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Abstract
Let « and n be positive integers. We prove a non-trivial lower bound for z, depen-
dant only on w,,, the number of distinct prime factors of ™ — 1. By considering the
divisibility of p | ™ — 1 for p | n, we obtain a further refinement. This bound has
applications for existence problems relating to primitive elements in finite fields.

1. Introduction

Consider the following problem. Given only the number w,, of distinct prime factors
of ™ — 1, what lower bound can one give for 7 One might bound z via

wn wn 1/n
" —1> H s; implying x> <1 + H si> . (1)
i=1

i=1

th prime. Here and throughout, let P denote the set of all

rational primes and refer to the bound appearing in Equation (1) as the trivial bound
on z. In 2022, Booker, Cohen, Leong and Trudgian [1] considered the problem of
finding elements with prescribed traces in certain F, extensions. For n = 3 or 5
and ¢ a prime power, they proved a hybrid bound for ¢ in terms of certain residue
classes. This paper generalizes their approach and extends the hybrid bound to any

where s; denotes the ¢

positive integers n and z. We prove the following bound.

Theorem 1. (Hybrid bound) Let n = [[;~, p{*, © € Z>1 and k; € Z+. Then

T(t)
t kj m
T > min{ max 1+H H T 2t €[0,m)] : st:wn )
j=0 =1 s=0
ri,5 €11,

where I, = {p € P:p=1 mod p; and p# 1 mod Py, ..., pj+1} forj € {0,...,m},
po:=1,T() = szl pp ™, and r; j denotes the i element of I1J,.
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To emphasize the improvement Theorem 1 provides over the trivial bound (1),
consider the case where n = 3 and w3 = 10. Here, the trivial bound gives

10
2 —1> Hsi,
i=1

implying « > 1864. In contrast, Theorem 1 takes into account the factorization
23 —1=(xr—1)(2®> +2+1) in Z[x] and the fact that any prime divisor p | 22+ +1
satisfies p = 0,1 mod 3. Thus, either p is in a restricted congruence class or
p |z —1 and we call Theorem 1 a hybrid bound since it is balances bounding = — 1
and z™ — 1 simultaneously. Playing these criteria on p off against each other results
in the bound z > 3032, a 63% improvement over Equation (1).

Based on calculations, for fixed n # 2%, the hybrid bound is expected to out-
perform the trivial bound at an ever increasing rate as w, — oo. For fixed w,
and varying n, calculations also support the assertion that the largest relative im-
provement is obtained when n is prime. In 2010, Cohen [2] considered the problem
of finding primitive elements on certain lines in Fg» for small n. In the special
case where n = 4 and ¢ is a prime power, Cohen noted that ¢ being odd implies
24 | ¢* — 1. Tt follows that one obtains an improvement over Equation (1):

wn 1/4
g=1 mod2 implies q2<1+8Hsi> .
i=1

This result is suggestive of additional structure arising from special factors p | 2™ —1,
governed by the factors p | n. This paper generalizes Cohen’s approach to any
positive integers n and z, obtaining a refinement over the hybrid bound.

Theorem 2. (Ramified bound) Let n = [\, p{*, € Z>1 and k; € ZT. For any
distinguished prime factor p, of n, we have

T(t)

t kj m
T > min<{ max 1—|—H(5a(j) H Tij :te0,m] p st:wn ,
j=0 i=1 s=0
ri,; €1

where T(t) = [[h_, P ™ and 8a(j) is defined as

DPa/Thk, + j=T1and k. <b
0a(j) = ple j=« forps | a™ —1
1 elsewhere
. Th,+1,7/Pa j=T1and k; >0 n
da () { * Hl / elsewhere for pafa™ —1.

Here, we take T such that p, € II], and b such that po, = 73 7.
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Returning to the example where n = 3 and ws = 10, Theorem 2 gives:

4387 for 3|a%-1
IZB{ 5423 for 3fa® 1
In both divisibility cases, we obtain a significant improvement over both the hybrid
and trivial bounds. In the special case where n = 2% for some a € Z*, the hybrid
bound collapses down to the trivial bound. In this setting, we instead prove a
modified version of the ramified bound.

Theorem 3. Let x,a € ZT and n = 2. Then, we have

Wn 1/n wn+1 1/n
T > min <1+2n-Hsi> ,<1—|—Hsi>
i=1 i=2

If we consider n = 8 and wg = 20, then Equation (1) gives the bound z > 2205.
In contrast, Theorem 3 results in the bound z > 3118, a 41% improvement. For
fixed n = 2% and w,, sufficiently large, Theorem 3 outperforms the trivial bound
by a factor of (2n)'/". We call Theorem 2 a ramified bound due to the following
observation: when viewing a prime p € PP as a prime ideal p = (p) < Z, we have

p ramifies across Q(¢*"/™)/Q if and only if p | n.

See Washington [11, p. 10] for a proof of this fact. Similarly, the hybrid bound can
be thought of as stratifying the potential prime factors of ™ — 1 by splitting type,
when viewed as prime ideals, in various intermediate extensions

Q(e%ri/n) DK D @

Indeed, I1/, contains precisely those primes p which split completely in the cyclo-
tomic extension Q(e27*/Pi)/Q, but not in any of Q(e2™#/?¥)/Q for j +1 < k < m.
This follows from cyclotomic reciprocity [11, p. 14]:

p splits completely over Q(eQm/")/Q ifand only if p=1 mod n.

Bounds dependant on w,, have applications to numerous existence results concerning
primitive elements in F, extensions. By applying our hybrid bounds, we can often
obtain immediate improvements over previous known results. We discuss two such
applications in detail: Cohen’s line problem [2] and Liao, Li and Pu’s primitive
elements sum problem [7]. In general, sieves reliant on w, are natural settings for
these hybrid bounds. See for example Lemos, Neumann and Ribas [6], Rani et
al. [8], Sharma [10] and [9], or Kapetanakis et al. [4].

