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Abstract
We analyze a parametric extension of Euler sums of generalized hyperharmonic
numbers, and show that it exhibits a natural duality. This family of series includes
many variants of harmonic number series and Euler-Apéry sums. We evaluate
several families of such series involving odd harmonic numbers, binomial coefficients,
and Catalan numbers explicitly in terms of Riemann zeta and Dirichlet beta values.

1. Introduction

The generalized hyperharmonic number HLT](k:) of depth k and order r is defined
[32, 33] for positive integers n, k, r by the finite nested sum

HI (k) == > ! (1.1)

NpMp g1 Ny —1

O<717,+k,1<-“<nr
<np_1<-<np<n

The hyperharmonic Euler sums

o 7]
S(k,r;p) = Z il (k), (1.2)

have been extensively studied [9, 10, 22, 32, 33] in recent years. These Dirichlet
series are convergent for integers p > r and their values may be expressed as rational
polynomials in Riemann zeta values; this was demonstrated for k = 1 in [9, 22] and
for general k in [32, 33]. In the case k = r = 1, this fact was known to Euler, for
whom the sums are named.

Classically, an Fuler sum [1, 11] refers to a convergent infinite series

i JEERREY  t

n4

(1.3)

n=1
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(for integers ¢ > 2 and my, ..., my > 1) involving the generalized harmonic numbers

1

J

HM =

n

.
Il M:z
o

These sums may be expressed [11, 37| as Q-linear combinations of multiple zeta
values 1
4(31,52,...,Sj) = Z m (14)
ni>ng>-->n; >0 1772 J
where s; > 1 and so,...,s; > 0 are integers [39], which are multivariate generaliza-

tions of the Riemann zeta function
=1
C(s) =) —  (R(s)>1).
n=1

The hyperharmonic Euler sums S(k, r; p) are one of many variants of interest; others
include alternating sums [27, 29], sums with odd harmonic numbers

" 1
Olm) .— gm Z - 1.5
= 2 -nm (15)

[7, 19, 26, 28, 29, 36], sums with shifted denominators (n+a)? [14, 19, 25, 26, 27, 28,
31, 36], and the Euler-Apéry sums [3, 6, 7, 14, 18, 20, 30, 36] which include factors
of a, := (2:) /4™ in the summands, after Apéry’s proof [2] of the irrationality of
¢(3).

Two fundamental questions are to express such series, or families of such series, in
terms of known constants, such as Riemann zeta values; and to determine arithmetic
relations between such sums. Following [5], in this article we consider the parametric
variant

0o [r]
S(k,r;p,a) = Z (I:l(ak;)p

n=~k

(1.6)

where r and a may be considered as complex variables. These sums S(k,r;p,a)
exhibit a natural duality (Corollary 1 below), and for p € N and r,a € Q, include
sums considered in [26, 30, 29, 31], odd harmonic variants of those in [3, 23, 24, 26,
25, 30], and Apéry-type variants of those in [19, 26, 27, 28, 31, 36].

An approach taken by several authors [3, 38] has been the expression of such
sums in terms of cyclotomic multiple zeta values (also called colored multiple zeta
values) [39], which refer to convergent series of the form

ni
€ ...Ej
E — 57
...n]

52
nin
ni>ng>-->n; >0 17%2
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with each ¢; a root of unity. The level of the CMZV is the minimal N € N such
that all €V = 1; thus in (1.4), MZVs are CMZVs of level one. For example, in [38,
Corollary 9.8], a large class of Euler-Apéry sums, including sums of the form

oo 2n O'n, k;
sw¢m¢>§jﬁg+§;, (17)
n==k 2

where

2k
O,(k) = 1.8

" 1§i1<Z'<ikSn (2in = 1)+ (205 — 1) e
is the depth k odd harmonic number, were recently shown to lie in the Q-vector
space spanned by the imaginary parts of level 4 CMZVs. In Corollary 7 below, we
give a refinement showing that these sums (1.7) also belong to a large family which
more specifically lie in the ring Q[log2,7,((2j + 1);>1]. Corollary 4 gives another
family of sums S(k,r;p,a) which lie in this ring, while Corollary 6 gives a family
that lies in Q[log 2, 7, (25 4+ 1);>1, 8(24)j>1], where 8(s) denotes the Dirichlet beta
function. Corollary 11 gives a surprising family of products of sums S(k,r;p,a)
which lie in this latter ring.

Although our results apply as well for integer parameters 7, a in the sums (1.6),
our paper is focused primarily on cases where at least one parameter is not an
integer, and particularly often lies in % + Z. By a combination of analytic and
combinatorial techniques, we find several families of such series which have relatively
concise expression, including Corollaries 3 and 9 below for certain Apéry-type odd
harmonic sums, and Corollaries 5 and 8 for Catalan number harmonic sums. We
illustrate each such family with several explicit examples.

