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Abstract
We extend the concept of B-free numbers, originally due to Erdos, to the function
field case [T, where ¢ is a prime power. We consider distributions of the divisor
function dj, for h > 1 over B-free polynomials, where each member in the sequence
B is a power of a monic irreducible polynomial, extending some results of Camargo
for averages over arithmetic progressions of the divisor function d, and we also
explore the distribution in intervals.

1. Introduction

The idea of B-free numbers was introduced by Erdés [11] as follows. Let by < by <
-+ be a sequence of positive integers satisfying

oo

1

E F<oo, and  (bg,by) =1, £#m.
14

(=1

A positive integer n is called B-free if it is not divisible by any by. In the case when
the by’s are the squares of the prime numbers, the B-free numbers are then the
square-free numbers. Erdés [11] proved that for some ¢ < 1 and all large enough
N, the interval [N, N + N€| contains B-free numbers and conjectured that for any
e > 0 there exists Np . such that for any N > Np ., the interval [N, N + N°¢]
contains at least one B-free number. Szemerédi [26] proved Erdés’ result for ¢ > %
Further improvements were obtained in [7, 28, 29], with the best result due to

DOI: 10.5281/zenodo.20931201



INTEGERS: 26 (2026) 2

Sargos and Wu [23] for ¢ > 32. Plaksin [21] proved that Erdés’ conjecture is
true except for a very small proportion of intervals. In the case of square-free
numbers, much more can be proven. For example, Granville [13] proved Erdds’
conjecture conditionally on the ABC-conjecture, while Filaseta and Trifonov [12]
proved unconditionally the square-free case with ¢ > 1. In [2], Alkan and Zaharescu
considered the problem of finding B-free numbers in short arithmetic progressions
and formulated a generalization of Erdés’ conjecture to this setting. A survey of
these results can be found in [4].

B-free numbers have implications to non-vanishing Fourier coefficients of cusp
forms, as first observed by Balog and Ono [6]. In fact, one can control the non-
vanishing by applying B-free numbers distribution results over short intervals to
certain strategic choices of B. This was further explored in several works including
[1, 3, 17, 19].

In recent work, Camargo [9] developed results on weighted sums of Dirichlet con-
volutions of completely multiplicative functions and used them to make estimates
for the average of the divisor function over B-free integers over arithmetic progres-
sions, extending previous work over square-free integers [8, 14]. More precisely,
Camargo considered, for a sequence of positive integers {x,};>1 such that

Kmin ‘= Ijnzilll{fw} > 2,

the B,-free integers given by

b@ = pgzv
where p1,pa, ... is the sequence of prime numbers given in ascending order. Define
Dp_(z,a,m) = > g, (n)d(n),
n<x

n=a (mod m)

where 1p, is the indicator function for the Bj-integers, d is the number of positive
divisors function, and a,m are integers such that 0 < a < m and (a,m) = 1. Tt is
proven in [9, Corollary 3] that there is a certain constant ¢y 4., such that

~ m) T Ke+1 K -
Dp, (z,a,m) = 807(112) H ll — elie + p'”ﬂl] zlog z+4Cpamz+0 (277°) , (1)
=1 ¢

pefm
where ¢ is Euler’s totient function and

12, i K =2,
e = 1/3, if Ko > 3.

A natural question is whether Camargo’s results extend to function fields, that
is, to elements of F,[T]. The function field setting is particularly appealing in many



INTEGERS: 26 (2026) 3

problems, in part because one can often prove unconditional results there, since the
Riemann Hypothesis holds in this context. This setting also allows one to consider
the limit ¢ — oo, which is typically more accessible and often leads to conjectures
in the number field setting.

The distribution of the divisor function and its generalization dj, which counts
the number of ways of writing a positive integer as a product of h positive integer
factors, has been extensively studied, as it arises in various contexts related to
moments of the zeta function and L-functions. The distribution of its function field
analogue has also been considered and has been related to integrals from random
matrix theory. See, for example, [5, 15, 18].

In this article, we are interested in exploring the analogue of B-free elements over
F,[T], where ¢ is a prime power, with the goal of recovering the results of [9]. The
study of B-free objects provides a natural way to impose multiplicative constraints,
generalizing classical notions such as square-free or k-free integers. In the number
field setting, such conditions have proved fruitful in problems related to modular
forms and correlations of multiplicative functions. The function field setting offers a
natural framework to investigate analogous phenomena, often allowing for sharper
and unconditional results. For a non-zero f € F,[T], its norm is given by |f| =
q4°8/) and we let |0] = 0. Let M denote the set of monic elements of F,[T). Let
B = {bs}¢ be a sequence of elements in M such that

1

g m<oo7 and  (bg, b)) =1, £#m.
14

14

An f € M is said to be B-free if f is not divisible by any of the b,’s.

Let P be the set of monic irreducible elements of F[T']. We consider the sequences
B indexed by elements of P such that bp = P*(") where x(P) is a sequence of
non-zero integers. We refer to such sequence as B,,. Thus, B,; is determined by the
choice of {k(P)}pep. A polynomial f € M is By-free if f is not divisible by any
of the bp. For instance, the k-free polynomials are those that are By-free, where
bp = P* for all P € P. Let

Kmin := min &(P).
Pep

Given B, and h € Z>;, we define

Dp, 1(N) = Z Lp, (f)dn(f),
fEMcN
where 1p, is the indicator function for the B,-free polynomials and dj, is the h-

()= Y 1L

G150, gn€EM
gl"'ghzf

divisor function given by
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We remark that the cases of h = 1 and h = 2, involve the standard counting function
and the classical divisor function d respectively.

