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Abstract

Let a and d be coprime positive integers, and let m > 2 be an integer. We consider
the polynomial A,,(z) = az™ + (a+d)z™ 1 +-- -+ (a+ (m — 1)d)x + (a + md). We
prove that A,,(z) is irreducible in Z[z] whenever 8a > m?d?. Our proof is based on
zero localization: we show that, in this range, the zeros of A,,(x) have nearly equal
moduli, and that this is incompatible with the arithmetic constraints imposed by
a nontrivial factorization over Z[x]. We also study the cases m = 2,3,4 in detail,
including a complete characterization of reducibility for m = 2.

1. Introduction

Determining irreducibility in Z[z] is a classical problem in algebraic number theory.
Many standard criteria are arithmetic in nature, relying on divisibility properties of
the coefficients, as in Eisenstein’s criterion [2]. There are also criteria based on the
sizes of coefficients or on arithmetic properties of values of the polynomial [7, 5].
Among the size-based approaches, Perron’s criterion is a representative result link-
ing coeflicient size to the distribution of zeros: for a monic polynomial, irreducibility
follows when the coefficient of 2”~! dominates the remaining coefficients.

Theorem 1 (Perron’s irreducibility criterion [6] ). Let
f@)=a" 4+ ap_ 12"+ an_ 02" 2+ +ayx +ap € Zz], ag # 0.
If lan—1] > 1+ |an—2| + -+ - + |a1]| + |ao|, then f(x) is irreducible in Z[z].

In this paper, we study irreducibility from the viewpoint of coefficient size, but
in a setting different from Perron’s criterion. We consider polynomials whose coef-
ficients are positive integers forming an arithmetic progression, and we focus on the
regime in which the ratios of consecutive coefficients are nearly constant.
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For coprime positive integers a and d and an integer m > 2, define
Ap(z) =az™ + (a+d)z™  + -+ (a+ (m — )d)z + (a +md) € Z[z].

This family has been studied in special cases. In particular, Borisov et al. [1] proved
that for a = d = 1 the polynomial A,,(x) is irreducible for almost all degrees m,
although a complete classification is still unknown. Our work may be viewed as a
complementary direction: we treat general a and d, and give explicit size conditions
ensuring irreducibility.

Theorem 2 (Main Theorem). Let m > 2 be an integer, and a and d be coprime
positive integers with

m2d?

8

a >

(1)
Then, the polynomial

az™ + (a+d)z™ t + -+ (a+ (m — 1)d)z + (a + md)
is irreducible over Z[x].

The proof has a geometric component: when « is sufficiently large relative to d
and m, we show that the zeros of A,,(z) have nearly equal moduli. We then combine
this zero localization with constraints on the coefficients of a reducible polynomial
in Z[z] to rule out nontrivial factorizations.

We also analyze small degrees, where reducibility can occur even for moderate
a. For m = 2, we give a complete characterization: there exists an a for which
As(x) is reducible if and only if every prime divisor of d is congruent to 1 modulo 3.
For m = 3, computational data indicate that reducible examples occur frequently
when d has prime divisors congruent to 1 modulo 4, although we do not yet have a
necessary and sufficient condition. For m = 4, we prove that A4(x) does not factor
as a product of two quadratic polynomials. Extensive numerical evidence further
suggests the following conjecture: A,,(z) is reducible only when it has a rational
Z€ro.

This paper is a continuation of the author’s previous work [3], in which irre-
ducibility results for polynomials with Fibonacci coefficients were established via
the geometry of their zeros. The present paper applies the same viewpoint to
arithmetic-progression coefficients, whose structure is simpler, with the aim of clar-
ifying how zero distribution controls irreducibility.

2. Irreducibility Criteria for Polynomials with Arithmetic Progression
Coeflicients

Throughout this section, we put

an, =a+(n—1)d (n>0).