The outline of this paper is as follows. In Section 2, we develop some elementary
lemmas. In Section 3, we utilize the lemmas to prove the hybrid and ramified
bounds in the setting where n is prime. In Section 4, we extend the lemmas to
composite n and via a cyclotomic factorization of ™ — 1 in Z[z]. The proof of
Theorem 1 will follow from these observations. In Section 5 we prove Theorem 2
and Theorem 3. In Section 6, we conclude with applications to finite field theory.
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2. Preliminaries

Throughout this section, we assume that n = p for some p € P. This will provide
the base case for the general construction. Denote the k" cyclotomic polynomial
by ®(z) and recall that ®,(z) = Y7~ 2% in Z[z]. We have the Z[z]-factorization

2’ — 1= [[Ra(z) = 01(2)@y(2) = (x — 1)@, (x).
dlp

Our aim will be to classify the prime divisors of P — 1 in terms of the divisors of
z — 1 and ®,(x). To that end, we have the following result.

Lemma 1. Let p,p e P andx € Z*. If p|x — 1 and p | ®,(z), then p = p.

Proof. If p| © — 1 then 2 =1 mod p. Thus 0 = ®,(z) = ®,(1) =p mod p. Then
p | p, implying p = p, as required. O

Thus, apart from potential twice-divisibility by p, no other prime factor divides
both z — 1 and ®,(z). In fact, if p divides P — 1, then p* divides 2P — 1. This
follows from the result below.

Lemma 2. Letp € P and x € ZT. Thenp | 2P — 1 if and only if p | x — 1 and
p | ®p(x).

Proof. We have p | 2P — 1 if and only if 27 — 1 = 0 mod p. By Fermat’s little
theorem, we have 0 = 2 — 2z = 1 — z mod p, implying p | © — 1. Therefore, we
have ®,(z) = ®,(1) = p =0 mod p, as required. The reverse implication follows
trivially from the factorization of P — 1 in Z[z]. O

A priori, it is not clear why it should be advantageous to factor zP — 1 in Z[z]
in this way. In order to leverage this form, we require a necessary condition for
divisibility of ®,(z).

Proposition 1. Let p,p € P with p # p and x € Z*. Then, p | ®,(x) implies that
p=1 mod p.

Proof. Assume p | ®,(x). By Lemma 1, p cannot divide z — 1 since this would
imply p = p, a contradiction. Indeed z? —1 = (z — 1)®@,(z) = 0 mod p implies
2P =1 mod p. Then, the multiplicative order of x in (Z/pZ)* divides p, implying
ord(z) € {1,p}. If ord(z) = 1, then p | x — 1, a contradiction. Thus ord(z) = p
and, by Lagrange’s Theorem on finite groups, p | p — 1, proving the claim. O

Note that, by the contrapositive statement, if p | 2P — 1, for some prime different
from p, then we obtain a sufficient condition for  — 1 divisibility. That is, if p £ 1
mod p, then we must have p | z — 1.
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3. The Prime Case

We are now in a position to extend the hybrid bound to any prime n = p. The
effectiveness of the bound fundamentally relies on the following observation.

Remark 1. For any prime divisor p | 2P — 1 outside of p itself, p divides either
z—1or ®,(z). If p divides ®,(x) then p is in a sparse subset of the primes, namely
in the arithmetic progression p =1 mod p. If most of the prime divisors are of this
form, the bound on x is improved since each factor in the product bounding zP — 1
is larger. If instead many prime divisors of P — 1 also divide x — 1, then we can
bound z — 1 by a product of small primes instead of P — 1. This, in turn, improves
the bound on x.

Consider the case where n = 3 and w3 = 6. The bound (1) gives x > 32. Let
k € {0,...,6} denote the number of primes p | 2> — 1 where p = 2 mod 3. If we
assume k = 2, then we can bound z in two ways:

¥ —1>(2-5)-(3-7-13-19)
x—1>(2-5).

This gives the bound z > (51871)/3 > 37. If instead we take k = 3, we obtain

23 —1>(2-5-11)-(3-7-13)
r—1>(2-5-11).

This gives the bound x > 111. If we continue in the same manner over all values of
k, we find that the bound is minimal when k = 2. Since k is unknown for general
x, we choose the worst possible case, minimize over k, and conclude that x > 38.

In order to formalise Remark 1, we partition the primes via the exponent p.
Deﬁneﬂg ={peP:p#1 modp} and Hllj ={peP:p=1 modp}. By
construction, we must have P = Hg U Hzl). Moreover, define the sets Q,(z) := {p €
P:p|aP —1} and Q) (x) := Q,(z) N1, for i = 0 or 1. Under the canonical ordering
of the primes, denote the i*" element of Hg and Hzl, by r; 0 and 7; 1, respectively.
Using this notation, we have w, = |Q,(z)|. Then, we can split the bound for 2P —1
into disjoint factors according to Q;(:v) membership:

PEQ (2) po€QY(x)  p1EQL(x)

By Proposition 1, we have po | z — 1 for any po € Q9(x). Thus, 2 must also satisfy
x—12> Hpoeﬁg(z) po- Combining these bounds, we obtain

1/p

r > maxq 1+ H po, | 1+ H Po H p1 , (2)

po€QY (z) po€QY(z)  p1€Q}(x)
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By considering pointwise bounds on these products, we obtain a general bound.

Proposition 2. (p-hybrid bound) Let p € P and x € Z~1. Then

1/p
k k wp—k
T > MiNg<k<w, § Mazq 1+ H ri0, | 1+ H H T5,075,1
i=1 i=1 = g=1
'r‘,;yoEHp 7’1',061_11) ""j,leH;

Proof. If we take k = |Qg|, then we must have |Qllj| = wp—k. By choosing the small-
est possible candidates for pg € QY (x) and p; € Q,(x), we obtain the inequalities

k —k o
Hpoegg(z) po > 11,1 7io and leeﬂ;,(z) p1 > H;)il rj1. We apply the pointwise
bounds for Hﬂg(z) and HQ})(I) in Equation (2) at each k via the argument above.
Thus, we are left with

1/p
k k wp—Fk
X 2 max < 1 + H 74,0, 1 -+ H H 7"1"07"3'71
i=1 i=1 j=1
’I”i,()EHg ’I“i,()GHg ’l‘j,lel_[;

Note that |Q}D| > 0 for any x, so k # w,. This follows from the fact that Q]},
contains all factors of ®,(z). By assumption, x > 1, so ®,(z) > p has at least one
prime factor. Since k € [0,wp) is unknown, we minimize over k and arrive at the
statement. O

We are able to improve this result further by considering the divisibility of 2P —1
by p. This follows from Lemmas 1 and 2. If p | 2P — 1, then p? | 2P — 1. Moreover,
if ptaP — 1, we exclude p from our lower bound, replacing it with a larger prime
factor. For ease of notation, define R} := Hle ri0 and R} = H;’i;k 51, with the
convention that r; s € HZ denotes the i*" element under the natural ordering.
Proposition 3. (p-ramified bound) Let p € P with x € Z~1 and assume, without
loss of generality, that p = 1 € Hg. Let I,; = [0,k") and I,j, = [k wp). Then we
have

x> min{max{l—l—Rg,(1+R2R}C)l/p} : kEI,;}
U{mam{l —l—p_leJrh(l—i-p_leHR;lc)l/p} : kel,j} forp ¢ Q,(z)
T > min{mam{l +pR2_1,(1 +p2R2_1Ri)1/p} t k EI_,}

U{max{l—I—Rg,(l —I—pRgR,lg)l/p} : ke],j,} for p € Q,(x).
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Proof. Consider the general bound obtained in (2). We subdivide the proof into
cases dependant on p-membership of Q,(z).

