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Abstract

We present a generalization of the classical Nicomachus’ identity for the sum of the
first n cubes. Unlike previous generalizations, it has three rather than two terms,
and involves not just one, but two distinct triangular numbers, and each term
is of degree 4 in [n/2]. The asymptotic behavior for large n leads to continued
fractions with remarkable (but conjectural) properties. Moreover, we give a way of
looking at squares of triangular numbers that involves the square root of 11 and
show it is a limiting case of a non-obvious identity involving truncations of the
continued fraction expansion of that square root. The details involve a nonlinear
recurrence that (with appropriate initial conditions) unexpectedly produces only
integers, a “Somos-type” phenomenon. Finally, we provide examples of four-term
Nicomachean-type identities.

1. Introduction

We have not found formulas in the mathematical literature that involve sums of the

form
m

> (a+bj+ci®) (d+ej+ £57), (1)

Jj=1
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at least where all or most of the (a,b, ¢, d, e, f) are non-zero. Fora=c=d=e=0
and b = f = 1, we have the classical Nicomachus’ identity

Zy (; i) @)

where T;, := 370, j = m(m + 1)/2 is the mth triangular number. It is, however,
possible to rewrite this in the form

m—1 m—1
S +a+2i+52) = (3 1+g)
7=0 =0

so now only ¢ is zero. This leads immediately to a (new?) infinite sequence of
Nicomachean-type identities, namely

§(1+aj)(1+2j+aj (mzl (1+ aj ) (: mTQ(a(m—l)—i—Z)z).
j=0 7=0

Note that this includes the well-known observation that the sum of consecutive odd
numbers is a perfect square—just set the new parameter a to zero.
Another simple generalization of Equation (2) is

Z] (Z )2 = %(m-ﬁ- 1)s*(s —1)((m—1)s +1).

=S

This is a three-term generalization, and setting s = 1 recovers the original Nico-
machus’ identity (2).
A different sort of generalization of Equation (2) is Liouville’s identity [8]

d|n d|n

where 7(d) is the number of positive divisors of d. For n a prime power, this becomes
Equation (2). There is another generalization

1 j+rN\2_/ n n+14+r \)\2
JZ +2(2]+T)(7"+1> _<r+2< s ) 3
that was obtained in [3]. We note the 1/2-2m - m? pattern on the left when r = 0,

the case in which this reduces to Equation (2). An elegant ¢-identity generalization
of Equation (2) is Warnaar’s g-analogue (see [11]), namely

iq2nf2j17q2j<liqj)2 _ 1 (liqnlianrl)Z
= 1-¢*\1—gq (I1+¢P\1-q 1-¢q




INTEGERS: 26 (2026) 3

Compared to Equation (3), this has 1-m - m? pattern on the left as ¢ — 1, the
case in which this reduces to Equation (2). We now recall that the fact that n?
is the sum of consecutive odd numbers can be shown by taking a square array of
n? unit squares and expressing it as a union of n gnomons having 1, 3, 5, ...,
2n — 1 unit squares respectively. More than 1000 years ago, Arab mathematicians
had an analogous proof for Equation (2); see [10, p. 32 and note 23 on p. 187].
Such geometric proofs can be viewed as applications of “figurate numbers” and are
sometimes known as “proofs without words”. These have accumulated sporadically
over the centuries. To organize them and produce them in a systematic way seems
to us to be the essence of [9]. Equation (2) appears there as Example 11, p. 15. It
begins by writing the integer summand 3> as i - 2 and then handles each of these
two factors in a different way. We now note that in our expression (1), there is no
43, but when ¢ = 0, the lead terms of the summand factors are j and j2. Altogether
we have thus found the j - j2 pattern in four distinct cases.

In Section 2 and Section 3, we state and prove a new generalization of Equation
(2) involving a parameter x in which the expression on the right that is squared
involves two triangular numbers. The results are Equations (7) and (8). These
incorporate a sum of the form (1), with ¢ = 0, into a three term identity that
generalizes Equation (2).

