#A91 INTEGERS 26 (2026)

UNIQUENESS THEOREM OF GENERALIZED MARKOV
NUMBERS THAT ARE PRIME POWERS

Yasuaki Gyoda
Institute for Advanced Research, Nagoya University, Nagoya, Japan
ygyoda@math.nagoya-u.ac.jp

Shuhei Maruyama
School of Mathematics and Physics, College of Science and Engineering,
Kanazawa University, Kanazawa, Japan
smaruyama@se.kanazawa-u.ac. jp

Received: 6/6/25, Accepted: 6/22/26, Published: 7/29/26

Abstract
In this paper, we study positive integer solutions to a generalized form of the Markov
equation, given as 22 + y? + 22 + k(yz + zx + 2y) = (3 + 3k)xyz, where k €
Z>o. This equation extends the classical Markov equation 22 + y? + 22 = 3wyz.
We generalize the concept of Cohn triples for the classical Markov equation to
the generalized Markov equations. Using this, we provide a generalization of the
uniqueness theorem of Markov numbers that are prime powers.

1. Introduction

1.1. Background

The Markov equation,
22 +y* + 22 = 3ayz,

was studied by Markov in the late 1870s in the context of the Diophantine approxi-
mation [12,13]. Every positive integer solution (up to order) of this equation, which
is called a Markov triple, can be obtained by applying the Vieta jumpings

2 b2 b2 2
(a,b,c) — (a, ot ,b) or (a,b,c)— (b, te ,c)
c a

to (1,1,1) repeatedly. A number appearing in Markov triples is called a Markov

number. Due to the discoveries of various mathematicians, this combinatorial struc-
ture of Markov triples is known today to appear in a variety of theories, including
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combinatorics, continued fractions, hyperbolic geometry and cluster algebra theory
(in detail, see [1]). For this equation, the following conjecture was proposed by
Frobenius in 1913.

Conjecture 1.1 (The uniqueness conjecture for Markov numbers, [7]). For any
Markov number b, there is a unique Markov triple (a,b,c) up to order such that
max{a,b,c} =b.

Conjecture 1.1 has been solved affirmatively in special cases, but it has not been
fully solved yet. One known approach to Conjecture 1.1 is to use the following
criterion.

Theorem 1.2 ([1, Corollary 3.17]). For a Markov number b ¢ {1,2}, if the number
of solutions to x> +1 =0 (mod b) is at most two, then Conjecture 1.1 is true for b.

By using the criterion in Theorem 1.2, the following theorem is proved.

Theorem 1.3 ([1, Corollary 3.20]). For a Markov number b, if there exists an odd
prime p and m € Z>1 such that b= p™ or 2p™, then Conjecture 1.1 is true for b.

Theorem 1.3 has been (partially or fully) proved by some mathematicians using
various methods other than the criterion, for example, Baragar [4], Button [5],
Schmutz [15], Zhang [16], and Lang—Tan [10].

Recently, a generalization of the Markov equation endowed with the combinato-
rial structure of positive integer solutions was given in relation to cluster algebra
theory by Banaian [2], the first author [8], and the first author and Matsushita
[9]. In this sense of generalization, the most general class currently known is the
following equation given by [9]:

22+ + 2%+ kyyz + koza 4 kszy = (34 k1 + ko + k3)zyz, (1.1)

where k1, ko, k3 € Z>o. In the papers [3], [9], and [8], the authors attempted to
extend the theory of the classical Markov equation to the theory of these generalized
equations. In this context, Conjecture 1.1 gives the following question.

Question 1.4. For any number b appearing in a positive integer solution to (1.1), is
there a unique positive integer solution (a, b, ¢) up to order such that max{a, b, c} =
b?

The answer to this question is no if ki, ks, k3 are not the same number, and a
counterexample is given by [9]. However, any counterexamples have not been found
yet in the case where k1 = ko = k3.

1.2. Main Results

In this paper, we consider Question 1.4 for the case where k;y = ko = k3. The
equation
2?2+ 2 + 22 4 k(yz + 2z + zy) = (34 3k)zyz
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obtained by substituting k = k; = ko = k3 to (1.1) is called the k-generalized
Markov equation. We abbreviate this equation as GME(k). Throughout this paper,
unless otherwise stated, we assume k € Z>.

As is the classical case, a positive integer solution (up to order) of this equation is
called the k-generalized Markov triple. According to [9], every k-generalized Markov
number can be obtained by applying the Vieta jumpings

a® + kab + b?
c

(a,b,¢) — (a,

b2 + kb 2
,b> or (a,b,c)»—)(b,w,c)

a

to (1,1,1) repeatedly. A number appearing in k-generalized Markov triples is called
a k-generalized Markov number.
One of the main results in this paper is a generalization of Theorem 1.2.

Theorem 1.5. Let k € Z>q. For a k-generalized Markov number b ¢ {1,k + 2}, if
the number of solutions to x*> + kz +1 =0 (mod b) is at most two, then there is a
unique k-generalized Markov triple (a,b,c) up to order such that max{a,b,c} =b.

By using the criterion in Theorem 1.5, we will prove the following theorem.

Theorem 1.6. Let k € Z>o. For a k-generalized Markov number b, if b =p or 2p,
where p is a prime, then there is a unique k-generalized Markov triple (a, b, ¢) up to
order such that max{a,b,c} = b.

Theorem 1.6 is the k-generalized version of Theorem 1.3 for the case where m = 1.
For the case where m > 1, we can extend Theorem 1.3 to the following form.

Theorem 1.7. Let k € Z>o. For a k-generalized Markov number b, suppose that
there exists a prime p and m € Zx>o such that b = p™ or 2p™. Assume one of the
following three conditions about k is satisfied:

m

(1) k=2,
. k k . 9
(2) k >4 is even, and both B +1 and 5~ 1 are not divided by p*, and

(3) k is odd, and both k + 2 and k — 2 are not divided by p*.

Then there is a unique k-generalized Markov triple (a,b,c) up to order such that
max{a,b,c} =b.

We prove Theorem 1.7 in Section 4.
Of the non-negative integers less than 100,
k=1,2,3,4,5,8,9,12,13,15,17,19, 21, 24, 28, 31, 32, 33,
35,36, 37,39,40,41, 44, 45,49, 53, 55, 57, 59, 60, 63, 64,
67,68,69,71,72,75,76,80, 81, 84, 85,87,89,91, 93, 95,99
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satisfy the assumption of Theorem 1.7 for every p. From the above theorems, it
seems that Question 1.4 is a problem worth considering when k = k1 = ko = k3.
Conjecture 1.8. Let k € Z>o. For any k-generalized Markov number b, there is a
unique k-generalized Markov triple (a,b,c) up to order such that max{a,b,c} =b.
1.3. Generalization of Cohn Triples

In 1950s, the (classical) Cohn triple was introduced by Cohn [6] in his study of the
Markov equation. In the present paper, we will introduce a generalization of it. It
plays an important role in the proof of Theorems 1.5-1.7. A classical Cohn triple

(P>Q7R) _ <[P11 p12] : [QM %2} 7 {Tn le})
D21 P22 g21 Q22 T21 T22

of elements of SL(2,7Z) which satisfies

is a triple

e (p12,q12,712) is a Markov triple,
e Q= PR,

o (tr(P),tr(Q), tr(R)) = (3p12, 3q12, 3r12)-

The Cohn triple is a “matrixization” of the Markov triple. Indeed, the following
theorem holds.