INTEGERS: 26 (2026) 3

for positive integers a and d. With this notation, the polynomial A,,(z) is given by
A () = a12™ 4+ ax™  + - AT+ Gy
Lemma 1. Let a,d and m are positive integers. The following identity holds.
Ap(z)(x —1)? = a12™? — apz™ ™! — a0t + A1
Furthermore, if z is a zero of A () orif z =1, then

a 22 — @ 1
ymAl _ ImA2e T Bmtl (2)
a1z — Qo

Proof. Since {ay} is an arithmetic progression, the relation 2a, = ant1 + an-1
holds. Therefore,

Ap(z)(z —1)% = a12™ % + (ag — 2a;)z™ ! + Z(a]—_l —2a; + ajq1)r?
=2

+ (am — 20m11)T + Ayt

+2 aoxm+1

= a1z — Q42T + mp1-
This establishes the identity. O
We use this relationship to investigate the distribution of the zeros.

Proposition 1. Let m > 2 be an integer and let a and d be positive integers with
a > d. The equation

a12™? 4+ agr™ M — a0 — Ay =0 (3)
has exactly one positive real solution larger than 1.
Proof. Let G(z) denote the left-hand side of the equation. Then,

G'(x) = (m + 2)arz™ ™ + (m + Dags™ — amy2,
G"(x) = (m + D){(m + 2)ayz + mag}ax™ .
Thus, G”(x) > 0 for all z > 0, implying that G’(z) is monotonically increasing for

x > 0. Since
G'(1)=2(m+1)(a—d) >0,

G(z) is monotonically increasing for « > 1. For simplicity, we shall write t = d/a
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in what follows. Then we have

m+1
a a a as + a a
G <2> = (a2 + ao) <2) - e

al ay ay
=2a(1 + )™ — {a+ (m+1)d}(a +d) + (a +md)a
a
! 1
Z 2a{1+(m+1)t+m(m;_)t2} —2a{1—|—(m+1)t+m;t2}

=a(m? —1)t* >0,
G(l) =01+ a0 — Gm4+2 = Om+1 = _2(m + l)d < 0.

Therefore, the equation G(z) = 0 has a real solution in the interval (1,as/a1). O
Hereafter, we denote this unique positive solution by A.

Proposition 2. Let m > 2 be an integer and let a and d be positive integers with
a > d. Let A denote the only positive solution of (3). For every zero z of the
polynomial Ay, (), one has |z| < X. Moreover, equality |z] = A can occur only at
the real point z = —\.

Proof. We proceed by contradiction. Assume that |z| > . From Equation (2), if
we define the Mébius transformation g : CU {oc0} — CU {oo} by

Am42T — Q 1
g(x) = =
aixr — ap

then z™*1 = g(z) holds. The transformation g maps the exterior of the circle

|z] = X to the interior of a circle whose diameter has endpoints g(\) and g(—2\).

Since

g(z) = Gmt2 _ Om4101 = Gmiado _ Gmp2 (m + 1)d?
a1 ai(a1z — ag) a; ai(a1z — ag)’

it follows that g(—A) > g(A). Furthermore, since

Amt2A + amt1 m+1
—“A)=——F———== 4
9(=2) ai )+ ag ’ )

any complex number z satisfying |z| > X\ must satisfy |g(z)| < A™*!. However, if

2 is a zero of A,,(z), we must have g(z) = 2z™m*+! |m+L,

, which implies |g(2)| = |z
The assumption |z| > A leads to |z[™*! > A™T1 while the mapping property of g
implies |g(2)| < A™*1, a contradiction. Therefore, |2| < A holds for any zero z of
Ay, (z). Furthermore, suppose that z is a zero of A,,(z) satisfying |z| = A. Then

2m+l = g(z), and hence

9(2)] = [o7+] = [t = X,
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As shown above, g maps the circle |z| = X onto the circle whose diameter has
endpoints g(A) and g(—\). On this image circle, |w| attains its maximum value A1
only at the endpoint w = g(—\) = A™*1. Therefore, we must have g(z) = g(—\).
Since g is injective, it follows that z = —\. O

Lemma 2. Let m > 2 be an integer and let a and d be positive integers with a > d.
Let X\ denote the only positive solution of (3). Then the following inequality holds.

aA™ — apg1 > 0.

Proof. Let z1,2a,...,2m be zeros of A,,(x). From the relation between roots and

coefficients, we have
m
Am+1 = @ H ‘ZJ|
j=1

By Proposition 2, we have |z;| < A for all j. Moreover, not all zeros of A,,(z) are
equal to —\. Hence
Am41 < al™.