Case la: p ¢ Q,(z) and k < k’. Since p is not a factor of R}, we use the hybrid
bound )
v > max{l +RY, (14 ROR}) /”} .

Case 1b: p ¢ Q,(z) and k' < k < w,. Now p appears as a factor of RY. Therefore,
we can exclude p from the product and instead consider p_le 41, resulting in the
bound

x > max {1 —|—p_1R2+1, (1 +p_1R2+1R,1€)1/p} .

We minimize over possible values of k, obtaining the desired bound.

Case 2a: p € Q,(x) and k < k. All factors of R} will be smaller than p, thus we
can replace the largest such factor 4o by p. Moreover, by Lemma 2, if p € Q,(z),
then p? | 2P — 1. Thus, we can replace R} by pR}C. Then

T > max {1 —l—pRg_l, (1 +p2R2_1R11€)1/P} .

Case 2b: p € Q,(z) and k' < k < w,. Now p already appears as a factor in Rg but
we still gain an extra p factor in RY R} by the argument in case 2a. Thus

Z > max {1 + R, (1 +pR2R,1C)1/p} .
We minimize over possible values of k, obtaining the desired bound. O

Returning to the example given in Remark 1, let k = 2 and 31 2% — 1. Then

23 —1>(2-5)-(7-13-19-31)
x—1>(2-5).

This gives the bound z > (535991)'/3 > 81. If instead 3 | #® — 1, we obtain

23 —1>3-(2-5)-(3-7-13-19)
r—1>3-(2-5),

resulting in the bound z > (155611)Y/3 > 53. Both divisibility cases provide a
significant improvement over the bound in Remark 1.

4. The Generalized Hybrid Bound

We generalize results from the previous sections to the setting where we consider
2™ — 1 with n composite. The first step is to factor 2 — 1 in Z[z] such that we
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obtain a natural partition of the prime divisors of z" —1. If n = [~ p{* for unique
primes p; € P, define the following notation: for any k € [1,m], set

My, = Hpﬁ* and 1z := zM*.

Proposition 4. Let n = [[;", p{* and take x), as above. Then we have the Z[x|-

factorization
m  a;

"= (z—1) HH%( < 1).

i=1j5=1
Proof. Consider the factorization n = M,, - p&m. Then, we have

1 = (xn/pm)pm 1

am —1

= (M —1)D,, (zMm) .. D, (sz P )

= (zy —1) H D, (mf::’: )
j=1
Iterating the factorization on xy — 1 for k € {m, ..., 1}, we obtain
2" = 1= (zy — 1) [] ®p., (ﬂ'piﬁ)
j=1
Am—1 pj711 Am i1
= xm 1= ]- H (I)Pm 1 (xmm1> H (I)Pm (xmm )
j=1
ai pj71 Am, -1
=(zx—-1) H(I)Pl (xll ) H(I)Pm (mﬁ{" )
j=1 j=1
i=1 | j=1

Note that, if we define x,,41 := 2™, for any s € [1, m] we have the relation

Tsy1 — 1= (zs— 1) H D, (mi’sj_l> ,
j=1

in the polynomial ring Z[z]. We proceed by generalizing Lemmas 1 and 2.
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Lemma 3. Let ppc P andy € Z*. Thenp|y—1andp| P, (ypa_l) for some
a € Z" implies we must have p = p.

Proof. Assume p |y —1,®, (ypafl). Then, y =1 mod p, which implies that

o, (ypafl) =9, (1”%1) =®,(1)=p mod p.
Therefore p | @, (ypa_l) implies that p | p. Since both p and p are primes, we
conclude that indeed p = p. O

Remark 2. Consider the situation where n = rp{*p5* for two distinct p1,ps € P
and p1,p2 1 r. We have the Z[z]-factorization

al — az o .
# = 1= (@ =) [T @ (@) T @ (@)%,
i=1 j=1

Assume there exists some k1, ks and some prime p such that

ko—1

p1 @y (@) ) and p| @y, (@71,

If we set y = 271", then we have ®,, ((mT)pllclil) ‘ y — 1. Thus we obtain p |y —1

and p | ), (ypgrl) which, by Lemma 3, implies p = po. This shows that the only
prime divisors potentially dividing cyclotomic polynomials with different bases in
the Z[z]-factorization from Proposition 4 are the bases themselves.

Lemma 4. Let p € P and n =7 - p* with (r,p) = 1. Then
pla™ —1ifand only ifp| 2" —1 and p | @, (xr'pi_l) forallie{l,...,a}.
Proof. Note that, by definition, we have
pla®—1 ifandonlyif 2" —1=(z")*" —1=0 mod p.
By Fermat’s little theorem, we observe that 0 = (z")? — (z") = (z")?" — 2" mod p,

implying 2" = (z")?" =1 mod p. We conclude that p | 2" — 1. Moreover, if 2" = 1
mod p, then, for any fixed i € {1,...,a}, we must have

o, (xr'pi_l) =, (1pi_1) =p mod p.

