0; 0 — 01,0; 0 — 0,0,01; 01 — 01; 01 -
01,0,01
I _ 2.3
{10, 10, 00, 01, 00, 10} 1 2?113;») =
—=
118 {10, 10, 01,01, 01, 10}
{10, 10, 01,01, 01,10}
{10, 10, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 10} € ~ ag,;b1; bm ~ (01", by g5 01—~ 0T
01 - (01)2% am ~ am41,01, (01)™, where
m
{10,10,01,00,01,10} ¢ - aj,e;; 01 - 01; 01 - 01,615 cm -
(0O1)™, eppg15 am = apyg1,01, b1, b2, .., bm;
by, ~ 01 .,bm, where a;, = 0™,
bm = amm m
{10, 10, G0, 01, 00, 10} ¢ 1—3-+ds? 303
, 10, 00, 01, 00, -
b - (1—2z)3(1—2x)
(6)2,01, b3,
01:--m,
119 {10, 10, 00, 01, 00, 10} € — 0,0; 0 ~ 00,01; 0 - 0, 00,01; 00 — 00, 00;
01 - 01; 01 - 00, 00, 00
15 0. 61. 65 5 5 5.5 5.5 1—ata?
{10, 10, 01, 00, 00,10} € - 0,0; 0~ 0,0,0; 0 — 0,0 e L)
120 {10,10,01,01,01,10} e - a1,0; O - (0)%2; 010 - 010;
am = amy1,0,b1,b2,. .., bms bm ~
010,b1,bg, ..., bm, where am 0™, by =
amm
{10, 10, 00, 00, 01, 10} € -~ 0,a1; 0 ~ 0,ag,a1; by ~ by, bo, y b
am ~ by,ba, ..., bm, a1, where am = 0™,
by = am1
{10, 10, 00, 00, 01, 10}
{10, 10, 00, 00, 01, 10} 3 . 0,a1; O . 0,ay; O1 - 01;
bim, - 01,by,bg, ..., bm; am -
0I,b1,ba, . ., bm,apy1, where am = 0™,
b = am0
o 2
{10,10,01,01,01,10} €~ a1,0; 0~ (0)2; am ~ apyq, (0)™ 1, where (11—2)1(1212 )
, —z —2x
am = 0™
121 {10, 10, 00, 01, 01, 10}
o , _ ~ , , 2
{10, 10,00,01,01,10} e -~ O,ay; 0 - 0I,bg; 0I - 0I; (11%%?
= —2x
cm - 0I,cp,€15---5rCm; bm -
01, ¢, C1s -+ s Cms byyt1; am -
Ol,co,cl,.,.,cmt2,bm_1,am+}, where
ay = 0", by = 00am, cm = bm 1
122 {10, 10,01, 01,01, 10}
{10,10,01,01,01,10} € ~ a1,0; 0 — (0)%; b ~ b1,bo, .., by i1; m+c(z)
am ~ bl,bz,,..,bm,am+1,0, where ay;, =

0™, by, = 01"
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k
15.170.01.0 G 5. 0: 5 .5 51: © o1 2 1
123 {10, 10,01, 00, 00,10} e - 0,0; 0 - 0’a1’0’+f ~ a7,01; 01 wfll, T2 k>0 Tofz — T2
am - ﬂm+1,(bm)m iobm o= (bm)™TE,
where ay;, = 00", by, = am 1
124 {10,10,01,01,00,10} ¢ - ay,e1; 01 - gi,()ii; bao o 00; om = %74—20(1-)
Cm+41sCms -5 €15 m - 1:02, .- b1
am —~ b1,b2, .., bm, Gy, 1,00, where am =
0™ by = 01", ¢y = 0™
I, - _ ~ - 2 3
125 {10, 10,00,00,01,10} e —~ 0O,ay; 0 - 0,an,c1; bm - 1—(45[1 6)”: 1—3;
b1,ba, o ybmi am ~ by, ba, ... bm,amy; —@)=(1-2z)
em = b1,b2, .., bm, Gy, Cpp1,  Where
am = 0", by = am1, ¢y = 01™
126 {10, 10,01,01,01,10} e - 0,ay; 0 - (0)2; 010 - 010;
am o~ 0,am41,0mibym—1,--5b15 bm -
010, by y 1, bms-- -, by, where am = 0™, by =
am 1
I - ~ 2
1
{10,10,01,00,00,10} e ~ a1,0; 0 ~ a,0; 002 - 002 —— &= 4 1 _C(a)
am - A1 Cms bms by 1, -, b1 (A=2)2(1—22)
Cm = CmsCm1se--5€1,0025 by -
b1 bm, ..., b1, where am = om,
b = aml, cm = am0
5. 10. 61, 00 5 . . m41, _1 1 2k
127 {10,10,01,00,00,10} € - a1,0; 0 - a1,0; am — Gppi1, (bm) B R e S e ¢ ey
bon ~ (by)™ L, where am = 0™, by, = am0
128 {10, 10, 00,01, 00,10y e ~ 0,a;; 0 - 0O,ag,a1; am -
Qg1 @m, -+ -5 a1, where am = 0™
{10, 10, 00,01, 00,10} ¢ - 0,0; 0 - 0,a1,0; 0 - 0,a1; am -
0,a1,as, @41, where am = 00™
{10,10,00,01,01,10} e  —  a1,by; 00  — 00; bm -
00, byt 1 bms - - b5 am -
ay,ag, ..., apm41, where am = 0™, by, = 0™
{10, 10,01,00,00,10} T~ T T T T T T
{10, 70,01,00,00,10} € - a1,0; 0 — a1,0; by — by, b, -, by y1; (z—zl)giz)_l
am — b1,b2, .. b,y Gy p 1, bm, where am =
0™, by = 01
5 T0 AT 0T = 2k zk
129 {10,10,01,07,00,10} ¢ - a1,0; 0 — c1,00; 01 - Ol em - 7o 45> S7—pL
Cm+1:(bm)m+1§ am - amy1sem, (bm)™;
bm — (bm)™ T, where am = 0™, by = aml,
cm = Oam
130 {10, 10, 00, 01, 01, 10}
131 {10, 10, 01, 01, 00, 10}
— — — — — - T S
132 {10, 10,01, 01, 01, 10} e -~ 0,a1; 0 - (0)2; am - 0, apyy1s (bm)™; ﬁ +12i212§:1 J(jljl)! zt
b~ (byy1)™ T2, where am = 0™, by =
am 1
133 {10, 10,00,01,01, 10} € - a1,b1; 00 = 00; am - @1,a2, - am;
b = 00,6415 (em)™; em = (epmyp1)™ T2,
where ay, = 0™, by, = 0™, ¢ = b 1
. ~ ~ 2
{10,10,01,01,00,10} ¢ - ay,by; 00 — 005 bm ~ (byyy1)™ %?+mc2(m)+zk>0k!mk
cm - C1,€2, . s am Lo (A-2) =
C1.C2. - Cm,amy1,00, where am = 0™,
by, = 0", ¢py = 01I™
134 {10, 10, 01, 00,01, 10}
135 {10, 10,01,00,00,10} ¢~ 0,a0: 0 - b1,05 b = by 1, bm,...,b1,0; 24 (f_(i)’” 1
am - 6,(b1)m+1,am+1, where a,;, =
01 m, by, = 00™
136 {10, 10, 01,00, 01, 10}
{10,10,01,00,01,10} e ~ ay,bg; bm ~ bg,b1,---,bmi1; am ~
b0 b1: - b1, @1, bm, where am = 0™,
{10, 10, 00, 01, 00, 10}
{10, 10, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 10} e - ay, bg; am -
Q1,02, s Ayt 1:605 010 -2 bmi bm -
b, b1, -« bm, Where am = 0™, by = amm
{10, 10, 00, 01, 01, 10}
{10,10,00,01,01,10} €~ 0,a15 0 0,a1; am ~ 0,a1,a2, ..., ami1,
where a;, = 0™
{10, 10, 01, 01, 00, 10} e - a1,0; 0 - a1,0 -

@pmt1s@ms - -5 a1, 0, where am
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54

{10, 10, 01, 00, 01, 10}
{10,10,01,00,01,10} ¢ — a1,by; bm — by, ba, .. bymi1; am - C2(x)
b1, b2, bms g1y by g1, where ag = 0™,
+ +
by, = 0™
137 {10, 10,01,00,01,10} e - O,a;; 0O 0; + 1O (x
1 - i am -
R (I—a)v/I—4z
O™ a1 b, 15 b 25 - - b ms
b, j - (0)mF273,(010)7, byyp1 45
bondt1,541> - Pmg1,m41, where am = 0™,
bm,j = ami
138 {10, 10,01,00,01,10} e - a1,0, 0 - 0 am . (—dzt52®—2%)0(2) - (1-22)(1-2)
a1,a2, ... am11,0,b1, b2, ... bm; z2(1-=)
b~ bi,bg, ..., bm,bm, where am = 0™,
bm = amm
130 {10,10,01,00,01,10} e ~  0O,ay; 0O 0; z+(z—1)C(x)
,01, 00,01, ,ag; - ; am - e
S A—2)Vi—1z
(@m+ s @415 0m 15 bm 25+ bmyms
o » ©m+2p .
m,J »Pm+1,5
41,410 bmtl,m1s Where am = 07,
m,j = ami
140 {10, 10, 00, 00, 00, 10}
141* {10, 10, 00, 01, 00, 10}
142% {10, 10, 00, 00, 00, 10}
143 {10,10,00,01,01,10} e -  a1,0;0 -  00,0; 00 -  0O; 22(“”3_2””2"'3“” L)
am, - @1,a9, s A1, b1ba, .. by (BT (=D VI—dat32-1)
by — 00,b1,b9, ..., bm,bm, where ap, = 0™,
bm = amm
144 {10, 10, 00, 01, 00, 10}
R o — , _ — 2 E
145 {10, 10,00,00,01,10} € -~ 0,a3; 0 ~ 0,a15 em = Cmi1,sCm,- .-, C0; 12;27?1“'4;\/174:3 - 1;4;
am = Cm_1,%m41,bmsbm 1,5 b15 bm - sV “
c¢m, b1, bm, ..., b1, where am = 0", by, =
aml, ey = 001
146 {10, 10, 00, 00, 01,10} € w20,u.1; aj; -~ 00,ag,b;; 0 - Gy’nal:' 00 - Zn>0 n!(n+zQ:0%)w"
(®1)% am  ~ bym_1,am41, (Bm)™; bm -
(b1 ™2, where am = 0™, by = am 1
T47% {10, 10, 01,01, 00, 10}
148 {10, 10, 01,00, 01, 10}
{10, 10, 01, 00, 01, 10} € - 0,a7; 0 - 0; am -
8 1
@™+ yam41bm 1 bmyms
‘ ° b )
b, j - ™20, bmg1,5)7 5 bng1, 50
bindt1,j41> s Pmg1,m41, where am = 0™,
m,j = amd
140 {10,10,01,00,01,10} €~ 0,a1; 0 ~ by, 05 bm ~ byt 1sbms -« - bo, 03 “*41)(1;1};(5“)“*41
am = byy—1,Gm41>Gms - -, a1, where am = e(1-42)
0™, by, = 00am
150% {10, 10, 00, 00, 01, 10}
r — - 210, 23 3302 ;
151 {10,10,00,00,01,10} € ~ ay,by; bm = b1, ba, .- bpymi1; am - 932&“153;;32 4 4z 2'33z1 4;1(3172
a1,ag, ..., api1, (bm)™, where am = 07, rvizaw
by, = 0™
152% {10, 10, 01, 00, 00, 10}
153 {10,10,00,01,00, 10} € = 0,0; @m — a1,02, -+ Gmt1; Om -
a1,a2;, -, am,bm41,bm,cm 2,5 Cm,m;
Cm,j - A1y @2, Gm)s Cimt 1, Con s
Cm,j+41s-- s Cm,m, where am = 07,
by = 0™, Cm,j = ami
{10, 10, 01, 00, 00, 10} e - 0, 0; 0 - 0; am 2xC(z)+2—2x
Q1,825 Qm415Cm, 0> Cm,1s- -2 CTL, M Az
Cm,0 = Cm.0sCm_1,00"1€0,05 Cm,; -~ —Y2(+22)VI—dwr+1-8x+2z?
Cm42—j,10 2 CmA1,50 Cm,jo - o Cj, 50 Where e
am = 0™, Cpy i = ami
154* {10, 10, 00, 00, 00, 10}
155 {10, 10,01,00,00,10} - a1,0; 0 - 0;  am = + 2C2(z)
a1, a2, s ami1s (Om) Db~ (b)) ™, 541)(2C (2))*
he om bo} (k1) (z~ (x))
where a;, = 0 “k>1 I—(k+1)x
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—243z—22—o/xZ—6z+1