Putting t = d/a, this inequality can be rewritten as

Elis

A> (14+mt)m. (5)
Lemma 3. Let x > 0 be a real number, and let m > 2 be an integer. Then the

following inequality holds.

24+ (m+ 1z
2+ (m— 1z’

3

I+ mx)m™ >
Proof. Let
f(z) = %log(l +mz) —log (2+ (m+ 1)z) +log (2+ (m —1)z).

We aim to show that f(x) > 0 for > 0. The derivative is given by

1 m+1 m—1
! — —
f(x)_1+mx 2+(m+1)x+2+(m71)x
(m? —1)2?

1+ mz){2+ (m+ Dz}{2+ (m -1z}’

Since f’(z) > 0 for x > 0, f(z) is monotonically increasing in this range. Therefore,
for z > 0,

f(x) > f(0) = 0.
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From Equation (5) and Lemma 3, we observe that

24+ (m+ 1)t

A> 24+ (m—1)t

(6)

Proposition 3. Let m > 2 be an integer and let a and d be positive integers with
20 > vmZ—1d3. Let \ denote the only positive solution of (3). Then we have
the following equation:

[aA™] = a1

Proof. Note that the condition 2a > v/m2 — 1d3/? implies a > d. From Equation
(4), we have

Umy2A + mp1 {14+ (m+ DA+ 14+ mt

AT =
AaiA + ap) A2+ (1—1t)A

At this point, we again put t = d/a. For x > 1, define

{4+ (m+Dtjr +1+mt

Flw) 22+ (1—t)x

Then the derivative is

{1+ m+Dtya? + 201 +mt)z 4 (1 =) (1 + mt)
{2+ (1 —t)x}?

so F'(z) is monotonically decreasing for > 1. Using Equation (6), we obtain

F'(z) = <0,

A= B <F<2+(m+1)t>

24+ (m—1)t
{1+ (m+ D2+ (m+ )2+ (m — D)t} + (14 mi) {2+ (m — 1)t}
N 2+ m+Dt}2+ (1 —-t){2+ (m+1)tH2+ (m — 1)t} ’

This leads to the inequality

(mt +2)(m? — 1)t
{m+1)t+2}{m+3—(m—-1)(t—1)2}
Since 0 < ¢t < 1, we have m+3— (m—1)(t—1)2 =4+ (m—1)t(2—t) > 4, and thus
(m?-1) , (m?>-1)d?

a\" —a < at’ =
At 1 4a?

A™—(1+mt) <

Given that 4a? > (m? — 1)d®, we have
aX" — g < 1.

Therefore, combined with Lemma 2 which ensures aA™ — a,,4+1 > 0, we conclude
that |[aA™] = am1.
O
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Proposition 4. Let m > 2 be an integer, and a and d be positive integers with
2a > (m + 1)d. Let A denote the only positive solution of (3). Then the following
inequality holds for every integer p with 1 <p < m — 1:

[aAP] < api1.

Proof. To establish the desired inequality, it suffices to prove that
aX < apy1 =a+pd,
or equivalently,
1

A< (I+pt)r.
We use the notation ¢ = d/a again. Since the right-hand side is monotonically
decreasing in p, it is enough to verify the case p = m — 1, namely,

a\™ ! < a,,.

The assumption 2a > (m + 1)d is equivalent to 0 < t < 2/(m + 1). From Equation
(5) and Lemma 3, we have

24+ (m+ 1)t

1.
24+ (m—1)t ”

A>

Set
N(z) = 3 2 _ —
(2) = a1am=” + apamT° — A14m4+2T — A1 Gy

Then we have
N

aN+ag
Since a1 A + ap > 0, it suffices to show N(A) > 0. We have

Ay —aX™ ) =

N"(z) = 6a1amz + 2a0am, >0 (z >0),

so N'(z) is increasing for > 0. Moreover,

N'(1)

ik 4(m —2)t — 2(m — 1)t

The right-hand side is a concave quadratic in ¢, denote it by h(t), and

2 ) 4(B3m+1)(m —1)

