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Abstract

In this paper, we investigate a specific class of g-polynomial sequences that serves
as a g-analogue of the classical Appell sequences. This framework offers a new
approach to revisiting classical results by Carlitz and, more interestingly, to estab-
lishing an important extension of the Carlitz g-Bernoulli polynomials and numbers.
In addition, we establish explicit series representations for our extended Carlitz g-
Bernoulli numbers and express them in terms of ¢-Stirling numbers of the second
kind. This leads to a new formula that explicitly connects the Carlitz g-Bernoulli
numbers with the ¢-Stirling numbers of the second kind.

1. Introduction and Notation

Throughout this paper, we let N and Ny denote the set of positive integers and the
set of nonnegative integers, respectively. For n € Ny, we let (X), denote the falling
factorial of X to depth n, defined as

(X), =X(X—1)- (X —n+1).

The Stirling numbers of the second kind, denoted S(n,k) (n,k € Ng, n > k), are
then defined through the polynomial identity:
n
X" =Y "S(nk)(X), (neNy).
k=0
The Bernoulli polynomials are denoted, as usual, by B, (X) and the Bernoulli num-
bersby B, (n € Ny). A modern definition of the Bernoulli polynomials and numbers
employs their exponential generating functions, given by
I t" t =t

= B, (X)— | = B,—

et —1° nz::O ( )n! et —1 nz::o n!
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(so B, = B(0) for all n € Ny). As is well known, the Bernoulli polynomials
and numbers play a central role in various branches of mathematics, including
number theory, mathematical analysis, and algebraic geometry. For a modern and
comprehensive overview, the reader is referred to the paper by Kouba [13]. An
interesting and well-known formula expressing the Bernoulli numbers in terms of
the Stirling numbers of the second kind is given by:

Ba= Y (1S (neNy) (1)

(see, e.g., [5, Corollary 9]).

It should be noted that the Bernoulli polynomial sequence (B,(X)),cy, be-
longs to the broader class of Appell sequences (see [3, 15]). These are sequences
of polynomials (P,(X)), <y, characterized by the following properties: Fy(X) is a
nonzero constant polynomial, and for all n € N, the derivatives satisfy the relation
P/(X) = nP,_1(X). Using the Taylor expansion, an Appell polynomial sequence
(Pn(X)),, can also be characterized by its general term, which takes the form

n

P(X)=Y" <Z>ka”’€ (n € No),

k=0

where (px),.c, I8 @ sequence of scalars with po # 0.
Next, let ¢ be a positive real parameter. The g-analogue of X, whether treated
as an indeterminate or a number, is defined by:

X
q* —1
x]= T
q
For k € Ny, the g-analogue [X], of (X), is defined as
(X o= [X]- [ X =1 [X = k4 1]

[t :=[nl,, = [n] - [n = 1]---[1].

Furthermore, for n, k € Ny with n > k, the g-analogue [Z] of the binomial coefficient
(") is defined as

nl _ [n]! _ [n],

k]l © [k n — k]! [k

k
These numbers appear, in particular, in the famous Gauss binomial formula:

H x+q y :qu(k 1){ ] n=kyk (n € Nand z,y € R), (1.2)
k=0 k=0
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and, just like the classical binomial coefficients, they also have a combinatorial
interpretation (see, e.g., [6]).

On the other hand, we let A denote the forward difference operator which acts
linearly on R[X] by the formula:

(AP)(X):= P(X +1)— P(X) (P eR[X]).

It is well known and easy to verify that the n-fold composition of A is given by the
formula:

(A"P)(X) =) (-1)"* (Z) P(X+k) (PeR[X]andneNy).  (1.3)
k=0

In this paper, we call any polynomial in [X] with real coefficients a g-polynomial.
Equivalently, a g-polynomial is a polynomial in ¢ with real coefficients. The degree
of a g-polynomial refers to its degree as a polynomial in [X] (or equivalently in ¢*).
We denote by & the R-vector space of all g-polynomials and by &; (d € Ng) the
R-vector subspace of & consisting of g-polynomials of degree < d. An important
example of g-polynomials arises naturally in the evaluation of sums of the form

N—-1
Spr(N) = g k"
k=0

(N,n € Ny, r € N), which are g-analogues of the sum of powers ZkN:_Ol k™. These
sums of consecutive g-integers have been extensively investigated in the literature;
see, for instance, the pioneering works of Kim [7, 8]. More interestingly, when
expressed as a linear combination of the g-polynomials qu[N]nfk (0 < k < n),
Sh.r(N) leads to a g-analogue example of Appell polynomial sequences (see Theo-
rem 2.3). Perhaps it was by exploring this fact that Carlitz [1] obtained important
g-analogues of Bernoulli numbers and polynomials. By means of the symbolic cal-
culus, Carlitz [1] defined two real sequences (1) and (8,),,cn, (depending on

q) by:

n€Np

{ 770:177’1:03
(m+1)"=n" (n>2) "’

{ BO = 1)
q(gB+1)" =B =dn1 (REN) ’
where §; ; denotes the Kronecker delta. Furthermore, it is noted that for all n € Ny:

Bn =1n+ (q— 1)77n+1~

Although both sequences are intriguing, the sequence (/3,),, is particularly note-
worthy because its terms are well-defined at ¢ = 1 (unlike (7,),,, for which only
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the first two terms are defined at ¢ = 1). Moreover, specializing ¢ = 1 in 3, re-
covers the n*" Bernoulli number B,,. These facts are far from trivial. To prove
them, Carlitz was led to introduce g-analogues of the Stirling numbers of the sec-
ond kind, Sq(n, k)(n,k € No,n > k), which he defined via the following identity of
g-polynomials:
o3 gD, (n, k)(X], (1.4)
k=0
(for all n € Nyg). Specializing ¢ = 1 in Sy(n,k) (n,k € Ny, n > k) recovers the

classical Stirling numbers of the second kind S(n, k). Using the Sq(n, k)’s, Carlitz
[1] established the following formula for 3, (n € Ny):

PR G ) (15)

which confirms that 3, is always well-defined at ¢ = 1, with value equal to the
Bernoulli number B,, (according to Equation (1.1)).