We prove the following result
Theorem 1. Let {k(P)}p be a sequence of integers greater than or equal to 2

Then, as N — oo, we have
- B ——+e)N
DBN,I - _ 1 H ( |Pn P)|) +O(q i )
q PeP
and
5 P)+1 K(P)
DBN,Z _l H ( - PK,(P‘ + Pn(P)+1>
q PepP
P)(k(P) + 1) deg(P)(|P| — 1)
PY+1] — |P|(k(P) + 1) + K(P)

N+1———— 2:“%(
(

Rmi u )

We remark that the above result gives a smaller error term than (1) for £y, > 3

In the general case, we give an asymptotic result
Theorem 2. Let {x(P)}p be a sequence of integers greater than or equal to 2 and

Then, as N — 0o, we have

he€Zs.
- ()] e ()

If the B-free condition is not imposed and we consider the full sum, the expected
error term for > _ dp(n) in the number field case is O(:Chz;hl) (see [27, Chapter

). Meanwhile in the function field setting one has the exact formula

> dn(f) = N<N+h)

feEM<on h

(see [5]).
setting. In this case, the generating function for d; can be written as
I1 (1 + hudeg<P>) = Z(u)"Gy 1 (w),

PeP

To shed some light on the B-free case, it is natural to consider the square-free



INTEGERS: 26 (2026) )

where Z(u) = ﬁ and Gy x(u) is analytic for |u| < ¢~'/2.

Applying Perron’s
formula as in Theorem 1 leads to an error term of size O(g(zt9V).

This estimate can be refined by extracting additional factors from the generating
function. For instance, one can factor further in terms of Z(u™), which yields
secondary main terms together with improved error terms, such as O(q(%*‘E)N )
after extracting the first few contributions. More generally, this procedure can
be iterated, leading to increasingly precise lower-order terms and an error of size
O(g' o),

This behavior highlights the contrast with the number field setting and reflects
the simpler analytic structure of the zeta function in the function field case. The
general B-free case is more involved. Our results represent a first step toward
understanding how the statistics of the divisor function interact with this type of
multiplicative constraints in the function field setting.

At present, we are not aware of corresponding Q-results in the general B,-free
setting over function fields.

We consider the case of arithmetic progressions. Let m,a € Fy[T] and let N be
a non-negative integer. Given By, we define

Dp, n(N,a,m) = > 1p, (f)dn(f),
feEMconN
f=a (mod m)

that is, the average of the h-divisor function on B,-free elements in the correspond-
ing arithmetic progression.

We prove the following statement.
Theorem 3. Let {k(P)}p be a sequence of integers greater than or equal to 2. Let

m,a € Fy[T] such that (a,m) = 1 and let N be a non-negative integer. Then, as
N — o0, we have

DBn,l(N,a,m) 1 —7 H ( |pn(P)|) +O< Hmm-i—a)N)

me

D o(Noa,m) =L 2T (l_f-a(P)H+ w(P) )

- 1= mp LT m@] T e
Ptm
deg P
X |N+1-— +
2P
Plm

K 1) de Pl-1
+Z|Pm)(() 1) deg(P) (|| — 1)

+s)N
P 11 ey | O ()

P)(m
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where © denotes Euler’s totient function, given by ®(f) = |f[11p; ( %I)

In the general case we have the following result.

Theorem 4. Let {k(P)}p be a sequence of integers greater than or equal to 2 and
h € Zs1. Let m,a € Fy[T] such that (a,m) =1 and let N be a non-negative integer.
Then we have

B NNh=1 g h—1 1\ !
DBmh(N,a,m) :q (m) (1 — )

(h=1)t  |m|" q
1 h+rk(P)—1
<L |- ey (( w(P) >
Ptm

1 h+kr(P)—1 1
1-— 1+0 (= .
[ (0] (o (3)
We also consider the case of intervals. Let A € F,[T] and 0 < A < deg(A) — 2.
Define the interval centered at A of width A:

I(A;A) = {f € F,[T] : |f — Al < ¢°).

We are interested in studying

Np, n(A,A) = > 1 (f)dn(f),
fEF[T]
FEI(A;D)

that is, the average of the h-divisor function on B,.-free elements of I(4; A).
For f € F [T, f # 0, define

AT =T f (;) .

Thus, if
F(T) = fuT" + -+ fo
then
fA(T) = foT" + -+ fa.
A sequence {k(P)}p will be called symmetric if x(P) = x(P*).

Theorem 5. Let {k(P)}p be a symmetric sequence of integers greater than or equal
to2. Let Ae My and cN <A < N — 2 such that

h+ 2
C> l’nll)'
h+2
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Then, as N — oo, we have

1

NBmh(A’ A)= gN-5-1

(DBmh(N) — Dp,_ (N — 1)) +0 (qwﬂﬁﬂw) .

In particular, for h =1, we have

PeP

For h =2,

NB 2<A A A+1 ( )
Pl;[p |P/i | |Pn P)+1|
+

(P)deg(P)(k(P) +1)(|P| —1)
N+1+ Z ’PK(P)H‘ — |P|(k(P) + 1) + &(P)

Both for arithmetic progressions and short intervals over function fields, there
are results of Sawin for factorization functions [24, 25], with error terms of size
Og.h,N (q(l"s)(N*deg(m))) (for some § > 0) and Oy n. N (qA/z), respectively.

The B-free condition can be expressed as a factorization function when x(P)
depends only on deg(P). Thus, these results provide particular instances of the
B-free setting and suggest that stronger bounds should hold in certain cases. In
particular, in the setting of Theorem 5, one expects the error term to depend only
polynomially on V.