156 {i0,10,01,01,00,10} ¢ - a1, b1; am =
Am+41:0m+41:m>Cm—15---5C€1; + (1—z)C(x)
m - bypt1sbm, .o bys cm - g
Cm41 Cmg1>Cm,---,c1, where am = o,
b = 0™, ¢ = am 1
T57% {10, 10,00, 00,01, 10]
T88% {10, 10, 00, 00, 00, 10}
T89% {10, 10, 00, 00, 00, 10}
T60% {10, 10, 00, 00, 00, 10}
T61% {10, 10,00, 0T, 00, 10}
T62% {10, 10, 01,00, 01, 10]
T63% {10, 10, 00, 00, 01, 10}
T64% {10, 10, 00, 0T, 00, 10}
165 10, 10, 00, 00, 01, 1
65% {10, 10, 00, 00, 01, 10
I 3_ 3 3_
166 {10,10,00,00,01,10} € ~ a1.bo: bm ~ bi,ba, .- bpi1s am - gogrotl 4T 2+15%3:+1
m+1 am x A
at, a9, amy1s (bm) . where ay, = 07,
by = 01™
P 3
167 {10,10,00,00,01,10} ¢ — aj,bgs bm ~ bgibi,--- byt am - (02 =9242)vI-do—282"+150-2
e L 20Tz
a1, a9, apmy1s (bm)™, where am = 07,

b, = Oam

168* {10, 10, 01, 00, 00, 10}

169% {10, 10, 00, 00, 0L, 10}

170* {10, 10,00, 01,00, 10}

171* {10, 10,01, 00, 00, 10}

172% {10, 10, 00, 01, 00, 10}

S - - 3 -
173 {i0,10,01,00,01,10} e ~ O,a;; 0 - (012  bm 2" —6rtS+(z-3)iz"—Gatl

bm+1>bm+1,0m, -, 013 am, .
S e S S where
am = 0", by, = 00™

174 {10,10,00,01,00,10} € - a1,b1; bm = (D)™ am - C’(ac)+):j>1j!a:j
. .,am+1,(bm)m, where ay, = ml_mgmcgznm

+ 2> 9t Sy m—1)1

175% {10, 10, 00, 01, 00, 10}

176* {10, 10,00, 00, 00, 10}

177% {10, 10,01, 00, 00, 10}

178* {10, 10, 00, 00, 00, 10}

179% {10, 10, 01, 00, 00, 10}

180  {10,10,01,00,01,10} € ~ O,a1; 0 - (bg)%; bm ~ (bymy1)™T3;
am = b1, am41s (by—1)"", where am =

15. 10. 6. 01. 05. 15 1 1 j
{10,10,01,01,00,10} ¢ ~ a1,b1; bm - ()™ am  ~ 1o 455515,

amt1s O™, where am = 0™, by =
om

181% {10, 10, 01, 00, 00, 10}

I - N I - ~ 3 _..3
182 {10,10,01,01,10,10} ¢ - aj,bys 01 - 0L; 00 - (00)% b - 1(13w )35?1 25;)
T 5 = —x —2z
(01)™, 00, byyy 15 am — a1, (00)™ L, where
am = 0™, by = 0™

183 {10,10,01,0T,10,10} ¢ - aj,b;; 00 e+ 222 o3y
00, by g1+ dims dypy 15 - - -
dmt1sdms- - d15 cm
am = €1,€2,---sCms by, 00, where

am = 0™, by = 0™, ¢y = 01™, dyy = by 1

1—da+t722 525

184 10, 10, 01, 00, 10, 10 - , 0;0 - ,b1,0; 01 - 01;
{ }ooe aj ay, by O A oZ(i—20)2

bm - bim41s€ms Cm—1s---5¢1,01;

cm ~ Cms €1+ ->€1,01;  am -

am+1,bm,cm71,cm72,H,,cl,Dl, where

am = 0", by = O0am, c¢m = bm 1

~ Da;; 0 - (@%  aym - 20=2C@)-1

185 {10, 10,01,01, 10,10} €
@™+ a1, am, ..., a1, where am = 0™

186 {10, 10,00,01,10,10} € - 0,a;; 0 ~ 0,bg,a;; 0l - 00,01; C(z)+ C?(x) —
bom - brm41s bm, - -5 b, 015 am .
bm—1:m41:bm—2,---,b0,01, where

A = 0", by, = 00am,
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o . ~ o - - 2, — 2
187  {10,10,00,01,10,10} ¢ ~ ©O,ay; 0 - 0l,bg; 01 - o01; (& Fe-DVI-dota®—Satl
o1 ) b 2x4(1—2x)
cm - 1€0s €Ly s Cm m -
0T, c0yC1s- - Cms by 1 am -
0,b0,b1, -2 byy 1, @mit1sam, .-, a1, where

—om — 0b _ I
am = 0™, by = 00am, cm = bml

188 {10, 10, 01, 00, 10, 10}
{10, 10, 01, 00, 10, 10}
{10,10,00,01,10,10} € = 0,a3: 0 = 0,515 by = 0, b1, ba, - -+, by 1
am ~ 0,by1,ba, ..., bm,amy1,am,...,a1,
where am = 0™, by =00™_
{10, 10, 01, 00, 10, 10} € - ai,by; 01 - a1,01; by -
a1,a9, . s m, by 1, bms b1 am -
Ayt 1sam ..., a1, 01, where am 0™, by = om
{10,10,01,01,10,10} e - 0,0; 0 - (a3)2,bg; 0 ~ (a1)?,bo;
am = amsam,bms bm—1s-- s boi bm -
bt1:bms -5 bg, where am = 00™, by =
am 1
{10,10,00,01,10,10} e — aq,by; Ol  —  ¢1,01; cm - ———
T—4o
Cm41s Cms cy,01; bm -
emy bmt1s Em_1:---»c1,01; am -
Q1,02 s Gy 1sbms by 1, .-, b1,  where
am = 0™, by = 0™, ¢y = Oam
189% {10, 10, 00, 00, 10, 10}
190 {10, 10, 00, 00, 10, 10}
{10, 10, 00, 00, 10, 10} e ~ 0O,a15; 0 ~ aj,ag,a1; am -
@1,a0, s Am, A1 Gms - - G5 where
Qg = 0™
. o e o T 6722
{10, 10,00, 00, 10,10} e ~ O,ay; O -  O,a1; am l—e—{1-6ots
0,a1,a2,...,am,am11,am,.--,a1, where
am = 0™

Table 7: Succession rules of 7[B] and generating function Fp(z), where |B| = 6.

Theorem 16. We have {10, 10,01,00,01,00} ~ {10, 10,01, 00,01,00}.

Proof. Let A = {10,10,01,00,01,00} and B = {10, 10,01, 00,01,00}. Any signed
inversion sequence that avoids A with at least one barred letter a can be presented
as 7'aa---a, where ' has no barred letters. On the another hand, any signed
inversion sequence that avoids B with at least one barred letter a can be presented
as 7"'@aa - - - a, where 7 has no barred letters. We define o from Z,,(A) to Z,(B)
by «a(w) is the same as w, where we change the barred letters (if exist) except
the leftmost letter to unbarred letters. Clearly, m € Z,,(A) if and only if a(m) €
Z.(B). O

Theorem 17. Let A be either {10,10,01, 00, 00,01}, {10, 10,01, 00, 00,00}, or {10,
01,00, 00,01,10}. Then |Z,(A)| = 2n!, for alln > 1.

Proof. Any signed inversion sequence avoids A contains at most one barred letter,
which says that the corresponding signed permutation contains at most one barred

letter. So, |Z,(A4)| = 2n!, for all n > 1. O
Case k=7
No B Succession rules of T[B] Generating function Fpg(z)
1 {01, 00, 00, 01, 01, 00, 01}
{01, 00, 00, 01, 00, 00,01} € - 0,0;0 -0 14 22 + 22
2 {01, 00, 00, 01, 01, 00, 00}
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e~ 0,ay; 01 — 01; am ~ (0I)™, @y 41, where

am =0

12204252
S L

1,00, 01, 00, 00, O1}
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€

bm
0™, by = amm
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- bm,by,bo,. ..

