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Abstract
We introduce two types of generalized Apostol-Bernoulli functions attached to
Dirichlet characters and express them by generalized Apostol-Bernoulli numbers.
As a corollary, we obtain formulas expressing two families of character sums by gen-
eralized Apostol-Bernoulli numbers. These sums are twisted generalizations of sums
introduced and studied by Arakawa, Berndt, Ibukiyama, Kaneko, Kim, Ramanujan,
and Zaharescu in the context of modular forms and theta function identities.

— Dedicated to Melvyn Nathanson and Carl Pomerance
on the occasion of their 80th birthdays

1. Introduction

Let x be a Dirichlet character modulo m. We put ( = exp(27i/m). For integers
r, s with s prime to m, we define the Gaussian sum

T(r/sx)= Y. x(I

j (mod m)

Lis regarded as an element of Z/mZ such that ss~! = 1 (mod m), and j

runs over a complete residue system modulo m. We will write 7(x) for 7(1, x). We
also extend the definition of x by multiplicativity by defining x(r/s) = x(rs™1).

where s~

Let A be a nonzero complex number. For z € Q with denominator prime to
m, we define two types of generalized Apostol-Bernoulli functions < » ,(z) and
B a () by the generating functions

m—1 oo

T(j 4z, x)tA eIt
Z Amemt _ 1 _ZMkAX kl’
m—1 x(j + z)tN elUt)t >0 tk
= Amemt —1 Z kA X kl
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Note that if x is primitive, then 7%, x y(z) = 7(X) Bk rx(x), and if x is trivial (i.e.,

m = 1) which we will denote by x = 1, then o, » , (z) and %y » ,(x) both reduce
to the Apostol-Bernoulli polynomials By x(z) defined by

oo i
1 :];)Bkﬂ\(w)g. (1)

That is, @ x1(x) = Brr1(x) = B a(x). These definitions lead to the formulas

m—1 .
_ ; +z .
iy () = mF Z N By am (]m > 7(j + 2, Xx),

m—1

SR
Brax () =m ! Z N By am <m) x( + ),

or equivalently, for any natural number s prime to m and any integer r, we have

m—1
sj+r .
ﬂ{k,A,x(T/s) = ( bt Z A]Bk A ( sm ) T(SJ + r, X)7

7=0

m—1 .
B (r/9) =X S W (50 (o 1),

=0

Remark. Corresponding to A = 1, the generalized Bernoulli functions %y 1, ()
were introduced by Snyder [30] in connection with p-adic Dedekind sums, and the
generalized Bernoulli functions <%, 1, (x) were introduced by the present author in
[22]. The generalized Bernoulli functions o7, x (z) and %y (x) for A # 1 are
new.

Corresponding to the generalized Bernoulli functions 7 » () and By x (),
we have the quasi-periodic generalized Bernoulli functions Ek, ax () and @k, ax (@)
defined by

T (@) =2ty (z - [2]),
By (@) =Ny 5 (x — [2]),

where [x] denotes the greatest integer not exceeding z. These functions are easier
to work with due to their quasi-periodicity. For example, from (2), we can write

— . i |+ .
k(@) =mF! Z N B ym (]m> T(J + 2, ),

j (modm)

Brax(2) Z N B am (mx) x( + ),

j (modm)

3)

where By, am (x) = A\"EBy ym (2 — [2]).
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Remark. The Apostol-Bernoulli functions By, x(z) were introduced by Luo [28]
and further studied by He [14] and Bayad [4]. The generalized Apostol-Bernoulli
functions &7, » , (z) and B, » () for x # 1 are new.