2. Evaluation of Parametric Hyperharmonic Euler Sums

Throughout this paper we adopt the convention that in any variant of harmonic or
hyperharmonic numbers, when the order r or depth k is 1, it may be omitted from
the notation. From the definition (1.1) of generalized hyperharmonic numbers, we
observe that for order r > 1, H/!’ (k) — HLTll(k) is equal to the sum (1.1) summed
over n1 = n only, and is therefore equal to HLTfl](k;). With the initial conditions
HI(k) =0, this recursion

Y (k) = H,TLy (k) = HY (k) (2.1)

n—1

implies the sum formula
n

HI (k) =" H (). (2.2)

i=1
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Taking the order » = 1 in (1.1), we have the multiple harmonic number of depth k,

1
gl = = _— .
(k) 1= H, (k) > (2.3)
0<ng<-~<ni<n
which becomes the classical harmonic number H,(1) = H, := 22‘;1 1/j when
k = 1. The relation (2.2) in the case k = 1 formed the original definition [4, 8] of
hyperharmonic numbers. Thus, from (1.6) and (2.3) we conclude that the family of

sums S(k, r;p,a) include as special cases the multiple zeta values

S(k71;p71)zc(p717"'71)
—

k
for p > 1.
The hyperharmonic numbers are also given by the combinatorial formula
1 n+r—1
HIV(k) = —DF 2.4
Hew=oor(" T (24)

[33, eq. (2.8)], where D, = d% is the derivative and ("trfl) is the binomial coeffi-
cient. This permits us to consider HT[LT} (k) as a polynomial of degree n — k in r, and
consequently regard r as a complex variable. With this definition, the recurrence

(2.1) extends to all r € C; therefore (for example) we obtain
1
HP (k) = ﬁHn—l(k -1) (2.5)

for positive integers n, k, from (2.3) and the r = 1 case of (2.1). Since HLT](k) ~
n"~t(logn)k/(r — 1)! as n — oo [12, Theorem VI.2], the series (1.6) is absolutely
convergent when R(r) < p, defining S(k, r;p, a) as an analytic function of r on that
half-plane for fixed k, p, a, and an analytic function of @ on C\ {—k,—k—1,...} for
fixed k,r,p. The recursion (2.1) implies the recursion

S(k,rip;a) — S(k,rip;a+1) = S(k,r —1;p;a) (2.6)

for the hyperharmonic Euler sums. Our first main theorem expresses these sums in
terms of the Euler beta function

B(a,b) = /0 lt“’l(l—t)b’ldt, (R(a), R(b) > 0). (2.7)

Theorem 1. For nonnegative integers k and p, for R(r) < p+1 and R(a) > —k
we have the evaluation

PRIS(k,7;p + 1;a) = (~1)? DDy B(a, 1 — 1)

in terms of derivatives of the Euler beta function. Thus for R(r) < p, S(k,r;p;a)
continues analytically to a € C\ {—k,—k—1,...}.
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Proof. The beta function B(a,1—r) is defined for R(a) > 0, R(r) < 1 by (2.7), and
binomial expansion of (1 —¢)~" in the integrand produces the series

o0

m+r—1 1 L
B(a,l—r)—mz_o< o )(m—i—a) = 5(0,r;15a) (2.8)
which is convergent for R(r) < 1 and R(a) > 0. By (2.4), we see that this proves
the first statement in the case k = p = 0.

Differentiating with respect to r under the integral sign in (2.7), the correspond-
ing integral formula for D¥B(a,1 — ) continues analytically to R(a) > —k, due to
the introduction of factors of log(1l — ¢) in the integrand. Therefore differentiating
termwise in (2.8) produces

DFB(a,1 —r) Z HI(E)(m +a)™' = kIS (K, r;1;a) (2.9)

with both members analytic for £(r) < 1 and R(a) > —k. Finally, differentiating
with respect to a, termwise in (2.9) and under the integral sign in (2.7), produces

DPDEB(a,1 — 1) = (—1)Ppk!S(k,7;p + 1;a)

with both members analytic for ®(r) < p + 1 and R(a) > —k. Since B(a,b) =
I'(a)T'(b)/T(a + b) is an analytic function of a when a is not a nonpositive integer,
S(k,r;p,a) continues analytically as described. O

This evaluation by differentiation under the integral sign in (2.7) demonstrates
that S(k,7;p,a) is a real period (in the sense of [16]) when a,r are real algebraic
numbers. Since B(a,b) = I'(a)T'(b)/T'(a+b) is symmetric in a and b, this evaluation
of S(k,r;p,a) implies a duality relation for these sums, which applies as long as
both series are convergent.