For Theorems 1, 2, 3, and 4, our methods of proof involve following the methods
of Camargo [9] for weighted sums of Dirichlet convolutions and computations of
generating functions and Perron’s formula. The strong estimates for the error terms
follow from the Riemann Hypothesis, which is true in this setting. The proof of
Theorem 5 relies on more delicate estimates of Keating and Rudnick [16] to express
sums of the h-divisor function in short intervals as sum over arithmetic progressions.

This article is organized as follows. Section 2 introduces some necessary back-
ground on function fields. Section 3 contains an adaptation of the results of [9] on
weighted sums of Dirichlet convolutions of multiplicative functions, while Section 4
gathers other auxiliary results. The proofs of the main results are in Section 5.

2. Some Background on Function Fields

In this section, we recall a few results for function fields which will be very useful.
Recall that M denotes the set of monic polynomials in F,[T]. We denote by M,,
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(respectively M<,,) the set of elements in M of degree n (resp. degree less than or
equal to n).
The zeta function for F,[T] is given by

C@_Zl_H(l_l)‘l_l
N ATIEINE > ST A

While the initial sum and Euler product converge for Re(s) > 1, the right-hand
side identity provides a meromorphic continuation with a single pole at s = 1. By

applying the change of variables u = ¢—°, we can also write

AR | | (1 _ udcg(P))fl =1 —lqu'

fem pPeP

For a polynomial m(T) € F,[T] of positive degree, the order of (F,[T]/(m))* is
given by the Euler’s totient function ®(m). A Dirichlet character modulo m is a
homomorphism

X : (Fg[T]/(m))* — C~,
which is extended to x(f) = 0 for f € F,[T] such that (f,m) # 1. The orthogonality
relations give, for a(T') € Fy[T],

0 Ej)mwnﬁ{lfza(““m” (2)

(m) 0 otherwise.

(See [22, Proposition 4.2].)
Given a Dirichlet character y, the corresponding Dirichlet L-series is given by

R PY0))
|fI*

fem

x (mod m

Lq(s,x)

for Re(s) > 1. As in the zeta function case, we can make the change of variables

S and write

Lyux) = 3 x(Huts) = T] (1 x(pputes)

femM PeP

u=q

A Dirichlet character y is called even if x(¢) = 1 for any ¢ € F* and is called
odd otherwise. By orthogonality, when x is a nontrivial character, L£q(u,X) is a
polynomial of degree A < deg(m) — 1 ([22, Proposition 4.3]). We may consider the
reciprocals of the roots, i.e.,

A
Lq(u,x) = H(l — o u).

j=1
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Then, for x odd, the Riemann hypothesis implies that |o;| = \/g. If x is even, one
root equals 1 and the others satisfy the Riemann hypothesis.

We recall Perron’s formula over F,[T]. (See for example [20, 4.4.15] for the
classical statement, and [10, Lemma 2.2] for the function field version.)

Lemma 1 (Perron’s Formula). If the generating series A(u) = 3 c a(f)udee’
is absolutely convergent in |u| < p <1, then

i Aw
fG%:gn alf) = 27i /|u_p ur(l—u) u’

where the integral is taken over the circle oriented counterclockwise.

3. The Function Field Version of Camargo’s Results

In this section, we state function field versions of the theory developed in Section 2
of [9] for multiplicative and completely multiplicative functions.

Let o, 8 : Fy[T] — C be two multiplicative functions. We define the Dirichlet
convolution of o and 3 by

<a*5><f>=2a<g>5(§)= S alg)Bh).

geEM gEM,hEF(T)]
glf gh=f

In our applications, f € M, so that the last sum will be symmetric.
Recall that p : F,[T] — C is the Mébius function given by u(f) = (=1)"if f is
square-free and the product of r primes, and 0 otherwise.

Lemma 2. Let o, : F,[T] — C be completely multiplicative. For monic polyno-
maals f and g, we have:

(@xB)(fg)= > uO)a()B()(axpB) (J;) (a* B) (%) ,
i

Proof. The proof follows directly from the fact that convolution is multiplicative
(see also the argument from [9, Lemma 2]). O

For o, B : Fy[T] — C, f € F[T] and n € Z>¢, we define :
Sila, Bl(n) = Y (axB)(fg). (3)
gEM<n—deg(s)

and

Do, fl(n) == Y (axB)(9).

gEM<n
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Lemma 3. Let o, : F,[T] — C be completely multiplicative. For n € Zsq, we

have :
Syl 8ln) = 3 a@5 (4) T w800l o100 - deut 1)
i ‘G

Proof. The argument follows the proof of [9, Lemma 3]. We apply Lemma 2 to (3)
to obtain

Sfadln = 5 X was0@ss) (1) @ (9)

9EM<n_deg(s) LEM

2(f.9)
= Y Y w0as®) Y adp @;)( 5 (2).
9EM<n_deg(s) elig{’\;l) ddel.?/l

Making the change of variable s = d¢ and interchanging the sums, we get

sfasln =Y aws (L) ¥ weswias (9).

seM gEM < _deg(f) LEM
slf £l(s,9)

Setting h = % and interchanging the last two sums, we obtain

SslaBlm) = 3 als)8 (f) S 080 S (B,
ST i deg(ht)<n-—des(f)

which is the desired result, since the condition deg(h¢) < n—deg(f) can be rewritten
as deg(h) <n — deg(f¥). O

Let o, 8,7 : Fy[T] — C be arithmetical functions defined over function fields. We
define

Dy, o, B(n) = > A()axB)(f).