= >0,
m+ 1 (m+1)2

h(0) =4 >0, h(

hence N'(1) > 0 for 0 < ¢t < 2/(m + 1). Therefore N'(z) > 0 for all z > 1, and N
is increasing for x > 1. Consequently,

N(A) > N<2
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A direct computation gives

a2+ m D\ (m— 1)t
! N(2 + (m — 1)t> T2+ (m-1)t)? [,
where
F(t) = 8+ 4(m — 1)t — 2m? + 2m — D — (m — 1)(m + 1
Since

') = —4m*+2m—1) —6(m —1)(m+1)*t <0 (t>0),
f is concave on [0,2/(m + 1)], hence

£(t) > min{f(()), f(mi1>} — min{8, ﬁ} > 0.

Thus N()) > 0, which implies aA™~! < a,, and completes the proof. O

Proposition 5. Let m > 2 be an integer, let a and d be positive integers, and let
p be an integer with 1 < p < m — 1. Let A denote the only positive solution of (3).
If 2a > p(m — p)d?, then the following equation holds:

laAP| = app1 — L.
In particular, if 8a > m2d?, then, for every integer p with 1 < p < m — 1, we have
laAP| = app1 — L.
Proof. From Equation (5), we have
ap+1 — aN < a+pd—a(l+ mt) .

Let

) =" g2 1 ke (1)),

For x > 0, the derivatives are

E'(z) = p(m — p)x — p + p(1 +ma) =1,

E"(z) = p(m — p){1 — (1 + ma)= 2} > 0.
Thus, E’(x) is monotonically increasing for > 0. Since E’(z) > E'(0) = 0, E(x)

is also monotonically increasing for z > 0. Given E(0) = 0, we have E(t) > 0.
Therefore,

pm—p) o _ p(m—p)d®

— )\p<
Apt1 =@ 2 %
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Consequently, if 2a > p(m — p)d?, then
apt1 —aXP < 1.

Furthermore, since
2 2

m m 2 m
pm=p) == (5-2) <

for any 1 < p <m — 1, we have
m2d?

a —a)l < .
p+1 Sa

Therefore, if 8a > m?2d?, then
apt1 —aX’ <1
holds. O
Using the results above, we now prove the paper’s main Theorem.

Proof of Theorem 2. Assume that there exist non-constant polynomials
P(z),Q(x) € Z[z] such that

Am(z) = P(2)Q(x).

Let p and ¢ be the degrees of P(z) and Q(z), o and 8 be the absolute values of
their leading coefficients, and v and ¢ be the absolute values of their constant terms,
respectively. Then,

m=p+gq, a=af, apy1 ="70.

Let 21,22, ..., %y be the zeros of P(z) and zpt1,Zpt2, .- ., 2m be the zeros of Q(z).
From the relation between roots and coefficients,

P q
a[Tlzl =7 B1]lzwl=0
Jj=1 j=1

By Proposition 2, we have |zx| < X (k=1,2,...,m). Hence

aXl —~ >0, AT —4§>0.
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On the other hand,

aX" — amy1 = a()\m - H |Z]|)
j=1
p p q
= ax! (A =TT Iz) + a T T 1zl (A = T I20s1)
j=1 j=1 j=1

BA? (a)\p -« ﬁ \zj|> —l—’y(ﬁ)\q -0 ﬁ \zp+j\)
Jj=1 j=1

= B (aX’ —7) +7(BAT —6).

The only triples of positive integers (m, a, d) satisfying

(m+1)d m2d>
>
2 %773

are
(m,a,d) =(2,1,1), (2,3,2), (3,2,1).

The corresponding polynomials are
22+ 243, 322 +5x+7, 22°+32%+ 4z + 5,

respectively, and all of them are irreducible over Z[z]. Therefore, in what follows,
we may assume that

2> 1)d
a>" and a > w
Then
S (m+1)d m?d*>  m? (m? —1)d? < (m? —1)d3
2 8  4(m-—1) 4 - 4 ’

and hence 2a > vmZ2 — 1 d3. By Propositions 3, 4, and 5, we have

aA” — a1 <1, [aN] =aps1—1(p=1,2,...,m—1).