= @mp1,b01,b2, .., bm;

sbm—1, where am =

1+e+ 125

10
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€

a1, 07 am

a1, a2, Gmy1, where

z + C(2)
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Q1. where am =
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59

{10, 01, 00, 00,01, 00,10} € ~ 0,ap; am ~ (5)m+2,am+1, where am, =
..-m___
{10, 10, 00, 01, 00, 00, 01}
{10, 01, 00, 01, 00,01, 10}
{10, 10, 01, 00, 01, 00, 01}
{10, 01, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 01}
{10, 10, 01, 00, 00, 00, 01}
19 {10, 01, 00, 01, 00, 01, 10}
{10, 01, 00, 00,00, 01,10} €~ a1,0; 0~ 0; am ~ ap1,b1,02, -, bm;
bm — by,bg,...,b, _1, where am = 0™,
bm = amm
10,01, 00, 01, 00, 01, 10
10, 61, 60, 60, 00, 01, 10} o o o 1-a? a8
,01, 00, 00, 00, 01, e - Oap 0 -0 am - ETNET oy
by by 1 s b1y Qg1 bm, -
b—1:bm—_2,---,b1, where apm = 07,
b, = amm
20 {10, 01, 00, 00, 01, 00, 10}
{10, 01, 00, 00, 01, 00, 10} € - 0, 0;0 - 00, 0; O - 0; 00 ~ 00, 00 1-z—o?—23
- 0,0;0 - 00,0; 0~ 0; 00 ~ 00, T==2)(1—22)
21 {10, 01, 00, 00, 00, 01, 10}
{10, 01 01,00,01,10}
{10 01,00,01,10}
{ 00,01, 00,01}
{ 00,00, 01,10}
00, 00,01, 10}
00,01, 00,10}
00,01,01,10}
00,01, 01, 10} 6.a1: 01 i 1™ 5 1—z4a3
,01,01, e ~ 0,a1; 01 ~ 0I5 am - (01)™,0,ay,41, Ty
where a,, = 0"
22 {10,100, 01,00, 00, 01, 10} € — aq, bgidm — Gmy1, 00,01, -
bo,bl,.,.,bm+1, where am
bm = am_1m
{10, 01, 00, 00,01, 01, 10} € - b, a1; bm — byy—1:bm_20---»b0; am
by by —15 -+ 5 b0, @1, where am = 0™,
b, = amm
{10,01,01,00,00,01,10} € ~ a1,bg; am — apmy1:b0,b1s- .- bm; %
_ —xr—x
bm ~ bg,by1,-..,by 1, where am = 0™,
b = amm
23 01, 00, 00, 10}
00, 01, 00, 00}
01, 00,00, 10}
00, 00, 01, 00}
01,00,01,10} ~ bm, by 1, ,bos am -
..y bQs pyq1, where am = 0™,
{10, 10, 01,00, 00, 00,01} T T T T T T
{10, 10, 01, 00, 01, 00, 01}
{10,01,00,01,00,01,10} e ~ a1,bg; am ~ apm41,b0,b1,---,bm;
by, — b, b1, ..., bm, where am = 0™, by, =
amm
35 T0 8560 61 00 5 5 5 5 1—z—a2
{10, 10, 00, 00,01, 00,01} e — 0,a3; 0 ~ 05 bm ~ 0,b2,b3,...,bm; (74 T—22)
am - (_],b2,b3,.,.,bm,am+1, where ay, =
0™, by = am 1
21 {10, 01, 00, 01, 00, 00, 10}
R _ k
{10, 01, 00,01,00,00,10} € ~ a1,0; O - 0; aj ~ ag,0; am ~ ﬁJerzolfW
a1 (bm)™5 bm - (bm)™, where am =
0™, by = am 1
_ 2
25 {10,10,01,01,00,00,01} € — a1,0; am - amt1,0,b1,b2, .., bm; 1422+ 13_121
b ~ bm,0,b1,bo, ..., by, _1, where apy =
0™, by = amm
26 {10, 01, 00, 01, 00, 01, 10}
o _ _ _ I N 3
{10, 01, 00, 01, 00, 01, 10} 0,a1; 0 - 0; 01 - (01)2; am %’5%
(01)™, apyy 1, Where ap, = 0™ (A—w)2(1-2x)
[, ] . . _1-20—a24a3
27 {10, 10, 01,00, 01, 00,01} €~ a1,0; 0 - 0; am ~ @pyt1,b1,b2, -, bm; O satsD)
bm ~ bm,b1,ba, ..., by, where ap, = 0™,
bm = amm
28 {10,10,01,01,00,00,01F € - a1,0; am = 01,02, - bm,am41,0;
bm = b1,ba, ..., by, where am = 0™,
by = 01
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ol
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01, 00, 01, 00, 00,

10}

€ ~- a1,0; 0 - 0; am ~ A15 Gms - -5 @5
m

where ay, =

{10, 10, 00, 01, 01, 00, 00}
{10, 00, 01, 01, 00, 00, 10}
{10, 00, 01, 01, 00, 01, 10}
{10, 00, 01, 01, 00, 01, 10}
{10, 10, 00, 01, 01, 00, 01}
{10, 10, 00, 01,01, 00,01} € — aj,0; 0 — 0; am ~ ay,ag, ..., am, where
— m
am =0
{10, 01, 00, 01, 01, 00, 10}
{10, 01, 00, 01, 01, 00, 10}
{10, 00, 00, 01, 01,00,10} € — 0O,a1; 0 — 0; am - Appg1s@m, - -5 a1,
where a,, = 0™
{10, 00, 00, 01, 00, 01,10} € - 0,a1; 0~ 0; am ~ a1, as,...,am, where lfx + C(z)
am = 0"
T 0T 0 0O m x (I,‘k
29 10,01, 00, 01, 00,00} € - allO; 0~ 0; am ~ AUmt1s (am )™, where i +Zk20 m
am = 0™ 7=1
m
30 01,01, 00, 00,01,10} € - a1,0; am - @1,82, - Gmt1,0, where
io0, 00,01, 00,00,01} T T T T T T T T T
00, 01, 00, 00, 01, 10} ai; am - ay,ag, s Am41s
{10, 01, w0y T
{10, 01, 10} €~ a1,0; am ~ 0,am,41,am,...,ay, where (1+ x)C(x)
— m
am =0
31 {10, 10, 00, 00, 01, 01, 00}
{10, 10, 01, 00, 01, 01, 00}
{10, 01, 00,01, 01, 00, 10}
{10, 01, 00, 01, 01, 00, 10}
{10, 10, 01, 00, 01, 01, 00}
{70, 01, 00, 01, 01, 00, 10}
{10, 01, 00, 01, 01, 00, 10}
{10, 00, 10}
{10, 00, 10} € - 0,a1; 0 ~ 0; am ~ (ap41)™TL, where
am = 0"
01, 00, 0}
o1, 0} € — O,a1; am - 0,amy1, (bm)™; bm - T§;4+zk20kmk
(bm+1)m+2, where am = 0™, by, = am 1
_ - _ 2 —dr—252 1
32 00, 01, 00, 00, 01, 10} - aq,0; a 14w 24z 2224w
Cm,1rCm—1,2>>C2,m—1>9m; B
am+1,0,b2,b3, oo, bms €m,j ~ Cm4j—1,1-
Cm4j—2,20 1 Cm,jo Cmj+1 0
b2, b3,y b 15 bm .
0,bg,b3,...,by,_1, where am = 07,
bm = amm, ¢, ; = ammJ
33
e~ 0,a1;0 ~ ay; am ~ (am+1)m+l, where
am = 0™
10, 01 01} €~ 0,a1; am — 0, (ap+1)™ L, where am = (1+ @) 55 klaP
om —
10.00. 01 5 1
34 10, 00, 01 01} e - 0, 0; am, - A
Y @1,a9, s Qg g1s b1, b2, bms o+V1-dz
bm - b1,ba, ..., bm, b1, b, by,
where ay, = 0™, by = amm
35 01, 00, 00, 01, 00, 10} e = 0, 0; am =
bm,bmpm—1,---5,b1:am41,amsCm 2,
Cm,35 s Cm,m; bm -
b byy— 1.5 b1s Cm,j ~
bmt1—j>bm—js>- b1, (0791, Cm41,51
Cm,jsCm,j41 -+ €m,m, where am = om,
bm = amm, ¢y j = ami
36* 01, 00, 00, 01, 00, 10}
37F 10, 01, 00, 00, 01, 00}
38% 01, 00, 00, 01, 00, 10}
39 10, 01, 10} €~ 0,0; 0 - 01,01; 0 - 01, 01 14 22 + 422
40 10,01, 00, 00,01, 10} € - 0,0; 0 — 01,01; 0 - 01, 01; 01 - 01 14 22 + 422 + o3
41 10, 00, 01, 01, 00,10} € — 0,0; 0 — 00,01; 0 - 01, 00; 01 ~ 01 14222 4 22
— — - 2
42 10,00, 01, 01, 00,10} € - 0,0; O ~ 00, 0; O ~ 01, 00; 0T - O 1422 4 22 4 $25
i3 10, 01, 00, 01, 00, 10} € - 0,0; 0 - 0, 00, 0; 0 — 00
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10} € - 0,0;0 ~ 00;

o 2
~.0,00,0 1420 + 25
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44 10} €-0,0; 0~ 00; 0~ 0,00,01; 01 - 00, 00 1+2z+4z2+15271

o| o
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o
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=

15 10}

10} € 0,a1;0 - 0; am - (0D)™FL, a,, g, where

e Bl
[ ]
|
o
=
|
o
I O
o
)
=)
=

ol
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ol
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10} € - 0,a1; 0 - (00)2; 00 - 00; am -

~
=i
ol
=i
o
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=i
ol
=
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o
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ol ol oI oI

oo 00 00
ol ol

e
[

[= K=l =TF=1]
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0 .0 0: 0. (o0ym+1 14z%—z

10} € ~ 0,ag; 0 ~ 00; am, ~ 0, (00) amyrs SEESE
where ay, = 01---m

AN mes m s s
=i
ol
=
=)
ol
=
=]
=
=1
it
=}
o

— - S - - 3__4
1,00,00,01,10} € - a1,0; 0 - (01)%; 0 - ag,01; 01 - 11_2#?