We have not previously seen product expressions such as P—2z242? in Equations
(7) and (8) in common identities, but they do have a role to play. Also, a bit of
the fascination of the Nicomachean-type identity is from the fact that the cube sum
is given by a polynomial with the (statistically rare) property of having two zeros
of multiplicity two. We ask: when do linear combinations of power sum formulas
have zeros of multiplicity at least two? The expression (1) is obviously a linear
combination of power sums. The answer to the question here is the set of points
(a,b,c,d, e, f) in the 6-dimensional space, where the discriminant D with respect to
m of the expression is 0. Computer algebra shows, alas, that D has 1114 terms with
large coefficients. Such unwieldy expressions are a common obstruction to progress
in this area as many of the unresolved conjectures in [5] indicate. However, in this
case computer algebra does show that D has a factor F' given by

F =5a(6d+ 3e+ f) +5b(3d + e) + ¢(5d — f).

The Nicomachean case corresponds to a = b = d = f = 0 which satisfies F' = 0. If

(a,b,c) = (1, -1 +2\/ﬁ, -1 ;\/ﬁ) and (d,e, f) = (—a,—c, —b), (4)

then (1) becomes
(2m + 3)T2_,, (5)

almost the classical Nicomachus’ identity. We suspect it is new, and a good illus-
tration of Littlewood’s dictum, that identities are trivial, but only after they have
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been discovered. Moreover, we show it is a limiting case of a more general identity
in Section 4.

The coefficients in (4) do satisfy FF = 0. For another example, (a,d,e, f) =
(0,1,-3,5) gives F' =0 and

(bj + ¢5°)(1 — 3j + 55%)

m
Jj=1
1

= ZmQ(l +m)(b—c+ (5b+ 3¢)m + 4em?).

We observe that in the classical Nicomachus’ identity, the multiple zeros are a
distance 1 apart. If a sum of the form (1) has two multiple zeros, how far apart
could they be? We leave this question open, but the following identities with ¢ = 0
shed some light on this:

u . . 2 L 5 2

> (1= bj)( - 25 +bj%) = =m0 =2+ bm)*,

j=1

iu —bj)(1+ (b—2)7) (L +b(b—2)j) = —%mQ((b — 12+ 14+m(b—1)* - 1))2.

Considerations of natural generalization of (1) would lead into a combination of
Partition theory (see [1] for an introduction) and the study of power sums (see e.g.
[7]). This is beyond the scope of this paper. Recently, by introducing translation
parameters, adjoining variable parameters, and forming sequential products, we
created many general Nicomachean-type identities in [6]. The paper [2] provides
sophisticated elliptic extensions of several identities including Equation (2). For
example, a special case of an identity in [2] yields Cigler’s g-analogue of Equation
(2) (See [4]), namely

m+1

§;¢ww4ﬁw1—f1—fzz(l—42))?

1—q 1—g¢ 1—¢q

There is more to say about the interaction of discriminants and identities of Nico-
machean type. See [5]. Finally, in Section 5, we present two interesting examples
of Nicomachean-type identities with four terms.

2. Theorem 1

Balance in significant three-term identities is not pre-ordained. For example, in the
Pythagorean triplet identity

(2m — 1) + (2m(m — 1)) = (m® + (m — 1)>)2,
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the first term grows like 4m? while the others grow like 4m?.

The first part of Theorem 1 below generalizes Nicomachus’ identity for the odd
termination sequence {1,2,--- ,2m+1}. The second part deals with the case of even
termination. The present identities in Equations (7) and (8) below are balanced
in m. The L, R and P — 22 + x> terms all have degree 4 in m. Moreover, the
coefficients of m* in these three cases factor nicely. They are, respectively,

i(m+4)((x+l)2+3), i(m+4)2, and ix(x—l—l)(m—&—él). (6)

This implies that for m very large, each such expression has a root very near to —4.
We explore this further in Remark 3.
We observe that the respective coefficients of 23 are

m(m + 1)\2

2 ) , 0, and 1+<M>2.

e
+ 2

So the squares of the triangular numbers are hidden in the first and third terms,
rather than being explicit as in the middle term R.