Carlitz also associated with the sequences (1), and (8y), the g-polynomial
sequences (7,(X)),, and (8,(X)),,, given by:

()= (Z) "X [X]",

k=0

500 = 3 (1) i

k=0

(for all n € Np). The original sequences (1), and (8,), are then obtained as
the values of (7,(X)),, and (8,(X)),, at X = 0, respectively. Especially, (3,(X)),,
constitutes a g-analogue of the classical Bernoulli polynomial sequence (B, (X)),,.
That said, alternative definitions of the Carlitz ¢g-Bernoulli numbers and polynomi-
als exist, such as those based on generating functions or p-adic g-integrals on Z,.
For example, Koblitz [12] constructed g-analogues of the p-adic Dirichlet L-series
that interpolate the Carlitz ¢-Bernoulli numbers. Further developments involving
p-adic g-integrals, generalized g-Bernoulli polynomials, and multiple ¢-zeta func-
tions have been extensively explored by T. Kim and his co-authors (see [10, 9, 16]).
Moreover, recent research by T. Kim, D. S. Kim, and others has introduced sums of
consecutive powers of degenerate integers and linked them to probabilistic models,
such as moment values of Bernoulli random variables [11, 4].

In this work, we first incorporate the Carlitz g-polynomial sequences (1, (X)),,
and (83,(X)),, into a broader class of g-polynomial sequences, which we call Carlitz-
type q-polynomial sequences. We establish a fundamental theorem showing that
this class of g-polynomial sequences serves as a g-analogue of the classical Appell
polynomial sequences. Next, we verify that the closed forms of the g-analogues of
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power sums of consecutive natural numbers can essentially be expressed in terms of
Carlitz-type g-polynomial sequences. Furthermore, we show that a specific subclass
of Carlitz-type g-polynomial sequences (including (7, (X)),, and (8,(X)),,) can be
generated using simple symbolic formulas, such as those established by Carlitz in
[1]. We then establish several properties of Carlitz-type g-polynomial sequences
and leverage these properties to extend (7,(X)), and (3,(X)),, into (B,(f) (X)),
(r € Np), which provide important g-analogues of the classical Bernoulli polynomials
for r > 1. Additionally, we represent the numbers By) = BT(LT) (0) as series and
express them in terms of the ¢-Stirling numbers of the second kind. Finally, we
derive a new formula connecting the Carlitz g-Bernoulli numbers with the g-Stirling
numbers of the second kind.

2. The Results and the Proofs
2.1. Carlitz-Type g-Polynomial Sequences
We first introduce the following definition.

Definition 2.1. Let (7,,(X)),,cy, be a g-polynomial sequence. We say that (7;,(X))
is Carlitz-type if its general term T, (X) (n € Ng) has the form:

n

7,0) = (0= 17 S0+ () )™,

k=0

where (ag) ey, is areal sequence. In this case, (ay), is called the associated sequence
of the Carlitz-type g-polynomial sequence (7,,(X)),,-

An important characterization of the Carlitz-type g-polynomial sequences is given
by the following fundamental theorem.

Theorem 2.1. Let (T5,(X)),cn, be a g-polynomial sequence, and for all n € Ny,
set t, :=T,(0). Then (T,(X)),, is Carlitz-type if and only if we have

1,00 = (§ )<

k=0
for all n € Ny, that is, symbolically,

n

To(X) = (¢t +[X])

To prove this theorem, we need to use the inversion formula from the following
lemma (for a proof, see, e.g., [2] or [14]).
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Lemma 2.2. Let (un),cy, and (vn) be two real sequences. Then the two

following identities are equivalent:

Uy = zn: (Z) vk (n € Np),
Un = i(—l)"‘k (Z) uk (n € No).

k=0

neNp

Proof of Theorem 2.1. Suppose that (T;,(X)),, is Carlitz-type. So there exists a

real sequence (a,, for which we have
neNy

7,00) = (0= 17 -0+ (] )™

k=0

for all n € Ny. In particular, we have
for all n € Ny, that is,

By inverting this last formula (using Lemma 2.2), we derive that

an = i (Z) (¢ = 1)t

k=0

for all n € Ny. Then, by inserting this into the expression of T,,(X), we obtain that

1,00 = 0= 0 () (Z (5)a- 1)%-) -

k=0 =0
— (-1 I;g(—l)"-’f (1) ()@ vea

for all n € Ny. By interchanging the order of summation and noting that (Z) (lf) =
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(M (Z:Z) (for all n € Ny, k € {0,1,...,n}, and i € {0,1,...,k}), we derive that

L= Y Y - ()(Z:jf)(q—l)itiqu

0<i<n i<k<n

(=17 > > =y <7;> <nj Z> (q—1)"tig" DX

0<i<n 0<j<n—1
(where we set j =k — i)
—n n z n—i j n—i—j
=@-07" ) ( )(q—l DY ( | )qﬂ%—l) J
0<i<n o<jen—i N 4
for all n € Ny. But according to the binomial formula, we have
n — ’L . —i—d n—i n—i n—i
> < , >q9x(—1)" T=(¢* -1)" = (¢—-1)"X]
0<j<n—i 7

for all n € Ny and all ¢ € {0,1,...,n}. By inserting this into the last obtained
expression for T, (X), we finally derive that

r0= 3 (7

for all n € Ny, as required.
Conversely, suppose that we have

for all n € Ny, and define:

and k=0

5,000 = g = )7 L0 ([ ana™

for all n € No. Equivalently, (S,(X)), ¢y, is a Carlitz-type g-polynomial sequence,
with associated sequence (a,) So, according to the first part of this proof, we
have

neNp*

_ Z () suapxr* (2.)

for all n € Ny, where

5= 5,00 = (0= 17 Y0 (] 23)
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But the inversion of Equation (2.1) (using Lemma 2.2) gives:

(@= D"ty = (-1 ()k

k=0

n

for all n € Ny, that is

t=(g—1)" i(l)w@ oK = 5

k=0

(according to Equation (2.3)). Hence, we have

LX) =Y (Z) g X = 3 (’,j) kg (X = §,(X)

k=0 k=0

for all n € Ny (according to Equation (2.2)). Consequently (7,,(X)), = (Sn(X)),,

n

is Carlitz-type, as required. This completes this proof. O

Remark 2.2. From the perspective of Theorem 2.1, the Carlitz-type g-polynomial
sequences can be regarded as a g-analogue of the Appell polynomial sequences.