Since p | p, the p-divisibility of @, (xr'pifl) is clear. The reverse implication follows

directly from Proposition 4. O
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Reminiscent of the n € P case, we partition the set of primes. For a given
m

n =[] p{" and any j € [1,m — 1], define the sets
i=1

Iy ={peP:p=1 modpy,}

I/, :={peP:p=1 modp; and p#1 mod P, ..., pj+1}

M ={pcP:p#1 mod pm,....,p1}.
By construction, we have the disjoint union P = |_|;n:0 I17 . Moreover, for j € [0,m],
define the sets Q,(z) ;== {p € P: p| 2" — 1} and O (z) := Q,,(x) NIIJ. Under the
canonical ordering of the primes, denote the i element of IIJ by ;5. Using this
notation, we have w, = |Q,(x)|. Thus we have the inequality

2 =1> [[ = I e ] om

PEQ,(2) Po€Q (x) pm €Q(2)

Recall the factorization 2" —1 = (2, — 1) [[}7 ®p,, (zJ71) inZ[z]. If p| 2" —1 and
p %1 mod p,, we must have p | 2, — 1. Thus p € Q7 (z) for some j € [0,m — 1].
Iterating this process, we obtain the collection of bounds

a=0 po €93 (x)

1/n
x"flzn H po if and only if x> 1+H H pa>
a=0

P /n

m—1 m—1

Tm — 12> H H Po ifandonlyif =z > |2+ Da
a=0 p, Qs () a=0 p, Q% (x)

1/py?
o —12> H p ifand only if x> |1+ H 0
p' €0 (x)UQl () p' el (2)UQ} (x)
r—1> H 00 ifand only if =z >1+ H Po-
Po €2 () Po €S2 (x)

Combining these, we have the general bound
1/n

x>max{ 1+ H P05 | T+ H PO e H Pm . (3)

Po€QY () Po€QY () pm EQ ()

We are now in a position to prove Theorem 1 as a generalization of Proposition 2
for composite values of n.
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Proof of Theorem 1. Set ks = |Q3 (x)| € Z* for all s € {0, ...,m}. By construction,
we have Z;n:o ks = wy. Moreover, by choosing the smallest possible candidates for
r; € QJ (z), we obtain the inequalities Il c0i@mi 2 Hf;l ri; forall j € {0,...,m}.
Applying the pointwise inequalities to the bound (3), we obtain

T(t)
t k;
x > max 1+H H Tij : te[0,m]
j=0 i=1
ry,; €17,

A priori, the distribution of ks is arbitrary, so we minimize over all valid values of
the tuple (ko, ..., k) € Z™, obtaining the desired result. O

Note that this form of the hybrid bound is the correct generalization in the sense
that it coincides with the prime bound in the special case when n = p. Indeed

T(t)
t kj m
2 > min { max 1—|—H Tij :te0,m]p : g ks = wy,
j=0 =1 s=0
;5 €I,
T(t)
t k;
= min ¢ max 1—|—H Tij cte0,1] p ¢ ko+ k1 =wn
j=0 i=1
73,5 €115,
1/p
ko ko k1
= MiNg 4k =, §maxq 1+ H ri0, | 1+ H 74,0 H T4 1
i=1 i=1 i=1
Ti,oGHg Ti,OGHg 7’1:,1€H11,

= gy, {max {1+ RE, (14 RERL) Y7}

This is a reformulation of the hybrid bound given in Proposition 2.

5. The Generalized Ramified Bound

In this section, we prove Theorem 2 as a generalization of Proposition 3 to composite
n. Our refinement arises from the divisibility p | ™ — 1 for a given prime factor
p|n. Let n =[]~ pi* where the factors p; are ordered via i < j implying p; < p;
and x € Z*. Choose a distinguished prime divisor p, | n and assume p, € II7.
Computations support the assertion that the best such choice should be the largest
prime factor of n. It is clear that 7 < a since 1 < p,, < p, implies p, Z1 mod p,.,
which holds for any r > a.
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i—1

Remark 3. Ifp, | 2" —1, then p, | 741 —1 and p, | ®p, (xgé‘ ) for any j € [1, aq].
Thus, p, must appear in the product II  pr. Moreover, when the product
pr€Q7 (x)
II  pa appears in our bound, we can replace this with p%  [[  pa. The
Pa€QZ (z) Pa €0 ()
above argument gives the correct generalization of the ramified bound in Proposition
3.

Proof of Theorem 2. Assume p, | ™ — 1. Then, by the argument in Remark 3, p,
must appear in the product ] pr e (2) P If k. > b, then p, is already a factor of
the product. If instead k, < b, then we can replace the largest factor in the product
by po. Moreover, || pa Qe (z) Pa CAD be multiplied with p%~ since p, | ™ — 1 implies

Pa | Pp. (ng;l) for any j € [1,a,]. If instead we assume p,, 1 2™ — 1, then we can
exclude p, from the product [ pr Q7 (2) Pr Thus, whenever k,; > b, we can replace
Do With the smallest prime r4_44 - in II7, which is not already a factor. In all other
cases, we use the general hybrid bounds from Theorem 1. O

Remark 4. Whenever n = 2%, Theorem 1 does not provide an improvement over
the trivial bound in Equation (1). In essence, the hybrid bound relies on maximizing
over bounds on x® — 1 for b | n. Unfortunately, whenever n is a power of 2, we have
Y ={peP|p#£1 mod 2} = {2}. Thus, k¢ € {0,1} and we obtain

1/n
ko ko  wn—ko
z>min{max{ 1+ [[2 [1+]]2 [ ria . ko € {0,1}
j=1 j=1 =1
Ti,1€H,ll

1+wn—ko 1/n
= min { max { 1+ 2~ <1+2’<O H 31> : ko €{0,1}

=2

14wy, 1/n Wn 1/n
= min (1 + H si> , <1 —+—Hsi>
i=2 i=1
Wn 1/n
o)
i=1

coinciding with Equation (1). Here s; denotes the i*® prime. By applying Theorem
2, we obtain an improvement: If 2 f 2™ — 1, exclude 2 as a potential factor in the
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lower bound for 2™ — 1. If instead 2 | 2™ — 1, then 2%*1 | ™ — 1. Thus, we have

"~ 1/n
x> <1+n.Hsi> for2 | z™ —1
i=1
watl \ Y/
x> <1+H3i> for 2t z™ — 1.
i=2

Regardless of the divisibility case, we gain an improvement over the trivial bound.
We have proved the following Corollary.