Theorem 1. Let m > 2 be an integer. Let

j=1 j=2
Rono(®) = (Tom—1 + (14 Trn1)x)?
Then we have
Lin1,0(2) = Rint1,0(2) = 2P o(2) — a? +a?, (7)
where .
Poo(@) = > (45 + 14 j2) (G + D - 2) + %) ).
=0
Let
=Y (@2 -1)P+w +Z (27 + jz)?,
j=1 j=1
( ) T2m+(1+Tm) ) .
Then

Lye(z) = Rye(x) = Py e () — % + 23, (8)

where Py, ¢(x) is the polynomial obtained by substituting —m — 1 for m in the poly-
nomial expansion of Py, o(x).
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Remark 1. When 2 = 0, Equations (7) and (8) become

2m—+1 2m

-3 2 -3 2
Z J° =15, and Z] =15,
j=1 j=1

respectively, which together are Nicomachus’ identity. For m > 3, the quadratic
polynomials Py, ,(z) and Py, .(x) have positive integer coefficients. For x very large,
the summand of P, ,(x) behaves like j2, and this arises as the product of j with j2,
the pattern we have noted among two of the previously published generalizations.
The leading coefficient of P, ,(x) is T, and so both the left and right sides in

Equation (7) behave like T2 + 1 as  — oo. Since T?,, | =
as x — oo as mentioned in Equation (7) holds for Equation (8).

T2, the same behavior

Remark 2. Equations (7) and (8) involves the expression —z% + 3. This is a very
natural expression in the study of Nicomachean-type identities. Take the sequence
{1,2,3,...,n} and replace one of the integers by a variable z. Then calculate and
simplify the sum of the cubes minus the square of the sum. The constant coefficient
and the coefficient of z will depend upon the value of n, but the remaining part will
always be —x? + 3.

Remark 3. For large m, each of the three terms L, R and 2P —22+22 in Equations
(7) and (8) has a root r near —4. The continued fractions of the negatives of these
roots are of interest. For the odd termination case, one expects the second partial
quotients to be large, but one soon finds yet another large partial quotient. We
shall examine them for a sequence of m-values tending to infinity that are chosen
for convenience, namely m = 1022"*D n =1,2,3,.... For large n, we conjecture
the following: for the Ly, , term, the R,,11,, term, the 2P, , — 22+ 23 term, the
negatives of the roots have continued fraction representations

15-1027)2 — 23
475 10M 3, 4 1, (151077 — 23 }
[ b 737 b b 101 b b

14n+2
[4;50.104"+2, { 0 J—l}

7
6 - 104+2 4 100-‘ }

4:75-10%", 3
|: b b 7’7 35

respectively. Here the formula for the R,, 11, term gives the largest value. In the

formulas for Ly,41, and 2P, , — 22 + 23, the value for Lint1,0 is larger. We also

observe that in each case, the ratio of the second partial quotient to the next large

partial quotient is very close to 101/3, 7/2, and 35/8 when n is large, respectively.
There are similar phenomena for the even termination case.

Remark 4. If we remove the summand 2% in the definitions of L, »(x) and Ly, ¢(z),
we may also remove the term 2 from Equations (7) and (8). However, in view of
the interesting observations in Remark 2 and Remark 3, we retain the 3 term.
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3. Proof of Theorem 1

The results in Theorem 1 can be given a purely mechanical proof using the (many
centuries old) formulas for the sums of the n-th powers of consecutive integers,
1 < n < 3. However, there is a nice way of presenting such a proof when it is
“half-way” done. We now give the proof of Theorem 1.

Proof of Theorem 1 Compute Ly,41,0, 41,00 £Pm,o as polynomials in m and .
Then create the 4 x 3 matrix M whose columns are the coefficients of those three
viewed as polynomials in . Then M is

T3 (1 +m)*(1 + 2m)? 0

1272 (1+m)(1+2m)2+m+m?) (1+m)2+m)(—=1—2m+m?)
6772 1(2+m+m?)? im(1 4+ m)(—4 + 5m + 5m?)