Examples 2.3. In [1], Carlitz introduced two important g-polynomial sequences,
which are (1,,(X)),,cn, and (8n(X)), ey, defined for all n € No by:

()= = )7 o1 () e

k
k=0
B (X) — (C] _ 1)771 zn:(_l)nfk k+ qu
e prt k) [k+1]
(where, by convention, % = 1 for k£ = 0). From their definitions, it is clear

that (7, (X ))n and (f3,(X)),, are both Carlitz-type with associated real sequences
(%) and ([k ] )k’ respectively. In addition, Carlitz [1] explored the real sequences
consisting of the values of (1, (X)), and (8,(X)), at X = 0; that is, the sequences
(n”)TLENo and (B")nENO’ defined by:

Tn ‘= Tln(O) and 3, := ﬂn(o) (n € NO)

So, according to Theorem 2.1, we have important alternative expressions for 7, (X)
and 8, (X) (n € Np), which are

=3 () e, (2.4

k=0

i()ﬁkq“‘ X, (25)

k=0
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Using the symbolic calculus, Equations (2.4) and (2.5) can be written more simply
as:

M (X) = (¢Xn+[X])",
Ba(X) = (¢ 8+ [x))"

(for all n € Np).

We now see that Carlitz-type g-polynomial sequences naturally emerge when de-
riving closed-form expressions for g-analogues of power sums of consecutive positive
integers. We begin with the following theorem.

Theorem 2.3. Let r be a positive integer. For every nonnegative integer n and
every positive integer N, we have

N-1

S MR = 47V S (N) = $,(0),

k=0

where (Sk(X))yen, @ the Carlitz-type q-polynomial sequence associated with the real

sequence of general term aj, = q_% [k_lw.

Proof. Let n € Ny and N € N be fixed. We have

k=0 k=0 ¢—1
N-1
=@-1)") % (" -1
k=0
N-1 n n
=(¢-1)™" Z q* Z <i>qki(—1)"_i (by the binomial formula)
k=0 i=0
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(s0 (Sn(X)),

sequence of general term a; =

is the Carlitz-type ¢-polynomial sequence associated with the real

m)’ we conclude that

N-1

> g FE]" = g™V S (N) = S,(0),

n=0
as required. O
The following generalization of Theorem 2.3 aims to provide a larger class of real

sequences, for which the associated Carlitz-type g-polynomial sequences naturally
arise when evaluating g-analogues of power sums of consecutive positive integers.

Theorem 2.4. Let r be a positive integer and d be a nonnegative integer such that
r > d. For every integer n > d and every positive integer N, we have

N-1
g k] =
k=0

q(r_d)NTn(N) — Tn(o)
nn—1)---(n—d+1)’

where (Tk<X))keN0 is the Carlitz-type q-polynomial sequence associated with the real
sequence of general term

g1 k(k—=1)---(E—d+1)

ktr—d (k € No)-

b, =1(¢—1)

Proof. Let n and N be fixed integers such that n > d and N > 1. According to
Theorem 2.3, we have that

N-—1
PR = NS _a(N) = Sn_a(0),
k=0

where (Sk(X)) ren, 18 the Carlitz-type g-polynomial sequence associated with the
real sequence of general term aj = m (Vk € Np). By introducing the g-
polynomial sequence (7 (X)), defined by:

Tk(X): (kENO)7

0 itk <d
k(k—1)-(k—d+1)g?XSp_a(X) ifk>d

the closed form of the sum of g-powers above is transformed to

q(rid)NTn(N) - Tn(o)
nn—1)---(n—d+1)

" =
k=0
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So it remains to verify that (73(X)), is Carlitz-type with the associated sequence
given by the theorem. For an integer k > d, we have

Ty(X) = k(k = 1)+ (k — d + 1)¢™* Sy—a(X)
k—d

R L S e (A P A

Il
=)

i

=k(k—=1)(k—d+1)g"" (g - 1)~

s i (k—d 1 (5-d)
2 G- e

(by setting j = i+d). But since k(k—1)- - (k—d+1)(429) = j(G—1)--- (i—d+1)(%)
(for all integers k,j > d), it follows that for every integer k > d:

Tk(X) _ <q_ 1)—k Z(_l)k—j (k') (C]_ 1)d—1](] - 1)-..(] —d+ 1)qu

20 G

k o .
(o 1\—k 1\k—j k _ dflﬂ(J—l)"'(J_d‘Fl) iX
SRR (Ha-v b )

By observing that the last formula for Ty (X) is obviously valid for 0 < k < d,

we conclude that (T (X)), is Carlitz-type and its associated real sequence has the

d—14G—1)--(G—d+1)

general term b; = (¢ — 1) = . The theorem is thus proved. O

Remark 2.4. It is important to note that the general term of the real sequence
(br) ren, associated with the g-polynomial sequence in Theorem 2.4 has the form
[1;_(2], with P being a real polynomial and s being a nonnegative integer. This fact

will be used below for establishing some important symbolic formulas.

In the following theorem, we will establish symbolic formulas generating the
values at 0 of some particular Carlitz-type ¢-polynomial sequences.

Theorem 2.5. Let r and d be two nonnegative integers and P be a real polynomial

of degree d. Also, let (T (X)), ey, be the Carlitz-type q-polynomial sequence whose

associated real sequence is Qiikg])kel\lo and (tn),cy, be the real sequence defined by

ty, :=To(0) (for alln € Ny). Then (t,)

, Satisfies the symbolic formula:

¢ (gt+1)" =" (n>d).

Proof. Let n > d be a fixed integer. From the definition of T,,(X), we have that

—n = n— n P(k) kX
T(X)=(—-1) (=" .
K kZ:O (k) e+
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Thus,

r —n - n—k T P(k) k+r
To(1) = Ta(0) = (g — 1)~ S (1 (1) 2L (grer 4
1 1 kZ:O (k) Tt )
(0= )Y () PO Gince ¢4 1= (g~ Dk 1)
k=0
=(¢—1)""(A"P)(0) (according to Equation (1.3))
=0 (since n > degP = d).