Thus,
1 1
p_ (g™ _
0<ak 7<6)\q(a)\ A1) < Y < 1.
Also, since
1

0<afI —pBy=al — By < Vi <1,

we have

v =aX], By=[a\].
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Similarly, we can show

1
< q _ -
0<BA o< S
which implies
0= BN, ad=a\].

From 70 = @, +1, we obtain

_ad-By _ [aA]laX!] _ (apy1 —1)(agp1 — 1)
Um41 = aﬁ -

a a
(a+pd—1)(a+qd—1)

a
a?+a(p+ q)d+ pgd®* —2a — (p+q)d + 1

a
— p)d? — 2a — 1
:a+md+p(m p)d a—md+ .
a
This implies
1 1 242
a= ip(mfp)al2 - §(md7 1) < m8 ,
contradicting Equation (1). Therefore, A,,(z) is irreducible over Z[z]. O

3. Irreducibility Criteria for Low-Degree Polynomials
Regarding the irreducibility of the polynomial A,,(x), we can consider the following
simple sufficient condition.

Proposition 6. Assume that m + 1 is a prime number. If d has a prime divisor
p such that p Z 0 (mod m + 1), and p is a primitive root modulo m + 1, then the
polynomial

Ap(z) =az™ + (a +d)z™ ' + - + (a + md)

is irreducible over Zx].

Proof. Let p be a prime factor of d that satisfies the hypothesis. Then a # 0
(mod p), and

Ap(@)=a@™ +2™ ' 4 +24+1) (mod p).

Since ™ + ™! + ... + x4+ 1 is irreducible over F,[z], it follows that A,,(x) is
irreducible over F,[z], and hence over Z[z]. O

For small values of m, we can establish stronger results than the general theory
suggests. For As(x), we have the following necessary and sufficient condition.
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Theorem 3. Fiz a positive integer d. There exists an positive integer a such that
Ao (x) = az? + (a + d)z + (a + 2d)

is reducible over Zx] if and only if every prime divisor p of d satisfies p = 1
(mod 3). Moreover, if d has n distinct prime divisors, then there are exactly 2"~ *
such integers a.

Proof. The polynomial As(z) is reducible over Zx] if and only if its discriminant
A = (a+d)? —4a(a+2d) = 4d* — 3(a + d)*

is a square.
Assume that there exists an integer a such that A is a square. If 2 | d, then
ged(a,d) =1 forces a to be odd, hence a + d is odd and

=-3=5 (mod8),

which is impossible. Thus 2{d. If 3 | d, then 3 { (a +d) and hence (a +d)? = 1,4,7
(mod 9), so
A=-3a+d?=6 (mod?9),

also impossible. Therefore 3 1 d. Now let p be any prime divisor of d. Then p # 3
and d =0 (mod p), so
A= -3(a+d)?=-3a> (modp),

where we used ged(a,p) = 1. Hence —3 is a quadratic residue modulo p, and for
p # 3 this is equivalent to p = 1 (mod 3). Thus every prime divisor of d satisfies
p=1 (mod 3).

Assume conversely that every prime divisor p of d satisfies p = 1 (mod 3). Let

_ —14/-3
- 2

w , so that Z[w] is the ring of Eisenstein integers and

N(z +yw) = (¢ + yw)(z +yw) = 2* — 2y +
is its norm. We claim that there exist integers s and t such that
N(s + tw) = 82 — st + t2 = d?, t>d, ged(s,t) = 1. (7)

Write

n

d=T]r

k=1

where the py are distinct primes with pr = 1 (mod 3). In Z[w] each py splits as

pr = T with ged(mg, ;) = 1. For each k, choose one of 7, and 7, and define

Q= H ne* € Zlw], where ny, € {my, Tr}-
k=1
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Then N(a) = [[r_; N(nk)?* = d?, so writing o = s + tw gives N(s + tw) = d°.
Moreover, ged(s,t) = 1. Indeed, if a prime r divides both s and ¢, then r | (s+tw) =
a, so 7 | N(a) = d?, hence r = p; for some k. But then both 7 and 7 divide «,
contradicting the construction of . Up to multiplication by a unit, there are 2"
possibilities for . Complex conjugation interchanges the complementary choices
TR 3 2%k, so these 2" possibilities split into 27! conjugate pairs {a, @} up to

units. For each conjugate pair, choose a unit ¢ € {+1, +w, +w?} such that
. ™ 2
B :=ea satisfies 3 < arg(f) < 5