fEMSn

Lemma 4. Let o, 3,7 : Fy[T] — C be arithmetical functions defined over function
fields. For n € Z>o,

Dly,a,8l(n) = Y A(f)S¢le, Bl(n),

fEMSn

where X = v * .
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Proof. The argument follows the proof of [9, Lemma 4]. We have that

Dhy.a.fl(n)= Y vglaxp)lg)= > (Ax1)(g)axpH)(9)

gEM<y, gEM<p
= > Y aD@B9= D D AMN(xB)(9)dy
gEM<p f;/;/l gEM<, fEM<,

where d¢), = 1if f | g and 0 otherwise. Making the change of variables g = f/, the
last equality becomes

Dly,a,Bl(n)= Y Af) Y. (axpB)(f0),

feMcn LeMcn_deg(s)
and the result follows. O
The next result corresponds to [9, Theorem 1].

Theorem 6. Let o, 3 : Fy[T] — C be completely multiplicative. For any arithmeti-
cal function v and n € Z>q, we have

Db fltn = 3 (o) S a@s () Euso i, sln ~ dest 1)

deg(f)<n dlf ¢d
Proof. The proof follows immediately from Lemmas 3 and 4. O

Let k = {x(P)}p be a sequence of non-zero integers and f € M. Let f =
[I, Pvr (/) be the decomposition of f into monic irreducible polynomials (here
vp(f) = 0 for almost all P, and [[, denotes the product with P going over all the
elements of P). We define

R ) G
P

In addition, we say that f~ € M if x(P) | vp(f) for all P € P and in this case, we
set

The following statement corresponds to [9, Lemma 5].

Lemma 5. Let f € M and let {k(P)}p be a sequence of non-zero integers. We
have that ) )
p(f=) if freM,

0 otherwise.

(g, *w)(f) = {
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Proof. Let f = []p PvP(f) be the decomposition of f into prime factors. Write
f = gh with g,h € M. Note that, if K(P) < vp(f) for some P, then either
Pr(P) | g or P? | h. In this case, we get

(Lp, *pm)(f) = Z 1, (9)u(h) = 0.

g,heM

gh=f
Thus, assume that «(P) > vp(f) for all P. If f = gh with 15,_(g) # 0 and pu(h) # 0,
then the power of the primes in the decomposition of g should be all less than x(P),
and h should be square-free.

We decompose the set {P € P : vp(f) >0} = AUB, where A ={P € P :

vp(f) =k(P)} and B={P € P : 0<vp(f) < k(P)}. Then we see that g and h
should have the form

g=g H Pl/p(f)*l7 h=~H H P, where ¢h' = H pre(f) —. 13

PcA PcA PeB
Hence,
(g, xw)(f)= D Ip(9uh)= Y, wph) =p (H P) > u(h')
el (g1 7)ol pea ) iy
=u (H P) 5f/=1.
PecA

This shows that (1, * u)(f) # 0 precisely when B = @ and f = [] P*¥) and in
PecA

this case (1p, *p)(f) = p ( I P) = 1u(f#). To conclude with the proof, note that
PeA

f* € M precisely when f = [[ P*(P)*(P) where v(P) € Zso. But if v(P) > 1 for
PcA

some P, then (1, * u)(f) = 0, and in this case, u(f*) is also vanishing and the
result still holds. O

4. Some Auxiliary Results

In this section, we will prove some auxiliary statements that are needed for our
main results. We fix a sequence x : P — Zx> and we let £min be the minimum
value of k.

We start by proving the following elementary result.
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Lemma 6. For f € M, we have that

wy) _ (/)

gl 1T

geM
glf

Remark 1. We will often write }  to indicate a sum over g € M and > _p or [[p
to indicate a sum or product over P € P.

Proof of Lemma 6. Indeed, both sides of the equality are multiplicative functions,
and therefore it suffices to prove the identity for powers of primes. Let f = P*. We
have .
po) 1 _a(P
= = AR
2l TP TP

Thus, the statement is true by multiplicativity. O

Lemma 7. For f € M, we have that

3 p(g)deg(g) _ ©(f) 3 deg(P)

2l Il A 117
glf P|f

Proof. We consider the generating function
deg deg(P)
u(g
S MR T (- ).
glf

Taking the logarithmic derivative, we have

uB'(u) deg(P)udes(”)
B~ & wh [P @

Notice that

Zu g) deg(g

T gl

Combining this with (4) and Lemma 6, we conclude that

11(g) deg(g deg(P) _ @(f) §~ deg(P)
2 _B(l);;:l—lPl_ R

The following result will be applied to the general divisor function dp,.
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Proposition 1. Let m € M be fizred, h € Z>1, and ¢ > 0. Then, as N — oo, we

have
()

+H1<“:§§;1)})]
+0 ( e 1><N+1>)

Proof. We consider the generating function and apply Lemma 6 to obtain

A= 5 HD S i) 5 B

remM geEM ‘g|
(rm)=1 flr g\f

) dcg(r")
-2 WEF“ 7

(r,m)=1

(P) deg(P) K(P)
=11 (1~ W®|1+< P)Zﬁl
PeP

> T aan -1

P

rem
deg(r®)<N f|r g‘f Ptm
(rym)=1

Ptm
L (- (v (o) (507 )
Ptm

where we have applied the fact that
”f) <j+h2) B (h+/<;(P)1)
2\ w(P) )

1
We notice that Ay, (u) converges absolutely for |u| < ¢' Fam. To see this, we

compare with the sum
u\FP s P) 1 py g
@ (e )
Indeed, if we take |u| = q17ﬁ76 with € > 0 fixed, then we have

Z u r(P) deg(P) h+ lﬁ} P _ Z 7—;4(13) deg(P) h+ H(P) -1
p x(P) TP dE®) \ w(P)

P Rmin

q 3P (h4k(P) -1
= Z JrndE® | w(P) )
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Let
ray=a s (1Y)

We have that f is a continuous function such that f(0) = 1, f(z) > 0 for z real
positive, and lim,_, f(z) = 0. Thus, f(z) is bounded by some constant C, .
Therefore, denoting by m, the number of monic irreducible polynomials of degree

OB G

n?