Consequently, we have
qT,(1) =T,(0) =t,. (2.6)

On the other hand, we have (according to Theorem 2.1) the symbolic formula
T.(X) = (¢t + [X])".
In particular, we have, symbolically,
T.(1) = (¢t +1)".
By inserting this into Equation (2.6), it finally follows that we have, symbolically,
q" (gt +1)" =1",
as required. O
Examples 2.5.

1. Since the general term of the associated real sequences of the Carlitz-type g-
polynomial sequences (1,,(X)),,cn, and (8n(X)),,cy, are % and [Z%h, respec-
tively, it follows (according to Theorem 2.5) that the real sequences (1)

and (Bn),,cy, satisfy the symbolic formulas:

n€Ng

(gn+1)" =n"
n N (n>1).
q(gf+1)" =P

2. Let us put ourselves in the situation of Theorem 2.4 and set ¢, := T} (0) (for
all k € Ny). Since the general term of the associated real sequence of the
Carlitz-type g-polynomial sequence (Tj(X)), has the form %, where P
is a real polynomial of degree d, it follows (according to Theorem 2.5) that
the sequence (), satisfies the symbolic formula

gt + 1) =t" (k> d).
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In the following proposition, we provide some important properties of Carlitz-
type g-polynomial sequences. For simplicity, given a real or functional sequence
(fn)nen,> We denote (with a slight abuse of notation) by (nf,—1)
whose terms are defined as

nen, the sequence

0 if n =0,
nfn—1 otherwise.
Proposition 2.6. Let (T,,(X)),cn, be a Carlitz-type g-polynomial sequence and

(ak)keNO be its associated real sequence. Then the following properties hold.

(i) The q-polynomial sequence (q¢*nT,—1(X)) is Carlitz-type with associated

real sequence ((¢ — 1)kag—1)ycp, -

neNp

(i) If To(X) = 0g (i.e., ag = 0) then the q-polynomial sequence (%)nem

1 ak+1>
q—1 k+1 keN,

(iii) The sequence (¢~ (Tn(X) + (¢ — 1)Tn+1(X)))n€NO is a Carlitz-type q-poly-
nomial sequence with associated real sequence (ak+1) ey, -

is Carlitz-type with associated real sequence (

(iv) The q-polynomial sequence (n (T,,—1(X) + (¢ — 1)T,,(X)))
with associated real sequence ((¢ — 1)kak) ey, -

nENg is Carlitz-type

Proof. By definition, we have

7,00) = = 17 -0+ (] )™ (2.7)

k=0

for all n € Ng.
For statement (i), using Equation (2.7), we have

n—1
_ el n—1 )
anTnfl(X) =(qg—1) n+1 Z(_l) 1—1 kn< . >akq(k+1)X
k=0

-0 0 a1 ) - D™

k=1

for all n € Ny. Noting that ”(Zj) =k(}) (for all 1 <k <n), it follows that
- n

T 1 (X) = (g — 1)~ 3 (— 1)k (k) (4~ Dkax_) ¢
k=0

for all n € Ny, showing that the ¢-polynomial sequence (anTn_l(X))n N, is

Carlitz-type with associated real sequence ((q — 1)kak,1)k€N0. The first statement
of the proposition is proved.



INTEGERS: 26 (2026) 14

For statement (ii), suppose that Tp(X) = Og, that is, ag = 0. Using Equation
(2.7), we have

I (X) nt! 1 n+1
—x4in+1 —n—1 n+1—k (k—1)X
— L =(g-1 E -1 —
q 1 (q ) k:1( ) T k axq

~ 1 (n+1\ 1
— _1 —n _1 n—ki - kX
(=17 3 nﬂ(kﬂ)qlakﬂq

for all n € Ny. Noting that n%_l (ZE) k%_l () (for all 0 < k < n), it follows that

X tn+1 n n—=k k+1 kX
g X (-1 E —1 — )y

for all n € Ny, showing that the g-polynomial sequence (q_XT"%(lxv N is
nelNg
Carlitz-type with associated real sequence ( —1- %t . The second statement
q—1 k+1 keNy

of the proposition is proved.
For statement (iii), using Equation (2.7), we have

¢ (Ta(X) + (@ = 1)Tns1(X))

n

n+1
= (=1 ()" * (Z) arg*IX (g - 1)y (—1)rHH (”;: 1> apgt=DX

k=0 k=0
n+1
_ _1\—n _1\n—k+1 n+1 _ n (k—1)X
-t () (7))
k=0
0 ifk=0
for all n € Ny. But since ("Zl) -3 = {(knl) ; > 1 (forall 0 <k <n+1),it

follows that

n+1

X (T (X)+ (=T (X)) =(g—1)"" Z(q)%kﬂ <k i 1) apgF~DX
k=1

=(@-17" Yy ()"t (Z) ar+1q™,

k=0

showing that the sequence (¢~ (T,,(X) + (¢ — 1)T"+1(X)))neN0 is g-polynomial of
Carlitz-type with associated real sequence (ax+1)yey,- The third statement of the
proposition is proved.

Finally, the statement (iv) of the proposition follows by successively applying
its statements (iii) and (i), which have already been proven. This completes the
proof. O
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Example 2.6. Since the real sequence associated with (1, (X)) (which is a

Carlitz-type g-polynomial sequence) is (%)

neNp

heNy it follows from Proposition 2.6
0

(iif) that the sequence (¢~ (72(X) + (¢ — 1)n+1(X))), oy, 18 a Carlitz-type ¢-
polynomial sequence with associated real sequence ([Zﬁ])k . Hence,
€No
(q‘X (M (X) + (¢ — 1)nn+1(X))) coincides with (8,(X)),,; that is,
Bu(X) =X (1(X) + (¢ = Dnasa (X)) (n € No). (2.8)

We now derive from Theorem 2.4 formulas for g-analogues of sums of powers
of positive integers, which involve the g-polynomial sequences (7,(X)),cy, and
(Bnu(X)) e, introduced by Carlitz in [1]. Namely, we obtain the following corollar-
ies, the first of which recovers an identity previously established by T. Kim in [7]
and [8].