Theorem 1.9 ([1, Theorem 4.7)). Every Markov triple (a,b, c) with b > max{a, c}
can be obtained by applying

(P,Q,R) = (P, PQ,Q) or (P,Q,R)—(Q,QR,R) (1.2)

successively to a Cohn triple with (p12,q12,712) = (1,1,1). Moreover, the transfor-
mations of (1,2)-entries in (1.2) coincide with the Vieta jumpings of the Markov
triples.

We will explain how to generalize the Cohn triples to triples which are compatible
with the k-generalized Markov equation. It is known that a triple (p12,qi2,712) is
a Markov triple if and only if (3p12,3¢12,37r12) is a positive integer solution to the
second Markov equation,

a:2—|—y2+22 =Yz
([1, Chapter 2]). We introduce the k-generalized second Markov equation,

22+ 22+ (B +2K) (x + y + 2) + 2k% + 3k% = ayz.

We abbreviate the equation as GSME(k). If a triple (p12, q12,712) is a k-generalized
Markov triple, then

((3+3k)p12 — k, (34 3k)qu2 — k, (3 + 3k)rio — k)
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is a positive integer solution to GSME(k) by a straightforward calculation. Based
on this, we define the k-generalized Cohn triple as a triple (P, @, R) which satisfies

e (p12,q12,712) is a k-generalized Markov triple,

k 0
e Q=PR— S, where § = [3k2—|—3k k}’

o (tr(P),tr(Q),tr(R)) = ((3 + 3k)p12 — k, (3 + 3k)qua — k, (3 + 3k)r12 — k),
and we prove the following theorem.

Theorem 1.10. Every k-generalized Markov triple (a,b,c) with b > max{a, c} is
obtained by applying

(P7Q7R)’_>(P7PQ_S7Q) or (P7Q’R)H<Q’QR_55R) (13)

successively to a k-generalized Cohn triple with (p12,q12,7m12) = (1,1,1). Moreover,
the transformations of (1,2)-entries in (1.3) coincide with the Vieta jumpings of
the k-generalized Markov triples.

The generalized second Markov equation is derived from the following identity for
any matrices A, B, C' in SL(2,C), which have been found by Luo [11] and Né&atanen—
Nakanishi [14]. For a := —tr(A), b := —tr(B), ¢ := —tr(C), d := —tr(ABC),
x:= —tr(AB), y := —tr(BC), and z := —tr(CA), the equality

I2+y2+22+(ad+bc)l‘+(bd+ca)y+(CdJrab)z
+a? 4+ b+ +d?*+ abed — 4 = 2yz

holds. For triples (A, B,C) and (P, Q, R) which satisfy
o tr(A) =tr(B) = tr(C) = —k,
o tr(ABC) = -2,
o tr(P) = —tr(BC), tr(Q) = —tr(CA), tr(R) = —tr(AB),

(tr(P), tr(Q), tr(R)) is a solution to the k-generalized second Markov equation. It
turns out that a triple (A4, B, C) of SL(2,Z) satisfying the above conditions can be
taken for each k-generalized Cohn triple (P, @, R). Relations between this triple
(A, B,C) and the k-generalized Cohn triple (P, Q, R) will be studied in a forthcom-
ing paper.

In order to prove Theorem 1.2, we will make use of the following result from [1].

Proposition 1.11 ([1, Proposition 3.15]). Let m € M, m > 5, and suppose
(m,ma,m3) and (m,na,n3) are Markov triples with mazimum m and corresponding
characteristic numbers uy and us. If uy = ug, then {ms, mg} = {na,n3}; hence the
triples are identical.
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Here, the characteristic number u; of the triple (m,msg,m3) is defined as the
unique solution x to

mex = +mgz  (mod m),
0<z<m.

In [1], this proposition is proved using elementary arguments. When we prove
Theorem 1.5, which is a generalization of Theorem 1.2, a k-generalized version of
Proposition 1.11 is also used. However, in our case, the proof is carried out using
the method based on generalized Cohn triples, instead of elementary arguments.
See the last two sentences of the proof of Theorem 1.5 in Section 4. The reason why
we use generalized Cohn triples instead of elementary arguments is that the proof
of [1, Proposition 3.15] does not appear to extend easily to the case k # 0. We use
the condition k = 0 essentially when we verify the equality in [1, (3.13)], that is,

m2 | maong — Ms3na. (14)

Indeed, assuming (m, ms, m3) and (m, ns, n3) are both k-generalized Markov triples,
we have

m? +m3 + m3 + k(mmg + mamz +mam) _ mams

m? 4+ n3 + n3 + k(mna + nang + nym) nong

and thus we have

(mams — nang)m + k(mams(ng + ng) — nina(my + ma))
mong — M3no

= 7(m2n2 — mg’ng).
m

Moreover, this implies

Mmang — M3na

k(mams(ng + ng) — nina(mi +mse)) = (mangy —mang) (mod m).

m

Assuming m | mang —mana, as in the proof of [1, Proposition 3.15], we get the fact
that maon3 — M3ng
at 203 13102

m
of [1, Proposition 3.15], and substituting k = 0, we have

is in Z. Moreover, assuming that mong # msng as in the proof

man3 — M3ng

0 (mod m),

m
and this is equivalent to (1.4). If we assume that k is not zero, we cannot proceed
to (1.4); therefore, we need to find a form of generalization of (1.4), but so far we
have not achieved it.
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2. Generalized Markov Equation
We consider the following binary tree, WMT(k):

(1) the root vertex is (1,1,1),

(2) every vertex (a,b, c) has the following two children:

(a;b,¢)
a? + kab + v? b% + kbc + ¢?
a, —— b b ———, ¢ .
c a

a,b,c

The tree WMT(k) is called the wide k-generalized Markov tree. The transformations

a? + kab + b? b2 + kbe + 2 )
_— —c

c

(a,b,¢) — (a,

a

,b) and (a,b,c)l—><b,

are called the left Vieta jumping and the right Vieta jumping, respectively. Note
that for every (a,b,c) € WMT(k), b is the unique maximal number in a,b and ¢
if (a,b,c) is not the root vertex. The following proposition is the special case of
[9, Theorem 1].

Proposition 2.1. All vertices in WMT(k) are k-generalized Markov triples, and
each k-generalized Markov triple (a,b,c) with b > max{a,c} appears exactly twice
in WMT (k). Moreover, one of them appears in the left descendants of the root, and
the other does in the right descendants of the root.

Since there are vertices in WMT(k) assigned to the same triple, we take the full
subtree with the left child of WMT(k) as the root to resolve this. This tree is called
the k-generalized Markov tree and is denoted by MT(k). By Proposition 2.1, we
have the following corollary.

Corollary 2.2. All vertices in MT(k) are k-generalized Markov triples, and each
k-generalized Markov triple (a,b,c) with b > max{a,c} appears exactly once in
MT(k).

By using the k-generalized Markov equation, we have

2 4 kab+ b2
%:(3+3k)ab7cfk(a+b),
b + kbe + 2
%:(3+3k)bc—a—k(b+0),

and it is another presentation of the transformed elements.
The following is a basic property of the k-generalized Markov triple.
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Proposition 2.3 ([9, Corollary 8]). For every k-generalized Markov triple (a, b, c),
all pairs in a,b and c are relatively prime.