1+ T2 0 T2

9)
Now the product of the matrix M and the transpose of [1,—1,—1] is simply the
transpose of [0,0,—1,1], and this corresponds to —z? + 23, thus completing the
proof of the first part of the theorem. One can find a corresponding matrix for the
second part of the theorem. In fact, for

J=—-2m+1)® and K = (2m + 1)(2 +m +m?),

if the matrix

J J 0
0 -K K
0 0 0 (10)
0 0 0

multiplies the transpose of [1, —1, —1], we clearly get the zero vector. Now calcula-
tions show that if we add the matrix (10) to the matrix M that arises in the proof
of the first part, we get the matrix that arises in the proof of the second part. [

By examining both matrices, we are led to a “double a = b + ¢ equation” of
interest, namely
1272 = (1 +m)(1 +2m)(2 +m +m?) + (1 +m)(2 +m)(—1 — 2m + m?)
=m(1+2m)(2+m+m?) + (=1 +m)m(2 + 4m +m?),

where a, b and c are all very composite. This may be of some interest in the study
of polynomial analogues of “abc” type problems.

Remark 5. In (9), we note that if the j-th row (1 < j < 4) of the 4 x 3 matrix
is removed, we have in each case a 3 X 3 matrix. The determinants of these four
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matrices are notably composite. They are

1
1(1 +m)(24+m +m?) (4 + 8m +m? +19m> 4+ 29m* + 11m?),

1

5m(1 +m)3(1 4+ 2m)?(—2 + 3m + 3m?),

(1+m)*(2+m)(1+2m)* (=1 — 2m +m?),

— (1 4+m)*2+m)(1+2m)*(—1—2m +m?).
Note that the last two are negatives of each other. One could also interchange the
roles of z and m and finish the proof by multiplying a 3 x 5 matrix on the left by
[1,—1,—1]. This proof also provides the representation

2?42 =1 +2)1—2+2%) - (1+2)* - (-22).

Also, if the 3rd and 4th columns are removed, the resulting 3 x 3 matrix has the
rather composite determinant

1
1gr:3(—1 +2)(4 + 2)(34 + 242 + 922 + 27).

4. The “+/11 Identity” as a Limiting Case

A type (1) formula, namely

m

S (1 +bj+e?)(-1—cj—bj?) =T2 (11)

j=1

1
2m + 3

with b = (—1 + \/11)/2 and ¢ = (—1 — \/11)/2, gives a new way of looking at
squares of triangular numbers. This is almost the classical Nicomachus’ identity.
The continued fraction of (—1 + v/11)/2 is

[1;6,3],
and a convergent of this is
ay = [1;6,3,6,3,...,6,3]. (12)
2k—2 numbers
Then ) 15+ Tay
Qg1 =1+ 61 3+(o¢1k71) = 3160, (13)

The positive integers uy below in Equation (14) will be of special interest in
connection with ax. Set A = (2-3-5)2 = 900. We note that the discriminant
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of 1 — 398z + 22 is A - 2% .11 and every term in the power series expansion of
Proposition 1 is congruent to 1 modulo A. Also, the discriminant of 14 502z + 2,
namely A -23-5-7, has only small prime factors.

Proposition 1. Let u;, be the coefficient of %~ in the power series expansion of

1+ 502z + 22 9 3
=1+ 901z + 35910122 + 14292180123 + - - - .
(—o)(1—3%8c+a2) T F vt vt
Then )
w, = 72 (5(10 = 3VID)* ™ 4 5(10 + 3VIT) ™ - 56) (14)
and
Upy1 = 252 4 199uy, + 301/(3 + 2up ) (23 + 22uy). (15)

Proof. Using Equation (14) and computer algebra, we find that

= 1
k—1 __
; YR T 44(23 — 39922 + 399z — 1)
x (44unet? — 4(25(10 - 3VIT)™ + 25(10 + 3VIT)™" - 5572)a" !
F dduy 2" — 4da? — 22088z — 44).

For x € (—xg,x0) for sufficiently small xg > 0, the first three terms of the second
factor in the above tends to 0 as n — co. So if © € (—xg, o),

.= o1 — 4422 — 22088z — 44 1+ 502z + a2
lim Zukx = . = _ -
n=o0 44(23 — 39922 + 399z — 1) (1 —z)(1 — 398z + 22)

The recurrence relation in Equation (15) follows from Equation (14). O

The number «y, in (12) can be represented by uy then.