OT; am  — dppg1sb1o b, by bm - (TR0
ﬁm

=
=)
(=1}

46 {10,

» bm =

by, bo, .-y byy_1, where am =

a7 0, 01,01,

0, 01, 01,

(=i =g

ol
[t =t R SRS TS
(==
=)
=1
o
=

ol o © olg|

e I I I e e
00 00 © O O O
(=1}

I _ . 2
10, 0, 00, 01, 00, 01, 10} € - 0, 0;0 — 0T,0; 0 ~ 01, 0; 0T ~ 01 (}Jr*“”)?
—x

48 10, 10,01, 00,00, 01,10} € - a1,0; 0 - (01)2; 01 ~ O01; am -

@415 (01), where ap, = 0™

T T 23,4

{10, 10, 01, 00, 00, 01,10} €~ a1,0; 0 ~ 0; am ~ @41, 00, (0)™, where 1-2 (f *)m ud
—x

am = 0™

. _ 1 23 o4
49 {10, 10, 01, 00, 00, 01, 10} - a1,0; 0 - 0;  am - e 5
= —x —r—x
41,00, b7, bg, ..., bm; bm
00,b1,bg,...,by_1, where apy =

bm = amm

50 0, 10, 01, 00, 00, 00, 10} € - 0,0; 0 = 0,0; 0 - 0, 01; 01 — 01

io,01,01,00,01,10} T~ T T T T T 7

)
,10,01,01,00,01,10} e - 0,ay; 0 - 0,01; 01 - OI; apm -

0,01, 01,10}
0,01,01, 10}

ol ol
=
[==1

1,00, 00, 10}
1,00, 00,10}
0,01, 00, 10}
0, 00,01, 10}
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1,00, 00,10}
0,00, 01,10}
1,00,01,10}
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ol ol
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AN R s e e e e
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1,00,01,10}
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ol
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o
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S
[=]
=
ol
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=3
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10}

_ T ~ a2
10} €~ 0,ag; 0 - 0; am — (0)™MF2, ap, 41, where %’—TT

1 m

~ -
=i
ol
=i
=]
QI
=i
ol
=
ol
fart
=3
S

o

51

~
=
ol
=
S)
=1}
=1
=)
=
o
S
o
=t

10} ¢ - a3,0 0 ~ 05 01 - 010; ——ipETT
am = am41,0,b1,b2, .., bm; bm a )
010,b1,bg, ..., byy_1, where am =
b = amm
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52 {10, 10, 01, 00, 01,01,10} e¢ -~ a71,0;0 ~ 00,0; ay - ag,00; 00 -
00; am - am+1,06,0,b3,b4,...,bm; b -
00,0, b3,byg,...,bm, where am = 0", by, =
A, M
{10, 10, 00, 00, 01, 00, 10} € -~ 0,0;0 ~ 00,01; O ~ 0, 0; 00 -~ 00, 00; 01 ~
o
o _ _ o o 2_ .3
{10, 10, 01, 00, 00, 00, 10} € - 0,0;0 - 0,00, 0; O - 0; 00 ~ 00, 00 ﬂgu
(1—x)2(1—2x)
3
a2 = =z == oo = = = = = = 1—xz—
53 {10, 10, 01, 00, 01, 00,10} €~ 0,0;0 -~ 0,01; 0 - 0,0; 01 ~ 01 Zﬁ%ﬁ?
54 {10, 10, 00,01, 01, 00,10} € - a1,0; O - (00)2; 00 ~ 00; am -
a1,a2, ..., amy1, where ap = 0™
{10, 10,00, 01, 01, 00,10} € - 0,ay; 0 - (01)2; 01 - O1; am -
A1y am, , a1, where aypy, = 0™
{10, 10,01, 01, 00, 00, 10} T T T T T T
o - 2
{10,10,01,01,00,00,10} ¢ -  a1,0; 0 ~ 05 apm - @+ £ 4 C(a)
by, ba, »bm, @y 1,005 bm —
by, ba, ..., byy1s . where am = om,
by, = 01™
— - , - — 2,3
55 {10, 10, 00, 00, 00,01, 10} € - 0, 0;0 — 0; 0 - 0, 00, 00; 00 ~ 0, 00 1—(m1im )%:z
—xT
56 {10, 10, 00, 00, 01, 00, 10} € - 0,0; 0 - 00,0; 0 - 0,0; 00 — 00, 002;
062 -.002 __ _ _ __ __ _ __ _ _ _ __ _
o _ _ o o 2
{10, 10, 01,00, 00, 00,10} ¢ - 0,ag; 0 - 0; 00 - 00,0; am - 1*(12z+)2w
— — —xT
0, (00)™F1, a1, where am =01 - m
o , _ _ )34
57  {10,10,01,00,00,01,10} e ~ ap,e;s OL -  0L; am (-z) —a”
- (1—x)3(1—2z)
Q41,01 b9, ..., bm; bm
01,bg,b3, ..., bm; em ~ (O™, eppyy,
where ay, = 0", by, = amm, ¢y = 0
58 {10, 10, 00, 00, 01, 01, 10}
{10, 10, 00, 00,01, 01,10} € ~ bg,ay1; bm ~ bg,b1,...,bm; am ~
bos b1, -+« bm, Gyyg1, where am = 0™,
{10, 10, 01, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 01, 10}
{10, 10, 00, 01, 00, 00, 10}
{10, 10, 01, 00, 00, 00, 10}
{10, 10, 01, 01, 01, 01, 10}
{10, 10, 01, 01, 01, 01, 10}
{10, 10, 00, 00, 00, 00, 10}
{10, 10, 00, 00, 00, 00, 10} €~ 0,0;0 ~ 0,0; 0 ~ 0,0
{10, 10,01, 01,00,01,10} € ~ ai,bg; am - A1, b0, b1, s bm;
bm ~ b, b1, ..., bm, where ap = 0™, by, =
am,m
{10, 10,00,00,01,00,10} ¢ -  bg,ag; bm -  bg,sb1s-.-:bm;
am ~ bg,b1,...,bm, 0123456, where am =
01 m, by = Ay, 10
10}
10}
, 10}
10} € ~ bg,a1; bm — bi,bo,...,bm; am - ﬁ
by, ba, .o bm, amp1, where am = 0™,
by, = am1
[ _ K
59 {10, 10,01,00,00,00, 10} ¢ - a1,0; 0 = a1,0; am - g1y (bm)™; 11m Tk>0 2%z
bm — (bm)™, where am = 0™, by, = am 1
T - - - k
60 {10, 10, 01, 00, 01, 00,10} € - 0,0; 0 — ay,01; 01M ap,01; 01 - 011; 1+25,>0 72553
am ~ amits bm)™ T b (o)™,
where ay, = 00", by, = am 1
61 {10, 10, 01, 01, 00, 01, 10}
{10, 10, 01, 01, 00, 01, 10}
{10, 10, 01, 01, 00, 01, 10}
{10,10,01,01,00,01,10} € — a1,0; 0 — 0; by = b1, ba, -, byiq;
am bl»b2»~-«,bmxﬂm+1,0, where a;, =
0™, by, = 01™
{10, 10, 00, 01, 01, 00, 10}
{10, 10, 00, 01, 01, 01, 10}
{10, 10,00,01,01,01,10} € ~ a1,0; O ~ 00,0; 00 ~ O00; am ~
ay,ag, ..., amy41, where am =0
{10, 10, 01, 01, 01,00,10} e¢ - 0O,ay; O ~ 0,00; 00 - 00; am

.,ay, where a;, = 0™
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I _ o ~ 2
62 {10, 10,00, 00, 01, 01,10} ¢~ 0,a1; 0 = 05 am — 00, apyy1, am, -5 a1, 7%= + (1+2)C(2)
where a,;, = 0"
63 {10, 10, 00, 00,01,01,10} € -~ 0,ay1; 0 ~ 0; am - Oﬁ,am+1,(bm)m;
bm = (by1)™ T2, where am = 0™, by =
am
T _ _ _ - _ 2
{10, 10,00, 01,01, 00,10} € - 0,a; 0 - (01)2; 01 - 01; am - z+1zfz+zk>0k!z’°
(am+1)m+1, where ay, = 0™
_ . - 2 1
64 {10, 10,01, 00,00,01,10} e - by,aj; 01 - 0I; 01 — (01)%; am - 41713mi3w1 722z
01)™, a 5 by o~ b ,(01)™, where (1-=2)°(1-2x)
m-+1 m+1
am, = 0", by, = 0™
— 2—3ztz/T—4x
65 {10, 10, 01, 01, 00, 00, 10} € - ay, bg; am P = Ltk
15 Oms Cms S 15 - - -5 €15 bm (1-22)(1+vI=dz)
bm, by 155,005 m = Cpt1sCms -5 CLs
where ayy = 0™, by = am0, ¢y = aml
- - - — 2 A= 3__2_
66  {10,10,01,00,01,0T,10} e - 0.a1; 0 - 05 am .z 11 4“”‘*2'2;” z 4“"‘2,
O, apmg1s bms by 1. -« s b1 b - (1—2)2(1+vI-dz
010, byt 1, b, - - > by, where amm = 0™,
b, aml
67 {10, 10, 01, 00, 00, 00, 10} € — a1,0; 0 - a1, 0; @m — apyii1@m, - a1,
where ayp, m
{10, 10, 01, 00,01, 01, 10}
{10, 10,00, 00, 01, 00, 10} ¢ — 0, a1; 0 ~ 0, a1 am — Ap4p1@ms---, a1,
where a;, = 0"
{10, 10, 00, 01, 00, 00, 10}
{10, 10, 00, 01, 00, 00, 10} ;;e:el;o; o_wﬁzll,o; Qm = G1,G2, s Gy, m
m =
*
15 70 51. 01. 08 5 1
68 {10, 10, 01, 01,00, 00,10} € ~ a1,0; O —~ 0; am ~ am+1,(bm)m+ i Tk>0 T i+1 =
bm - (bm)™ 1L, where am = 0™, by = am0
69 {10, 10, 01, 00, 01, 01, 10}
{10, 10,01, 00, 01, 01,10} ¢ ~ 0,a1: 0 — 05 am ~ 0, amy1: (bm)™; by —
(bym41)™ 2, where am = 0™, by = am1
i0, 10,01, 01, 01,00,10} ¢ - 0,ay; 0 - 0,00; 00 - 00; am - z +5 klak
1 (1—z)2 k20
(am+1)m+1, where ay, = 0™
70 {10, 10, 01, 00,01, 00, 10} e -  O,ag:; 0 -  ai,a0: am -
,aq, where ay, = 00™
{10, 10,00, 01, 00, 01,10} T T T T T T T
{10, 10, 00, 01, 00, 01, 10} 0 - aj,a3; am -
s @y 1, where am = om
oo, 01,00,01,10}% T T T T T T T
,00,01,00,01,10} e ~ O,ag; 0 ~ ag,ai; am -
ag,ats .-, am41, where am = 00"
{10, 10, 00, 01, 01, 00, 10}
{10, 10, 01, 00, 00, 01, 10}
{10, 10,01, 00,00,01,10} e ~ ag,bg; bm - b1,ba,...,bymi1; am ~
b1, b2,y bms Ay, bm, where apm = 0™,
by, = 01™
10, 10, 01, 00, 01, 00, 10 € - 0,a7; O - a9, a; am - 2C(z) — 1
1 2, a1
Am41>9m > , a1, where ap, = 0™
S _ _ —x—2z2_2z3 —
71 {i0,10,00,01,00,01,10} e - @1,0; 0 - 0, am Lo lmz—2et o204 (de)vi-de
1,89,y apmt1s0,b2,b3, o, bmi by - LT3TTEH(-z—af)VI-de
0,c2,€3,-..,Cm3i Cm = €2,C3,---,Cm_1,
where am = 0™, bm = amm,
cm = bm(m — 1)
2
5 Ta & = a5 = . . l—z—2z°—(1—xz)/I—4dzx
72 {10,170, 00,01, 00, 01,10} Zl,a;.,.flé,'no;l,oo,bz,z;,,..ofbm;am © A2 (A-3e+(1—2)vI—1z)
by — 0,bg,b3,...,bm, where ap, = 0™
73% {10, 10, 01, 00, 01, 00, 10}
74¥ {10, 10, 01, 00, 01, 00, 10}
75% {10, 10, 00, 00, 01, 00, 10}
kok
. = c
76 {10, 10, 00, 01,00,00,10} € ~ ay1,0;0 - 0; aj = ay,ag, 0; am ﬁ"":kzozl_kf
ayp,ag, ..., ami1, (bm)™5 bmo ~ (bm)™,
where ap, = 0™, by, = am 1
77 {10,10,00,00,01,00,10} e — D,a1; 0 — 0,a1; am - (amgn)™ L, spsg kg jlak