We discuss the relation between GME(k) and GSME(k). By a straightforward
calculation, we have the following proposition.

Proposition 2.4. A triple (a,b,c) is one of the rational solutions to GME(k) if
and only if the triple

((3+3k)a — k, (3 + 3k)b — k. (3 + 3k)c — k)
is one of the rational solutions to GSME(k).

By Proposition 2.4, if (a,b,c) is a positive integer solution to GME(k), then
((3+3k)a—k, (3+3k)b—k, (3+3k)c—k) is a positive integer solution to GSME(k).
In the case where k = 0, the converse holds ([1, Proposition 2.2]), but in general,
this does not hold.

Example 2.5. We set k = 4. Then (9,9,22) is a positive integer solution to
13 13 26

GSME(4), but the corresponding solution (15, 15 15) to GME(4) is not an inte-

ger triple.

In parallel with GME(k), there is an algorithm to obtain a new positive integer
solution to GSME(k) from a given solution.

Proposition 2.6. Let (a,b,c) be an integer solution to GSME(k). Then
(a,ab—c—k* —2k,b) and (b,bc—a—k* —2k,c)
are also integer solutions to GSME(k).

Proof. We only prove that (a,ab — ¢ — k? — 2k, b) is an integer solution. By Propo-

E b+k k
sition 2.4, <3a—:—3k7 3—|——|_3k’ 30—&——~_3k’) is a rational solution to GME(k). Apply-

ing the left Vieta jumping of GME(k), we have a rational solution to GME(k),
(a-l—k ab—c—k>—k b+k

3+ 3k’ 3+3k  '3+3k
is a rational solution to GSME(k). Clearly, it is an integer solution. O

) . By Proposition 2.4 again, (a,ab—c—k?—2k, b)

A positive integer solution (a,b,c) to GSME(k) is called an induced (positive)

] a+k b+k cH+k
ME if
solution (from GME(k)) i (3+3k’3+3k’3+3k

Proposition 2.7. Let (a,b,c) be an induced solution to GSME(k). Then

) is a positive integer triple.

(a,ab —c —k* —2k,b) and (b,bc —a — k* — 2k, c)

are also induced solutions to GSME(k).
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Proof. We only prove the case where (a,ab—c—k* — 2k, b). It suffices to show that

9 . " . ab—c—k2—k 9
ab—c—k*—2k is positive. Since 313 > 1, we have ab—c—k“—k > 3+ 3k.
Therefore, we have ab — ¢ — k2 — 2k > 3+ 2k > 1. O

In parallel with GME(k), the transformations
(a,b,¢) — (a,ab—c—k* — 2k,b), (a,b,¢) — (b,bc —a — k? — 2k, c)

are called the left Vieta jumping and the right Vieta jumping, respectively.

We denote by SMT(k) the tree obtained from MT(k) by replacing (a, b, ¢) with
((3+3k)a—k,(3+3k)b—k, (34 3k)c— k). From the above discussion, we have the
following corollary.

Corollary 2.8. All vertices in SMT(k) are induced solutions to GSME(k), and
each induced solution (a,b,c) to GSME(k) with b > max{a,c} appears exactly once
in SMT(k).

3. Generalized Cohn Tree

3.1. k-Generalized Cohn Tree

We begin by defining the k-generalized Cohn matrix.

Definition 3.1. Let k € Z>¢. An element P = BH 212} of SL(2,Z) is called
= 21 P22

a k-generalized Cohn matriz if p1a is a k-generalized Markov number and tr(P) =
(34 3k)p12 — k.

The trace condition has the following presentation:

tr(P) = [343k 0] P m — k.

We recall the definition of a k-generalized Cohn triple.

Definition 3.2. For k € Z>¢, a triple (P,Q, R) is called a k-generalized Cohn
triple if P, @, and R are k-generalized Cohn matrices, Q = PR — S where S =

k 0 . . .
{31{:2 43k k]’ and (p12,¢q12,712) is a k-generalized Markov triple, where pi2, 12,

and rio are the (1,2)-entries of P, @), and R, respectively. The triple (P, @, R) is
said to be associated with (p12,qi2,7T12)-

Remark 3.3. Let (P, Q, R) be a k-generalized Cohn triple associated with (a, b, ¢).
By the definition of k-generalized Cohn triple, (tr(P),tr(Q),tr(R)) is an induced
solution to GSME(k) corresponding to (a, b, ).
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The definition of k-generalized Cohn matrix does not refer to its existence. We
will prove that for a positive integer solution (a, b, ¢) to GME(k) with b > max{a, c},
there exists a k-generalized Cohn triple (P, @, R) such that a = p12,b = ¢12 and
C=T12.

First, we prove the case where (a,b,c) = (1,1,1). For every £ € Z, we set

po_| ¢ 1

BT 42kt +30—1 —0+ 2k + 3]
0 | k+e¢+1 1 d
BT R -2 43k +0+1 k—042)0 M
R 2k + £ +2 1

BT -2kt +2k—0+1 —0+ 1]

Proposition 3.4. For every ¢ € Z, the triple (P, Q1.¢, R1.0) is a k-generalized
Cohn triple.  Conversely, for a k-generalized Cohn triple (P,Q,R) satisfying
(P12, 12, 7m12) = (1,1, 1), there exists £ € Z such that (P,Q, R) = (P1.¢, Q1.¢, R1.0)-

Proof. The former statement can be checked directly. Since (P, @, R) is determined
by p11 and the defining conditions of the k-generalized Cohn triple, the latter state-
ment follows (see also the proof of [1, Theorem 4.8], which is the special case k =0
of this proposition). O

For a k-generalized Markov triple (a,b,c¢) with b > max{a,c}, we prove the
existence of a k-generalized Cohn triple corresponding to (a, b, ¢) by using induction
on the distance from (1,1,1) in WMT(k). To this end, we define another binary
tree, the wide k-generalized Cohn tree WGCT (k, £) for ¢ € Z as follows:

(1) the root vertex is (P1,¢, Q1.¢, R1.¢), and

(2) every vertex (P,Q, R) has the following two children:

(P’ Q7 R)

T

(P, PQ—5,Q) (Q,QR — S, R).

We prove the following theorem.

Theorem 3.5. Let (a,b,c) be a k-generalized Markov triple. If (P,Q,R) is a k-
generalized Cohn triple associated with (a,b, c), then (P,PQ—2S5,Q) (resp. (Q,QR—
S, R)) is a k-generalized Cohn triple associated with (a,c’,b) (resp. (b,a’,c)), where
. a®+kab+b? b% + kbe + ¢?

C :7G7’Lda/:
C a

To prove Theorem 3.5, we introduce two lemmas.
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Lemma 3.6 ([1, Lemma 4.2]). Let A and B € SL(2,Z). The following equalities
hold:

(1) tr(A) = tx(A71),
(2) tr(AB) = tr(A)tr(B) — tr(AB™1), and
(3) A2 =tr(A)A 1.
Lemma 3.7. For a k-generalized Cohn matriz M, the following equalities hold:

0 0

M[3+3k O}M:(tr(M)ij)M* [3+03k 8]

i 0 0], 1 -1 0 0
M [3+3k O]M =—(tr(M™") + k)M +{3+3k 0}.