We define the generalized Apostol-Bernoulli numbers 7 », and % by
i ax = i xx(0) and B a = B (0), which together with (3) yields

Gax =m" Z N B am <m) (4, %)

(mod m)

Brry =mF! Z N By, ym (m) x(7)-

j (mod m)

(4)

The main interest of these numbers is that they give the special values at nonpositive
integers of some very important Dirichlet L-series. For example, the special values
of the Dirichlet L-series

(s, A\, x) = Z
(s, A, %) Z x(n) (A< 1 or |[A|=1, R(s) > 1),
at nonpositive integers are
1 A,
Bl -na) =5 (-2 5)),
1 B
L(1=nAX) = 1 <—n“< - §2> (n eN),

where

5 @d(m) if n =1 and y is principal,
' 0 otherwise,

1 if n =1 and y is trivial,
0o = ]
0 otherwise.

Observe that the special cases % (s, A\, 1), £(s,1,x), L (s, 1, 1) are the well-known
polylogarithm, Dirichlet L-function, and Riemann zeta function, respectively.

For any natural number [ and any integer v with w | I, denote by [, the u-
primary part of [, that is, the maximum integer which divides [ and is prime to
u. For any natural number n, we denote by Y(n) the set of primitive Dirichlet
characters modulo n. Let p and ¢ denote the Mobius and Euler phi functions,
respectively.
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In this paper, we generalize a theorem of Ibukiyama [15, Theorem 2] expressing
the generalized Apostol-Bernoulli functions @, x () and By, » , (z) by generalized
Apostol-Bernoulli numbers @, » , and B x , respectively.

Theorem 1. Let x be a Dirichlet character modulo m. Let | be a natural number
prime to m and c be any integer prime to l. We have

() A (%) - lk 1)\c Z Z 2™ mIx(w) Zﬂ(n)nkﬂ@(n)ﬁfk,m,éx,

ull s€Y (u) nlk

= c _

(i) By (f) l’f 1)\02 > 6™ D pn)nF 16X (n) B an oy
ull €Y (u) n|ly,

Remark. The assertions (i) and (ii) of Theorem 1 in the special case of A = 1 were
previously established in [24, Theorem 3] and [19, Theorem 3.1] to evaluate certain
families of character sums which are much simpler than the ones presented in this
paper.

Let ¥ be the primitive Dirichlet character modulo f which induces x. We put

m
H D, R—E.

plm

i f

p prime

As an application of Theorem 1, we express the generalized Apostol-Bernoulli
numbers @7, x, and %y x by generalized Apostol-Bernoulli numbers 27 » , and
By 1, respectively, where we note that @7, » » = 7(1) %, 7

Theorem 2. Let x,v, m, f,q, R be as above. We have

k
() Sorn = <T}L> Z%MMWW,

dlg

(ZZ ,@k)\x—zu %k/\d

dlg

In view of Theorems 1 and 2, we can express the generalized Apostol-Bernoulli
functions & x ,(7) and %y () by generalized Apostol-Bernoulli numbers at-
tached to primitive Dirichlet characters. See Corollary 7 for such a formulation.

Let a, b be nonnegative integers and « be any integer. As a corollary to Theorem
1, we obtain formulas expressing the character sums

-1

3

x(J)

Ma,b(h,)uX) ()\hchj _ 1) (AT — 1)b,

1

Can(h,a,x) = ;cot“( )cotb< (i+z>)x(j)

‘m
=
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by generalized Apostol-Bernoulli numbers %y » . This generalizes our earlier work
in [21] where we expressed M, (h,1,x) and cq5(h,0,x) by generalized Bernoulli
numbers By, := PBi1,. We note that the sums M 1 (h, e2mia/h, x) and ¢1 1(h, o, X)
without the character were studied by Berndt—Kim—Zaharescu [9] where the corre-
sponding reciprocity formulas were obtained.

The sum M, (R, A, X) is a natural generalization of sums introduced and studied
by Berndt [7] and Arakawa-Ibukiyama—Kaneko [3] in the context of the theory of
modular forms. For related examples, see [3, 16, 17, 18, 20, 29]. The sum ¢ (h, v, X)
is a variation of trigonometric sums first investigated by Ramanujan in connection
to certain theta function identities. For related examples, see [5, 6, 8, 9, 10, 12].