This is possible because « is not on a boundary ray arg € {0,+7/3,+27/3,7}.
Write again 8 = s + tw € Z[w]. Then we have

8= (S—é)-l—l\/;)t

The condition % < arg(8) < 2 implies y > 0 and v/3|z| < y for B = 2 + iy. Hence

3
2

t
>0, [s—=|<
s 2‘

t
27

so 0 < s < t. Using N(B) = N(a) = d?, we obtain
2 —d? =1 — (s — st +1*) = s(t — 5) > 0,

and therefore ¢ > d. This proves (7).

Finally, different conjugate pairs yield different values of ¢: for fixed ¢, the equa-
tion s2 — st+t2 = d? is quadratic in s, so s can take only the two values s and ¢ — s,
which correspond to 8 = s+tw and (t — s) +tw = —f3, i.e. the same conjugate pair.
Hence there are exactly 2"~! possible values of ¢ > d. Moreover, for each such t,
set a =t —d. Then

A =4d? — 3% = 4(s* — st +t?) — 3t2 = (25 — t)?,

so A is a square.
O

Remark 1. Consider the case d = 1729 = 7-13-19. The prime factors decompose
in Z[w] as:

T=B+w)(3+w), B=U+w)(d+w), 19=(54+2w)(5+ 2w).
For instance, consider the divisor of d?:

(3+w)2(4 4+ w)?(5 + 2w)? = 249 + 1840w.
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Setting a =t — d = 1840 — 1729 = 111, the resulting quadratic polynomial factors
as:
11122 + 18402 4 3569 = (3 + 43)(37x + 83).

Similarly, taking the divisors

—w?(3+ )% (4 +w)?(5 + 2w)? = 799 + 1984w,
~W2(B4+w)? (4 +@)2(5+ 2w)? = 96 + 1775w,
~w?(34+w)?(4 +w)?(5+ 2w)? = 1305 + 1961w,

yields a = 255,46, and 232, respectively. The corresponding quadratic polynomials
factor as follows:

25522 + 1984z + 3713 = (152 + 47)(17z + 79),
4622 + 17752 4 3504 = (2x + 73)(23x + 48),
23222 + 1961z + 3690 = (8x + 45)(292 + 82).

For the polynomial
Asz(x) = az® + (a + d)2* + (a + 2d)x + (a + 3d),

we have not obtained such a clear condition. However, if it is reducible, it must
have a linear factor uz 4+ v, where where v and v are coprime integers. Since

v —a(v® —uv? + u?v — u?) + du(v? — 2uv + 3u?)
n()- 3
u

and given that ged(a,d) =1, let

g= gcd(v?’ —wv? 4+ v — u?, u(v? — 2uv + 3u2))

_ )2 ifu and v are both odd,
~ |1 if uw and v have different parity.

Then the following relations hold:

3 3

ga = u(v? — 2uv + 3u?), gd =v> —w? + v —ud.
If @ and d can be represented in this form, then As(x) is reducible.

As in the case of As(x), there are instances where multiple values of a exist
for a single d such that As(z) is reducible, but the general law governing this is
unknown. For example, when d = 265, 365, 3445, there are two values for a. These
values of d share the property that their prime factors are all congruent to 1 modulo
4. However, the condition that all prime factors are congruent to 1 modulo 4 does
not guarantee the existence of such an a. Furthermore, multiple values of a can



INTEGERS: 26 (2026) 15

appear even when d contains prime factors like 2 or 3 (or others not congruent to
1 modulo 4), as seen in d = 14794 or d = 241995. The smallest d for which three
values of a exist is d = 32045. At present, the largest number of such values of a
observed is four; one example is d = 235855985. In this case, reducibility occurs as
shown by the following factorizations:

(2922 4 701)(3378092% + 334562 + 1150083)  (a = 98640228)

(6492 4 854) (8844272 4 840502 4 1500657) (a = 573993123)

(2002 + 2031) (801684922 + 16822 4 8250763)  (a = 16049731698)

(48542 + 4859) (4712265722 + 502 + 47219787)  (a = 228733377078)

It is not yet known whether d = 235855985 is minimal or not among those admitting
four. To date, no d has been found for which five or more values of a exist.
For m = 4, we prove the following result.