Proof. We only prove the first equality. We set

M1 Mmi2 _ 0 0 _ — 0
M[mQI m;,J’ ELH% 0], v=[3+3k 0], wH.

Then we have

mi2

22

(3 3k) |2 M
miimsaz2  1M12M22
= (3+3k)mi2M+ E

= (trM + k)M + E.

Note that miymes — moimis = 1 is used to show that the fourth equal sign is
valid. O

Proof of Theorem 3.5. We only prove the statement for (P, PQ — S, Q). First, we
prove that the transformation (tr(P),tr(Q),tr(R)) — (tr(P),tr(PQ — S),tr(Q)) is
the left Vieta jumping (o, 8,7) — (o, aB — v — k? — 2k, 3) of GSME(k). Since
(P,Q, R) is a k-generalized Cohn triple, it suffices to show

tr(PQ — S) = tr(P)tr(Q) — tr(R) — k? — 2k.
Since @ = PR — S, making use of Lemma 3.6 (2), we have

tr(PQ — S) = tr(P(PR — S)) — 2k = tr(P*R) — tr(PS) — 2k
= tr(P)tr(PR) — tr(PR™'P~1) — tr(PS) — 2k
= tr(P)tr(PR) — tr(R) — tr(PS) — 2k.
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On the other hand, since

tr(SP™') = tr ([mjk ok — p12*(3k‘2 i 314:)])
=k - tr(P) — (3k* + 3k)p12 = —k?,
making use of Lemma 3.6 (2), we have
tr(P)tr(Q) — tr(R) — k* — 2k = tr(P)tr(PR) — tr(P)tr(S)
—tr(R) — k? — 2k
= tr(P)tr(PR) — tr(SP)
—tr(SP™Y) —tr(R) — k* — 2k
= tr(P)tr(PR) — tr(PS) — tr(R) — 2k.
Therefore, we have the desired equality. Next, we prove that tr(PQ — S) = (3 +

3k)mi2 —k, where mqs is the (1,2)-entry of PQ —S. Set v = [3 + 3k 0], w = {ﬂ ,

and E = [3 f?)k 8} By the above, and making use of Lemmas 3.7 and 3.6 (3),
we have
tr(PQ — S) = tr(P)tr(Q) — tr(R) — k* — 2k

= (vPw — k)(vQuw — k) — (vRw — k) — k? — 2k
=vPEPRw — kvPRw — kvPw —vRw — k

=v((trP + k)P + E)Rw — kvPRw — kvPw — vRw — k
=vP?Rw — kvPw — k

=v(P?R— PS — S)w —k

=v(PQ — S)w —k.

Finally, we prove PQ — S € SL(2,Z). We set PQ = ill im]. By the above
21 Ta2

discussion, we have tr(PQ—S) = (3+3k)x12—k, and thus tr(PQ) = (3+3k)x12+ k.
Therefore, we have
det(PQ — S) = ($11 — k‘)(JZQQ — k‘) — 3312(33‘21 — 3]{}2 — 3]{})
= det(PQ) — k- tr(PQ) + k* + (3k* + 3k)x12
= det(PQ) = 1.
This finishes the proof. O

As a corollary, for a k-generalized Markov triple (a,b,c) with b > max{a, c},
we obtain the existence of a k-generalized Cohn triple associated with (a,b,c).
Before describing the statement, we will introduce the canonical graph isomorphism
between two trees.
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Definition 3.8. Let T and T’ be rooted binary trees such that every vertex has
either exactly two children or no child. Such a tree is called a full binary tree. If a
graph isomorphism f: T — T’ preserves the left child and the right child, then f is
called the canonical graph isomorphism.

Corollary 3.9. Let ¢ € Z. The correspondence between (P,Q, R) in WGCT(k, ¢)
and (p12,q12,712) “nduces the canonical graph isomorphism between WGCT(k, £)
and WMT(k). In particular, for every k-generalized Markov triple with
b > max{a,c}, there is a k-generalized Cohn matriz associated with (a,b,c).

Moreover, a stronger result can be obtained.

Proposition 3.10. Let (P,Q, R) be a k-generalized Cohn triple associated with
(a,b,c). We assume that b > max{a,c}. Then, there exists £ € Z such that (P,Q, R)
is contained in WGCT (k, ¢).

To prove Proposition 3.10, we introduce the transformations from one vertex in
WGCT(k, £), except for the root, to its parent.

Lemma 3.11. If (P,Q, R) is a k-generalized Cohn triple associated with (a,b,c),
then (P,R,P"Y(R+ S)) (resp. (P + S)R™',P,R)) is a k-generalized Cohn triple
a® + kac + c?

—y

Proof. We only prove the statement for (P, R, P~1(R+S)). First, we prove that the
transformation (tr(P), tr(Q), tr(R)) — (tr(P),tr(R), tr(P~1(R + S))) is the inverse
of the left Vieta jumping («, 8,7) — (a,7v,ay — 8 — k? — 2k) of GSME(k). Since
(P,Q, R) is a k-generalized Cohn matrix, it suffices to show

associated with (a,c,b') (resp. (V',a,c)), where b/ =

tr(P~Y(R + S)) = tr(P)tr(R) — tr(Q) — k* — 2k.
Since @ = PR — S, making use of Lemma 3.6 (2), we have
tr(P)tr(R) — tr(Q) — k* — 2k = tr(P)tr(R) — tr(PR) — k%
On the other hand, since tr(P~1S) = —k? (see the proof of Theorem 3.5), we have
tr(P~H(R+ 8)) = tr(P™'R) + tr(P~'S) = tr(P)tr(R) — tr(PR) — k?.

Therefore, we have the desired equality. Next, we prove that tr(P~1(R + S)) =
(3 4 3k)m1a — k, where mys is the (1,2)-entry of P~1(R + S). By the above, we
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have

tr(P~Y (R + S)) =tr(P)tr(R) — tr(Q) — k? — 2k

(i off1) (v onf]

_<[3+3k O]Qm_k>_k2_2k
——[3+3k 0] P [3f3k 8] P10 m

—[3+3k 0] P [3+03k 8] P-ls m

—k[3+3k o]PlQ{(l)]_k[nggk 0}p15{(1)]

+E[343k 0] P! m —[3+3k O]Qm —k

=[3+3k 0] <(tfP_1+’“)P_1_ [34?% SDQ {(1)

+[3+3k 0] ((trPl + k)Pt — {3 +03k SD 5 :0}

—k[3+3k 0] PIQ m—k[3+3k 0] Pls ﬁ

+k[3+3k 0] P m —[3+3k O]Qm —k

—[3+3k 0] (P2Q+ P25+ P~S) m —k

—[3+3k 0] (P (R+S) m —k

Note that in the second equality from the last, we use the fact that S [(1)] = [2}

Finally, we prove P~Y(R + S) € SL(2,Z). By setting R = [:11 :12] , we have
21 T22

det(R + S) = (7‘11 + k)(’/’zg + k) - 7‘12(7"21 + 3k? + 3k')
= det(R) + k - tr(R) + k* — (3k? + 3k)r12
=det(R) = 1.