Corollary 1. For R(r) <p+1 and R(t) < k + 1 we have the duality
Sk,mp+1;1—t)=S(p, t; k+1;1—r),

that is,

f: HI(k) S HI®)
= (n+l-t)ptl L (nt 11—kt
While this corollary establishes a useful symmetry for the hyperharmonic Euler
sums S(k, r; p, a) for integer parameters k, r, p, a, it also provides intriguing relations
among the many variants of Euler sums, especially by taking either r or a in % +Z.
Using the well known expression of the coefficients of a polynomial as symmetric
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functions of its zeros, for r ¢ {0,—1,...,1 — n}, the combinatorial formula (2.4)
implies an explicit expression

-1
HI (k) = (” r >Hn(k; r) (2.10)
n
in terms of the binomial coefficient ("+:L_1) and the depth k& harmonic sum starting

at r,

H,(k;7) = > L (2.11)

1<i < <ip<n (r+ir—1)(r+ix—1)’

with convention H,(0;7) := 1. Specifically, write the binomial coefficient

Fle) = (n—kr;x—l) zgak(r)xk

as a polynomial in z. Setting y = r — x and differentiating with respect to z at
x = 0 using (2.4) gives

1 1 n+r—x—1 .
FFO0) = (TN ) = o),
But since F(z) is a polynomial in x with leading coefficient (;L—l,)w and zeros x €

{r,r+1,...,7r+n—1}, we have

CV - 4.

1=0

F(x) =

n!

so that ay(r) is (—1)%/n! times the (n — k)-th elementary symmetric function of
{r,r+1,...,7r+n—1}. Therefore Hy[f](k) is equal to

% Z (r+j1)...(r+jnik):T(r—i—l)..r-lgr-ﬁ-n—l)

’ 0<j1<-<Jn—r<n—1

H,(k;r)

as claimed in (2.10). Taking r = 1 in (2.11) yields the depth & multiple harmonic
number H, (k;1) = H, (k) in (2.3), while taking r = % yields
2n
1/2 _ (n )On(k)
A () = 1oL,
where O, (k) := H,(k;3) is the depth k odd harmonic number defined in (1.8).

Therefore, among the r = % cases of Corollary 1 we find the relations

(2.12)

= (0nlk) < Haa(p—1)
7; 4n(n + 1)p+t nzzp n(n—1|— 1)k+1?
<. (*)0,(k = (*M0,

Z (n) ( ) o Z ( ) (p>

4n(n 4 )P+l - 4n(n + 1)kt

n=k n=p

among these variant sums, for any positive integers k and p.
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3. Expression as Hurwitz Zeta Values

3.1. One Non-integer Parameter

It is known [9, 10, 22, 32, 33| that for positive integers k,r,p with p > r, the
series S(k,r;p,0) is a rational polynomial in Riemann zeta values. First we extend
this principle to the case where one of (r,a) is a positive integer and one is not;
this entails an evaluation of the analytic continuation of D?DFB(a,b) at values
where B(a,b) itself has a pole. Our expression of the sums S(k,r; p,a) involves the
digamma function ¥ (a) = I'(a)/I'(a) and its derivatives ¥)(™ (a), which are called
polygamma functions. These functions satisfy /(™) (a) = (=1)™*'m!{(m+1, a) for
positive integers m, where

oo

((s,0) =Y % (R(a) > 0, R(s) > 1)

= (n+ a)s
denotes the Hurwitz zeta function.

Theorem 2. Forr=1,...,p and a € C\ Z, the generalized hyperharmonic Euler
sum S(k,r;p+ 1;a) is a polynomial in 1(a) + vy, polygamma values, and Riemann
zeta values, that is,

S(k,r;p+1;a) € Q(a)[y(a) + 7,9 (a)j>1,C(4) 22
This extends as well to integers a with a > —k by continuity.

Proof. By Theorem 1, we need to evaluate DPDFB(a,1—7) for r = 1,...,p, which,
up to sign, amounts to D?PD¥B(a,b) for b = 0,...,1 — p. Using the derivative
formula

Do B(a,b) = B(a,b)(y(a) — ¢(a+b)) (3.1)

and its symmetric counterpart formula for Dy B(a,b), we may write

DEDEB(a,b) = Blayb) - Ppu(a,b) (3:2)
where the meromorphic function P, ;(a,b) is an integral polynomial in the deriva-
tives (9 (a), v (b), 1 (a+b) for i > 0. Fixing a € C\Z, the meromorphic function
DPD¥B(a,b) is analytic at b = 0,...,1 — p where B(a,b) itself has simple poles;
therefore P, 1(a,b) has zeros at b =0,...,1 — p. Specifically, using the translation
functional equation
(a+0)j1