Corollary 2.7. For all positive integers n and N, we have

N—-1
n— T N) - n
qk[k/’] 1 _ ( ) .
n
k=0
Proof. Take r =d =1 in Theorem 2.4. O

Corollary 2.8. For all positive integers n and N, we have

WS P+ (= 1) S M = ¢ Ba(N) —
k=0 k=0

Proof. Let n and N be fixed positive integers. By applying Theorem 2.4 with the
pairs (r,d) = (2,1) and (r,d) = (1,0), we obtain the two following formulas:

N—-1 N
. T (N) — T, (0
q2k[k;] 1 — q ( ) ( )7
n
k=0
N—-1
qk[k]n = qNSn(N) — Sn(0),
k=0

respectively, where (T)(X)),cy, and (Sk(X)),en, represent the Carlitz-type g-

polynomial sequences, associated with the real sequences (ﬁ)k N and
:€No
1 1 . .o . .
(—(Fl 1] H])keNo’ respectively. By combining the two above formulas, we derive

that
N-1 N-1

n PR 4 (g = 1) ) ¢F R = ¢V UL(N) = Un(0),
k=0 k=0
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where
Uk(X) == Ti(X) + (g — 1)Sk(X) (k € Np).

Next, from the fact that (T3(X)), and (Si(X)), are Carlitz-type g-polynomial

sequences whose associated real sequences are (ﬁ) and (ﬁ ﬁ) , respec-
k k

tively, we derive that (Uy(X)), is also a Carlitz-type g-polynomial sequence, with
an associated real sequence having the general term:

k 1 1 k+1
[k+1]+(q_1)(q—1[k+1]) Tkt (k € No).

Consequently, (Ui (X)), is nothing other than the g-polynomial sequence (8(X)),
of Carlitz g-Bernoulli polynomials. This completes the proof. O

2.2. Extended Carlitz g-Bernoulli Numbers and Polynomials
2.2.1. Definitions and Basic Results

We begin by introducing the following definition.

Definition 2.7. We define ( ff)(X)) N recursively by
r,nENy
BONX) = na(X) (n € No), (2.9)
Br0) =g ¥ (BOX) + (- DBLX))  (nneNo).  (210)

We also define (ﬁﬁp) o by
rn 0

B = I0)  (r,n € Np). (2.11)
It follows from Equations (2.9), (2.10), and (2.11) that

8O =y, (n € Np),
BUTV =80 1 (-1B, (nneN). (212)

Since ( 7(10)(X)) = (M(X)),en, 18 a Carlitz-type g-polynomial sequence (see
n&eNp
Examples 2.3), it follows from Proposition 2.6 (iii) and a simple induction on r that

all the sequences ( ,(f)(X )) . (r € Ng) are Carlitz-type g-polynomial sequences.
n&Ng
Definition 2.8. Given r € Ny, the g-polynomials ,6’,(1” (X) (n € Ny) are called the

extended Carlitz q-Bernoulli polynomials of order r, and the numbers &(LT) (n € Np)
are called the extended Carlitz q-Bernoulli numbers of order r.
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Taking » = 0 in Equation (2.10), we find in particular that

B(X) = a7 1a(X) + (¢ — 1)ns1(X)) = Ba(X)

for all n € Ny (according to Equation (2.8)). So, the Carlitz ¢-Bernoulli polynomials
of order 1 are nothing other than the Carlitz ¢g-Bernoulli polynomials 3, (X) (intro-
duced by Carlitz in [1]). Consequently, the Carlitz g-Bernoulli numbers of order 1
are nothing other than the Carlitz ¢-Bernoulli numbers j,, of [1]. Furthermore, Car-
litz [1] showed that the ¢-polynomials 3, (X) = 7(11)(X) (n € Np) are well-defined
for ¢ = 1 and coincide with the Bernoulli polynomials when specializing ¢ to 1; that
is, /J’Sbl)(X)|q:1 = B, (X) for all n € Ny. Consequently, in view of Equation (2.10),
the g-polynomials B,(LT)(X) (r € N, n € Np) are also well-defined for ¢ = 1, and for
all r € N and n € Ny, we have

B (X)la=1 = B (X)|g=1-
By induction on r, it follows that
B (X)lg=1 = B (X)|g=1 = Bu(X)

for all » € N and n € Ny. This demonstrates that for all » € N, the g-polynomials
,(LT)(X ) (n € Np) can serve as a g-analogue of the classical Bernoulli polynomials.
In view of Equation (2.11), it follows that for all € N, the numbers BT(LT) (n € Ng)
can also serve as a g-analogue of the classical Bernoulli numbers. This justifies the
terminology introduced in Definition 2.8.
The following proposition gathers several formulas for the Carlitz g-Bernoulli
polynomials and numbers of a given order, which can be directly derived from the
results of §2.1.

Proposition 2.9. For all r,n € Ny, we have that

(r) _ 7 —-n g _1\n—k n\ k+r kX
A = a7 S (1) g™ (2.13)
50 = (- ) Sy (M) B (2.14)
1 k; (k [k +7]
ﬁ,@(X):Z(Z) X (2.15)

k=0

In addition, for a given r € Ny, the Carlitz q-Bernoulli polynomials and numbers of
order r satisfy the following symbolic formulas:

q (qﬂ(’”) + l)n = (ﬂ(”)n (n>2), (2.16)

B = (¢80 +1X))" (meNo). (2.17)
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Proof. Using Proposition 2.6 (iii) together with Equation (2.10), we immediately
show by induction that for all r € Ny, the associated real sequence of the Carlitz-

type g-polynomial sequence ( () (X )) is <ﬂ) . Equation (2.13) of the
n€Ny [f+7] keNg

proposition then follows. Next, Equation (2.14) of the proposition follows by taking
X =0 in Equation (2.13), which we have just proven. Equations (2.15) and (2.17)
of the proposition immediately follow from Theorem 2.1. Finally, Equation (2.16)
of the proposition immediately follows from Theorem 2.5. This completes this
proof. [

We now see, for a general r € Ny, how the ¢-polynomials @(LT)(X ) arise in ¢-
analogues of sums of powers of consecutive positive integers. We have the following
theorem providing a generalization of Corollaries 2.7 and 2.8.