Corollary 1. Letn = 2% and x € Z*. Then
Wn 1/’I’L wn+1 1/TL
T > min <1—|—n-Hsi> ’<1+H8i>
i=1 i=2

Note that, in the case when 2 | 2™ — 1, we can do better. For example, when
n = 4, Corollary 1 relies on 2 | z* — 1 if and only if 23 | 2* — 1 but, as shown by
Cohen [2, Cor. 2.5], we can prove the stronger statement: 2 | z* — 1 if and only if
24 | 2* — 1. This follows from the factorization 2* — 1 = (x — 1)(z + 1)(z% + 1) in
Z[zr] and that 2 | #* — 1 implies 2 | # — 1. Then 2 | z — 1,2 + 1,22 4+ 1 but also
xr4+1=2+4+(x—-1)=0,2 mod4. Thus4 |z —1or 4| z + 1, proving Cohen’s
result. This principle extends to n = 2% for any a € Z*, resulting in Theorem 3.

Proof of Theorem 8. Consider the Z[z]-factorization

" —1= (x—l)(x+1)H (kal +1).
i=2
If 2 | z, apply Theorem 2 with p = 2. If instead 2 1 z, then £ = 1 mod 2.
Moreover, for any k € ZT, 2¥ = 1 mod 2. As before, z +1 =2+ (z — 1) = 0,2
mod 4. Therefore 4 | z — 1 or 4 | z + 1. Thus, each of the a+ 1 factors of 2™ — 1 are
divisible by 2 and at least one of them is divisible by 4. Then 242 | 2™ — 1, and
the claim follows from the same argument as in Corollary 1. O

6. Applications

In order to demonstrate the utility of these results, we consider two separate appli-
cations to existence problems in F, extensions. In what follows, the hybrid bound
will be taken to mean the bound given in Theorem 1 unless n = 2%, where the hybrid
bound will instead refer to the specialised version in Theorem 3. In the interest of
presenting a cleaner argument and reducing computational complexity, we limit the
discussion to the hybrid bounds. Note that the majority of results throughout the
chapter can be improved further by applying Theorem 2 instead.
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6.1. The Line Problem

Let ¢ € Z* be a prime power and Fy the finite field of order g. Assume 71,72 € Fyn
with 1,72 # 0, such that v, /v2 generates Fyn. Does there exist some a € F, such
that avys + 71 is primitive in Fgn? Fix n € Z and define:
o cpm - for all v1,7v2 € Fgn \ {0} such that % generates Fyn,
" a ’ there exists a € F, such that a -2 + 71 primitive ’

The line problem of degree n is to determine which prime powers ¢ belong to L£,,.
This problem has been completely solved in the cases where n = 2 by Cohen [2, Th.
1.1], and n = 3 by Bailey, Cohen, Sutherland and Trudgian [1, Th. 2]. Bailey et
al. also made significant progress towards the n = 4 case. For fixed n, the standard
approach is to take advantage of a sieve to guarantee that all sufficiently large ¢
belong to £,,. In particular, Cohen leveraged the following prime sieve criterion.

Proposition 5 ([2, Proposition 4.3]). Let q be a prime power. For any s distinct
prime divisors p; of ¢" — 1, define § = 8(p1,...,ps) == 1—>"_, i. Suppose that
& > 0 for some choice of p;. Then

1 2
q> Rg := (n — 1)22%wn=5) (S(S + 2) implies q € Ly,.

Thus, we aim to choose p; such that R is minimal. For any fixed s, this amounts
to maximizing §. Thus, we wish for Zlepi_l to be small. In practice, we choose
the largest s distinct prime factors p; of ¢" — 1. When the explicit factorization
of ¢" — 1 is unknown, we bound Rg above by taking p; to be the (w, + 1 — s)-th
through w,,-th smallest primes. Minimizing across valid s for which § > 0, we obtain
an upper bound for Rg.

Remark 5. Note that, if we choose s = 0, then trivially § = 1 > 0. Thus
q > (n —1)%4*" implies q € L,,.

For a fixed n, consider the trivial lower bound on ¢ via (1). If ¢" — 1 > [, s,
then ¢ > [ PN (n — 1)24%» for all sufficiently large w,. In that case, we

i=15i
obtain ¢ € £,, automatically.

The difficulty then lies in finding a small upper bound on w,, for which ¢ € L,
is a possibility. Call the largest value of w,, for which it is possible that there
exists some g ¢ L, the w, cut-off detected by a given lower bound on ¢g. Varying
across n € [2,30], we compare the effectiveness of the hybrid bound to the trivial
bound in detecting w, cut-offs and present these calculations in Table 6.1. The
search space column in Table 6.1 provides the percentage of potential exceptional ¢
values to check when comparing the hybrid and trivial bounds. The rows for which
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n wn < # q< # search space
Trivial Hybrid Trivial Hybrid
2 8 7 3712 2040 55%
3 13 13 142862 142862 100%
4 18 18 1.2-10° 1.2-10° 100%
5 23 20 6.1-106 3.3.106 54%
6 29 28 2.8-107 2.3-107 84%
7 34 26 9.0 - 107 2.4-107 27%
8 39 38 2.1-108 1.9-108 90%
9 44 41 4.5-108 3.4-108 75%
10 49 43 9.0-108 5.2-108 58%
11 54 39 1.7 - 10° 4.4-108 26%
12 59 58 3.0-109 2.8 - 109 92%
13 64 45 5.3-10° 1.1-10° 21%
14 69 57 8.9-10Y 3.6 - 109 41%
15 74 66 1.5-1010 8.3-109 56%
16 80 79 2.6-1019 || 2.4-10%0 93%
17 85 56 4.1-10%0 5.1-109 12%
18 90 85 6.4-1010 || 4.7.1010 73%
19 95 62 9.1-10° || 1.0-10%° 11%
20 101 91 1.3-1011 8.4-1010 64%
21 106 88 1.8-10'" || 8.0-10'° 44%
22 111 83 2.5-101 || 6.2-1010 25%
23 116 75 3.4-101 || 3.9-10%° 12%
24 121 120 4.5-1011 || 4.3-101 96%
25 126 103 6.0-101 || 2.3-10!1 38%
26 132 96 8.3-10M 1.8- 101! 22%
27 137 124 1.1-10'2 || 6.5- 1011 59%
28 142 119 1.4-10'2 || 5.7-1011 40%
29 148 93 2.0-102 || 2.0-10' 10%
30 153 138 2.6 - 1012 1.4-1012 55%

Table 1: The trivial and hybrid bounds compared across varying n.

n € P are highlighted by grey. Computations support the assertion that the hybrid
bound is most effective at the primes, when compared to the trivial bound. It is
worth noting that even an incremental improvement on the g-range will drastically
improve computation time. For a specific value ¢, we are essentially factoring ¢ —1,
which becomes increasingly infeasible when n grows large.

