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Abstract
The main purpose of this paper is to give three types of proofs of the fact that there
always exists a particular intrinsic factor in the numerator of an alternating sum
with binomial coefficients involving certain rational functions.

1. Introduction

For an integer n > 0 and a non-zero variable x, one can easily find that

RS n\ 1 " (z-1)"
F(zx) := ;(_1) (l)x = (1 - x) =" (1.1)
So the numerator of F'(z) has the unique factor (z—1)", i.e., the z-intercept of F(z)
in a graph is the point (1,0) with multiplicity n. This almost self-evident example
motivated us to become interested in alternating sums with binomial coefficients
involving other rational functions that have the same property as the above.

Given any real number a different from —1, consider the slightly generalized
alternating sum of F'(x) defined by

Gnla;a) == iuy’(’;) xiia. (1.2)

Thus Gy,(z;0) = F(z). Multiplying this by [[;_,(z’ + a), we get

H,(x;a) := ; ! = -1) k .
o) =G [0+ 0 = e (1) [Te +a. 0
=0 =0 k=0
ki
which is just the polynomial in x of degree n(n + 1)/2. In particular, when n = 0,
the empty product is defined to be 1 by convention.
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For the first few integers n > 0, we have by direct calculation,

Holw;a) = 11
Hy(w;a) =2~ 1,

Hy(x;a) = (x —1)*(2 — a);

Hj(z;a) = (z — 1) (2° — 2a2® — 2az + a?) ;

Hy(z;a) = (z — 1)* (2° — 3az® — 5az® + 3a(a — 1)z® + 5a°2* + 3a’x — a%).

These examples lead us to predicted that (x — 1)™ | H,(x;a) may holds, i.e., the
numerator of G, (x;a) has the factor (z — 1)" as well as F(z) in (1.1). As a result,
this prediction was confirmed to be correct and so we can state the following.

Theorem 1.1. The numerator of G,(x;a) has the factor (x — 1)™ for all n > 0.

After trying various things, it turns out that proving this simple fact was not as
easy as we initially imagined, at least for us, even though it seems like a high school
level assignment at first glance. Given this situation, it is quite natural to think
that we need to find any convincing rational proof of Theorem 1.1. This goal will be
achieved in Section 2 by providing three different types of proofs from diverse points
of views. In Section 3, we discuss an alternating sum with more terms than G,,(z; a)
in (1.2) that has exactly the same property as in Theorem 1.1. We conclude this
paper, in Section 4, with additional discussion on an alternating sum that involves
the reciprocals of polynomials with multiple real roots.

2. Three Different Types of Proofs of Theorem 1.1

The first proof is done by a straightforward induction on n, the second is a com-
binatorial proof using the elementary symmetric polynomials in algebra, and the
third is a proof based on a certain geometric series expansion in calculus.

The First Proof. When 0 < n < 4, the assertion holds from the examples given
in the previous section. So assuming (x — 1) | Hy,(z;a) for some n > 5, we will
prove that (z — 1)"*! | H, 11 (x;a) holds by induction on n. By replacing z* + a in

H,(z;a) with 2*+! 4+ q for each k = 0,1, ...,n, consider the polynomial
gn(x;a) := Z(—l)z(n> l_I(karl +a).
i=0 v/ =0
ki

Hereafter, let h,(z;a) denote the quotient of H,(x;a) divided by (x — 1)", i.e.,
H,(z;a) = (x — 1)"h,(z;a). Noting that each term in g, (z;a) is made up of a
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product of n factors, we can express g,(x;a) for a non-zero variable x as follows:
. _n - if T . k g
gn(z;0) = Z(—l) <z) H (z + x)
=0 =0 (2.1)
=z"H, (:c; E) =z"(x —1)"h, (m; ﬁ) .
T x

On the other hand, using the identity (") = (7) + (,,) with (,7,) = (”}) =0
by convention, we get from (1.3),

Hyi(z:a) = %(—1)" (n+ 1) ﬁ(xk +a)

. (3
=0 k=0

ki
S0 () ) o
L£i
— ;(—1)i <TZ) ;g(xk +a)+ jill(—l)i (z 73 1) ;g(xk +a).

We now denote, simply by C;(z) and Cs(z), the first and second sums on the last
side, respectively. Since each term in Cj(z) has the common factor "™ + a, we
can write C(x) under the above assumption as

Ci(x) = (" +a) ) (-1) (’Z) [[@"+a)
=\

= (2" +a)H,(2;0)

= (2" +a)(x — 1)"h,(z;a).