where a,, = 0™
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2
78 {10, 10,01, 00, 00,01, 10} - a1, 0; am . Gdaic(e)
TFaC(z)
1,82, .-, Am41,b0,b1,---,bm;
b~ b0, b1,--.sbym_1, where ay = 0™,
bm = amm
79 {10, 10, 01, 00, 00, 01, 10} - a1, bo; am ~ (A+z+ 2203 @)C(x)
1,82, -, 8y, 11:b0,b1, .-, bms
bm  — bgsbl,...,bm, where am = 0™,
bm = amm
co oo oo (- 2)c?(z)
80 {10, 10, 00, 01, 00, 01, 10} € - a;,0; 0 - 0;  am -
al,a2,.,.,am+1,b1,b2,.,.,bm;
by — bg, b1, ..., bm, where am, = 0"
81F {10, 10, 01, 00, 00, 01, 10}
82 {10, 10,00,01,00,01,10} e - a1,0; 0 -0 am - TZ + (4220t (@)
a1,ag, ..., am41,01,b2, ..., bm;
bm — b1,b2, ..., bm, bm, where ay = 0™,
bm = amm
83% {10, 10, 00, 00, 00, 01, 10}
84%¥ {10, 10,01, 00, 00, 01, 10}
85% {10, 10, 01, 00, 00, 00, 10}
i 2
[ ] ] a1
86 {10,10,01,00,0T,00,10} € — a1.bi: bm - bypyq:bm. ... b1; am - =ELZ02H2T 4 oy
Ayt1s @il @m, - - -5 ag, where am = o,
by, = 0™
8T* {10, 10, 00, 01, 00, 00, 10}
88 {10,10,00,01,01,00,10} ¢ ~ a1,by; bm ~ (bymy1)™ T am ~ spsgklzh +C(=) —1
ay,ag,...,ay;41, where am = 0", by = -
om
89 {10, 10,01, 00,01, 00,10} e - ay,b1; bm - (bm+1)m+1; am -
amt1: (bm)™, where am = 0™, by = 0™
{10,10,01,00,00,01,10} ¢ ~ 0,ajsa; ~ 00,az,by; 0 ~ 00; 00 — wp>qkla®1+exf_g 1)

®1)? am - b—1> mt1s (bm)™; bm ~

(b41)™ T2, where am = 0™, by = am1

90 {10, 10, 01, 00, 01, 00, 10}

{10, 10, 01, 00, 01, 00, 10} € - 0,a7; 0 - 0; am -
)™, g1, bm,1,bm 25 - - - bm,m;
- gl
bm,j - (O N NN I D
b1, 410 Pmtl,mt1 where
am =0, bm,j = ami
91 {10, 10, 01, 00, 00, 01, 10}« = 0,a1; @ =
(6)m+1vam+lvbm’1vbm127'--vbm,m;
b, j - ©)MF27T (byypq, )3T,
b1, i1 s P, mt1s where
am = 0", b j
S -~ 8  am - Theorem 18
0,bg,b3,...,bm,ami1:Cm 15 Cm,m;
bim, - 0,b2,b3,. . bm;  Cmj ~
0,bg,b b - (e I+
202,03, Omyp1—j55(Cm1,5 B
CmAl i1 Gl me 1 where
am =0, b = am1, ¢y j = ami
I 1-3z—322
92 {10, 10,00, 00, 00, 01,10} ¢ — a1,bg; bm = bi,by, - -sbymi1 am - +—SL82- C(a),
ai,as, . A.,am+1,(bm)m, where ay,, = 0™,
by, = 01™
93% {10, 10, 01, 00, 00, 00, 10}
94 {10, 10,01, 00, 01, 00,10} ¢ - 0,a1; 0 ~ (a2)?; am - (apmy)™HL, 14255, k2P
where ay, = 0™ B
15 10 61. 65 5 5 5 2. 05 5 14222 o3
95 {10, 10,01, 00,01,10,10} e ~ 0,ay; 0 - (00)2; 00 - 00; am - e
- —x
©1)™*L, 4y, 11, where am = 0™

96 {10, 10, 01, 01, 00, 10, 10} € -~ 0,0;0 ~ 0, 00,0; 0 ~

— 2__3
0, 00; 00 ~ 00 1-z+22° —x

(1—=z)
2
97  {10,10,00,01,01,10,10} ¢ - O,ay; 0 - (00)2; 00 - 00 ﬂl;rig—l 1 o(x)
am = 00, apmg1sbms by _1sccesb1i bm - (0T
brt1sbms -, b1, where am = 0™, by, =
am1
98 {10, 10, 01, 00, 00, 10, 10} € - 0,0; 0 - 0,0,0; 0 - 0,01; 01 - 01
{10, 10, 60, 01, 00, 10, 10} € - 0,0;0 - 0,0,0; 0 — 01,0; 01 — 01
2
{10,10,01,00,01,10,10} ¢ - by, ag; 01 ~ 0I5 am ~ D)™+ a4y %‘;%%
bm ~ b1, (01)™, where ay = 0™, by, =

om
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29 {10,10,01,01,01,10,10} e - O,a1; 0 - (0)2; 01 - 0T; am - 1—1&%
(01)2,0, apy 41, where am = 0™ (1==)®(1-22)
100 {10, 10, 01,00, 00,10,10F € - a1,0:bp - a1,0; 01 - 0I;
am - am+1,bm,bm_1,...,b1,61; by -
bm,byy_15---,b1,01, where am, = 0™,
bm=amO0_
{10,10,01,00,00,10,10} ¢ ~ 0O,ag; 0 ~ a1,01; 01 - 01 ﬁ%
am o~ am+1,bm,bm_1,,..,b1,01; bm  —
bm by _15---,b1,01, where am = 00",
b = am1
101 {10, T0,01,01,00,10,10} e¢ - a3,0; O - by,01; 01 ~ OL; ll*—’”ﬁg
bm - byt1sCmyCm—1s---,¢1,01 (1-2z)
cm - CmsCm—1s---,¢1,01; am, -
Qb1 bms Cm—15 €2, - > €1,01,  where
am = 0", by = 0am, ¢m = bm1
102 {10,10,01,01,01,10,10} ¢ - O,a;: 0 - (2 am - %24—0(1)
0, Ayt 15 bms D15+ - -5 b5 b =
bm41sbm, .- .,b1, where apym = 0™,
b = am1
103 {10,10,00,01,01,10,10} ¢ ~ ag,b;; 00 ~  00; bm - 20(3:)7%2
00, byt 1 €ms G 1+ - -1 €15 cm -
Cm41:Cms -5 CLl5 Gm ~ Q1,2+« i,
where ap, = 0™, by, = 0™, ¢y = by 1
104 {10, 10, 01, 00, 01, 10, 10}
{10, 10, 01, 00, 01, 10, 10}
{10, 10, 01, 01, 00,10,10} ¢ - 0,ay; O ~ 0,00; 00 - 00; am ~
©)™, apmt1,am a1, where ay, = 0™
{10, 10, 00, 01, 00, 10, 10} ¢ -~  0,a1; . 0,ag,a1; am -
.,a1, where am =0
{10,10,00,00, 01,10, 10} ¢« 0,a1;5 0 — 0, a1; by = b1, bm, -, bo; 2=2C(z) — 1=
am = by 15 8m4 1 bm—1,bm—2, -5 b0,
where ap, = 0™, by, = 001"
105 {10, 10,01,00,01, 10,10} ¢ -  O,a1; 0 -  50,0; bm -
b1 bms - -5 b0, 0 am -
bm—11%m+41:bm—2,---,b0,0, where
am = 0", by, = 00am,
P -
big1sbm, ..., 01,05 am -
bm,am+1,bm71,bm72.H,bl,O, where
am, = 0", by, = 00"
{10, 10, 00, 00, 01, 10,10} e -  bg,a1; bm -  bg,b1.---,bn
am = b0 bLs s by 1 G -
where a,n, 0" by = am0
{10,10,01,01,00,10,10} ¢ ~  a1,0; 0 -  a1,0; am -
am+1,am,.,.,a1,0,wheream=(_]m
{10, 10, 00, 00, 00, 10,10} e - 0,bg; by - 0,ag,bg; 0 - 0,bg;
am ~ 0,a0,a1, - @m,bmt1,bm, -, b0
b~ 0,805 1, @msbmsbm—1,---5bg,
where by, = 0011 (m — 1)m — Im, apy =
bmm
{10, 10, 00, 01, 00, 10, 10} - by, at; am - C2(x)
b2 b1y b 15 @1y Gms - - -5 Q15 Cm -
€O» 1 s Cmsi b~ €05 C1s -+ Cms byt 1s
where ay, = 0™, by, = Oam, ¢m = bm 1
106 {10, 10, 01, 00, 00, 10, 10} = b0, a1; am =
[T T S S NS B I
bm = bym41,bm, ..., bg, where am = om,
bm = Oam,
{10, 10,00,01,00, 10,10} ¢ - a1, b1;  bm -
a1,a2, s G, b1, bms o DY
am ~ a1,ag, ..., a1, where am = om,
by, = 0"
{10, 1o, e
a1,a2, s G, b1, bms o DY
am ~ @yl am, ..., a1, where am = om,
bm=0"
{10, 10, 01, 00, 00, 10, 10} € - 0,a71; 0 - bo; bm -
b1, bms - -5 bQs am, -
0,60, b1, s byy—15 G 1> Gms -+ 5 a1,

where a, = 0", by, = 001™
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107 {10, 10,00, 00,00,10,10} ¢ - O,a;; 0 ~ O,a1; bm - 5 -1 /4=52
0,b3,b3, ..., bm,am,ap_1,--.,01;
am ~ 0,b3,b3, ... bm,apy1:am,...,al,
where ay, = 0™, by = am1

Table 8: Succession rules of 7[B] and generating function Fp(z), where |B| = 7.