This finishes the proof. O

Proof of Proposition 3.10. We consider the transformations

(P,Q,R)— (P,R,P ' (R+S)) and (P,Q,R)~ ((P+S)R™' P R).
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We assume that (P, @, R) is associated with (a,b,c). If a < ¢ (respectively, a > ¢),
then by using the first transformation (respectively, the second transformation), we
obtain another k-generalized Cohn triple (P’,Q’, R') by Lemma 3.11. Let o, ¥/,
and ¢’ be the (1,2)-entries of P/, @', and R’ respectively. Then, we have b’ < b.
By repeating this operation, we obtain a k-generalized Cohn triple (P”,Q"”, R")
associated with (1,1, 1). According to Proposition 3.4, there exists ¢ € Z such that
P’ = Py, Q" = Q14, and R = Ry,. This implies that (P, Q, R) is contained in
WGCT(k, 0). O

Remark 3.12. The integer ¢ in Proposition 3.10 is not unique if (a,b,¢) # (1,1,1).
Since there are two operations to get the k-generalized Cohn triple associated with
(1,1,1) from one associated with (1,k + 2,1), there are just two £’s. Therefore,
(P,Q, R) appears in just two wide k-generalized Cohn trees, one in the left half of
one tree and the other in the right half of the other tree.

The discussion thus far proves Theorem 1.10.

Proof of Theorem 1.10. The statement follows from Theorem 3.5 and Proposition
3.10. 0

Next, we prove the following theorem.

Theorem 3.13. Let k € Z>q and £ € Z. The second entries of k-generalized Cohn
triples in WGCT(k, £) are distinct.

To prove Theorem 3.13, we introduce the index of a k-generalized Cohn matrix.

mi1 Mi2

Definition 3.14. For a k-generalized Cohn matrix M = {
ma1  M22

], the index

m
of M 1is the value Ip; := L
mi2

Proof of Theorem 8.18. For each (P, @, R), it is enough to show that Ip < I < Ig.
First, we prove Ig < Ig. Since @ = PR — S holds, we have P = (Q + S)R™!. By
comparing the (1,2)-entries of this equality, we have

pi12 = ruqiz — (qu1 + k)riz < rigiz — quirie.

Therefore, we have

T11 q11

pigi Lo p—1Io,

q12712 T2 q12
and Ig < I holds as desired. Next, we prove Ip < Ig. We obtain R = P~1(Q+5)
from Q = PR — S. By comparing the (1, 2)-entries of this equality, we have

0<

T2 = Poaqiz — P12(gee + k)
= (34 3k)p12 — k — p11)q12 — p12((3 + 3k)q12 — q11)
= —kqi2 + quip12 — q12p11 < Q11P12 — q12D11-



INTEGERS: 26 (2026) 16

Therefore, we have

-
0< —12 <@_@:IQ_IP7

P12912 q12 P12
and Ip < I holds as desired. O

We fix k € Z>o. We denote by GCT(k, ¢) the full subtree of WGCT(k, £) whose
root is the left child of (Py.¢, Q1.¢, R1,¢), and we call this subtree the k-generalized
Cohn tree. By the results of WGCT(k, £), we have the following corollaries.

Corollary 3.15. Let £ € Z. The correspondence between (P,Q, R) in GCT(k,?)
and (p12,q12,712) induces the canonical graph isomorphism between GCT (k, ) and
MT(k).

Corollary 3.16. Let k € Z> and £ € Z. The second entries of k-generalized Cohn
triples in GCT(k, ) are distinct.

Moreover, by Proposition 3.10 and Remark 3.12, the following proposition holds.

Proposition 3.17. Let (P,Q,R) be a k-generalized Cohn triple associated with
(a,b,c). We assume that b > max{a,c}. Then, there exist a unique { € Z and a
unique vertex v in GCT(k, ) such that v = (P,Q, R).

Remark 3.18. We denote by GCT*(k, ) the full subtree of WGCT(k, ¢) whose
root is the right child of (Pi,, Q1,r, R1¢). In fact, GCT*(k,¢) = GCT(k,k +
¢ + 1) holds. This fact is proved in the following way. Let (P,Q,R) be a k-
generalized triple of the root in GCT*(k, ¢), and p1; be the (1,1)-entry of P. We
note that (P, Q, R) is a k-generalized Cohn triple associated with (1,%k 4 2,1). By
the generation rule of WGCT(k,¢), we have p;3 = k+ ¢+ 1. By Lemma 3.11,
(P,R,PY(R + S)) is a k-generalized Cohn triple associated with (1,1,1). By
Proposition 3.4, (P,R, P~'(R + S)) is uniquely determined by p;; and we have
(P,R,P7YR+9)) = (Prrto+1, Qrte+1, River1). Therefore, (P,Q, R) is the left
child of (Py.jtr41, Qrtet1, Retet1), and it is the root of GCT(k, k + ¢ + 1). Hence
we have GCT*(k, /) = GCT(k, k + ¢+ 1).

3.2. Farey Tree and Fraction Labeling

In this subsection, we introduce the Farey tree, and we label k-generalized Cohn
matrices in GCT(k, ¢) with irreducible fractions. As a preparation, we extend the
concept of relatively prime.

Definition 3.19. Non-negative integers a and b with (a,b) # (0,0) are said to be
relatively prime if there are no a’ and b’ € Zx> such that ca’ = a and cb’ = b for
any ¢ € Zs1.

If a and b are both positive integers, then the above definition is the same as the
usual sense. We consider the case a = 0. If b = 1, then a and b are relatively prime,
and otherwise, a and b are not relatively prime.
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Definition 3.20. Let ¢ € Q>0 U {oo} and n and d € Z>(. The symbol g is called
the reduced expression of q if n and d are relatively prime and ¢ = g, where %
is regarded as oo when d = 0 and n > 0. Moreover, a fraction % is said to be

n
irreducible if there exists ¢ € Q> U {oo} such that ] is the reduced expression of
q.

Definition 3.21. For % and g, we denote ad—bc by det (%, 2) A triple ( , 2, ;)

is called a Farey triple if g, E, and ; are irreducible fractions and

b’ d
e a

a c c e
et )] = 'det<d’f>’ =
. {011
We define the Farey tree FT as follows. Its root vertex is (1, T O)’ and every

vertex (

) has the two children shown in Figure 1:

aece

b'd f
aatcc ccte e
b’b+d’ d dd+ff)°

Figure 1: The two children of a vertex (Z, g, ) in the Farey tree.

~lo

)

Ul O

)

(Sllis

Proposition 3.22 ([1, Section 3.2]).
(1) If <Z, 5, ;) is a Farey triple, then so are (Z, ZT—’_CCF ;) and <Z, ;i;, f)

In particular, each vertex in FT is a Farey triple.

(2) For every irreducible fraction % € Q-q, there exists a unique Farey triple F
i FT such that % is the second entry of F.
(3) For <Z, 2,;) in FT, % < g < ; holds.

By using the canonical graph isomorphism from the Farey tree to the k-
generalized Cohn tree, we provide the correspondence from Farey triples in FT
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to k-generalized Cohn triples in GCT(k,¢). This correspondence induces the
map from irreducible fractions in (0,00) which are the second components of
k-generalized Cohn triples in GCT(k,¢) to k-generalized Cohn matrices. This
map is called the fraction labeling to k-generalized Cohn matrices. We denote by
Cy(k,0) the k-gencralized Cohn matrix labeled with a fraction ¢. By Theorem
3.13, its proof and Proposition 3.22 (3), we have the following corollary.