(0)j+1

where (b); = T'(b+ j)/T'(b) denotes the rising factorial, we find that

Bla,b) = Bla,b+j+1), (3.3)

lim (b+ j)B(a,b) = (—1) (“ B 1) € Qlal, (3.4)

b——j ]
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which implies that if a € C\ Z then

m Pp7k(a,. b)
J

Jm =5 exists for j =0,...,p— 1. (3.5)
Recalling the translation functional equation
1
Pla+1) =9(a) + -,

a

we let j be a nonnegative integer and consider the Taylor series of P g(a,b) at
b= 7]‘7

Pio(a,b) =1(a) —(a+D)

<.
|
—

(a+b+49)"t +pla) —h(a+b+7)

Il
= O

(a+b+0)" = @b+ ) — ¥ @b+ )2~

|
RSN

<.
[}

Q(a) "™ (a)mx1]llb + 4], (3.6)

m

since the Taylor series of each term (a + b+ i)t lies in Q(a)[[b + j]], the ring of
formal power series in indeterminate b + j with coefficients in Q(a). The definition
(3.2) of P, ) implies the recursion

Pyi10(a,b) = DoPpo(a,b) + (v(a) —(a+0b))Ppola,b), (3.7)
so induction using (3.6) and (3.7) shows that
Pyo(a,b) € Q@)™ (a)mx1][lb+ ] for p > j.
Since the limit (3.5) is known to exist, we in fact have

W S Q(a)[qﬁ(m)(a)mzﬂ[[b +4]] forp>j. (3.8)

Next, the definition (3.2) of P, ; implies the recursion

Py kt1(a,b) = DyBy (a,b) + (4(b) — ¥(a+ b)) By x(a, b). (3.9)
Writing (b)) =¢(b+j+1) — z:o(b +14)~1, we have
Pp’k(a, b)

Py r+1(a,b) = DyPpk(a,b) — b+

j—1

+ (w(b +j+1) —tpla+b)+ Z(b + i)1> Py i(a,b)

=0
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so that

Bprra(ab) _ p (P;mk(avb))
bt bt

+ (w(b+j+1) —p(a+b) +z_:(b+i)1> Iw
=0

is analytic at b = —j for p > j and all £ € N. The i-th coefficient of the Taylor
expansion of (b +j 4+ 1) —(a +7) at b = —j is (D (1) — @ (a — 5))/4!. Since
Y@ (1) = (=1)"1il¢(i + 1), we conclude that

Pp7k(a, b)

b € QOR@ + 79 @z, ((Dizalllb+ 5] (3.10)
for p > j and for all kK € N. The stated result then follows from (3.2), (3.4), and
(3.10). O

We remark that if a € Q and b € N, then B(a,b) € Q. For rational a and integer
r, the sum S(k,r;p,a) may be expressed in terms of Riemann and Hurwitz zeta
values using (3.1), (3.2), and (3.3). In the case where a is a half-integer, we obtain
the following corollary.

Corollary 2. Ifa € % + Z, then for integers r,k,p with k >0 and 1 <r < p we
have

= =k
Z (n-y-(a))P S Q[10g2,71'2,<(2j + 1);21}
n=~k

Furthermore, for integers a,k,p with k >0, p > 0 and a > —k, we have

Z M € Q[logZ,wQ,C(Qj +1);>1],

n==k

where Oy (k) is the multiple odd harmonic number defined in (1.8).

Proof. The first statement follows from the identities 1/1(%) 4+~ = —2log2 and
Ym(a) = (=1)™'m!¢(m + 1,a). We use the well known facts that ((n, 1) =
(2" — 1)¢(n), and that ¢(2j) is a rational multiple of 72/. The second statement
follows using the duality (Corollary 1) to obtain the result for r = % and a € Z,
and the identity (2.12). O

Theorem 2 gives an algorithm for evaluating the indicated series by using (3.3)
to translate (if necessary) away from the poles of B(a,1 — r), and then (3.2) to
express the sum in terms of Hurwitz zeta values. We remark that the a = 0 case
of the second statement of this corollary was given in [38, Theorem 6.5]. In the
following corollary we observe that for the choice (p,a) = (2,1), the family of series

Sk, %; 2,1) have explicit expression as Z-linear combinations of {log2,(j);>2}.
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Corollary 3. For every integer k > 0 we have

[e's) (271)0 (k) k
An) ZnVY _ ok+2 _ k+2 _
E:k (1) 2%k 4+ 1 —log2) jgzl (2 C(k+2—7).