Theorem 18. We have that A ~ B, where

Proof. Note that any signed inversion sequence 7 € Z,,(A) satisfies either (1) it has
no barred letters or (2) there exists a such that m = 7’a where each letter of 7’ is
unbarred and smaller or equal to a. Also, any signed inversion sequence 6 € Z,,(B)
satisfies one of the following conditions: (1’) 6 has no barred letters; or (2’) there
exists an integer s > 1 such that 6§ = 0'ajas - --a@,, where a1 < as < ---ag, every
letter of ' is unbarred, and every letter of 6’ is smaller than a;.

Now, we define a map « : Z,,(A) — Z,(B) as follows. In Case (1), we define
a(m) = m. In Case (2), we define a(r) = a(r’a) = 7M. 7&aiy + 17,1 +1,
s~ qr(is) such that any letter in 7(7) is smaller than a and
the positions of the letter a in 7" are i; < ip < --+ < i5_7 with s > 1. Thus, by
Cases (1') and (2’), we have that 7 € Z,,(A) if and only if a(r) € Z,,(B). Hence, «
is a bijection, which implies that A ~ B. O

where 7 = 7Wq - .- 7l

Case k=38

Succession rules of T[B] Generating function Fpg(x)
, 00,01, 01,00,00,01} €-0,0 14+ 2z
100, 00, 01, 01, 00, 01}

00, 00, 01, 00, 00, 01}
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ol
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o
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o
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00,01, 00, 00,01}

,01,01, 00,01, 10}

01,01, 00,01, 10}

01, 00, 00,01, 10}

00, 01, 00, 00,01,10} € - 0,0; 0 -0 1+ 2z + 2
00, 00, 01, 01, 00, 00}

0, 00, 01, 01, 00, 01}

,00, 00,01, 01, 00, 00}

00, 00, 01, 01, 00,01}

01,01, 00,00, 10}

,01, 01,00, 00,10}

,01,01, 00,01, 10}

00,01, 01, 00,01,10} €-0,0;0~0 = +=
00, 01, 01, 00, 01, 10}

0,01, 01, 00, 01, 10}

, 01, 00, 00, 01, 00, 01}

01, 00, 01, 01, 00,01}

,00,01,00,01,10}

, 00,01, 00,01, 10}

, 00,01, 00,01, 10}

01,01,00,01,10} € - 0,0;0 — 00; 0 ~ 00
,00,01, 00,01, 10}

00,01, 00,01, 10}

00, 00,01,00,01} € - 0,050 ~ 0,0

01,00,00,01,16}y T T T T T T

00, 00, 00, 00, 01}
00, 01, 00, 00, 01}
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, 00, 00, 00, 00,01, 10}
,00, 00, 00, 00, 01, 10}
,00,0

0

0, 00, 00, 01, 10}

14 22 + 222

67

0,01, 00,00, 01}
01,00, 00,01,10}

0,01, 00, 00,01,10}

ool o ool

1 Ol | S SIS

(=1}

14 22 + 2202 + o3

oclocio of © ool o oo

00,01, 01, 00, 00, 10}
00,01, 01, 00, 00, 10}
,00,01, 01, 00, 00}
01,01, 00, 00, 10}
01,01, 00,01,10}
00, 01, 01, 00, 01}
1,01, 00, 00,01}
0,01, 01, 00, 10}
,00,01, 01, 00,10}

ool o o=l o ool

Ol =l =IOl

0
0

o o

,

ol

e~ 0,0;0 ~ 0,01; 01 — 01

=g te e’

S| o
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OOl Rl Rl O OO RO HiH R ROl =R s
1o o o ol

0,00, 0T, 00, 00,01}
,01, 00, 00,01, 01, 00}
0, 01, 00, 00, 01, 01,01}
1,00, 00, 01, 01, 00, 10}
1,01, 01, 00, 00,01, 10}
00, 00,01, 01,01, 10}
,00,01,01,01,10}
,01,00,00,01,10}
,01, 00, 00,01, 10}
, 00,01, 00, 00,10}
,00,01, 00, 00,10}
,01,01, 01,10}
0,01, 00,00, 10}
1,01, 00, 00, 01}
0, 00, 01, 00, 00}
1,01, 00,01, 10}
01,01, 00, 01, 10}

01,00, 01, 01,00,01}

,01, 00, 00, 01, 00, 00}
,01, 00, 00, 01, 00, 01}
,00,01, 01, 00, 00, 10}
, 00,01, 01, 00, 00, 10}
, 00,01, 01,00,01,10}
,00,01, 01,00, 01, 10}
00,01, 01,00, 01, 10}
0,01, 00, 00,01, 10}
0,01, 01, 00,00, 10}
00, 01, 01, 00, 00, 10}
0, 00,01, 01,00, 01, 10}
00, 00, 01, 00, 00, 01, 10}
10,01, 00,01, 01, 00, 00}
1o, 01, 00, 01, 01, 00, 01}
01}
,01}
, 10}
, 10}
, 10}
10}
0, 00,01, 00,01, 10}
0, 00,01, 00,01, 10}
0,01, 01, 00,01, 10}
0,01, 01,00, 00}
0,01,01,00,01}
1,01, 00, 00,10}
1,01, 00,01, 10}
1,01, 00, 00,10}
0,01, 00, 00,01}
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01}

e~0,a1; am - (0)™, Gy 1, Where am =

om

1-22423
(1-x)2

01,00, 01, 00, 00, 0T, 10}
01, 00, 01, 00, 00, 01, 10}

€~ a1,0; am — apmy1,0,b2,b3, ..., bm;
b ~ 0,bg, b3, ..., by _1, where am =

0™, byp =0Mm

2 3

1tz—z®—a
1

—xz—x

10

01,00, 00, 01, 00, 01, 10}
01, 00, 00, 01, 00, 01, 10}

e - 0,a1; am - (oi)m,am+1, where

am =0

1—az—x24323 —2%
(1—=)

11

1o, 01, 00, 01, 00, 00, 01}

€ - 0,a1; am = Gpp1,b1,b2, ., bm;
bm ~ bm,by,ba, ..., by 1, where am =

0™, by, =0Mm

1222
1—2x

12

10, 00, 01, 01, 00, 00, 01}
00, 01, 01, 00, 00, 01, 10}
00, 01, 01, 00, 00, 01, 10}