Corollary 3.23. The fraction labeling to k-generalized Cohn matrices is injective.
Moreover, if p < q for p,q € Qxo U {oc}, then Ic, k¢ < Ic, (ke holds.

4. Proof of Main Theorems

In this section, we prove the criterion theorem (Theorem 1.5) and find k-generalized
Markov numbers to which this theorem can be applied.

Let LGCT(k, ¢) be the full subtree of GCT(k,¢) whose root is the left child of
the root of GCT(k,¢). In this section, we consider the case £ = —k. In this case,

the Toot (C%(k, k), Cy (k, —k), C1 (k, —k)) of LGCT(k, —k) is given by

ok 1
Otk =k = | 32 —35 -1 3k+3}’
[ k+2 2k2 4+ 6k + 5
Cyth=k) = I3k s ok 15 6k3+24k2+31k+13}’ and
T k+2
Cph =k = 35 4 2 3k:2+8k:+5}

All k-generalized Cohn matrices labeled with irreducible fractions between 0 and
1 are included in LGCT(k, ¢). Moreover, if we restrict MT(k) to the same region
(we denote by LMT(k) this tree), then all positive integer solutions to GME(k) but
(1,1,1) and (1, k42, 1) appear exactly once without overlap (here, triples that differ
only in order are regarded as the same solution). Therefore, the correspondence
between the Farey triple (r,¢,s) and the (1,2)-entries of the k-generalized Cohn
triple (C(k, £), Ci(k, £), Cs(k, £)) induces a bijection from the set of Farey triples in
[0,1]3 to the set of all k-generalized Markov triples but (1,1,1) and (1, k+2,1). If we
take the second entries of (r, ¢, s), then this bijection gives each k-generalized Markov
number except for 1 and k + 2 a fraction labeling. We call it the fraction labeling
to k-generalized Markov numbers, and for every irreducible fraction t € (0,1), we
denote by m; the corresponding k-generalized Markov number. Also, we set m 0 = 1
and mi = k+ 2.

We will use the following proposition to prove Theorem 1.5.
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Proposition 4.1. Let k € Z>o. For a k-generalized Markov number b, there is a
unique k-generalized Markov triple (a,b,c) up to order such that max{a,b,c} =b if
and only if there is a unique irreducible fraction t € [0, 1] such that b = m;.

Proof. For b =1 and b = k + 2, there exists a unique k-generalized Markov triple
up to order such that max{a,b,c} = b, and a unique irreducible fraction ¢ € [0, 1]
such that b = my. Let b ¢ {1,k + 2}. We assume that there is a unique irreducible
fraction ¢t € [0,1] such that b = m;. If m; is the maximal number in two k-
generalized Markov triples (m,., m¢, ms) and (m,r,my, mg) in LMT(k), then the
corresponding Farey triples are (r,¢,s) and (r',t,s’). By Proposition 3.22, we have
r = r’ and s = s/, and thus m, = m,» and m, = m,. Conversely, we assume
that there is a unique k-generalized Markov triple (a,b,c) up to order such that
max{a,b,c} = b. If b = m; = my, then by the assumption, there exist unique
fractions r and s such that (m.,., b, ms) is a k-generalized Markov triple in LMT(%).
Since (r,t,s) and (r,t', s) are both Farey triples, by the definition of the Farey tree,
we have t = t/. O

This proposition yields the following.

Corollary 4.2. Conjecture 1.8 is true if and only if the fraction labeling to the
k-generalized Markov numbers t — my is an injective map.

4.1. Proof of Theorem 1.5

We fix k € Z>o and a k-generalized Markov triple (m,, m;, ms) in LMT(k). Note
that m; > max{m,,ms} and m, # ms. We consider solutions z to the congruences

myx = +mg (mod my) (4.1)

(it means that m,x is congruent to ms or —my). Since m, and m; are relatively

prime from Proposition 2.3, there is a unique solution to (4.1) in the range (0, %)

Definition 4.3. The characteristic number u; of (m,., my, my) is the unique solution
to (4.1) in the range (0, %)

Lemma 4.4. For an irreducible fraction t € (0,1), the (1,1)-entry of Cy(k, —k) is
positive.

Proof. By the monotonically increasing property of indices (Corollary 3.23), it suf-
1

fices to show the statement for the case t = —. First, the (1, 1)-entry of C'1(k, —k)
n

is 1. Since the (1, 1)-entry of C's (k, —k) is k+2, it is larger than that of C'1 (k, —k).
We assume that the (1, 1)-entry of C1(k,—k) is positive, and that of C_1_(k, —k)

i+1
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is larger than that of C1(k, —k). We will prove that the (1,1)-entry of C
is larger than that of C .

(k’ _k)

(k,—k), in particular, it is positive. We set

b "oy Y
O% (ka 71‘7) = {ZI d:| ’ C.il (ka 7]‘5) = [z/ d/] s C,_}_z (k7 71‘7) = |:Ccl// d//:| .

7 7
Then, we have

C 1 (k,—k) = Cy (k, k)C%(k,—k)—S

i+

H

1 a b] k 0
3k2 31:—1 3k+3 d 3k24+3k k

—ka+c—k *
—(3k> 4+ 3k +1)a+ (3k +3)c — 3k* — 3k =

Therefore, we have
d=-katc—k,  =—(3k*+3k+1)a+ (3k+3)c— 3k* — 3k.

By assumption, we have —ka +c —k > a > 0. Since

C_y(k,—k) = C1(k, —k)C,

i

1 (k,—k)— S,
we have

a"—ad =—(k+1)d +c —k
—(k+1)(=ka+c—k) — (3k* + 3k + 1)a + (3k + 3)c — 3k — 4k

:( k* — 2k — 1)a + (2k + 2)c — 2k* — 3k
> (—2k* — 2k — 1)a+ (2k +2)((k + L)a + k) — 2k* — 3k
=Q2k+1la—-k>k+1>0,

as desired. O

Lemma 4.5. For an irreducible fraction t € (0,1), the following equality holds:

Ci(k,—k) = [* (3+3k)my —uy — k} .

1
Proof. We can check the statement for ¢ = 3 directly. We set

— at mt
Ci(k, —k) = [* (34 3k)m;y —as — k] ’

and we will prove a; = uy. Let (Cr(k, —k), Ci(k, —k), Cs(k, —k)) be a k-generalized
Cohn triple in LGCT(k, —k). Since Cy(k,—k) = C.(k,—k)"1(Ci(k,—k) + 5), b
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comparing (1,2)-entries, we have mgs = agm, — (a, + k)m;. Therefore, we have
mpa; = mg (mod my), which implies a; = tu; (mod m;). By the monotonically

increasing property, the inequalities I 0 < I <1 1 hold, and we have —k < a <
my
1
i By Lemma 4.4 and the previous inequality, we have 0 < a; < ];it 5 < %
Therefore, by the definition of u;, we have a; = uy. O

In the proof of Lemma 4.5, we have the following corollary, which is a general-
ization of [1, Remark 4.14].

Corollary 4.6. The characteristic number uy is a solution of m,x = mg (mod my).
Moreover, we have the following property for u;.

Lemma 4.7. The characteristic number u; is a solution to 22 + kr +1 = 0
(mod my).