Proof. We may evaluate S(k, ,2,1) directly from (3.2); or by evaluating its dual

sum
oo

1
. 1y
SO0k +1,3) =D e

This sum has the partial fraction decomposition
00 k oo ;
1 1 27
ok+1 ( _ ) — =
1 1 i
nz::l noontg ;;(”+§)MJ
where the sum on the left is the usual alternating series for 2 — 2log 2, and the j-th

term of the sum on the right is the Hurwitz zeta value 2/¢(k + 2 — 4, 3). Since
C(k,3) = (28 — 1)¢(k) — 2, the result follows. O

n=1

Example 1. Here we give a few examples with (p,a) = (2,1) as in Corollary 3,
and a few with (p,a) # (2, 1) illustrating the general case of Corollary 2:

) On_

MS

n=1

4n
f: M = 48 —16log2 — 14¢(3) — 12¢(2);
2 4n(n+ 1)? ’
= ()0a(3) ;
HZ:; m = 128 —32log2 — 30¢(4) — 28¢(3) — 24¢(2);
[e%e] 2n On
3 zw((:L)Jrn = 48 —14¢(3) — 16¢(2) — 321og 2
n=1

+12¢(2) log 2 + 810g” 2;
il (2)

= 192 — 45¢(4) — 56¢(3) — 56¢(2) + 9C(2)?

7;2 n+ 1)3

—96log 2 + 28((3) log 2 + 24¢(2) log 2 + 16 log? 2;
Zm = 20— Slog2—4((2).

The above examples include sums, or odd harmonic or Apéry-type variants of
sums, considered in [3, 7, 24, 26, 29, 31]. When more generally the order r € % +7Z,
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we obtain similar expressions for sums including other binomial coefficients as in

[17, 19].
Corollary 4. For any integers k > 0, p > m >0, and a > —k, we have

i () (1) On (k)

o € Qo7 C(2) + 1)zl

n=~k
and for integers k >0, p,m > 0, and a > —k, we have

T;c 4n(n£m)(n T a)p € Q[log 277T2,<(2j —+ 1)j21]-

Proof. This corollary follows from the dual of Theorem 2 by taking the order r =
1 &+ m. From the identity (2.10) we conclude

HY T (0) = ((,E% H0),  HITM0) = (rf:)l)HW (0). (3.11)

Taking r = %, the £ = 0 case of this corollary follows from the r = % + m cases of
Corollary 2. Then in (2.10) we observe that

1
Hyp1(k;r—1)=H,(k;r)+ ﬁHn(k —1;r),
r—
which by (2.10) implies the recurrence
(n+ DHI N (E) = (r = DHD(K) + HI (k- 1). (3.12)

Iterating this recurrence produces the two reduction formulas

(7«_1) min{m,k}

HY (k) = G S* HE k= ) Hu(Gir —m), (3.13)
m 7=0
() %
HY (k) = G Y W HI K = ))Gnljir), (3.14)
m 7=0

where G, (j; ) is defined recursively by

. 1
Gl(];r):ﬁa Gmy1(g;7 ZG (G;r+ Dr

1=0

By (2.12), these two recurrences express H[l/%m](k) (resp. HT[L17/72n+m](k)) as Q-

n+m
linear combinations of (”jnm)714_" (2:)On(j) (resp. (M)4™ (?)On(j)) for 0 <
j < k Using induction on k, dividing these combinations by (n + a)P expresses
S(k,% £ m;p,a£m) (which lies in the indicated ring by Corollary 2) as a sum in
Wthh all except the 7 = k term lie in this ring by the induction hypothesis. Thus

the 7 = k term also lies in the indicated ring, completing the proof. O
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In the case 7 = L, m = 1, the reduction formula (3.12) expresses bzi /2](k;)

27 n+1
in terms of Catalan numbers C),, = %4-1(2;) and odd harmonic numbers On (k).
Similar to Corollary 3, we have a family of series with (r,p,a) = (— 2, 1,1) which

may be expressed as explicit Z-linear combinations of {{(j);>2}.

Corollary 5. For every integer k > 0 we have

3 GnOnl®) _ grr _yyep g1y - b,

4nn
n=k

where C,, := %H(Q:) denotes the Catalan number.

11 1 .
AR ED) — 0 T wgdr We first have

Proof. Since

1,31 1,111
4”77, Z4n ’I'L+1 S(72’ 70) S(7277)

n=1

On the right side, the second of these sums may be evaluated directly by (3.1) as
S(1,%,1,1) = 4. Also by (3.1), the first sum above is

)2

1y _(a+ L
(. PR et D)

S(1,1,1,0) = — lim —2/_
( )= =0 D(a + 1) a

LRI

='(3) = 3¢(2).