We consider the specific case when n = 5. By applying the trivial bound in
Equation (1) directly and comparing this to Proposition 5, we have that ws > 24
implies ¢ € L5. We initially find a value ws = k for which Remark 5 leads to ¢ € L5
directly. In this case it is sufficient to choose & = 500 since

500

[Is/° ~89-10°% and (5-1)24°° ~1.7-10%2,

i=1
Next, we check each value ws < 500 by choosing s € [0, ws] such that § > 0 and Rg
is minimized in Proposition 5. Comparing Rg with the trivial bound, we are able
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to rule out ws > 23. For example, if ws = 24 and s = 21, we have:

24
Hs§/5 ~75-10% Rg~T7.4-10° and =~ 0.24.

i=1

Thus, any non-members of L5 would have to satisfy ws < 23 and be in the range
q < Rg ~ 6.1-10°%, where the value of Rg is given by choosing s = 20 for w5 = 23.
If we apply Theorem 1 in place of the trivial bound, we can knock out more ws
values: if ws > 20 then g € L5. By the same argument as before, any non-members
must lie in the range ¢ < Rg ~ 3.3 - 105. In general, if ¢ € L5 then ¢ is bounded
below by the hybrid bound and bounded above by the prime sieve in Proposition 5.
We calculate the g-intervals for each ws € [1,20], which are recorded in Table 6.1.

ws # <gq qg< #
20 | 2 160 476 336 768

3
19 881 791 2 689 898
18 397 068 2 150 020
17 132 575 1 696 702
16 46 411 1 327 972
15 25 794 1 022 189
14 9023 771 455
13 3190 571 449
12 1910 397 505
11 701 260 365
10 265 164 401
9 179 101 825
8 72 59 399
7 31 32 641
6 22 16 925
5 10 7834
4 7 3175
3 4 1024
2 3 256
1 2 64

Table 2: The hybrid bound intervals.

Since the upper bound on ¢ is sufficiently small, we enumerate all potential prime
powers ¢ in each ws-interval. For any such ¢, we determine whether w(¢® — 1) = k.
The number of values of ¢ satisfying the ws criterion in each interval is shown in
Table 6.1. For ws € [15,20], all values of g are members of Ls.

In order to whittle down the potential exceptions further, we introduce more
sophisticated sieves. In what follows, the radical Rad(x) of a number x is taken to
mean the product of the distinct prime factors of x.
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ws # of options
14 1
13 5
12 19
11 72
10 214
9 438
8 683
7 763
6 625
5 303
4 68
3 22
2 2
1 1
Total 3215

Table 3: g-value options in hybrid intervals.

Proposition 6 ([2, Proposition 6.3]). Let q be a prime power and w,, > 2. Consider
s distinct prime factors p; of ¢ — 1 and some other prime factor . Define the
quantity § := 6(p1, ...,ps) and set k = Rad(q" —1)/(1 - [1;_, pi). Moreover, suppose
0>1/(1-¢(k)). Then

2

2wn7571 k -1 20 1-— 1
B(k)(s +20) + L 1) implies q € L.

$(k)d — 1

We shall refer to this sieving criteria as the modified prime sieve. In practice, [
is always chosen to be the largest prime factor of ¢" — 1 and k to be the product
of the smallest factors. Bailey et al. proved a generalized version, aptly named the
general prime sieve.

q>(n—1)2(

Proposition 7 ([1, Lemma 1]). Let ¢ be a prime power and write the radical of
¢" =1 as Rad(¢" — 1) = k- (I[;_, pi)(H;:1 lj). Setd=1-377, p%» €= 23:1 %
and m = ¢(k)/k. If dm > e then

29n 75" "m(s —1420) —dm+7r —€
om —e

2
q>(n—1)>2 ( > implies q € L,.
Returning to the line problem for n = 5, we iterate the prime, modified, and
general sieves to filter out more g values. When applying the sieves, we factor the
radical Rad(¢™ — 1) = k- ([T;_, pi)(I[j=, l;) in such a way that the sieve bound
is as small as possible. For any p € P with p | k and any 4, j, we always factor
Rad(¢™ — 1) such that p < p; < [;. Then, minimizing the sieves amounts to
choosing only the number r and s of factors p; and I;, respectively. The numbers of
unsieved g-values for each sieve appear in Table 6.1, all values of which are known
explicitly. As is apparent, only a small set of prime powers can be non-members
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ws Prime sieve | Modified sieve | General sieve
14 0 0 0
13 0 0 0
12 1 1 1
11 10 10 10
10 25 19 18
9 48 37 35
8 143 112 111
7 189 144 144
6 197 161 161
5 136 115 115
4 42 33 33
3 22 16 16
2 2 2 2
1 1 1 1
Totals 816 651 647

Table 4: Unsieved ¢-values in hybrid intervals.

of L5. For convenience, we record this partial computational verification in the
following result.

Proposition 8. Let g be a prime power and Es be the set of 647 prime powers
described in the appendiz, the largest of which is 62791. If ¢ € Es, then q € Ls5.

Remark 6. Let us generalize our approach for tackling the line problem in the
case where n = 5 to any fixed n € ZT. For some distinguished set A,,, we want to
determine for which prime powers ¢ we have the membership ¢ € A,,. In the case
of the line problem, this set A,, is £,,. We have a sieve criterion of the form
qg> S(n,w,) implies qe€ A,,

where S(n,w,;,) is some function of n and w,. In Proposition 5, we might take s = 0,
obtaining the criterion ¢ > (n—1)222%» implies ¢ € A,,. Cohen used this naive sieve
in his original work for L3, see [2, Cor. 2.4]. This allows us to describe a general
procedure for the line problem; see Steps 1-5 below. A similar approach extends to
other existence problems for primitive elements in finite fields.

Step 1: Finiteness. For fixed w,, we compare the sieve criterion S(n,w,) with a
lower bound B(n,w,) on ¢, dependant on n and w,. Then, if

q > B(n,w,) > S(n,wy),

we conclude that ¢ € A,,. By Remark 5, when w,, is sufficiently large, this will always
be the case. We obtain a cut-off value ¢ for w,,, above which it is guaranteed that
q € A,. The sharpness of the the cut-off will be dependent on the sophistication
of both S(n,w,) and B(n,w,). This is where Theorems 1 and 2 become powerful
tools for reducing w,,.
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Step 2: Intervals. For each w,, < ¢, we construct the intervals

I, = [B(n,wy),S(n,wy)]-

n

Thus, if ¢ ¢ A, then ¢ € I,,, for some value of w,. For the line problem, these
intervals are described in Table 6.1. Using Theorem 1 over the trivial bound in (1),
shortens these intervals by increasing B(n,wy,).