Proof. By m2 + km,ms +m?2 =0 (mod m;) and m,u; = m, (mod m;), we have
mZu? + km2u; +m? =0 (mod my).
Since m, and m; are relatively prime, we have
uf +ku; +1=0 (mod my),
as desired. 0

Lemma 4.8. Let k € Z>q. For an irreducible fraction t € (0,1), the inequality
u k< % holds.

Proof. Since m; > 2k + 6k + 5 and u; < M by the monotonically increasing

k+2
property of the index, we have
me (11 k(2k2+6k+5)>k
2 T\ T kv2) ™M T T 2y 2) ’
as desired. O

Now, we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. By Proposition 4.1, it suffices to show that a fraction ¢t €
(0,1) which satisfies b = my is unique. Let ¢ and 7 be irreducible fractions in (0, 1)
satisfying b = my = m,. We will prove t = 7. By Lemma 4.7, u; and u, are
b
solutions to 22 + kz +1 =0 (mod b). By Lemma 4.8, we have u;, u, < 3 k. Let
p € {t,7}. Now, b — (u, + k) is also a solution to 2% + kx + 1 = 0 (mod b), and



INTEGERS: 26 (2026) 22

b
b— (u, + k) > —. By the assumption that the number of solutions is at most two,

u; and u, are the unique solutions of

b
P +kr+1=0 (modb)and0<x<§. (4.2)
Therefore, we have u; = u,. Moreover, by Lemma 4.5, we have Ci(k,—k) =
C.(k,—k). By Theorem 3.13, we have t = 7. O

4.2. Uniqueness Theorem for Prime Powers and Twice Prime Powers

Using Theorem 1.5, we can prove Theorem 1.6. To use Theorem 1.5, the following
lemma is essential.

Lemma 4.9. Let p be a prime. The number of solutions to x> +kx+1 =0 (mod p)
15 at most two.

Proof. Let x1, o3 be solutions to 2% + kz+1 =0 (mod p) such that 21 # 3 holds.
Since (z1 — z2)(z1 + 22 + k) = 0 (mod p), we have 1 + z2 + k = 0 (mod p). Let
x3 be another solution to 22 + kxr +1 =0 (mod p) such that z; # x3 holds. Then,
we have x1 + 25 + kK = 0 (mod p). Therefore, we have zo — 25 = 0 (mod p). O

Proof of Theorem 1.6. Since b = p or b = 2p for a prime p, we have b # 1. If
b =k + 2, then the desired uniqueness follows from Proposition 4.1. Thus we may
assume that b ¢ {1,k + 2}.

When b = p, Lemma 4.9 shows that the congruence z? + kz+1 =0 (mod b) has
at most two solutions. Therefore, Theorem 1.5 implies the desired uniqueness for b.

We assume b = 2p. If p = 2, then b = 4. By the construction of the fraction
labeling, for any irreducible fraction t € (0, 1), we have m; > 2k%+6k+5 > 4. Hence,
if 4 is a k-generalized Markov number, then it must be equal to the exceptional
value mi = k+ 2, and so k = 2. This is impossible under the present assumption
b ¢ {1,k+2}. Therefore, p is odd. Clearly, > +kz+1 =0 (mod 2) has at most one
solution. Since 2 and p are relatively prime, by using Lemma 4.9 and the Chinese
remainder theorem, 2 +kx+1 =0 (mod 2p) has at most two solutions. Therefore,
applying Theorem 1.5, we obtain the desired uniqueness for b. O

Next, we consider the case where b = p™ or 2p™. In this case, using Theorem
1.5 requires some constraints regarding k and p.

Theorem 4.10. Let k € Z>q. For a k-generalized Markov number b, if there exists
an odd prime p and m € Zx>o such that b = p™ or 2p™ and k* —4 # 0 (mod p),
then there is a unique k-generalized Markov triple (a,b,c) up to order such that
max{a,b,c} =b.

Theorem 4.10 follows from the following lemma and Theorem 1.5.
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Lemma 4.11. Let p be an odd prime and m € Z>s. If k> —4 # 0 (mod p) holds,
then the number of solutions to x*> + kx +1 =0 (mod p™) is at most two.

Proof. Let 1, xo be solutions to 22 + kx +1 = 0 (mod p™) such that x1 # xo
holds. Then, we have (z; — x2)(z1 + 2 + k) = 0 (mod p™). We assume that
(r1 — x2) = (x1 + 22 + k) = 0 (mod p). Then, we have 2x; + k = 0 (mod p).
If 2x1 + k is even, there exists n € Z such that 2z; + k = 2n2p. Therefore, we

k k
have z; = np — 7 However, we have —1 = z1(z1 + k) = Y (mod p), which
conflicts with the assumption. If 2z 4+ k is odd, then there exists n € Z such

—k
that 221 + k = (2n 4+ 1)p. Therefore, we have 1 = np + p? However, we

P — k2
have —1 = x1(x1 + k) =
Therefore, we have z; + 92 + £k = 0 (mod p™). Let x5 be another solution to
2?2 +kr+1=0 (mod p™) such that 1 # x3 holds. Then, we have 21 +x3+k =0

(mod p™). Therefore, we have zo — 3 =0 (mod p™). O

(mod p), which conflicts with the assumption.

Proof of Theorem 4.10. The cases where b =1 and b = k + 2 are clear. We assume
that b ¢ {1,k+2}. The statement for b = p™ follows from Theorem 1.5 and Lemma
4.11. We assume b = 2p™. We note that 22 + kz +1 =0 (mod 2) has at most one
solution. Since 2 and p™ are relatively prime, by the Chinese remainder theorem
and Lemma 4.11, 2% + kx +1 = 0 (mod 2p™) has at most two solutions. Therefore,
applying Theorem 1.5, we have the conclusion. O

Remark 4.12. Theorem 4.10 is also proved by using Hensel’s lifting lemma. The
condition k% — 4 # 0 (mod p) in Theorem 4.10 is derived from the existence con-
ditions of x satisfying f(z) = 22 + kx +1 =0 (mod p™) and f'(x) =2z +k £ 0
(mod p). Therefore, we cannot remove this condition even if we use Hensel’s lifting
lemma.

In Theorem 4.10, we only consider the case where p is odd. There are no k-
generalized Markov numbers of the form 2™ if k2 — 4 # 0 (mod 2). More strongly,
the following lemma holds.

Lemma 4.13. For k € Z>q, if there exists an even k-generalized Markov number,
then k is even.

Proof. We will prove that if k£ is odd, all k-generalized Markov numbers are odd.
Clearly, (1,1,1) is a k-generalized Markov triple whose elements are odd. If all of
(a,b,c) are odd, then so are (3 + 3k)ab— ¢ — k(a+b) and (34 3k)bc —a — k(b+¢).
Therefore, all elements of each k-generalized Markov triple of WMT(k) are odd. By
Proposition 2.1, we have the conclusion. O]
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k2
Furthermore, weakening the constraint on k to T 1 # 0 (mod 2) does not

yield any additional properties.

Proposition 4.14. If there exists a k-generalized Markov number b which is a
2

k
multiple of 4, then k =2 (mod 4) holds. In particular, T 1=0 (mod 2) holds.