€~ ay,0; am ~ay,ag, ...
m

s @41, where

C(z) + =
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13 {10, 10, 01, 00, 00, 01, 01, 00}
{10, 01, 00, 00, 01, 01, 00, 10}
{10, 01, 00,00,01,01,00,10} e ~ 0,ay1; am - (am+1)m+1, where @ + 5,50 nlz™
A = -
14 {10, 10, 01, 00, 00, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 01, 10}
{10, ,01,00,01, 10}
{10, 1o, 0,00, 00,01, 10}
{10, 10, 01, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 00, 00, 01, 10} 14 22 + 322
15 {10, 10, 01, 00, 00, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 01,10} € - 0, 0;0 - 00; O - 00, 0 1+ 22 4 322 + 23
16 {10, 10, 01, 00, 01, 01, 00, 10}
{10, 01, 00, 01, 01, 00, 10, 10}
{10, 01, 00, 01, 01, 00, 10,10} € -~ 0,0; 0 ~ 00, 01; O -~ 00; 00 ~; 01 ~- O1 z + 202 + 1138
17 {10, 10, 01, 00, 01, 01, 00, 10} € - 0, 0; 0 — 00, 0; O — 00
{10, 00, 01, 01, 00, 00, 10, 10}
{10, 1o, 00, 01, 01, 00, 00, 10}
{10, 10, 60, 01, 01, 00, 00, 10} € - 0,0; 0 — 0; O - 0, 00 1422 4 22
18 {10, 10, 01, 00, 00, 01, 01, 10}
{10, 10, 01, 00, 00, 01, 01, 10}
{10, 10, 00, 00, 01, 01, 00, 10}
{10, 10, 00, 00, 01, 01, 01, 10}
{10, 10, 00, 00,01, 01, 01,10} €~ 0,0;0 -~ 00,0; 0 -~ 0
{10, 10, 00, 00, 01, 00, 01, 10}
{10, 10, 00, 00, 01, 00, 01,10} €~ 0,0;0 — 00; 0 -~ 0,0
{10, 10, 00, 01, 01, 00, 01, 10}
{10, 10, 00, 01, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 01,10} € — 0,050 — 0; 0 — 0,0
{10, 10, 01, 01, 01, 00, 00, 10}
{10, 10, 01, 01, 01, 00, 00, 10}
{10, 10, 01, 01, 00, 00, 01, 10}
{10, 10, 01, 01, 00, 00, 01, 10}
{10, 10, 00, 01, 00, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 00, 10}
{10, 10, 01, 00, 01, 00, 00, 10}
{10, 10, 01, 00, 01, 01, 00, 10}
{10, 10, 01, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 01, 10}
o _ _ o 2
{10, 10, 01, 00, 00, 01, 00, 10} € ~ 0,050 ~ 0,0, 0 142z + f’fz
_ - - - 3
19 {10, 10, 00, 01, 00, 00, 01, 10} €~ 0,0; 0 —; 0 ~ 0,0,01; 01 - O 1+2x+3m2+%
20 {10, 10, 00, 00, 01, 00, 00, 10}
{10, 10, 00, 00, 01, 00, 00, 10}
{10, 10, 00, 00,01, 00, 01, 10}
{10, 10, 00, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 00, 10}
{10, 10, 01, 00, 01, 00, 00, 10}
{10, 10, 01, 00, 01, 01, 01, 10}
{10, 10, 01, 00, 01, 01, 01, 10}
{10, 10, 01, 00, 00, 00, 00, 10}
{10, 10, 01, 00, 01, 01, 00, 10}
{10, 10, 01, 00, 01, 01, 01, 10}
{10, 10, 01, 00,01, 01, 01, 10}
{10, 10, 01, 00, 00, 00, 00,10} €~ 0,0;0 -~ 0,0; 00
{10, 10, 00, 00, 01, 00, 00, 10}
{10, 10, 00, 00, 01, 00, 00, 10}
{10, 10, 00, 00, 01, 00, 01, 10}
{10, 10, 00, 00, 01, 00, 01, 10}
{10, 10, 00, 00, 00, 00, 01, 10}
{10, 10, 00, 00, 00, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 00, 10}
{10, 10, 01, 01, 01, 00, 01, 10}
{10, 10, 01, 01, 01, 00, 01, 10}
{10, 10,01, 01, 01, 00, 01, 10}
{10, 10,01, 01, 01, 00,01, 10} € - 0,050 ~ 0; 0~ 0,0
{10, 10}
{10, 10} € — 0,a1; 0 ~ 0; am - (Oi)m,am+1,
where a,;, = 0™
{10, 10, 01, 00, 01, 00, 01, 10}
{10, 10, 00, 01, 00, 00, 01, 10}
{10, 10, 00, 01, 00, 00, 01, 10} €~ 0,050 ~ 0; 0 - 0,0
{10, 10,01, 00, 00,01, 00,10} € - 0,aq0; am - (0)™F2, ap, 11, where
am = 01 - m
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{10, 10,01, 00,00,01,01,10} € - a1,0; am - (0)™FL a1, where
am =0
{10, 10, 01, 00, 01, 00, 01, 10}
{10, 10,01, 00, 01,00,01,10} € — 0,a1; 0 — 05 am — (OD)™, ap 41, ﬁ?
where a,;, = 0™
21 {10, 10, 01, 00, 00, 00, O, 10}
{10, 10,01, 00, 01, 00,01,10} e - a1,0; O — 0; am - 11+T
W41 01,02, -, bm; bm o (A=2)(—z—z®)
by,b2, ..., by_1, where am = 07,
b, = amm
[ _ _ o o a2 _ g3
22 {10, 10, 01, 00, 00, 01, 00, 10} € - 0, 0;0 - 00, 0; 0 - 0; 00 ~ 00, 00 Z—W—;lfjj e
23 {10, 10, 01, 00, 00, 01, 00, 10} € - 0, 0;0 ~ 00, 0; 0 — 0; 00 = 00,0
{10, 10, 01, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 00, 00, 01,10} € ~ a1, 0; 0~ 0; am ~ apyq1, (0)™, where
am =0" _
{10, 10, 01, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 01, 10} a1; 0~ 0; am — (0)™, ay, 41, where
I S I 3
{10, 10,01, 01, 00, 00, 01,10} € = a1, 0; 01 — 01; am — ayyp1,0, (01)™, ﬁf
where ay, = 0™
24 {10,70,01,01,00,00,01,10} € « ai,boi @m ~ G150, b1, -« bms Ty
bm — bg, b1, ..., by 1, where ayy = 0™,
by = Om
25 {10, 10, 01, 00, 01, 00, 01, 10} € - a1,0; 0 - 0; am -
Am41,0,b2,b3,. .., bm; bm ~
0,bg,b3,...,bm, where apy = 0™,
b = 0M'm
{10, 10, 01, 00, 01, 00, 00, 10}
{10, 10, 00, 00, 01, 00, 01, 10}
{10, T0, 60, 00, 01, 00,01, 10} € ~ O,ay; O — 0; bm ~ 0, by, b
am  ~ 0,bg,b3,... ., bm,apyiy,
am = 0", by, =0™M1
26 {10, 10,01, 00,01, 00,00,10} e ~ a1,0; 0 ~ 05 aj = a,0; am - 7oz +T;>1
Am+41> Om)™; bm  —  (bm)"™, where
am = 0", by = 01
— - - 1253
27 {10, 10, 01, 00, 01, 00,01,10} € ~ ay,0; O ~ 0; O1 ©D2: am - %
@m41, (01)™, where am = 0™ (A-2)2(1-22)
28 00, 01, 01, 00, 00, 10}
00,01, 01, 00, 01, 10}
00, 01, 01, 00, 01, 10}
,00,01,01, 00,01, 10}
00,01, 01, 00,01, 10}
00,01, 01,00,00,10} €~ a1,0; 0 — 0; Gm = a1,a2, -+, @i,
where am =07 _ _
, 01,00, 00,01, 10}
, 01,00, 00,01, 10}
10}
10}
10} B o
10} €~0,a150~0;am ~ apq1,am, . a1, C(m)+ﬁ
where a;, = 0™
29 {10, 10, 00, 01, 00, 00, 01, 10}
{10, 10, 00, 01, 00, 00, 01,10} - a1,0; O - a1;  am -
1,82, apmq1, Where am = 0™
{10, 10, 01, 00, 00, 0T, 00,10} € - a1,0; O -  a1; am -
a1, ag, ldots, a,, 41, where am = 0™
{10, 10,01, 00, 00, 01,01, 10} € - a1,0; am — @1,a2, .-, amt1.0, (L+x)C(x)
where ay, = 0™
30 {10, 10,01, 00,00,01,01,10} < = 0,a1; am — 0, apmi1. (bm)""s bm —
(bm41)™ T2, where am = 0™, by, = 01
{io, 10,01, 00, 01, 01, 0O, 10} T T T T
{10, 10, 00, 00, 01, 01, 00, 10}
{10, 10,01, 00,01,01,00,10} € ~ D,a1; 0 - 0; am - (amyr)™TL, + >0 nla”

where a;, = 0™
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70

31 {10, 10, 00,01, 00, 00,01, 10} - a1, 0; am - z+% Vvi-—dz
@1,a9, oy a1, 0, b, b3, .-, bms z2(2+2)
bm  —~  0,bg,bg,..., b, _1, where
am = 0", by = 0Mm

32 {10, 10,01, 00, 00,01, 00,10} « - 0,0; am - #—%
(O™, amt1s @msbm 2 bm, 35 - s bmyms TVITEE
br,g = (0™ b1, s bm jo - Pmyms
where a;, = 0™, bo,j = ami

33 {10,10,01,00,00,01,00,10} ¢ - 0,a1; 0 ~ a15 am - (amyD)™ T (L +a2)5,50nla™
where am;, = 0™

34 {10, 10,00, 01, 00, 00,01, 10} e B ay,0; am 14 a+2C3(x)
al,a2,,4.,am+1,b1,b2,...,bm;

b ~ b1,b2, ..., bm, where apy = 0™,
b = 0"m

35% {10, 10, 01, 00, 00, 01, 00, 10} € = 0, a1; am =
(6)mvam+11bm,11---vbm,m§ bm,j
O™ I, b1, 7T b1 41
bm+1,j+27"'*bm+1,m+lv where
am = 0", b,j = omj

36 {10, 10,01, 00, 00,01, 10,10} € - 0,0; 0 - 0T,01; 0 - 01, 01; 0T - 14 22 + 422

37 {10, 10,00, 01, 01, 00, 10, 10} € - 0,0; O — 00, 01; O - 01, 00; 01 - 01 14222 4 22

38 {10, 10,01, 00,01, 00, 10,10} € - 0,0; 0 - 0,00, 0; 0 — 00 14 22 + ffi

39 {10, 10,01, 01, 01, 00, 10, 10} ¢ - 0, 0;0 — 00, 00; 0 — 0, 00; 00 — 00

{10, 10, 01, 00, 00, 01, 10,10} € ~ 0,ay; 0 - (00)2; 00 - 00,am -
(Oi)m,am+1, where ay;, = 0™

{10, 10, 01, 00, 01, 01, 10, 10} € - 0, 0;0 - 00, 0; O - 00, 00; 00 — 00

{10, T0, 61, 00, 00, 01, 10,10} € — 0,ay 0 ~ (00)2; 00 ~ 00; am -
(01)™, ayyq 1, where apm = 0™

10 {10, 10,01, 00, 01,00, 10, 10} € - 0,00 — 0,0,0; 0 -~ 0

{10, 10, 01, 00, 01, 00, 10, 10} 0;0 ~ 0, 01 ,01;

{10, 10, 01, 01, 00, 00, 10, 10}

15 70 57 60 0 5 5 a5 .5 mog 1422

{10,10,01,00,01,01,10,10} ¢ ~ 0,a15 0 ~ 0 am ~ (OD™. O amy1, GToy
where am, = 0™

a1 10, 10, 00, 00, 01, 00, 10, 10} € - 0, 0;0 — 0, 00, 0; 0 — 0; 00 — 0, 00

{10, 10, 01,00, 01,01, 10,10} € - a1,0; O — 00,0; 00 — 00; am -
am+1,(0(_])m, where ay;, = 0™

{10, 10, 01, 00, 00, 00, 10, 10}

{10, 10, 00, 00, 01, 00, 10, 10}

{10, 10,01, 00,01,01,10,10} € ~ 0,a1; 0 — 0; am ~ (O)™F1, ap, 11,
where am =07 _

10, 10, 01, 00, 00, 00, 10, 10} € — 0,00 - 0, 0; O - 0, 01; 01 ~ 01 Lootn?