Step 3: Enumeration. If the previous steps have reduced I, sufficiently, we enu-
merate the possible prime powers in each interval. For a given prime power in
the interval I, , we check if indeed ¢"™ — 1 has w, distinct prime factors. This is
summarized in Table 6.1.

Step 4: Sieving. For the remaining potential counterexamples g ¢ A,,, we reapply
our sieve criterion. Since the exact value of ¢ is known, we obtain a better sieve
bound in Proposition 5 by including specific information about ¢. In a similar vein,
we apply other sieves to eliminate more values of ¢.

Step 5: Direct verification. Once we exhaust all theoretical sieving techniques, we
return to the specific problem of finding a primitive element on a line inside Fgn.
Given that the list of potential counterexamples is small enough to be computable,
we verify directly if there exists such primitive elements.

The set E5 of potential counterexamples is expected to contain very few genuine
non-members g ¢ Ls. In the case of n = 3, Cohen [2, Theorem 6.4] proved that the
number of genuine non-members ¢ ¢ L3 was at most 183. By contrast, Bailey et
al. [1, Theorem 2] proved that ¢ ¢ L3 if and only if ¢ € {3,4,5,7,9,11,13,31,37}.
In the same paper, they gave a set of 1469 potential non-members ¢ ¢ £4 but only
21 of these were proven to be genuine in the above sense. See [1, Theorems 3 & 5].

6.2. Primitive Element Sums

Let ¢ € Z* be a prime power and consider the following problem. For which
pairs (g,n) does there exist a primitive element o € Fgn such that o + a~ ! is also
primitive? Fix n and define

Up :={qg=p™ : there exists a € Fy» such that o, o + o~ ! primitive}.

Liao, Li and Pu provided a partial answer to this question and a sufficient condition
for membership ¢ € U,,.

Proposition 9 ([7, Theorem 1.3]). Let n € Z* and q a prime power coprime to n.
Then ¢"/? > 22“n implies q € U, .

Remark 7. The criterion in Proposition 9 is equivalent to

g >2%n/"  implies ¢ €U,.
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Thus, for n > 4w,, we have ¢ & U, implies ¢ < 2%/" < 2 which in turn results
in ¢ = 1. Since ¢ is assumed to be a prime power, this never occurs. Therefore,
for any choice of w,,, we need only check n < 4w,. Given fixed n and w,,, we have
the trivial bound ¢"™ > ¢" — 1 > [[;" s;. Thus, if ¢ ¢ U,, then ¢" must lie in the
interval [, s; < ¢™ < 2%n = 16%n.

Proposition 10. Let w, € Z*. Then w, < 16 if and only if [, si < 16,

Proof. A quick calculation shows that the right-hand side is true whenever w,, < 16.
Moreover, for w,, = 16, we have H;'Li s; > 1616, If w,, = 16 + k for k € Z*, then

Wn 16+k 16 164k Rasp
16— . Hsz — 16k H i - <16—16 . H3i> > 167F H S; = H ﬁ
i=1 =1

i=17 i=17 i=17
Since s; > 16 for any i > 6, we conclude that indeed 16=%» - Hfgl s; > 1. O]
Corollary 2. If g ¢ U, then w, < 15.

Proof. This follows immediately from the fact that ¢" € ([];", s;,16“"] which is
non-empty if and only if w,, < 15. O

Thus, any possible exceptions ¢ ¢ U,, must satisfy w, < 15 and, by Remark 7,
also n < 4w, < 60. Note that, for n = 1, this question has been completely resolved
by Cohen, Silva, Sutherland and Trudgian.

Proposition 11 ([3, Corollary 2]). Let q be a prime power. Then
q¢{2,3,4,5,7,9,13,25,121}  if and only if q € U;.

In what follows, assume that n > 1. For fixed values of w,, € {1,...,15} we could
now check which pairs (g, n) give rise to a value ¢" € (] si, 16“~]. If instead we
apply the hybrid bound H(n,w,) and iterate over n € {1,...,4w, }, we need only
check if we have any ¢" € (H(n,w,)™, 16%"]. The search intervals for the trivial
and hybrid bounds are given in Figures 6.2 and 6.2, respectively. Empty search

omega_n

. Exponent n
60 ®

Figure 1: The trivial bound intervals for primitive element sums.
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omega_n

5 0 15 20 25 30 35 40 15 50 55 o Expenentn

Figure 2: The hybrid bound intervals for primitive element sums.

interval pairs (n,w, ) are unmarked, whereas potential exceptions are marked black.
The hybrid bound is much more efficient at ruling out potential counterexamples
compared to the trivial bound. So far, we have only checked the non-emptiness
of each interval (H(n,w,)™,16%"]. The natural next step is to incorporate the
presumed value of w,, in such an interval. For each pair (n,w,) with non-empty
search interval, we check if there exists any prime power ¢ € (H(n,w,),16“"/"]
satisfying w(¢™ — 1) = w,,. This dramatically reduces our search space and leaves
us with only a small list of exceptional pairs (n,w,), marked black in Figure 6.2.
Our computation gives a sufficient condition for membership of U,,.

omega_n

illllllllll

5 10 15 20 25 30 35 40 45 50 55 60 Exponent n

Figure 3: Existence of ¢g-values in hybrid intervals.

Proposition 12. Let q be a prime power and &, be the set of 33 pairs (a,b) € Z?
described in the appendiz. Then (n,w,) ¢ &y implies ¢ € U,,.