This proves the corollary in the case k = 1. For k > 1, the reduction formula (3.13)

in the case r = %,

m =1 gives
—2H P (k) = 47 (CL,0n (k) — 2C, 0, (k — 1)) (3.15)
so by duality we have
o~ CnOy (k) = O o n+1
Z;c dAnn 2 Zk: -2 Z 3)kt1”
n= n=k—1 p

Writing n +1 = (n+ %) — %, this rightmost sum may be expressed as

3 1 3
(1) 5 (13)

in terms of the Hurwitz zeta function. Since ((k, ) = (2¥ — 1)((k) — 2*, this sum
equals (2811 — 1)¢(k + 1) — (28! — 2)¢(k), and the stated evaluation follows via
induction on k. O

Example 2. With r = —%, we give a few examples with (p,a) = (1,1) as in
Corollary 5, and a few with (p,a) # (1, 1) illustrating Corollary 4:
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o~ CuOn '
IS
ZM I
4nn
n=2
CaOn(3)  _ 15¢(4) — 16
4nn
n=3
X CrOp
> 12 = 7¢(3) —6¢(2)log2 + 4 — 3¢(2);
n=1
> CrOn(2
S G2+ ) - 320 - 14(3) og 2
n=2
e’} Cn B . L
T2 3108275
o~ CnOn - _ 641053 308,
> o T K@+ e

We remark that Z C,0,, /4" = 4 was proved in [6].

Taking dlfferent ratlonal values of a in Theorem 1 produces Euler type sums
_ 13

which lie in larger subrings of the ring of periods. For example, when a = 7, %
(mod Z) the evaluation of S(k,r;p,a) also requires values of the Dirichlet beta
function
B(s) = i _ED" () > 1),
— (2n+1)°
It is known that odd beta values 3(2j — 1) are rational multiples of 72/~ while
the algebraic nature of even beta values 3(2j) are unknown.

Corollary 6. Ifa € i +7Z ora € % + Z, then for integers r.k,p with k > 0 and
0 <r <p we have

=k
Z Ha Qllog2, m,¢(2) + 1)1, 5(24) 1]

where B(s) is the Dirichlet beta function.

Proof. If b € N, then B(a,b) € Q, and we evaluate the sum using (3.2) and (3.3)
as in Theorem 2. We need the identity ¢(2), (1) = £% — 3log2 — 7 and Kélbig’s
evaluation [15] of 1(/)(1) and ¢ (2) as Q-linear combinations of Riemann zeta
and Dirichlet beta values. O
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Note that by duality (Corollary 1), the above result holds as well in the case
WhereaGZandreiJrZorrG%JrZ.

Example 3. These few examples involve the Catalan constant G := ((2), whose
arithmetic nature is unknown:

— (n+1)2 — n(n+ 3)2
= %—l—%%?—%ﬁ—%log?—i—%w;
= 3
— (n+1)2 —n(n+3)?
= %773—1—;;7r2—|—§—277—%C(3)—%log2+%6¥+22576;
= HY/Y X Hny
112::1 (n+1)3 nz:: n(n+ 3)2

2
§n° + (1log2 — R + (4G - §log2 + §)m — H2((3)
+8log?2 — (32G + ng)logQJr %G+ %.

Sums of the form 0 similar to the dual of the last example were
n=0

H’Vl
n+a)P(n+b)4
treated in [19, 25, 26, 27]. The hyperharmonic numbers mlY 4](k) appearing above

have the form
—1/4\ < 4
H[1/4]: 1)
P ()Y

j=1

1 v 16
HI/A(2) = (—1) ( n/> > (40 —3)(4j —3)’

0<i<j<n

Similar sums involving binomial coefficients (—1)" (” 7/1 7) and harmonic numbers and
alternating harmonic numbers were evaluated in [3].

3.2. Two Non-integer Parameters

The evaluation of S(k,r;p,a) by Theorem 1 is often simpler when both ¢ and r are
outside Z, where B(a, 1 —r) is analytic. Here we give a general description of these
values in the case of rational a = r (mod Z).

Theorem 3. Suppose a,r € Q\ Z with Na € Z and a = r (mod Z). Then for
integers k,p with p > r we have

= Hlf](k) —1 7 2 .
Y T e mQUCH T (@) + v, (@)1, 7%, C(25 4 1)21],

— (n+a)p
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where ¢ is a primitive root of unity of order lem(2N,4).

Proof. If Na € Z, then 2sinar = (iw) + (iw) ™!, where w is a primitive 2N-th root
of unity, and ¢ = iw is a root of unity of order lem(2N,4). In the case where a = r,
the reflection formula I'(a)I'(1 —a) = 7 csc ma shows that B(a,1—7r) € 7Q({+(71).
The proof in the case where a 4+ (1 — r) is a general integer then follows from (3.2)
and (3.3) as in the proof of Theorem 2. O

Example 4. For general rational arguments, Gau$} [13] showed that

(V-1)/2 | |
V(%) +~v=—log2N — Zcot (BF) +2 Z cos (—2”1{,’”) logsin (47),
=1

expressing 1 (a)++ as a linear combination of 7 and logarithms of algebraic numbers,
with algebraic coefficients in Q(¢ + ¢~1). We give here only a few simple examples
of this theorem with N = 3,4:

(it Ly m+2P VB\z P2

[e's) H’r[11/4] o) Hr[L3/4] ( ) 57T2
—_— = =712 9log 2—);

L0t T R 12

H7[11/4] o) HL3/4] (2)

AR

M8
I
)
+
Ji\c:&

= 7r\/§(12G log2 — 27G + 2—27 log®2 + %Wlog2 2
+37%log2 — ((3) — iLx3).