The layout of this paper is as follows. In Section 2, we prove preliminary re-
sults such as multiplication formulas for the generalized Apostol-Bernoulli func-
tions &k x , (z) and By » , (z). We also establish the relationship between the two
types of generalized Apostol-Bernoulli numbers 7, , and % x given by Theo-
rem 2. In Section 3, we prove the main theorem of this paper (Theorem 1) which
directly expresses @ x () and By x 1 (x) by generalized Apostol-Bernoulli num-
bers o, x and By, along with an alternative formulation in terms of %, ,
and By, » ¢ (Corollary 7). In Section 4, we express the character sums M, ,(h, A, x)
and ¢, p(h, a, X) by generalized Apostol-Bernoulli functions &7, x (), then using
Theorem 1, give examples expressing M, »(h, A, x) and ¢, 4(h, @, x) by generalized
Apostol-Bernoulli numbers.

2. Preliminaries

We keep the notation used previously. In this section, we review the ordinary
Apostol-Bernoulli polynomials By, »(z), derive Raabe-type multiplication formulas
for the generalized Apostol-Bernoulli functions &, » , () and By » ,(z), and ex-
press the generalized Apostol-Bernoulli numbers &7 » ,, and %y » , by generalized
Apostol-Bernoulli numbers attached to primitive Dirichlet characters.

Recall the ordinary Apostol-Bernoulli polynomials B,, x(x) defined by (1). When
A =1, By, x(x) reduce to the classical Bernoulli polynomials By, (z), and when A # 1,
we have

1 22(A —1) — 2\

Boa(x) =0, By a(r) = SR By a(x) = ooE

where the functions B,, () are polynomials in x and rational functions in A. This
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can be seen from the closed form expressions ([27, Remark 2.6])

n k—1
Z()Z DINA=1)T71S(k—1,/)a" % ifXN#£1,
k=1

7=0
n k
Z Z ( > z+5)" ifA=1,
k= ]:
where S(n, k) are Stirling numbers of the second kind defined by
1 o [k
S(n.k) = 1 3 ()75
k! g j

For additional properties of Apostol-Bernoulli polynomials By, (), we refer the
interested reader to [1, 11].

Boa(z) =

We state the Raabe-type multiplication formulas for ordinary Apostol-Bernoulli
functions (see [25, Equation (2.3)]):

Bra(nz) =n V(Zd )>\ B (96 + n) (n €N). (5)
j (modn

When A\ = 1, we get Raabe’s multiplication formula for ordinary Bernoulli functions.
As a natural generalization of Equation (5), we have the Raabe-type multiplica-
tion formulas for generalized Apostol-Bernoulli functions &7 » , (x) and Sy » ().

Proposition 3. Let x,m be as above. Let n € N with (n,m) =1 and x € Q with
denominator relatively prime to m. Then, we have

() T (nz) =n""x(n) Z N e g am x (33 + i) )

j (modn)

(i) Broax(nz)=n"Tx(m) Y NBpany ( >

j (modn)

Proof. We only prove the case for 7, x (), as the case for By » ,(z) can be proved
similarly. By definition, we have

— - = [+ nx
A o\ (nx) =mF? Z A'Bjam ( - ) 7(l + nz, x).

! (mod m)

Replacing | by nl (which is permissible since (n,m) = 1) and applying the multi-
plication formula (5), we get

e = n* 7 (n)m* ! N e
k’)‘vX(n'T) =n X(n)m Z Z )\ Bk,)\""“ T(l+1’7 X)

m
I (modm) j (modn)
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Since 7(I + z,x) = 7(l + = + mj/n, x), we have

_ L o mi
ik ax(na) =t X (n) Z A™ el o xm x (37 + n) -

j (modn)

Thus the assertion of the lemma follows by replacing j by m™'j, where mm™!

1 (mod n).

o

Remark. When x is trivial, both assertions of Proposition 3 reduce to (5).

