
#A99 INTEGERS 26 (2026)

BONSE’S INEQUALITY ALONG SUBSEQUENCES OF PRIMES

Diego Marques1
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Abstract

Bonse’s inequality states that the product of the first n primes exceeds the square
of the next prime for all n ≥ 4. In this note, we extend this question to general
increasing sequences a = (an)n≥1 of indices, determining growth conditions under
which the corresponding subsequence of primes satisfies pa1

pa2
· · · pan

> p2an+1
for

all sufficiently large n.

1. Introduction

Let (pn)n≥1 be the sequence of prime numbers. In 1907, Bonse [1] proved the

striking inequality

p1p2 · · · pn > p2n+1 (n ≥ 4). (1)

More generally, one may ask when the primorial

Pn := p1p2 · · · pn

dominates powers of the next prime. Bonse proved, in particular, the cases corre-

sponding to the exponents 2 and 3. Later, Rademacher and Toeplitz [6, Chap. 28]

discussed related extensions, and Suzuki [2] proved that, for every integer k ≥ 2,

there exists nk such that

Pn > pkn+1 (n ≥ nk).

Bonse’s inequality is simple to state, but it has generated a substantial literature.

Classical estimates for primorials and Chebyshev functions go back to Rosser [4],

Rosser and Schoenfeld [9], and Hanson [8]. Other proofs, refinements, and variants

of Bonse-type inequalities have also appeared in several directions; see, for example,

[3, 5, 7, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20, 23]. Some of these works sharpen
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classical bounds, replace the lower term by other functions of primes, or transport

Bonse-type ideas to related settings.

Recent developments include inequalities for inert primes and applications [18],

a generalization of Bonse’s inequality [21], and a generalization of Schatunowsky’s

theorem [22]. These works show that Bonse-type inequalities remain a useful and

flexible tool in problems involving prime numbers and related arithmetic structures.

The purpose of the present note is complementary to these directions. Instead

of considering the complete sequence of primes, we study Bonse’s inequality along

arbitrary subsequences of primes. Let

a = (an)n≥1

be a strictly increasing sequence of positive integers. We are interested in the

asymptotic validity of

pa1
pa2

· · · pan
> p2an+1

. (2)

We say that a is a Bonse sequence if (2) holds for all sufficiently large n.

The classical inequality (1) says precisely that an = n is a Bonse sequence. The

main question is therefore to determine which increasing sequences of indices retain

this Bonse-type behavior.

The answer is governed by the growth of

An :=

n∏
k=1

ak

relative to a2n+1. This is natural in view of the prime number theorem, which gives

pn ∼ n log n. Our first result confirms this heuristic by showing that a Bonse-type

inequality for the sequence of indices implies the corresponding inequality for the

associated subsequence of primes.

Theorem 1. Let a = (an)n≥1 be a strictly increasing sequence of positive integers.

If

lim inf
n→∞

logAn

log an+1
> 2, (3)

then a is a Bonse sequence.

The condition (3) holds in many natural situations. For example, it is satisfied

whenever a = (an) grows at most exponentially. Indeed, if an ≤ λn for some λ > 1

and all sufficiently large n, then

log an+1 = O(n),

whereas, since a is strictly increasing, ak ≥ k and therefore

logAn ≥
n∑

k=1

log k = log(n!).
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Thus logAn/ log an+1 → ∞.

On the other hand, there are sequences for which the Bonse-type inequality fails.

Our second result gives a simple criterion in this direction.

Theorem 2. Let a = (an)n≥1 be a strictly increasing sequence of positive integers.

If

lim
n→∞

n log log an
log an+1

= 0 (4)

and

lim inf
n→∞

logAn

log an+1
< 2, (5)

then a is not a Bonse sequence.

The regularity condition (4) ensures that the cumulative contribution of the

secondary terms log log ak is negligible relative to log an+1. In particular, it prevents

these secondary terms from dominating the main comparison between logAn and

2 log an+1.

As an illustration, consider the double-exponential sequence

an = 22
n

(n ≥ 1).

Then
logAn

log an+1
→ 1,

and condition (4) is easily checked. Hence this sequence is not a Bonse sequence.

We employ standard asymptotic notation. For functions f and g, we write f(n) =

O(g(n)) if |f(n)| ≤ C|g(n)| for some constant C > 0 and all sufficiently large n. We

write f(n) = o(g(n)) if

lim
n→∞

f(n)

g(n)
= 0,

and f(n) ∼ g(n) if

lim
n→∞

f(n)

g(n)
= 1.

All implied constants may depend on fixed parameters unless otherwise stated.

2. Proof of Theorem 1

We now present a proof of Theorem 1.

Proof of Theorem 1. To establish that a is a Bonse sequence, it suffices to prove

that
n∑

k=1

log pak
> 2 log pan+1
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for all sufficiently large n.

By (3), there exists ε > 0 such that, for all sufficiently large n,

logAn > (2 + ε) log an+1. (6)

The prime number theorem implies pm ∼ m logm, and hence

log pm = logm+ log logm+O(1).

Taking m = an+1, we obtain

log pan+1
= log an+1 + log log an+1 +O(1).

Since an → ∞, we have

log log an+1 ≤ ε

4
log an+1

for all sufficiently large n. Therefore,

2 log pan+1 ≤
(
2 +

ε

2

)
log an+1 +O(1).

On the other hand, using pm ≥ m and (6), we get

n∑
k=1

log pak
≥

n∑
k=1

log ak

= logAn

> (2 + ε) log an+1.

For all sufficiently large n, this last quantity is greater than 2 log pan+1
. Hence

pa1
pa2

· · · pan
> p2an+1

for all large n, as required.

3. Proof of Theorem 2

We now present a proof of Theorem 2.

Proof of Theorem 2. By (5), there exist ε > 0 and an infinite set N ⊆ N such that

logAn ≤ (2− ε) log an+1 (7)

for all n ∈ N .



INTEGERS: 26 (2026) 5

We shall show that (2) fails for all sufficiently large n ∈ N . As before, the prime

number theorem gives

log pm = logm+ log logm+O(1).

Thus,
n∑

k=1

log pak
=

n∑
k=1

(log ak + log log ak +O(1)) .

Since a is increasing, we have

n∑
k=1

log log ak ≤ n log log an = o(log an+1)

by (4). Also, (4) implies n = o(log an+1), and therefore the total contribution of

the O(1) terms is o(log an+1).

Combining this with (7), we obtain, for n ∈ N ,

n∑
k=1

log pak
≤ (2− ε) log an+1 + o(log an+1).

Hence, for all sufficiently large n ∈ N ,

n∑
k=1

log pak
≤

(
2− ε

2

)
log an+1. (8)

On the other hand,

2 log pan+1 = 2 log an+1 + o(log an+1),

so, for all sufficiently large n,

2 log pan+1
≥

(
2− ε

3

)
log an+1. (9)

The inequalities (8) and (9) show that

n∑
k=1

log pak
≤ 2 log pan+1

for infinitely many n. Therefore (2) cannot hold for all sufficiently large n, and a is

not a Bonse sequence.
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