Proof. Since b is even, we have k £ 1 or 3 (mod 4) by Lemma 4.13. Therefore, it
suffices to show that k # 0 (mod 4). We assume that k = 4n. We set b = 4m. We
consider a k-generalized Cohn matrix corresponding to 4m,

4m

o e
T e (3+3(4n))-4dm—a—4n|’

Since det C' = 1, we have
1=a(—a—4n) (mod 4m),

If a = 24, then a(—a—4n) is even, and thus 1 # a(—a—4n) (mod 4m). If a = 20+1,
then we have a(—a — 4n) = —1 (mod 4). Therefore, such a k-generalized Cohn
matrix would not exist, which is a contradiction. O

We provide a sufficient condition about p that is simpler than Theorem 4.10.

Proposition 4.15. Let k € Z>o and p be an odd prime. If k and p satisfy either
of the following two conditions, then the condition k* —4 # 0 (mod p) in Theorem
4.10 holds:

(1) k>4 is evenandp>§+1.
(2) k is odd and p > k + 2.

k
Proof. Assume that Condition (1) holds. Then we have 3 +1 # 0 (mod p) and

k k?
5 1 # 0 (mod p). Therefore, we have v 1 #£ 0 (mod p). Since p is an odd

prime, it is equivalent to k? —4 # 0 (mod p). The case of Condition (2) is proved
in the same way. O

Proposition 4.15 implies that if p is large enough, we can apply Theorem 4.10 to
p™ and 2p™. More strongly, we have the following proposition.

Proposition 4.16. Let k € Z>o and p be an odd prime. If k and p satisfy either
of the following two conditions, then the condition k* —4 # 0 (mod p) in Theorem
4.10 holds:

(1) k > 4 is even, and both g +1 and g — 1 are not divided by p?,
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(2) k is odd, and both k + 2 and k — 2 are not divided by p?.

Proof. We will prove the case where b = p™ (the case b = 2p™ is shown in exactly
the same way). First, we assume that k is even and k£ > 4. We will prove that

k k
k? —4 =0 (mod p) implies 5 +1=0 (mod p?) or 5 1 =0 (mod p?). Since p
k k k
is odd, we have 54—150 (mod p) or 5—150 (mod p). If§+150 (mod p),

k
there exists n € Z such that 5 + 1 = np. We consider the k-generalized Cohn

m

a p
¢ (B+3k)p™—a—k|
have a(—a — k) =1 (mod p). Since k = 2np — 2, we have —a? — 2a = 1 (mod p).
Therefore, we have (a — 1)> =0 (mod p), and a — 1 =0 (mod p). Let a =n'p + 1.
By calculating det C' modulo p?, we have

matrix associated with p™, C' = Since det C' = 1, we

1=—ala+k)=—-(p+D)n'p+2mnp—1)+1)=—2np+1 (mod p?).

Hence we have 2n = 0 (mod p), and thus n = 0 (mod p). Therefore, we have

k k k
3 +1=0 (mod p?). Similarly, if 5= 1=0 (mod p), we have 5= 1 =0 (mod p?).

We can prove (2) in the same way. O

We use the congruence argument in the proof of Proposition 4.16 to prove The-
orem 1.7. We first state the result and observation needed for the proof.

Proposition 4.17 (]9, Theorem 2.9]). If (a, b, c) is a Markov triple, then (a* b2, c?)
is a 2-generalized Markov triple. Conversely, if (A, B,C) is a 2-generalized Markov
triple, then (v/A,v/B,\/C) is a Markov triple.

Remark 4.18. By Proposition 4.17, any 2-generalized Markov number cannot be
of the form 2p™, where p is an odd prime.

Proof of Theorem 1.7. To prove Statement (1) of Theorem 1.7, suppose that k = 2.
By Proposition 4.17, we have vb = pm/, and it is a Markov number. By Theorem
1.3, there is a unique Markov triple (a’,v/b,¢’) such that vb > max{d’,c’}. By
Proposition 4.17 again, (a’2, b, 2) is the unique 2-generalized Markov triple such
that b > max{a’?, ¢’*}.

To prove Statements (2) and (3) of Theorem 1.7, the cases where b = 1 and
b=k + 2 are clear. We assume that b ¢ {1, k 4+ 2}. First, we prove the case where
p is an odd prime. Let b be a k-generalized Markov number of the form b = p™
or 2p™. By the assumption and Proposition 4.16, we have k? — 4 # 0 (mod p) for
all odd primes p. Therefore, the statement follows from Theorem 4.10. Second, we
prove that there is no k-generalized Markov number b of the form b = 2™ under
Statement (2) or Statement (3) of Theorem 1.7. We assume that there is a k-
generalized Markov number b of the form b = 2™. By Proposition 4.14, we have
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k k
k = 4n+2. Then, either — —1 or 5 +1 is divided by 4. Therefore, k satisfies neither

Statement (2) nor Statement (3) of Theorem 1.7, and thus there is no k-generalized
Markov number b of the form b = 2™. O

Remark 4.19. Although Theorem 4.10 does not cover all k and p, we have yet
to find examples of k-generalized Markov numbers p™ (or 2p™) to which Theorem
1.5 cannot be applied, i.e., k and p satisfy p™ ¢ {1,k + 2}, and the equation
22+ kx +1 =0 (mod p™) has more than two solutions. Even after removing the
last condition, we have yet to find such an example. However, it is easy to find an
example where the first condition is removed. Indeed, when we set k = 7, p = 3
and m = 2 (note that k? — 4 = 0 (mod 3) holds), 9 = 32 is the second smallest
7-generalized Markov number, and the equation 22 + 7z +1 =0 (mod 9) has three
solutions z = 1,4, and 7.

From the discussion in this section, the following theorem for general k-
generalized Markov numbers, which is a generalization of [1, Theorem 3.19], is
proved.

Theorem 4.20. Let k € Z>o. Assume that either of the following two conditions
18 satisfied:

k k
(1) k >4 is even, and both 5 + 1 and 5~ 1 are not divided by a squared prime,

(2) k is odd, and both k + 2 and k — 2 are not divided by a squared prime.

For a k-generalized Markov number b = pi* ---p%» or 2p{* - - pln, where p; are odd
primes, b is the mazimum of at most 2"~ ! k-generalized Markov triples.

Proof. We consider how many possible fractions ¢ satisfy b = m;. To do so, we
consider how many possible values u;, which is uniquely determined from ¢, can
take. First, we prove the case where b = p{*' - - p&~. The value u; is a solution to
22 + kx +1=0. When u; satisfies 22 + kz +1 =0 (mod b), it must be a solution

of
> +kr+1=0 (mod pf) (4.3)

for every pi*. By Proposition 4.16, for each p{’, the number of solutions to (4.3)
is at most 2. Since any two elements in {p{* | 1 < i < n} are relatively prime, by
using the Chinese remainder theorem, the number of solutions to z2 + kz +1 =0
(mod b) is at most 2". Of these solutions, at most 2"~! solutions can be wu; for

some t. Otherwise, since 0 < u; < b — k and b — (us + k) is also a solution to
this equation, the number of solutions is more than 2™, which is a contradiction.
Next, we will prove the case where b = 2p{* ---p&. Since the number of solutions
to 22 + kz +1 =0 (mod 2) is at most 1, we can apply the same argument to the
case b = 2p7* -+ - p%~, and we have the conclusion. O
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