Meanwhile, since each term in Cs(x) has the common factor 1+ a, by changing the
product index notation, we are able to get from (2.1) and the assumption,

n n n+1 .
X)) = a — J+i X a
ZORIEE ) (J) I " +a)

! K+
— a3 ()T (o + 2)
j=0 1720 r
L#j

—(14a)gn(z;0) = —(1 + a)z"H, (a:; %)

—(1+a)z"(x—1)"h, (x; %) .
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Therefore, by adding C;(z) and Cs(z), we finally obtain
Hyy1(w;0) = Ci(z) 4 Ca ()
_ _ 1\ n+1 . _ n . E
=(zx-1) ((:17 + a)hp(z;a) — (14 a)z™h, (x, 33)) .

Here we see that the part enclosed in the big parentheses on the last side has the
factor x — 1, because it disappears if we set x = 1. Therefore, it was shown that
(x — 1)" "1 | H,41(;a) holds true and the proof is now complete. O

The above proof may seem a bit complicated and confusing, but this is the best
we can do now as an inductive proof. The most notable feature of this proof is that
it shows us how H,;1(z;a) is constructed from H, (x;a).

The Second Poof. Putting formally

tiz=a'+a for i=0,1,...,n,

consider the elementary symmetric polynomials in n+ 1 variables t:= (tg,t1,...,t5)
written simply as s;(t), 7 =0,1,...,n, defined by
S0 :So(t) = 1;

Sj :Sj(t) = Z til tzJ
0<i1<--<ij<n
That is, the polynomial s; is the sum of all products of j distinct variables taken from
the set {tg,t1,...,t,}. In particular, let so = 1 by convention. Next, consider the
elementary symmetric polynomials in n variables t():= (t, ..., t;_1,tis1,... tn)
obtained from ¢ by removing ¢;, namely

sp) =so(t®) == 1;
st =s;(t®) .= > tiy oty (1<j<n). (2.2)

0§i1<"'<ij <n
ip#ifor k=1,2,...,n
By observing the removed variable t;, we see that sgi) can be expressed in terms of
sk, k=0,1,...,7, as follows:
} J
sgl) = Z(—l)ktfsj,k (see also Remark 1 given below). (2.3)
k=0
We now try to express H,(z;a) in (1.3) in terms of the elementary symmetric

polynomials in (2.2). As is easily seen, it follows from (2.3) that
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The inner sum in the last line of Equation (2.4) can be written, for any fixed k, as

S () S (o
S ()5 ()
3 (B s (e

r=0 =0
k
k
_ Z < >akr(1 o xr)n
r
r=0

Putting this back into (2.4), it turns out that (x — 1)™ is a factor of H,(z;a) and
so the proof is complete. O

As we have seen in the above proof, Identity (2.3) plays a key role in achieving
the goal. It is not necessary here, but the elementary symmetric polynomials formed
by removing any number of variables from ¢ can also be expressed in terms of s;,
j=0,1,...,n. For the basic properties of these polynomials and many applications,
see, e.g., the excellent books by Egge [1] and Macdonald [2].

The following remark provides a justification for Identity (2.3).

Remark 1. Identity (2.3) can be easily derived by the following steps;
(a) first, subtract the sum of all terms involving ¢; from s;;
(b) next, express the subtracted sum in (a) as the product of ¢t; and s;_1;
(c) repeat the same process as above until the result can be expressed as
the product of t; and sg.
By following the above, the desired identity is finally obtained. For example, when
n = 2, one can express sgl) in terms of sg, s1, and so as follows:

Sgl) tOtQ = (totl + totg + tltg) — tl (to —|— tg)
= SS9 — tl((to + tl + tg) — tl) = SS9 — t151 + t%SO,

as indicated above.

The Third Proof. In what follows, we regard G, (x;a) in (1.2) as a rational function
of two variables x and a with the domain consisting of all (z,a) pairs satisfying
'+ a #0fori=0,1,...,n. As a matter of course, it is acceptable to discuss
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Gy (x;a) assuming that a > 2 and |z — 1| < 1/2. Now, consider the geometric series
expansion starting from 1/a and with the common ratio x*/a such that

11 1§: A% 0<i<n)
+a a :ﬂ/a—l—l a ==

=0

We apply this series in order to express G, (z;a) as

G (r30) = i(—l)i@ > (Z)J

—1i<_1 j(lij)n 2
a‘Zg\a
_a —aa:)"f:(—alyqj’n(x)’

where ¢; () is the integer polynomial such that

o= () G20

1—2x

Choosing a and z from the above ranges, we see that the series on the last line of
Equation (2.5) is absolutely convergent and so the assertion holds true. O

The above proof is very interesting in that it only requires basic knowledge in
calculus to solve a polynomial factor problem such as Theorem 1.1.