For general rational parameters with @ = r (mod Z), Theorem 3 typically ex-
presses the series S(k,7;p,a) as rather complicated combinations of less familiar
constants. However, in the case N = 2, the preceding theorem takes a much simpler
form. For example, in a recent article [30], it was shown using contour integration
that

00 n(2n) )
> ——ro— € Qllog2,m,¢(2) + 1);1]

4n(n — 3)P
n=0 2

for any integer p > 1. By (3.11), this is the sum %S(O, %;p7 %), whose dual is

1§p—1,41,-L)=1 i (277)0”7(?7_1).
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These sums are actually part of a large family of Euler-Apéry sums which lie in this
ring, as we now show.
Corollary 7. Ifa,r € % + Z, then for integers k > 0 and p > r we have

= HY(k .

> HB) o llog2, 7%, ¢(2) + 1)j1]-

(n -+ a)y

n=~k

In particular, if a € % + Z, then for integers k > 0 and p > m > 0 we have

00 (n)\ (2n
Z W € mQ[log 2,72, ¢(2] + 1)j>1],
n=k

and for integers k > 0 and p,m > 0, we have

e 2n On k
Z 4n (7(7,1727,) (’I’L(—I—)a)P S Q + WQ[log 277‘['2’ C(Q] + 1)j21]~
n=~k m

Proof. When a,r € % +Z we have B(a,b) € mQ, so the first statement follows from
Theorem 3 in the case N = 2. The remaining statements follow from the reduction
formulas for orders r = % 4+ m as in the proof of Corollary 4; in the last statement,
the reduction formula (3.13) expresses S(k, % —m,p,a —m) recursively in terms of
the stated sums, except for the terms 0 < n < m, whose sum lies in Q. O

Example 5. We first record a few examples with a = r = %, emphasizing the
duality in this family; the third of these is self-dual:

e} 2n 00 2n
Z (n)O” — 27710852:2 n)l .

— 4n(n+ %) — 4n(n+ 5)27

o~ ()02 _ 2om N~ ()
T; Pt d) m(¢(2) + 210g7(2)) _7;)4"(71—1—%)3’
o (D0n - _ 29 _ ¢(2))

;4n(n+%)2 = 7 (4log?2 - ((2));

(0D o0 gy =3 G0
;m — 77(4log 2 4(3))_24"(71—1—1)3’
Lt T ZFmely

= 7 (2¢(3)log2 +2((2)log*2 + Slog* 2 — ((4) — ¢(2)?).
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Remark. In the case a = r = %, m = 0, the sums of this corollary were recently

shown [38, Corollary 9.8] to lie 1211 the Q-vector space spanned by imaginary parts
of colored multiple zeta values of level 4. That space contains elements, such as
Dirichlet beta values 3(2j), which the ring of this corollary ostensibly does not;
thus Corollary 7 includes a refinement of that result for these sums. For the first

example above, we prefer our value 27 log 2 to the value

= ()0n _ N i
gw—w((;-i-\s( Z nm))

n>m>0

which was given in [38, Example 9.9], not only for its simplicity and explicity,
but for its clarity emphasizing that the sum lies in a Q-vector space presumably
not containing the Catalan constant G := ((2). Similarly, we prefer the value
4 log?® 2 — w((2) for the third example above to the definite integral given in [38,
Example 9.9] for the value of that sum.
Some of these examples may be combined with other known evaluations; for
example, in [7] and in [25] we find the values
= (o o (Now _(r*log2  3((3)
§4n(n+§) —6 Z4n(n+ 1y W( 3 2 )

respectively, Where O denotes the generalized harmonic number (1.5). Since

0,(2) =102 - o) )) we may combine these with the second and fourth examples
above to get
[ee) (Qn) 02 7T3
—nJ " _ 4 4g 10g2 2
nZ:o 47(n+ 1) 2

and

= (*Moz? m?log2 7
—ns 2 =g —C(3)+810g32),
,; 4n(n + 3)2 < 3 2
which also lie in the ring indicated in this corollary.

( 11

Taking (r,a) = (—35, 3) gives another family of series, with Catalan numbers and

odd harmonic numbers, having simple expression in this same ring.