<C 1
- qvfz (1+§)deg(P)
<<Z (1+ n

< Z nq(1+ n

:OE( )7

where we have used the estimate m, = %" +0 ((/;/2) ([22, Theorem 2.2]). By

applying Lemma 1, we have

r) d plg) 1 Ap.m(u) du
LM L[ Al d
Z fg/( " gEM /|“ P

= |r#] lgl 270 Sy uN(1—w) u’

deg(r™)<N flr® glf
(r;m)=1

where p is a small positive number. Shifting the integral to a circle of radius

1——L €
g "min ~, we encounter a pole at v =1 and we get

1 Ah,m(’u) du Ah7m(u)
— N1 N o, = — Resu:1N7
270 Jy|=p U (1—u) u ulN (1 —u)
= Anm(w) du
271 |u‘:q1*ﬁ75 uN(l — U) w .
Notice that o
Res,_y —m\W 4
es 1uN(]. _u) Ah7 ( )
and
1 Apm(u) du (e em 1N+ )
2 |U\:q17ﬁ*5 uN(1—u) u < @ Fmin .

Combining the above, we get the result. O
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16

Proposition 2. Let m € M be fized and let € > 0. Then, as N — 0o, we have

>

reM feMgeM
deg(r*)<N fIT glf
(r,m)=1

s 5 Holsel)

Kk(P)+1 k(P)
H 1- | Pr(P)| + | Pre(P)+1]
PeP
Ptm

k(P) deg(P)
XZ|P”<P>+1\ |P|(k(P) +1) + &(P)

PJ(m

+O( e 1)(N+1))

Proof. Given f € F,[T], we define the function v : F,[T] — Q by

=3 2
PIf

Introducing a variable v, we remark that the function I', (f) := v7(¥) when v(f) # 0

and I'(f) =

1 when ~(f) =
conveniently. We will take v such that [v — 1| < %

0, is a multiplicative function when we evaluate v
so that the principal branch of

the logarithm allows us to define v7/) without ambiguity.

Recall from Lemma 7 that

I e D DI D Dk N

flre glf

>

deg(r"™)
(r,m)= -1

91 deg(r")<N

(rym)=1

flre

We now consider the generating function and apply Lemma 6 to obtain

A (u,v) = Z

TEM

(rm)=

D

rem

(r,m)=

e

Ptm

]

K| Z Z ) () e (™)
flre glf
p(r) 3 ) (1) o)

/]

r(P) deg(P) 1
S () (1 — @) .
)] ( = )( |P>”

As in the proof of Proposition 1, we can see that A,,(u,v) converges absolutely in

the region |u| < ¢

1
1— —
‘( 1P|

" and v — 1] < %. Indeed, letting d = deg(P), we have that

1

v

qd—1 d

(-3
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Thus, it suffices to compare with the sum

b

P

(P) deg(P)

(26(P) + 1) < sl (K(P) +1),
>(5)

and we can proceed as in the proof of Proposition 1.

)H(P) deg(P)

The logarithmic derivative of A, (u,v) with respect to v at v =1 is given by

O A (u,v) r(P) deg(P)ur(P) des(P)
B [Pr(P)+1]
= =l Z
Am 5 1 wr(P) deg(P) ) ,
(u, 1) P+m17W(1+[{(P)(17W))
so that
8Am(u U) uK(P) deg(P) )
S T - " (14xP) (1-—
(u) ov -~ H |PK(P)| + H( ) |P|
v=1 P’(m
r(P) deg(P)ur(F) des(P)
[Pr(P+1]
X Z 1 wh(P) deg(P) 1 (1 :
Pfm =7 TR +r(P)(1— &

is the generating function

S SRS = 3 GRS e

(rm)=1 flr= glf (rm)=1

|7‘“|
corresponding to the sum (5) we wish to evaluate. By applying Lemma 1, we have
T o wlep WY (1 —u) u’

dcg(T“)SN flre gl f ul=p
(r,m)=1

T |

where p is a small positive number. Shifting the integral to a circle of radius
a1
g "min°, we encounter a pole at u = 1 and we get

ARV ORI Bl du
210 Jjyy=p wN (1 —u) N e uN (1 =)
We remark that

1 Bn(u) du _ (1_ie1)(N+1)
27i '

1-—1 ¢
|u‘:q Kmin

By combining the above statements, we obtain the desired result. O
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Proposition 3. Let m e M be ﬁ:ced and let € > 0. Then, as N — oo, we have

r) deg(r k(P)+1 k(P)
> T Z Z |g‘ - 11 (1 | PrCP)] + |PR(P)+1>

remM fEM geM PeP
deg(r*)<N flre glf Ptm
(r,m)=1

K(P) deg(P) (IP|(s(P) +1) — K(P))
% Z | PP+ — | P|(k(P) + 1) + K(P)
Ptm

+O< e 1)(N+1))