Each of the three proofs given above has its own characteristic, but there may
be other simpler and more elegant proofs.

3. Alternating Sums with the Same Property as in Theorem 1.1

Let f be any given non-constant and real-rooted polynomial in R[z] that does not
have a root of 1. Now consider the alternating sum defined by

Qn(x; f) = zn:(—l)i(g f(ii). (3.1)

=0

In particular, if f(x) =2+ a (a # —1), then @, (z; f) becomes G,,(z;a) in (1.2).
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Now assume that f has only the distinct single roots ai,as, ..., a,, different
from 1, where m := deg f. That is, after dividing by the leading coefficient,

(x —ap), where o; #ay if i # 7. (3.2)

k,\_'
&

I
s

where A,., 7 =1,2,...,m, are the uniquely determined constants. Therefore, using
Gr(z;a) in (1.2), the above @y, (z; f) can be expressed as

m

Qn(z; f) = i(—l)i (?) > o frozr

=0 r=1

S (S (D))

i=0

m

- Z AT'GTL(x; —017-).
r=1

Since Theorem 1.1 tells us that the numerator of G,,(x; —c.) has (x—1)™ as a factor
for each r = 1,2,...,m, we can state the following result.

Theorem 3.1. The numerator of Qn(x; f) has the factor (x — 1)™ for all n > 0.

When deg f = 1, the above result is consistent with Theorem 1.1. Therefore,
Theorems 1.1 and 3.1 are effectively equivalent. At this point, we do not know if
Theorem 3.1 applies only to the polynomials f of the form in (3.2). Concerning
this question, see the conjecture stated in the next section.

4. Additional Discussion

Let f be a real-rooted monic polynomial of degree d > 0 that has no root of 1.
Classifying the roots of f into simple roots a,., r = 1,2,...,m, and multiple roots
Bs, s=1,2,..., ¢, let us write f as f = uv, where

4

u(@) = [[(e—a,) and (@)= [[@-B)% (q >2).

r=1 s=1

sod=m+ Zﬁzl qs- Below, we will show that the numerator of the alternating
sum involving 1/f has at least the factor = — 1.
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By performing a partial fraction decomposition on 1/f, we have

1 m 1 1
m s Bsq7
Z%ar 2\ X a sy

r=1 s=1 j:l

=1t 9132

where the A’s and B’s are mutually dependent and uniquely determined constants.
Therefore, the alternating sum we should consider now is

g(—l)i (?) ﬁ = g(—l)i (?) S(a') + iéBsquj(xi), (4.1)
where

m A7- 4 Bsq1 4 o n 1yé n ;
sw= 3 e T =0 ()

r=1 s=1 =0

We see from Theorem 3.1 that the numerator of the first sum on the right-hand
side of ( 1) has the factor (z — 1)". On the other hand, multiplying Tj(z%) by

H? O(a: — )7 provides

n n n
W;(z 2t — B,) = _z‘f‘) F — B.),
RS CEEAED WEI 1 (S
k#i
which is the polynomial of degree n(n + 1)/2. Putting here = 1 leads to
n
W) = (1= g 31 () = (- g - 1 <o
i=0
which implies (z — 1) | W;(z?%) for all i = 0,1,...,n. Therefore, taking account of
the previous result for S(x), it becomes clear that the numerator of the alternating
sum in (4.1) has at least the factor x — 1, as initially claimed.

The above result may not be particularly remarkable, but it is all we currently
know about the numerator of an alternating sum that involves the reciprocals of a
real-rooted f. Of course, the situation is quite different when f has complex roots.
Unfortunately, we do not know of a good way to find any non-trivial factors other
than x — 1, for example, such as a factor that is some power of  — 1. It is not for
sure, but perhaps we need an entirely different way to search for them.

At the end of this paper, we would like to present the following conjecture that
arose from various experimental evidence.
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Conjecture. Let f be a non-zero real-rooted polynomial in R[z]. Then, the
numerator of @, (z; f) in (3.1) has ‘at least’ the factor (x — 1)™ if and only if f is
either a monomial or a polynomial that has only single roots different from 1.

Typical examples of this conjecture apply to Theorems 1.1 and 3.1, as already
mentioned. It should be noted that for a special value of a, there is a possibility
that (x — 1)V | H,(x;a) holds for N greater than n. This phenomenon occurs only
when h, (x;a), the quotient of H,(z;a) divided by (z — 1)™, has at least the factor
x — 1. For example, if a = 2 4+ /3, then we have (z — 1)* | Hs(x;a) because of
(x — 1) | ha(z;a). On the other hand, if the above conjecture is true, then the
numerator of the alternating sum in (4.1) never has a higher-order factor of  — 1.
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