Corollary 8. For any integers k > 0, p > 0, we have
Z 4n n + - (72)p2k+1 € W@[IOngW2> C(Qj + 1)j21]'
Proof. Taking a = r = %, we have B(% %) = m, and we evaluate the sums

S(k,—%,p,—3%) € WQ[log2 72,((2j + 1)j>1] using Corollary 7. Iterating the re-
duction formula (3.15) gives

47"CL0n( 2Z2JH V2 — ),
7=0
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so dividing by (n + 1)? and summing over n > 0 yields

2 CLOn (k) . B LI ,
A () P—QE 298(k —j,—L:p —1)

n=~k

since the n = 0 term of S(0,—%;p, —3) is (—2)?. The sum on the right lies in the

indicated ideal by the first statement of Corollary 7. O
Example 6.
- C
— "8 = A4n(log2—1);
L T I
ii—l—m = 2m(2log®2 —4log2 + 4+ ((2));
n=0 4n(n + %)3
oo
C,0
Z ninl +8 = 4mlog2;
n=1 4n(n + 5)
= C,0, ) _
274"(n+1)2 ~16 = 2r(4log?2 —4log2 — ((2));
n=1 2
~ Cr0,(2) )
———= 416 = 27(¢(2) +2log”2);
2 T D) (€@ +210g*2)
 Cr,0,(2) 5 )
———32 = 2u(4l 2—41 2—C((3)—2¢(2)).
2 Tt 1y m(4log®2 — dlog”2 — ((3) ~ 2((2))

The next corollary gives an explicit version of the last statement of Corollary 7
for general m € N, in the special case p =2 and k£ =0, 1.

Corollary 9. For every positive integer m we have

S s 0,3 SV
G0 [T Tl oo R P P T i
and
.- (2:)(0"70”1) :4m77 O —2lo 2 _
D G e L
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Proof. These express the values S(k, % —m, 2,% —m) for k = 0,1. Here we have
B(a,1-r) = (=1)™r, Py o(a,b) = O, —2log 2, and P 1(a,b) = (O, —2log 2)%>—((2)
in Theorem 2, giving the evaluations. In each statement above, (2.12) and the
reduction formula (3.13) expresses S(k, 3 —m, 2,2 —m) as (—1)”‘(27;")4’"1 times
the infinite series on the left minus the finite sum on the right. O

When none of a, r, a —r are integers, the sum S(k,r; p, a) may also be evaluated
directly from (3.2). For example, for a € {1,2} and b = §, we have B(}, 1) = 2w

and B(%, %) = 5=, where @ denotes the elliptic integral

/1 dt

w:i=2

0o V1—1t4

known as the lemniscate constant, thus producing the following corollary.

Corollary 10. For integers k > 0 and p > m > 0 we have

o (m) (2n On k
M € wQ[log2,m,((25 + 1),>1, 8(27)j>1)
4

n=k

o] ny\ (2n On k . .
Z;c W € g@[log 2,m,¢(2] + 1)1, 8(2]) 1],
0 and p,

and for integers k > p,m > 0 we have

o 2n On k | |
r;c An (r(zjzn)l) (n(_|_)}l)P € Q+ wQlog2,7,¢(2j + 1)>1,8(27)j>1],

A0 gh T2, m 02 + o B2
O B ¢ s (G D SR
Proof. The first statement is immediate from Theorem 1, Equation (3.2), and
Kélbig’s evaluation [15] of the polygamma values ¢(™ (1) and 4™ (2) as Q-linear
combinations of {(n) and B(n). The remaining statements follow from the reduc-
tion formulas (3.13) and (3.14) as in Corollary 4. As in Corollary 7, in the last
two statements above the reduction formula (3.13) expresses S(k, % —m,p,a —m)

recursively in terms of the stated sums, except for the terms 0 < n < m, whose sum
lies in Q. O

n=~k



INTEGERS: 26 (2026) 20

Example 7.
oo (Qn)o 0 H[3/4] ( 2
_Ansm = 2w 8G——7r10g2>;
Z4”(n+i)2 HZ::I (n+1)2 2
9] (Qn)o (2) o H[3/4]
ang TRV — = w (167G — 16G log 2
L b T i
+mlog®2 + 7% log 2 + 37 — 56((3));
i (2n)0n 00 H’r[Ll/4]
—arn+ 82— (n+3)?
2
= = (32-4log2+mlog2 — 67 — — —8G ).
2w 2
_\n)Tn = w(128G? — 167G log 2 — 273 log 2
S RigE ~ L 3

—56m((3) — Snt +256/(4)).

As a consequence of the previous corollary, we observe that certain products of
these series with parameters i, % lie in the ideal () of the ring containing the sums
of Corollary 6.

Corollary 11. For any 1,72 € %—i—Z, a € i—l—Z, be %—i—Z, and integers kq, ko > 0,
p1 > 11, p2 > 12, we have

S(klv T15:P1, a)S(k27 T2;P2, b) € ﬂ—Q[lOg 2) ™, C(QJ + 1)]217 6(27)]21}
In particular, for integers ki,ko > 0 and p1,p2 > 0 we have

0 (Q:)On(kl)> < 00 (2:)On(k2)> c . )
(ngl 4n(n + %)pl Z 4n(n + %)m g J 1 J)i>1

'IL=]€2
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