Theorem 2.10. Let r be a nonnegative integer. Then we have

N-1 Nl
n Z q(TJrl)k[k]n_l + (q _ 1)7’ qu[k]n _ quﬁgT)(N) _ 55;”)
k=0 k=0

for all positive integers n and N.

Proof. Let n and N be fixed positive integers. By applying Theorem 2.4 with the
pairs (r,0) and (r+1,1) (instead of (r,d)), we respectively obtain the two following
formulas:

N—-1
qu[k]n = qTNTn(N) — T(0),
k=0
N—1 ,
(r+1)k k n—1 _ 4 NSn(N) — Sn(o)
q k]" = - ;
k=0

where (Ti(X))pen, and (Sk(X)),en, are the Carlitz-type g-polynomial sequences
associated with the real sequences of general term:
1 1 k

ak:qfl[knLr] and bk:[k:Jrr]

(k‘ S No),

respectively. By combining the above formulas, we derive that

N-1 N-1
Y aTHR T (= D Y g = VU (N) = U (0),
k=0 k=0

where
Uk(X) = Sk(X)—l—(q—l)er(X) (kJGNo)
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On the other hand, from the fact that (73(X)), and (Sk(X)), are Carlitz-type g-
. . 11 k
polynomial sequences whose associated real sequences are (q_—l W) i and (W) g

respectively, we derive that (Ui (X)), is also a Carlitz-type g-polynomial sequence,
with an associated real sequence having the general term

k 1 1 k+r
w+w]+mlﬁ<q—1w+d)m+ﬂ (k € No).

Hence, (Ui(X)), coincides with ( ’(“T)(X)>k’ leading to the required result. O

2.2.2. Representation of @(LT) as a Series

We now turn our attention to the representation of the extended Carlitz ¢-Bernoulli
numbers ﬁér) as a numerical series. We have the following theorem.

Theorem 2.11. Suppose that |g| < 1. Then we have

> W+ (1) ifr=0
ﬁ(r) _ k=0
n +oo +o0
—n Y g (1 ) Y g i £ 0
k=0 k=0

for allr € Ny and n € N.

Proof. The result follows by letting N — 400 in the formula of Theorem 2.10.
However, before doing so, we must evaluate limpy_, o0 ¢"V B,(Lr) (N) (for given r € Ny,
n € N). To achieve this, we use Equation (2.13) of Proposition 2.9. Let r € Ny and
n, N € N be fixed. According to Equation (2.13) of Proposition 2.9, we have that

BN = (g- 1) TN

e ,; ()[km"
_ _1\—n o ni < k+r kN
—y l e (e ]

Since |g| < 1 by hypothesis, we derive that

Jim B0 = (=g

Thus,

lim ¢"™Vg{(N) =

limy 400 Bn (N)=(1-¢)™ ifr=0
N——+oco

0 ifr#0.
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Finally, by letting N — 400 in the formula of Theorem 2.10 and incorporating the
result we just obtained, we get

+oo +o0 —-n (r) .
. e rhrAn 1-— - B ifr=0
0SR-3 gy = { 0T T
P P — By if r#£0,

implying the desired result of the theorem and completing the proof. O

Remark 2.9. For r € N; the formula of Theorem 2.11 can be written more simply

as:
400
67(17*) _ Z (Tqu _ (Tl + r)q(r+l)k> [k]n—l.
k=0

Taking in particular r = 1, we derive the following important representation of the
Carlitz g-Bernoulli number 3,, as a series

“+oo

Bn=> ("= (n+ 1)) k"

k=0
(valid for |¢| < 1 and n € N).

From Remark 2.9 and the fact that the extended Carlitz g-Bernoulli numbers of
any positive order are g-analogues of the classical Bernoulli numbers, we immedi-
ately derive the following corollary.

Corollary 2.12. For all r,n € N, we have that
q—17 —

+oo
B, = lim Z (rqu _ (n + ,r)q(r—i-l)k) [k}n—l.
k=0

Remark 2.10. If, in the formula of Corollary 2.12, we allow the limit to be taken
inside the sum and also permit the manipulation of a divergent series, we obtain

+oo +oo
B, = Z —nk" = —nZk"‘l =-—n(l —n)
k=0 k=1

for all n € N. This provides a well-known and valid formula for the classical
Bernoulli numbers, where ¢ denotes the Riemann zeta function.

2.2.3. Expression of the ﬁr(f)’s in Terms of ¢-Stirling Numbers of the Sec-
ond Kind

The following theorem provides a generalization of Equation (1.5) of Carlitz, which
expresses the Carlitz g-Bernoulli numbers in terms of g-Stirling numbers of the
second kind.
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Theorem 2.13. For all r € N and n € Ny, we have

n

B =" 0n(q, k) S,(n, k),

k=0
where

- [r—1]

wr(q, k) k]! qZki
Zz; k+r]z+1

_1 q21(1+1) i(r—1) 1
= (=1)*[K]I[r — 1]1g—" " (g
(D7 [k Z [r—1—4]! [k+1+1]

(for all k € N).

The proof of this theorem needs some preparations which are presented below.
We begin with the following proposition.