Proof. We consider the generating function and apply Lemma 6 to obtain

Am(u) - Z Z Z |g| deg(r")

|

(r,m)=1 flr™ glf
w(P) deg(P) 1
u
= l1——— (1 P 1— —
H( PP] ( il )< |P|>>>’
Pep
Ptm

as in the proof of Proposition 1. We compute

d o
-2 = \i? PRI |g\ utse,

(r,m)= flr® glf

Thus, uA’,, (u) yields the generating function for our problem. Applying Lemma 1,
we have that

e s = L e
> - i (u) du
deg(r®)<N | ‘ flr= |g| 27” lu|=p u (1 u) u
(rym)=1

where p is a small positive number. Shifting the integral to a circle of radius
1
g *min°, we encounter a pole at v = 1 and we get

1 uA’ du , 1 uA (u) du
/ ( ) =A ( ) / P B ( )
lul=p lul=¢"~ Fmin

2mi N1l—u)u 2mi uN (1 —u) u

Notice that,

1 uA'(u) du 1
— N W) du (il ey,
270y |=grmin—1-< U (1—u) u

To compute A’;, (1) we find the logarithmic derivative of A, (u):
(P deg(P)
A (1) #(P)deg(P) (1+x(P) (1- b)) R

AT (o ()
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Therefore, we obtain

40 == I1 (1= ey (1450 (1= 7))

PeP
Ptm

5(P)deg(P) (14 5(P) (1= ) (e

1 ey (180 (1 )

Combining the above identities, we get the result. O

X

We will also need the following elementary bounds.

Lemma 8. Letr € M and N be a positive integer. Then

N
> w(r) DD uld)] < gt (6)
TE'{W flre o) f
deg(r*)<N

and

PODIDDEE T A (7)
reM  flre o)f
deg(r*)<N

Proof. The innermost sum in (6) is nonzero only when f = 1. Therefore, we have

that
Soumd Y w0 = u).

deg(r~)<N flre L f deg(r~)<N

Now we bound this trivially to get

Yooums Y 1 Y 1= Y 1<gEe.

deg(r®)<N deg(r*)<N deg(r"min)<N deg(r)< X

Kmin

For (7), we apply the bound d(f) < ¢ &) to get

Z 221: Z Zd(f)<< Z andeg<f>

deg(re)<N flre £|f  deg(r*)<N flr® deg(r)<N f|r
1
<Ny A <N Y 1< ma T,
deg(rr)<N deg(rr)<N

which proves the desired statement. O
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Let x1 and x2 be two characters and f € M. Recall that the Dirichlet convolu-
tion of x; and x3 is given by

(a2 () = S a@)xe (g) = 3 @),
glf gh=f

We will denote by x the h-fold Dirichlet convolution of y with itself, namely

XM= > Xl oxta) = Y X =xNdu(). ()
sy e

We have the following estimate for the h-fold convolution of the trivial character.

Proposition 4. Let m € M be fixed such that m # 1 and let xo denote the principal
character modulo m. Let h € Z>1. Then we have

> -G (5 () (ee(z)- o

FEM<N

In the particular case that m = 1, then xq is the identity function, and we have

s wn-ne (-8 (o).

feEM<«nN

For h =1, we have

N+1 $(m
ZXo(f) " D(m)

Cq—1 |m|

and, form =1,

For h =2, we have

> (xo* x0)(f) =g~ (ﬁfg)y [(1 _ ;)1 Ni1+2Y |d1.37g7P1

feEMcnN P|lm

and, form=1,

(N+1)gN*2 — (N +2)¢V 1 +1
(g —1)2 '
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Proof. We treat the general case of Equations (9) and (10) only, as the cases h = 1,2

are similar. We have that
h
o= > )

feEMcn feEMcn
(fm)=1

The generating function is given by

An() = T @ = utes®) = = T @ - utes )" 2, (u)".

Ptm Plm
For the case m = 1 we have

S du(f) =§N: <h4,:;1>4” = (h_lnuz,hh—ll (qNJfI 1)

feMgN n=0

O]

where we have used the identity

n N+1 n
d<N) n'z, P !

dxm x—1 (x —1)3t1 (z — 1)1’

=0
This concludes the proof of (10).
Now let m # 1. We have

[T (1 —udeP)r 2, (u)"

a “omi lul=p uN (1 —u) u

feMc«n
(f,m)=1

H (1 _ udegP)h

. 1 P|lm du
2 fy—p (L= w)(1 — qu)h uN+1

where p is small and positive. We shift the integral to the radius |u| = R > 1 and
encounter the poles at u =1 and u = ;. This gives

ll—I (1 — ydee Pyh 1‘—[ (1 — ydes Pyh
Plm Plm
g d = — Res,— ~Res 1
feM W) =t (1 —u)(1 — qu)rulN+t Su=1 (1—u)(1 — qu)huN+1
<N
(f,m);l
(12)

H (1 _ udegP)h

270 Jj=r (1 —u)(1 — qu)h uN+1°
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We remark that the first term above is zero when m # 1, since the numerator
vanishes at u = 1.

For the second term in (12) we have

H (1 _ udeg P)h . - H (1 _ udegP)h
Res. Plm (—1) o Plm

7 (1—u)(1—qu)rulN+1 - (h —1)lgh Quh—1 (1 —w)ulN+1

U.:l
q

(=" h—1
:m(_n (N+h—1)-- (N +1)

H (1 _ udegP)h

A\ e || (e (7))

1

1 \" q
Nh—qu Pl‘_L (1 - W) 1
=_ 1+0 (=
i o(x)
N'=1gN (d(m)\" 1 1
_ a (m) (1+0(~=)).
(h—1)! || 11— N
(13)
Finally, letting R — oo, we can bound the third term in (12) by
H (1 _ udch)h
]. P|m du —N—h-—1
— R 0.
210 Jjy=r (1 —u)(1 — qu)t ulN+1 < -
The final result then follows from (13). O

We have the following bound for the h-fold convolution of non-trivial characters.