We now express the generalized Apostol-Bernoulli numbers 7 »  and % x , by
generalized Apostol-Bernoulli numbers 7, » 4 and % x4, respectively. We note
that @7, x4 = T(’(/J)%k)\@.

Theorem 2. Let x,¥,m, f,q, R be as above. We have

k
(Z) Mk,)\,x - (m) Z Mdk7)\RQ/d,wa

f dlq d
(i4) Brrx = Zﬂ(d)lb(d)dk_l%k,,\d,w
dlq

Proof. We first prove the assertion (i). Let the multiplicative function g be defined

by g(n) = u((n,q))ed((n,q))(n). By [26, Theorem B], we have
{T(a,x)zo if R},
T(Rn,x) = Ru(@)v(q)T(¥)g(n)  forn=1,2,....
From (4) and applying (6), we get

. — Rj )
Ayay=m"1 YT MIB (ﬂj) T(Rj, X)

J (mod fq)

(6)

=m" 7 Ru(@(@r() Y Au((5,0)¢((j, a))Bran (é) b ().

Jj (mod fq)

Writing j = gu + v and summing over p (mod f) and v (mod q), together with (3),
we deduce that

m

k—1 L v
oy = (f) Ryu(q)r () V%q) A (1,980, 0) P yors (q)

() R0 Y A0 (%)

d|q v (mod q) q
(v,q)=d

:(T}l)kjm(q)ﬂwZu(d)ad) > (ARd)g‘@k’Am/fﬂqfol)'

dlq € (mod q/d)
(€.q/d)=1
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Applying the assertion (ii) of Theorem 1 to evaluate the innermost sum, noting that
Zq/d "5(c™") = 0 for any § € Y(u) with u|%, unless § = 1, we obtain

k—1
oy = (j}) Rula)r () 3 i(d)(d)

dlq
il >0 e 5
= FUIT(O) 3 ) ST s
= R u(@)¥(@)r() DY nle) dlg)i(e)e™ By sne
=R )Y nle)p(e)e By \ne 3,

where we used the fact that 3 . ¢(g) = e in the penultimate step. The assertion (i)
then follows from replacing e by g/e and noting that @, xre/e o, = T(V) D), \ra/e -
We next prove the assertion (ii). From (4), we have

Brax=m" Y NBiam (é) ¥(j)

j (mod m)
(4:m)=1
— dr
o k—1 dr bk
mEN ) Y A Bian <m>1/;(dr).
d|q r (modm/d)

Writing r = (m/ fd)p+ v and summing over p (mod f) and v (mod m/ fd), together
with (3) and the multiplication formula Proposition 3, we get

d|q v (modm/ fd)

—ZM %kkd

dlg
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3. Expressing & 1 (z) and By » ,(x) by Generalized Apostol-Bernoulli
Numbers

Fix a Dirichlet character x modulo m. From (3), for any natural number ! prime
to m and any integer ¢, we have

— c _ — lj+c )
Ak ax (Z) = x(m*! Z N B m ( ]lm )T(lj +¢,x),

j (mod m)

= C — _ P lj+c .
c%}k’/\,x (7> = X(l)mk 1 Z A]Bk,)\m <]l7n> X(l] + C).

j (modm)

The aim of this section is to obtain formulas expressing @ x () and By, x 1 (7)
by generalized Bernoulli numbers using only elementary methods from algebra and
number theory.

For any natural number [ and any integer u with « | I, denote by [,, the u-primary
part of [, that is, the maximum integer which divides [ and is prime to u. For any
Dirichlet character §, we denote by f5 the conductor of §. For any natural number n,
we denote by X (n) the set of primitive Dirichlet characters ¢ such that n is divisible
by fs5, and by Y (n) the set of primitive Dirichlet characters with conductor n. Let
1 and ¢ denote the Md6bius and Euler phi functions, respectively.

To prove Theorem 1, we prepare several lemmas which are generalizations of
Lemmas 1-3 in [15].