Proposition 2.14. For all v, N € N and k € Ny, we have

N-1 r—1 [T‘ - 1]
qir M — q(r—é—l)N—&-(é—i-l)kié [N] )
; k Z [k: + T]g_t'_l k+1

£=0

Proof. Let k € Ny and N € N be fixed. For all » € N, we have

A (q(r_l)X[X]kH) = q(r_l)(XH)[X + ”kﬂ - q(T_l)X[X]kH
= ¢ DEHDIX L 1)[X] - (X —k+1]
— "N X]X 1] [X — ]
= ("X 1] = g TINX — ) (],

But since
(r—1)(X+1) (r=)X CRNE RN Al SRS
q" (X+1]—¢" 7 [X -k =q" — "
qg—1 qg—1
qT(XJrl) _ q(Tfl)(Xﬁ’l) _ qufk + q(rfl)X

q—1

rX—k (qurr o 1) o q(rfl)X (qrfl o 1)
q—1

= X o] = O 1)

q

it follows that

A (q(r_l)X[X]kH) B (qTX_k[k 1] =g - 1]> Xy
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By multiplying both sides of this last equality by [k:qijr] and then summing both
sides of the resulting equality from X = 0 to N — 1, we get (after simplifying and
rearranging)

N-1 (r—1)N+k _q Vot
X q g [r—1] (r—1)X
qu (X1, = [Ny T4 Zq [X];.-
= [k + 7] [k+7] &=
By reiterating this last formula r times, we get
e 1 r—1]
rX _ (r—=1)N+k (r—2)N+2k —
X], = N N
XZ:Oq [ ]k: q [k—‘r’f'}[ ]k+1+q [k+T][l€+7”—1][ ]k+1
(r=3N+ak [T~y R U N
+4q [k:+’l"}3[ ]k+1+ +4q [k+T]T [ ]k+1
N-1
[r—1]
+q* - (X]
[k + T]T X=0
i, [r—1]
_ (r—¢—1)N+(+1)k_U — He . -
= q [N] (since [r — 1], = 0).
(; (k+7]p. ) .
The proposition is proved. O

In what follows, for r, N € N and k € Ny, we set

N-1
k(k—1) i
ek, N) =g 7 > q"ily,
=0

which is a g-polynomial in N (according to Proposition 2.14). We also let f,.(q, &k, X)
denote the unique g-polynomial interpolating f,(q,k, N) at the positive integers

X = N, and ¢,(¢, k) denote the limit:
. 1
9r(g, k) := lim mfr(q,laX)-

A first useful expression for g,.(q, k) is directly derived from Proposition 2.14. We
have the following corollary.

Corollary 2.15. For allr € N and k € Ny, we have
r—1
) [r — 1]
gr(a, k) = (=1)"[K]! ( ¢ ]
; [k + T]i+1
Proof. Let r € N and k € Ny be fixed. According to Proposition 2.14, we have

r—1
k=) o [r—1],
frla.k,N)=q > g INHEDE L[]
Z‘; (L P rH
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for all N € N. Hence,

r—1
k(k=1) et r—1
frlak, X)=q = (> q"" 1>X+“+1>’f7k[ le ) x,
=0 (k+7]pp

Consequently, we have

. 1
g7‘(qa k) = )l(lglo m,fT(qa k7 X)
Keo1) [ e [r —1]
— lim q 2 q(r—é—l)X+(€+1)k 0 [X _ 1]
X0 (; k47l k
— qw Sqﬂc [7‘ _ 1]@ [71]
= [ktrle g
r—1
[r—1],
= (DK Y a* e
= [kl
(since [—1], = (—1)kq_% [£]!). The corollary is proved. O

An equally interesting formula for g,(q,k) (r € N,k € Ny) can be derived by
X
decomposing the g-rational function # (0 <i<r—1) into ¢g-partial fractions.
i+1

This decomposition is given by the following proposition.
Proposition 2.16. For all k € Ny, we have

D?‘ii - > (o= fes = )

=0

Proof. Let k € Ny be fixed. We will first establish the existence and uniqueness of
real numbers oy, ;(q) (0 < ¢ < k) such that the following holds:

¢ " ani(q) 918
Xy ~ 2 X (2.18)

We have that Equation (2.18) is equivalent to

k
¢ = Z ok,i(q) g(q?r;],
i=0

which is equivalent to

k

¢ = E ar.i(q) H X -l (2.19)

i=0 0<j<k
J#i
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Consider the family Z of (k + 1) ¢-polynomials of degree k given by:

#:=3 [ X -4l
0<j<k
JFi 0<i<k

It can be observed that any k arbitrary ¢-polynomials from 2 always share a
common root that is not a root of the remaining g¢-polynomial in %. There-
fore, no g-polynomial in & can be expressed as a linear combination of the others,
which shows that % is a linearly independent family in &%. Consequently, since
Card# = dimé; = k+ 1, £ is a basis of &;. It follows that the g-polynomial

X (belonging to &) can be uniquely expressed as a linear combination of the
g-polynomials in Z. This establishes the existence and uniqueness of real numbers
a.i(q) (0 <i < k) satisfying Equation (2.19) (equivalently, Equation (2.18)).

Let us now determine the real numbers oy ;(¢) (0 < 7 < k). For a given ¢ €
{0,1,...,k}, by multiplying both sides of Equation (2.18) by [X — ¢] and then
substituting X = ¢ into the resulting identity, we obtain:

e —1]---11) - [-1)[=2] - - [£ = k] = aue(q)-

But since [(][¢—1]---[1] = []l and [~1][~2] - -- [0 — k] = (—=1)F~¢q~ 5 k!
(using the property [—X] = —¢~*[X]), it follows that
_1 k—¢ (k*Z)(’;*ZJrl)_;'_kz 1 L B 2
ak,f(Q): ) q :7(_1)k—€ q%'i_[z[’
[k — ) [&]! 14
as required. This completes the proof. O

Using the formula from Proposition 2.16, the formula of Corollary 2.15 for g,-(¢, k)
can be transformed into another, more interesting form for studying the limiting
case as ¢ — 1. We have the following proposition.

Proposition 2.17. For all r € N and k € Ny, we have

K2

q;z(i-s-l)—z'(r—l) 1

[r—1—14]! [k+i+1]

9r(q, k) = (=) [K]![r — 1)! —r+1z (¢—1)

Proof. Let r € N and k € Ny be fixed. By successively applying Corollary 2.15 and
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Proposition 2.16, we obtain

z(k:Jrr)
gr(q, k) = '5 g "r—1]; { }
[k+r]z+1

1=0

’“[k]!aqu"[“ |Z H e [k+:«—j]

i=0 =0

= (- Y fﬁv.%ry—Wﬁf?Wfﬂ 1

T L Ty
0<j<e
By inverting the summations over 4 and j and noting that [Tml] [J} = [Tgl] [”ﬁ;ﬂ]

i +1+J ;J :q(z 2 +(z 7)

and that ¢~ -¢ —ir=9) (forall0 < i <r—1and 0 < j <),

we derive that

r—1 .
r—1— i =) HG=g) e s
gr(aq. k) = (=1)"[k]! E Z[ j}(l)z S o
i=j

0<j<r—1 1=
r—1 1
g { j } =0
Then, performing the change of index £ = ¢ — j in the inner summation gives

o =0 X (3 [ oo

0<j<T71 £=0
X " .