Proposition 5. Let x be a non-principal Dirichlet character of conductor m € M
and h € Z>1. Then

S ()

JeEM<n

S (\/&"’ 1)h(ng(m)71) =0 (qh’deg(nw) .

Proof. Considering the generating series, we have

Z M (fudesl) = Z Z x(g1) -+ x(gn)ude)

fem feMagr---gn=f

(X o) (0 atautEo) = £fu

g1EM gheEM
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where L£(u, x) denotes the Dirichlet L-function associated to x, which is a polyno-
mial of degree at most deg(m) — 1 for x non-principal ([22, Proposition 4.3]). Let
M = deg(m) — 1 and

M
u,x) = Z aput.
k=0

By the Riemann Hypothesis, we have

MY\ &
al < (4)at

Using this, we have,

N
SoXMNI<d. DD ey a
deg(f)<N k=0 Ji,..-.jn
PR o
N N
/ M M « (RM
o () () =2 ()
k=0 ieagn M1 I k=0 k
Jjit+in=k

S(\/&"' 1)hZM.

5. Proofs of the Main Results

5.1. Proof of Theorems 1 and 2
We notice that Dp_ ,(N) = D[1g, ,ds_1,1](N). Thus, by Theorem 6,

D, n(N)= > (s, xw)(f) Y dn-1(9) > p(6)Dldp1,1](N — deg(f2)).

feEMc«nN glf Lg

By Lemma 5, (15, * u)(f) is non-vanishing only when f takes the form f =" and
in this case (1g, * u)(f) = u(r). Hence,

Dp, n(N) = p(r) > dna(g) > nl®) > dn(s),  (14)

deg(r®)<N glre g deg(s)<N—deg(r~¢)
where we have used that d, = dj,_1 * 1.

Proof of Theorem 1. We first consider the case h = 1. Applying the case m =1 in
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Proposition 4 for the last sum, we have

Dp, 1(N) =

_4q

)

qudcg(r"f)le 1
o ur) Y Y u) -
q—1 q—1
deg(r®)<N g\r“ flg
Y ) 3) S
Tg—1 e 0 —1
T7 % deg(rm)<n |g|M P k=

Applying Proposition 1 for h = 1 and Lemma 8, we obtain the result.
Now we consider the case h = 2. Using the particular case m = 1 of Proposition
4 for the last sum, we get

D — deg(r® N —deg(r"€)+1
Dp, 2(N) = Z “(T)ZZN(@((N deg(rl) + 1)q +

deg(r~)<N glre Llg
qN—deg(r”€)+1 1
- 2 + 2
(¢—1) (¢—1)
N+1
_q p(l K
Sy @2 (N —deg(r"0) 1)
deg r'”)<N Q‘T” E|9
N+1
q
_(q—1)2 Z n| ZZ |g|
deg(r=)<N glre Llg
1
- NY S0
deg(r~)<N glr= £lg
_((N+l)qN+1 qN—i-l ) Z
- _ - _ 2 re
q 1 (C] 1) deg(r”)<N |
gN+1
a q—1 Z | | Z Z |g‘
deg(r®)<N 9‘7"” lg
N+1
g p(l
Ty My
g(r=)<N glrs Llg
1
T dooum)d> e
deg(r~)<N glr= £lg

q—1

Mo Syt

glr“ Lg

24

n Y>> ul)

glr= £lg

By replacing each sum by its value in Propositions 1, 2, and 3 respectively, and
bounding the last term using Lemma 8, we obtain the result.

O
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Proof of Theorem 2. Applying (11) to (14), we obtain

2 qN+1 (ﬂ) K h—1
DBK’h(N):q, Z ,i| Zd - M' (N de ( E))
deg(r®)<N glre Z|g
1+0(—=

<(1+0(¥))

N+1prh—1

"IN p(r p(f) 1

= d —(14+0| = ,
1 2 PXEIO)> 7\ TO\m
deg(r~)<N glre lg
and the result follows from Proposition 1. O

5.2. Proof of Theorems 3 and 4

By orthogonality (2), since (a,m) =1,

Dp n(Noam)= > g (f)du(f)

feEMcn
f=a (mod m)

_ﬁiw ST 1o (NX)dn()

feM<n
—ﬁ S %(@)D[1 s, x "V, XI(N),

where we have also applied Equation (8). By Theorem 6,

Dip, X" VW) = > s, xm)(H)D "V <f)

deg(f)<N glf g
x Y p(@x(ODX" XN — deg(f0))
Lg
= > )Y X"V ( > > ulh)x
deg(r=)<N glre lg

<Y e,
deg(s)<N—deg(r~t)
where we have applied Lemma 5 to (L, * u)(f).
If x is non-principal, we apply Equation (8) and write x*~1)(g) = x(g9)dn_1(g).
Trivially bounding all the characters and the Mobius functions other than the in-
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nermost sum, we have,

D[IlBMx(h‘”,x](N)‘s ST dnale)d ] 3 ) (s)

deg(r®)<N g|r~ g |deg(s)<N—deg(r~£)
h deg(m)
<Ciq > S dnalg) Dt
deg(r~)<N g|r~ Lg

<O FEY Y 3

deg(r*)<N g|rt £|g

where we have applied Proposition 5 and the fact that dj—1(g) < ¢° deg(9) . Applying
Lemma 8, we finally obtain

h deg(m)
D, X"V N\(N)=0(g 2 G TN, (15)