Proposition 2. For k > 1, we have

1 10
= (14 /11— )
h 2( RV i (16)

1 10
= (14 j11— )
B 2( + 3+ 2up

Then by computer algebra, Equation (15) implies that

15476k
13+68;

Since 81 = 1, we have 8, = oy, for all k > 1. O

Proof. Let

Br+1 —
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Theorem 2. For k > 1, let «y, be the numbers in (12). For

(a,b,c) = (1, ag, —(1+ ozk)) and (d,e, f) = (—a, —c, —b), (17)
we have
2 (arbite)drei+i7) = s (g + B+ 20T ) (19

Proof. Straightforward computations using Equation (16) and (17) yield
(a+0j +cj*)(d+ej + [57)
= ad + (bd + ae)j + (cd + be + af)j> + (ce + bf)j* + cf5*
= —1+j+ 1 4ar+ar)i® — (14 2a, +2a3)5 + ar(l + ax)j*

8 + Tug .o B 134+ 12uy, 3 5(1—|—uk) 4
342w’ 3+2u ) 3+2u
Using the above, power sum formulas and simplifying them, we obtain

— 4]+

m

D (a+bj+ci®)(d+ej+ f5%)

Jj=1
(=14+m)m 4 —23m 4+ 3m? + 12m> + 6m(—3 + m + 2m?)uy
2 ' 6(3 + 2ux)
14+m)(2 —3m?) + 3(=1 +m)m(3 4 2m)(3 + 2us)
6(3 + 2uk)

= Tmfl . 2(

_ (1—|—m)(2—3m2)
= m_l(—3(3+2w€) +(3+2m)Tm_1).
O]

Remark 6. Equation (11) is simply the & — oo limiting case of Equation (18)
since up — oo as k — oo.

Remark 7. Congruences such as the above for modulus 900, mentioned just before
the statement of Proposition 1, can be “artificially” produced. Say a “congruent to
1 mod m” congruence is desired with m “somewhat large”. Set
mz
Jm2) = TS a = 8 1 27y
where 123 has been chosen simply because the discriminant of 1 — 123z + 22, namely
53 . 112, has only “small” prime factors. Next, note that the discriminant of 1 4
130z + 22, namely 22 - 3 - 11, also has only “small” prime factors. Now,
1 1+ (m—123)z + 22
f(m,z) + = 3

1—2 (1—2)(1—-123z + 22?)
and m — 123 = 130 when m = 253. Thus all power series coefficients of the above
rational expression for this m, which now has 1 4+ 130z 4+ x2 in the numerator,
are congruent to 1 mod 253. However, in the present work the congruence came

unbidden with no such construction employed.
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5. Nicomachean-type Identies with Four Terms

In the final section, we provide two interesting Nicomachean-type identies with four
terms.
Given a positive integer m, we consider a linear combination

L=(3-41)Ps—(9-23)P; + (3-5-11)Py — (3-11) P13,

where

Next, let

R=Y" (Z 12j+k))

7=0

where the * indicates summation over all odd k£ with 1 < k£ < 11. Then
L = (4R)% (19)

In fact, the above number is 20736(m + 1)*.
The following identity, unlike Equation (19), does have T2 . Let

Fy=(29-1)(2¢ —3)(2¢ = 5)(2¢ — 7).

Then 6g—2 _ 6g—6 _ 6g—10 6q— 14
B2 L= g 272 3. 2 (i
F, 2q—1 2q—3 2q—5 2q -7
Now let .
Qr =) (24j +2¢— k).
§=0
Then -
3.2
TTQL_ Qr 5. @ 4 Q@ G (20)
I, 2q -7 29— 5 2¢g—3 2q-—1

This is a Nicomachean-type identity that has the “style” of an expansion into partial
fractions. Rewrite Equation (20) as

(2¢ —1)(2¢g — 3)(2¢ — 5) (29 —1)(2¢ —3)(2¢ = 7)

T? = 3.
" 3-27.¢3 @ 3.27. ¢3 Qe
(2 —1)(2¢ —5)(2¢ —7) (29 —3)(2¢ —5)(2¢ —7)
+3- 3.27. 43 Qs — 3.27. 43 Q1.
For example, letting ¢ — 1, we have
T271mQ' 35m2' 33'5m2 1) m2 1)
m*§Z(J*5)*§Z(]*3)+7 (27 —-1) Z]+

§j=0 j=0 j=0 Jj=0
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