Theorem 4. Let a and d be coprime positive integers with a > d. The polynomial
Ay(z) = az* + (a + d)2® + (a + 2d)z + (a + 3d)x + (a + 4d)
cannot be factored as a product of two quadratic polynomials over Z[z].

Proof. Suppose, for contradiction, that there exist rational numbers p, g, r, s such
that
Ay(x) = a(2® + pr + q) (2 +raz + s).

Setting t = d/a, we obtain

p+r=1+t,
pr+qg+s=1+2t,
ps+qr =1+ 3t,
qs =1+ 4t.

If ¢ = s, then the system reduces to

prr=1+t pr+2¢=1+2t qlp+r)=1+3t, ¢*=1+4t,

1436\ 2
2 = =1+ 4t.
a (1+t> +

so that

Expanding yields
1+ 6t + 9t =14 6t + 9t + 413,

which is impossible since ¢ > 0. Hence q # s. Solving the first and third equations
for p and r gives

_ g1+ (¢—3)t 7“_s—l—i-(s—S)t

) 9

$—4q s$—4q
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and from the fourth equation we have t = %. Substituting these into the second
equation yields
s® —3¢35% + 8¢3s — 16¢° — 3¢%s® — ¢°s% + 6¢°s + 8¢
+ 8¢s> 4 6¢s* — gs — 3¢ — 165> + 852 —3s+ 1 = 0.
Let u =g+ s and v = gs. Then the above equation becomes
v® — 3uv? — 17v? + 8uv 4 Sduv — 17v — 16u> + 8u® —3u +1 = 0.
Now set w =u —2 and z = v — u + 1. This transforms the equation into

—10w?® + 5w?z — 20w? 4+ 40wz + 23 — 2022 + 80z = 0.

If z=0, then w =0 or w = —2. Since ¢ # s, we must have w = —2, and hence

t_vfl_u—Q_E
4 44

contradicting ¢ > 0. Thus z # 0. Define

1
9’

X==, Y=-

w 1
z z
Dividing the previous equation by 23 yields

80Y?% —20(X —1)%Y — (10X3 —5X% — 1) = 0.

Since p,q,r,s € Q, we have X, Y € Q. Viewing this as a quadratic equation in Y,
let D denote its discriminant. Then

D =80(5X"* +20X> + 10X? — 20X + 1) = 80{5(X? +2X — 1)? — 4}
must be a square in Q. Hence there exists Z € Q such that
5(X% 42X — 1) —4=57%

Write X +1 = A/B and Z = C/D with coprime integers A, B and C, D. Clearing

denominators gives
5D%(A? —2B?%)* - 5B*C? = 4B*D?.
In particular, 5| Bor 5| D. If 5| B, write B = 5B;. Then
D?(A? - 50B%)? — 625B1C? = 5008, D.

Reducing modulo 5 gives A*D? =0 (mod 5). Since ged(4, B) = 1, we have 5 4,
hence 5 | D.
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Conversely, if 5 | D, write D = 5D;. Then
25D%(A? — 2B%)? — B*C? = 20B*D3.
Reducing modulo 5 yields B4C? =0 (mod 5). Since ged(C, D) = 1, we have 51 C,
hence 5 | B. Therefore 5 | B and 5 | D. In particular, 51 A and 5 1 C. Write
B =5B; and D = 5Dq; substituting into the cleared equation gives
D?(A? — 50B%)* — 25B1C? = 5008} D3.
Reducing modulo 5 shows 5 | Dy, so write D; = 5D5. Then
B{C? = A*D2 — 100A% B} D3 + 2000B1 D3.
Set
B, "Dy

Dividing by B D3 yields

V? = X" — 100X + 2000.
Letting 2 = X2 and y = X)), we obtain the elliptic curve

y? = 2® — 10022 + 2000z.

According to the L-functions and Modular Forms Database (LMFDB) [4], this
curve has rank 0 and its only rational point is (0, 0). However, (z,y) = (0, 0) implies
X =0, and then Y? = 2000, contradicting V € Q. O
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