When x = xo is principal, we have, by Theorem 6 and Lemma 5,

Dlisxg' ™ xol(N) = D0 wl) D0 xs" Vlo)x ( )Zu Polt

deg(r®)<N glre g

X 3 X3 (s).

deg(s)<N—deg(rrL)

Notice that xo(r) = 1 if and only if (r,m) = 1 and zero otherwise, and since £ | g
and g | 7, we have that (¢, m) = 1 when xo(r) = 1, which means that xo(¢) = 1.
Thus, we have

Dlp, xS Voxdd W)= > ur)d dn-1(9) D (o)

deg(r*)<N glr® Lg
(r,m)=1

X 3 X (s).

deg(s)<N—deg(r=e)
Proof of Theorem 8. For the case h = 1, replacing > Xo(h) by its

deg(h)<N—deg(r~£)
value in Proposition 4, we get

D[ip,, LxoJ(N)= > N(T)ZZW)QN_:%_(T;OH ((I)fff))

deg(r™)<N glr= £lg
(Tvm)zl
N+1
¢V o(m)
1 Tl Z K|Z;Z |g|
deg(r"™) glre Llg

(r,m)= 1
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Replacing the last sum by its value in Proposition 1 for h = 1, we obtain

N+1 P 1 _
D[ig,, 1, xol(N) = 2 2(m) 11 (1 - ) +0( i 1><N+1>)
Ptm

g—1 |m| |P“(P)|

The result then follows by combining with (15).
Now we assume that h = 2. Replacing > (x0 * x0)(h) by its value
deg(h)< N —deg(r=£)
in Proposition 4, we get

Dlipxoxol(N) = 3 plr) DD u(0)gN~est"0 <Q)|7(Z|L)>

deg(T"‘)SN glre Llg
(r,m)=1

0\t deg P
x| (1-2 N — deg(r"6) + 1+ 2
l( ) S0+ 120 iy

Plm
-1
w(r) ()
Cy My
de(g(T'“))_SlN glre Llg

2
N ([ 2(m)
q ( [m|

()) DM

deg(r”)<N glr~ £lg
(r,m)=1
2
N [ &(m)
4 ( m] ) (r) deg(r) u(
e i) - ZZ*
(]- q) d?g(rn))élN | | glr,i e|g |

Replacing each sum by its value in Propositions 1, 2, and 3 respectively, we
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obtain
o () (P)+1 . w(P)
. [m| K + K
D[1p,, xo0, Xo](IV) = Ta-L) H (1 |PRCP] + |P,€(p)+1|>
4/  pep
Pim
deg P
N+1-——t2 > BT
peP

Plm

P) + 1) deg(P) (|P| — 1)
- Z |P~<P>+l| —1PI(s(P) + 1) + 5(P)

+0 ( +6)N) .

P)(m
Combining with the estimate (15), we obtain the result. O
Proof of Theorem 4. Replacing > Xéh) (s) by its value in Proposition
deg(h)<N—deg(r~£)
4, we get
(h—1) g ®(m)\" !
D[, xo s xol(N) = ) (1-= > - Zdhl
(h=1E\ |m] q - | p
deg(r )<N glr
(r,m)=1
w(l) he1 1
N —d 4 1+0 (=
¥ = degr) (140 (
quNH <¢><m>)" (1 1)1 3 u(r)
" (h=1)! T |
(=D \ Tl i) ey I
(r,m)=1
u(t) 1
d 1 — ).
x ; h—1( T oly
The result follows from Proposition 1. O

5.3. Proof of Theorem 5
We start by writing
AT)=TN +an 1TV 14 Fag
and by considering
B(T):=TN "2 pany TV 272 ... fany.
Then I(A; A) = I(BTA+1; A) and therefore
Np, n(A,A) = N, n(BT2T A).
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Let Fy[T]<, be the set of polynomials of degree less than or equal to n and let
On : Fo[T)<n — Fy[T)<yp be given by

0,1 =15 (7).
Thus, 60,,(f) = f* when f(0) # 0.

Proof of Theorem 5. Applying [16, Lemma 5.3], we have

N
Np, n(A A) = <NBK,,h(" A)> + m > g (TNHdu (TN
even £:0

x Z XOn-—a—1(B))M(1p, xdp),

X (mod TN=2)
XF#Xo even

where
q)even(Tn) = Tn717

is the number of even characters modulo 17", and

M1, xdy) = Y 1p,( = 3 e, (M),

feM, feM,

where the last equality follows from Equation (8).
By [16, Lemma 5.2],

<NBmh(-,A)>:W% > 1 (f)dn(f)
feMn

1 . ~
= NAT (DBmh(N) = Dp, n(N - 1)) 7

and this gives the main term.
Bounding the non-trivial character sums by Equation (15), we obtain

PR PRUNCIOED DI PR NCIVEND S PRGN

FEM, FEM<, fEM<i1
=D[1p,,x" 1, X](¢t) - D[1p,, X"V, x](t - 1)

h(N A) 1
<<q o Fmin +E)
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Thus, the contribution of non-trivial characters is bounded by

(I)even (TN?A)

N

e S (YY) Y X(On-a(BYME s, xd)

£=0 x (mod TN—2)
X#Xo even

h(N-A) ol N—-/l+h-1 1

h(N=B) - - te)t
<<q 2 Z ( h1 >q(’cmin 2

t=max{0,N—~r(T)}

h(N—-A) 1

< q 2 +(Kmi“ +E)Na
and this gives the error term. O
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