Although the primitive element sum problem is not completely resolved, the
techniques used highlight the relative effectiveness of our hybridised bounds over
the trivial bound. As in Proposition 8, we should expect that most of the pairs
(n,wy) € & do not give rise to any genuine non-members ¢ ¢ U,,.
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Appendix

We record the set E5 of potential exceptions referenced in Proposition 8:

E;={23,4,57,8,9, 11, 13, 16, 17, 19, 23, 25, 27, 29, 31, 32, 37, 41, 43, 47, 49,
53, 59, 61, 64, 67, 71, 73, 79, 81, 83, 89, 97, 101, 103, 107, 109, 113, 121, 125, 127,
128, 131, 137, 139, 149, 151, 157, 163, 167, 169, 173, 179, 181, 191, 193, 197, 199,
211, 223, 227, 229, 233, 239, 241, 243, 251, 256, 257, 269, 271, 277, 281, 283, 289,
293, 307, 311, 313, 317, 331, 337, 343, 347, 349, 353, 361, 367, 373, 379, 383, 389,
397, 401, 409, 419, 421, 431, 433, 439, 443, 449, 457, 461, 463, 467, 487, 491, 499,
509, 512, 521, 523, 529, 541, 547, 569, 571, 577, 587, 593, 599, 601, 607, 613, 617,
619, 625, 631, 641, 643, 647, 653, 659, 661, 673, 677, 683, 691, 701, 709, 719, 727,
729, 733, 739, 743, 751, 757, 761, 769, 773, 787, 797, 811, 821, 823, 827, 829, 839,
841, 853, 857, 859, 863, 877, 881, 883, 887, 907, 911, 919, 929, 937, 941, 947, 953,
961, 967, 971, 977, 991, 997, 1009, 1013, 1019, 1021, 1024, 1031, 1033, 1039, 1051,
1061, 1063, 1069, 1087, 1091, 1093, 1097, 1103, 1109, 1117, 1123, 1151, 1153, 1163,
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1171, 1181, 1193, 1213, 1217, 1223, 1229, 1231, 1237, 1259, 1277, 1279, 1283, 1289
1291, 1301, 1303, 1307, 1321, 1327, 1331, 1361, 1367, 1369, 1373, 1381, 1399, 1409,
1423, 1429, 1433, 1439, 1447, 1451, 1453, 1471, 1483, 1489, 1499, 1511, 1531, 1543,
1549, 1567, 1571, 1583, 1597, 1607, 1609, 1621, 1627, 1637, 1667, 1669, 1681, 1693,
1697, 1699, 1709, 1721, 1723, 1741, 1747, 1753, 1759, 1777, 1783, 1789, 1801, 1831,
1849, 1861, 1867, 1871, 1873, 1879, 1901, 1907, 1933, 1949, 1951, 1993, 1999, 2003,
2011, 2017, 2027, 2029, 2053, 2081, 2083, 2087, 2089, 2113, 2131, 2137, 2141, 2143,
2161, 2179, 2197, 2203, 2209, 2221, 2237, 2251, 2267, 2269, 2281, 2293, 2297, 2311,
2333, 2341, 2347, 2357, 2371, 2377, 2381, 2389, 2393, 2401, 2411, 2437, 2467, 2473,
2503, 2521, 2531, 2539, 2551, 2557, 2593, 2621, 2633, 2647, 2659, 2671, 2683, 2689,
2707, 2713, 2731, 2749, 2767, 2791, 2797, 2803, 2809, 2833, 2851, 2857, 2861, 2887,
2927, 2953, 2963, 2971, 3001, 3011, 3019, 3023, 3037, 3041, 3061, 3067, 3109, 3121,
3125, 3181, 3187, 3191, 3217, 3221, 3253, 3259, 3271, 3301, 3319, 3331, 3361, 3391,
3433, 3457, 3463, 3481, 3511, 3529, 3541, 3547, 3571, 3583, 3607, 3613, 3631, 3643,
3691, 3697, 3721, 3727, 3733, 3739, 3767, 3821, 3823, 3851, 3853, 3877, 3907, 3911,
3919, 3931, 3943, 4003, 4019, 4021, 4051, 4057, 4096, 4111, 4129, 4159, 4201, 4219,
4229, 4231, 4243, 4261, 4271, 4273, 4327, 4441, 4447, 4489, 4513, 4519, 4523, 4561,
4567, 4591, 4603, 4621, 4651, 4657, 4663, 4691, 4733, 4759, 4783, 4789, 4813, 4831,
4909, 4931, 4933, 4951, 4957, 4999, 5011, 5041, 5101, 5119, 5167, 5179, 5329, 5437,
5449, 5503, 5521, 5531, 5581, 5591, 5641, 5659, 5701, 5743, 5779, 5791, 5839, 5851,
5857, 5881, 5923, 6007, 6037, 6043, 6073, 6091, 6121, 6133, 6163, 6217, 6241, 6247,
6271, 6301, 6361, 6373, 6421, 6427, 6451, 6571, 6581, 6619, 6637, 6679, 6691, 6733,
6763, 6781, 6791, 6841, 6859, 6889, 6991, 7039, 7177, 7243, 7351, 7411, 7417, 7549,
7561, 7573, 7591, 7603, 7687, 7723, 7753, 7921, 7951, 8011, 8089, 8161, 8191, 8317,
8353, 8419, 8431, 8647, 8737, 8779, 8821, 8893, 8941, 8971, 9001, 9091, 9109, 9199,
9241, 9283, 9409, 9421, 9521, 9631, 9661, 9769, 9781, 9871, 10141, 10201, 10321,
10531, 10609, 10651, 10711, 10831, 10861, 10891, 11047, 11071, 11131, 11257, 11311
11317, 11449, 11551, 11701, 11719, 11731, 11881, 11971, 12391, 12433, 12541, 12769,
13171, 13399, 13567, 13831, 13921, 14281, 14479, 14551, 14821, 15331, 15511, 15541,
15601, 15625, 15877, 15991, 16339, 16927, 17161, 17491, 17791, 17851, 18181, 18481
18769, 19321, 19501, 19891, 20011, 20431, 20749, 21211, 21751, 22201, 22621, 23011
23311, 24781, 25117, 26041, 27691, 28561, 28771, 29671, 30661, 32761, 41611, 42331
46411, 51871, 60901, 62791}.

We record the set &, of potential exception pairs referenced in Proposition 12:
Su=1{(21), (2,2), (2,3), (2,4), (2,5), (2,6), (2,7), (2,8), (2,9), (2,10), (2,11), (3,2),
(373)7 (374)7 (375)7 (376)7 (3’7)7 (4’2)7 (473)7 (474)7 (475)7 (476)7 (477)’ (479)’ (573)7
(5,5), (6,3), (6,4), (6,5), (6,6), (8,4), (8,6), (12,6)}.
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