42 {10, 10,00,01,01,00,10,10} € - 0,a7; 0 - (01)2; 01 — O1; am -
A1y @m, - - -5 a1, where am = 0"

{10,10,00,00,01,01,10,10} ¢ - 0O,a1; 0 am - C(w) + 222
00, @yt 1, b by —1s - - b -
bm41sbm, ..., b1, where am = om,
by =01

16 70 01. O 9 5 T T Tym 11—z 1:2 w3

43 {10,10,01,00,00,01,10,10} € - ay,by; 01 - OL; by — (01)™, by yys ﬁ
am ~ am+1,(01)m, where a;, = 0™,
by = 0™

4 {10, 10,01, 01, 00, 00, 10, 10} € = a1, 50; am =
am+1,bm,bm_1,..,,b0; bm -
bm,by_15---,bg, where am = 0™,

b = am0
{10,10,00,00,00,00,10,10} ~ "~~~ T T T T T T
{10, 10,01, 01, 01, 01, 10, 10} € - 0,050 - 0,0; 0 - 0,0
{10, 10, 01,00, 00, 00, 10,10} € -  a1,0; 0 —  a1,0; am -
Q12 by by — 15 - -5 b1 b -
by byy—1s- -+, b1, where am = 0™,
bm=0"1
{10,10,01,00,01,00,10,10} ¢ =~ D,ag; 0 - a1,bg; am - T-i5=
Q12 bms by — 15 - - -5 bos b -
by by —1s - -+ > by, where ap, = 00™,

b = aml
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45 {10, 10, 01, 00,01, 01, 10,10} - 0,a1; O - 0; am -
0, a1 bmsbm_1,---,b15  bm -
byt1sbms .. -,b1, where am = 0™,
by, =01
{10, 10, 01, 01, 01, 00, 10,10} € - 0,a3; 0 ~ 0,00; 00 ~ 00; am -
Amt1s ms ,ay, where apy, = 0™
{10,10,01,00,01,01,10,10} ¢ - O,a;: 0 - 0; am Mﬁz+c(z)
0, @y, 415 bmt1sbms .- sb1;  bm .
bt1:bms---,b1, where apm = 0™,
b = aml
46 {10,70,00,00,01,00,10,10} ¢ - DO,a;: 0 =~ O,a15 am -~ S&
@ppg1s @my -« -5 a1, where apy = 0™
a7 {10, 10, 01, 00, 00, 01, 10, 10}
{10, 10, 01, 00, 01, 00, 10, 10}
{10, 10, 01, 00, 01, 00, 10, 10} € - O, al;amW<6)m,am+1,am,...,a1,
where a,;, = 0™
{10, 10,01, 00, 00, 01, 10,10} ¢ - O,a1; 0 =  bo: am -
bm—1:9m41,bm—1:0m—2,--.,b0;
Obym, - bm+1,bm,,..,b0, where
am = 0", by, = 001™
{10, 10, 01, 00, 01, 00, 10, 10}
{10, 0, 01,00, 01,00, 10,10} ¢ - 0,a7; 0 - ag,a1; am -
41y am, .., a1, where am om
{10, 10,00,01,01,00,10,10} € — a1,b1; am - ai,az,..-,amyiq; (1+2C(2))C(x)
bm = byyi1,bm, ..., b1, where am =
0™, by, = 0™
48 {10, 10,00, 00,01, 00,10,10} ¢ - O,a1; 0 - 05 am - AT}; + 203 (x)
0,b2,b3, ..., bm.amip1,am, ..., 0a1;
bm ~ 0,bg, b3, ..., bm, where ap, = 0™,
by = 01
2
19 {10, 10, 61, 00, 00, 00, 10, 10} . . bo, ay; am = ﬁfﬁ
0: b1 b 15 A1 am, -, A5
bim, - b1 bm, .-, b1,  where

am = 0", by = 01"

Table 9: Succession rules of 7[B] and generating function Fp(z), where |B| = 8.

Case k=9

Succession rules of 7T [B] Generating function Fpg(z)
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{10, 10, 061, 00, 00, 01, 00, 01,10} € — 0,050 — 0, 0
{10, 10, 01, 00, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 0T, 00, 01, 10}
{10, 10, 01, 00, 01, 01, 00, 01, 10} € — 0, 0;0 — 00; O ~ 00 14 22 + 222
5 {10, 10, 01, 00, 01, 00, 00, 01, 10} 1 + 2z + 222 + a3
6 {10, 10, 00, 00, 01, 01, 00, 01, 10}
{10, 10, 00, 00, 01, 01, 00, 01, 10} € - 0,0;0 ~ 00; 0 - O
{10, 10, 00, 01, 01, 00, 00, 01, 10}
{10, 10, 00, 01, 01, 00, 00, 01, 10} € — ;0 ~ 01,0; 01 -~ 01
{10, 10, 01, 00, 00, 01, 01, 00, 10} € - 0~ 0,01; 01 — 01
{10, 10, 01, 00, 01, 01, 00, 00, 10}
{10, 10, 01 ,01,01,00,00,10} € - 0,050~ 0; 0~ 00
7 {10, 10, 00, 00, 01, 01, 00, 00, 10}
{10, 10, 00, 00, 01, 01, 00, 01, 10}
{10, 10, 00, 00, 01, 01, 00, 01, 10}
{10, 10, 01, 00, 00, 01, 00, 00, 10}
{10, 10, 01, 00, 01, 01, 00, 01, 10}
{10, 10, 00, 00, 01, 00, 00, 01, 10}
{10, 10, 00, 00, 01, 00, 00, 01, 10}
{10, 10, 01, 00, 01, 01, 00, 01, 10}
{10, 10, 01, 00, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 00, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 01, 00, 00, 10}
{10, 10, 01, 00, 01, 01, 00, 00, 10}
{10, 10, 01, 00, 01, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 01, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 00, 01, 10}
{10, 10, 01, 00, 01, 00, 00, 01, 10}
{10, 10, 01, 00, 00, 01, 00, 00, 10}
{10, 10, 00, 00, 01, 01, 00, 00, 10} 0~0;0-0
{10, 10, 00, 00, 01, 00, 00, 01, 10}
{10, 10, 00, 00, 01, 00, 00, 01, 10}
{10, 10,0 , 00,01, 00,00, 10}
{10, 10,0 , 00,01, 00, 00,10}
{10, 10, 01, 00, 00, 01, 01, 01, 10}
{10, 10, 01, 00, 00, 01, 01, 01, 10}
{10, 10, 01, 00, 00, 01, 01, 00, 10}
{10, 10, 01, 01, 01, 00, 00, 01, 10}
{10, 10,01, 01, 01, 00, 00, 01,10} € - 0,0;0 -~ 0,0 1+ 12_”3
8 {10, 10, 01, 00, 00, 01, 00, 01, 10}
{10, 10,01, 00, 00, 01, 00, 01,10} € — 0,a1; am - (0)™, ap, 41, where Tte+ iy
am = 0™ (1-2)
[ - = 1 m7m27m3
9 {10, 10, 01, 00, 01 0,01,10} e - ay,0; am - i
Apyt150,b2,b3, .., bmsi  bm - T
0,bg,b3,...,bm, where ay, = 0™,
by = 0Mm
[, = = 1-—z—224323 2%
10 {10, 10, 01, 00, 01, 00, 00, 01, 10} - a1,0; 01 ~ 01; am ~ %37
am+1 (01)™, where aqm, = 0™ (A=)
11 {10, 10, 01, 00, 00, 01, 01, 00, 10}
{10, 01, 00, 00, 01, 01, 00, 10, 10}
{10, 01, 00, 00,01, 01,00,10,10} € ~ 0,a1; am - Ayl am, -5 a1, Cl@) +a
where ay, = 0™
12 {10, 10, 01 0 1,00,10} € — 0,a1; am - (am+1)m+1, where T+ Sp>0 nlx™
am =
13 {10, 10, 01, 00, 00, 00, 01, 10, 10}
{10, 10, 01, 00, 01, 00, 01, 10, 10} € - 0,0; 0 ~ 01, 01; 0 - 01 14 22 + 322
14 {10, 10, 01, 00, 01, 01, 00, 10, 10} € - 0,0; 0 ~ 00, 01; 0 - 00; 01 ~ 01
15 {10, 10, ,10} € -0,0; 0 00,0; 0 -0 1+%+x2
16 {10, 10 .10} €-0,0,0-0;0~0,0
{10, 10, 01, ,10}
{10, To, 0T, 0,10}
{10, 10, 01, ,10}
{10, 10, 01, ,10}
S , o 2
{10, 10, 01, 00, 01, 01, 00, 10, 10} € - 0,0;0 ~ 0,0; 0~ 0 1+ 2z + ffz
17 {10, 10, 01, 00, 00, 01, 01, 10, 10}
{10, 10, 01, 00, 01, 00, 00, 10, 10}
{10, 10, 01, 00, 00, 00, 00, 10, 10}
{10, 10, 01, 00, 01, 01, 01, 10, 10}
{10, 10, 00, 00, 01, 00, 00, 10, 10}
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{10, 10, 01, 00, 00, 01, 00, 10, 10}

{10, ,01, 00, 00,10, 10}
{10, ,01,01,01,10, 10}
{10, ,00,00,01,10, 10}
{10, ,00,01, 00,01, 10,10}

73

— - - R - — .3
18 {10, 10, 01, 00, 01, 00, 01, 10,10} € ~ O,a3; 0 — 05 am ~ (0)™, apmyy, 1(%*;?
—x
where ay, = 0™
[, - 1—z—a?

19 {10,10,01,00,01,00,00,10,10} ¢ ~ a1,0i 0 ~ 0 am - TiziEis
Q1 bms b1+ -2 52,05 bm
by b1, -+, b2,0, where am =

0", by, =01

20 {10, 10, 01, 00, 00, 01, 01, 10, 10} _ « - 0,a1; am =
0, A1 bms b1y -+ -5 b1;
bm - bm+1,b7n,...,b1, where
am = 0", by, = 0™M1
{ 01,01, 00, 10, 10}
{ ,00,01, 01,00, 10, 10}
{ 0,00,01,01,00,10,10} e ~ 0,ay; 0 ~ 0; am - ﬁJrC(z)
Apyt1s Am .,aq, where ay, = 0™
21 {10, 10, 01, 00, 00, 01, 00, 10, 10} € —~ O,a1; 0 = a1; am - (I +2)C(x)
g1y Gms - - -5 a1, where apy = 0™
22 {10, 10, 01, 00, 00, 01, 00, 10, 10} e - 0,a1; am ~ (2—-2)C(z) —L+=
O™, amy1sam,---,a1, where

am = 0"

Table 10: Succession rules of T[B] and generating function Fp(z), where |B| = 9.
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Table 11: Succession rules of T[B] and generating function Fg(z), where |B| = 10.

Case k=11
No B Succession rules of T[B] Generating function Fg(z)
1 {10, 10, 61, 50, 80, 01, 01, 00, 00, 01, 10}
{10, 10, 01, 00, 00, 01, 01, 00, 00, 01,10} € — 0,0 1+ 2z
) {10, 10, 01, 00, 00, 01, 01, 00, 01, 10, 10}
{10, 10, 01, 00, 00, 01, 00, 00, 01, 10,10} € - 0,0; 0 — O 1+ 2z + 22
3 {10, 10, 01, 00, 00, 01, 01, 00, 00, 10, 10}
{10, 10, 01, 00, 00, 01, 01, 00, 01, 10,10} € - 0,0; 0 — 0 @4 o

Table 12: Succession rules of T[B] and generating function Fp(x), where |B| = 11.

Case k=12
No B Succession rules of T[B] Generating function Fpg(z)
1 {io, 1o, 01, 00, 00, 01, 01, 00, 00, 01, 10, 10} e-0,0 z + 222

Table 13: Succession rules of 7 [B] and generating function Fg(z), where |B| = 12.
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