But according to the Gauss binomial formula (see Equation (1.2)), we have

r—1—j .
e [r—1—7 Crin g I —rtj -
O e ] L e O [CE s BN
£=0
— q17r+j (qrflfj _ 1) 3 q27r+j (qr72fj _ 1)
x-q g - 1)
_ (=1 (r=g) e
=¢ = (¢-)"7r-1-4]
for all j € {0,1,..., r — 1}. Substituting this into the last obtained expression for

9r(q, k), we get

r—1

gr(a: k) = (=PRI ¢

=0

(r=1=§)(r=4) — _irlr—1 1
2 (¢—1) lj[rlj]j][j][k_i_r_j]-
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Finally, changing the index ¢ = r — 1 — 5 and rearranging yields

q27,(z+1) i(r—1) 1
[r—1—14]! [k+i+1]

gr(q, k) = (=1)*[k)![r — 1)! —r+1z (q—1)

as required. O
We are now ready to prove Theorem 2.13.

Proof of Theorem 2.13. Let r € N and n € Ny be fixed. In view of Corollary 2.15
and Proposition 2.17, we need to show that

67(17‘) = Z gr(‘]7 k)Sq(nv k)
k=0

To achieve this, consider NV € N and evaluate the sum

N—-1 .
> g
1=0

in two different ways. On the one hand, from Theorem 2.3, we have

N-1
qri[i]n = qTNSn(N) — Sn(0),
i=0
where (Si(X)) ren, 18 the Carlitz-type ¢- polynomial sequence associated with the
real sequence of general term aj := qll == (k € Ng). So, putting s, := Si(0)
(k € Ny) and using the formula of Theorem 2.1 for S(X), we derive that

N-1 n
Tiin: N (n>$ kNNn7k73n
;q []" =q kZ:O . ) ra Y [N]

5 n n— n—+r
-y (k> spq "IN N E 4 <q< +ON _ 1) S (2.20)

On the other hand, using Equation (1.4), we have that

N-1 ) N—-1 n .
St =3 g ( gD g nkm)
i=0 i

1=0 k=0

= Z Sq(n, k) (q%k(k_l) Z qri[i]k>
k=0 =0

= qu(na k)fr(QakaN)' (221)
k=0
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Comparing Equations (2.20) and (2.21), we derive the identity:

n—1 n
n (k+r)N n—k (n+r)N _ _
];) (k>8kq N7 + (q 1) Sn k;osq(n,k)fr(q’k’N),

Since this identity consists of g-polynomials in N and it is valid for all N € N it
can be extended to a ¢-polynomial identity. Namely, we have

n—1 n

n n— n—+r
S ([ Josa X4 (450X < 1)y = 3y X,
k=0 k=0

Dividing through by [X] and letting X — 0, we derive
nsp—1+ (=1 (n+7r)s, = Zgr(q, k)Sq(n, k). (2.22)
k=0

Now, setting

Tio(X) := kSk—1(X) + (¢ = 1)(k + r)Sk(X)
= (¢ — 1)rSp(X) + k (Sk—1(X) + (¢ — 1)Sk(X))

for all k € Ny, it is clear that ns,—1 + (¢ — 1)(n + r)s, = T,(0). Next, the ¢-
polynomial sequence ((¢ — 1)rSk(X)),cy, is clearly Carlitz-type with associated

real sequence ((¢ — 1)rax), = ([k—ir])k Moreover, according to Proposition 2.6
(iv), the g-polynomial sequence (k (Sk—1(X) + (g — 1)Sk(X)) )keNo is also Carlitz-
type with associated real sequence ((¢ — 1)kag), = (ﬁ)k Consequently, the

g-polynomial sequence (T (X)),cy, is Carlitz-type with associated real sequence

(ﬁ)ﬁ(ﬁ)k - ([gi:])k. Thus, (T},(X)),, coincides with (ﬁ,Ef) (X))k, that is,
T.(X) = ,(:)(X) (for all k € Nyg). In particular, we have ns,_1+(g—1)(n+r)s, =
T,.(0) = 857 (0) = B{”). Substituting this into Equation (2.22) yields the required
formula. This completes the proof. O

From Theorem 2.13, we derive the following curious corollary.

Corollary 2.18. For all n € Ny, we have

= k]!
Bn + qﬁnJrl = Z(_l)k [k[j 2}

k=0

Sq(n, k).

Proof. Let n € Ny be fixed. According to Equation (2.12), we have

B =B + (¢ - 1)BY) = Ba+ (g — D1,
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B —Bn
qg—1

which gives 8,11 = , and then
(2)

_ (2) _ p(1)
Bn+Qﬂn+1:/@n+Q< . n>ZQBn .

q—1 qg—1
It follows by using Theorem 2.13 that
S k) — k
B+ aBas1 =y av2(0 k) = p1(a.k) g gy (2.23)
k=0 ¢—1

Further, from the second expression of ¢,.(q, k) in Theorem 2.13, we have that

| —
erta.) = (-0 g and ea(a) = (0 (g + g )
Thus,
apa(q, k) — p1(g, k) _ (—1)" (]!
q—1 [k+2]
Substituting this into Equation (2.23) yields the required formula. This achieves
the proof. O

Letting ¢ — 1 in Corollary 2.18 gives the following result on the classical Bernoulli
numbers, which was very recently pointed out by Farhi [5, Page 13, Formula (21)].

Corollary 2.19. For all n € Ny, we have

n

By, + Bpt1 = Z(_l)
k=0

L k!
k+2

S(n, k).
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