Lemma 4. For a natural number | prime to m and any 6 € X(I), we get

. _ _ — c
(i) ST/ S N iy (7)T(c,5):ﬂk,m,
¢ (mod )
C

@) xOF Y A By () 00) = Brass:
¢ (modl)
Proof. Since 7(c,8) = 7(lj + ¢,8) and 7(n, x)7(n,8) = X(f5)6(m)7(n,8x) (n € Z),
we have

SIXU/ S Y A (5) 7(e0)

¢ (mod 1)

_ o lj+c .
= (Im)*! Z Z AITEB i (lm) T(lj + ¢, 6x) (7)

¢ (mod1) j (mod m)
n

= (Im)*1 Z N'Bj aim (—) 7(n,dx)-

Im
n (mod im)

Writing n = (fsm)u + v and summing over p (modl/fs) and v (mod fsm), noting
that the Gaussian sum 7(n,dx) is periodic modulo fsm and applying the multipli-
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cation formula (5), the right-hand side of (7) becomes

DL > MB (f(;m/m/) 7(fsmp + v, 0x)

Im
pn(modl/fs) v (mod fsm)

—amt Y [ B (e ) )

v (mod fsm) p(modl/fs)

k—1
1 (fs - v
v (mod fsm) d
= A\ 6x-
Hence, we get the assertion (i). The assertion (ii) can be proved using similar
reasoning, so we omit the proof. O

Following the method of Ibukiyama in [15], we obtain an inversion formula. We
fix a natural number [ which is prime to m and put L = le D, where p runs over
primes. For any n | [, denote by l,, the n-primary part of .

Lemma 5. For any fized number d € (Z/1Z2)*, we get

(Z) Z¢ l n l n)k 1)\”%2{;6 Al x < ) Z X f§ ) ),!ka,\gx,

L seX(l)
Z ¢ nn nn)kil/\ne@k,/\ln",x < ) Z 5 %k X0x:
n|L seX(1)

where e is an integer determined by ne = d mod [,,.

Proof. We prove this lemma by taking the sum over 6 € X(I) of both sides of the
formula in Lemma 4. For any integer ¢ with 0 < ¢ < [—1, there exists a unique n | L
such that n | ¢ and (¢, L/n) = 1. For such ¢, we have ZéeX @ 0(6) =D sexq,) 0(c),
since d(c) = 0 whenever (fs,n) > 1. Denote by A(n) the following set of mtegers

An)={ceZ:0<c<l-1,n]|¢ (¢,L/n) =1}.
Then, applying Lemma 4, noting that 7(c, ) = d(c)7(), we get

Z X(f5)8(d""m)

(W
5ext) ()

XOIT 30 3 A oN T (7) 0

6€X (1) ¢ (modl)

—xXOF Y S S Sd N Ty (%)

n|L c€A(n) §€X (I,)
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Observe that

> 5(d—1c>={¢’(l”)’ i =cmody,

SeX () 0, otherwise.
We denote by C(n) the following set of integers:
Cn)={ceZ:0<c<l-1,n|¢ (¢,L/n)=1, and ¢ =d mod I, }.
Then, from (8), we get
X(f5)8(d""m) k-1 7 ¢
> ( 5) e sy = XD o) Y Ny 1) 0
sex(l) n|L ceC(n)

Let e be an integer such that ne = d mod l,,. Then (e,l,) = 1 since (d,1) = 1
Hence, it follows that

Cn)={n(la+e):a€Z,0<a<l/(lyn)—1}.
By the multiplication formula Proposition 3, we obtain

—(7\7k—1 7 C\ _ k-1 n(lnate) =7 n(lna+e)
O 3 Xy (5) = X0 A ﬂk,kl%( z

ceC(n) a (mod /l,n)
= X)) N T s ().
n
Thus, from (9), we get
X f6 k—1yne 7 e
Z ‘/(Z{k Aox — Z ¢ nn) A ‘Q{kv\’“",x r .

sex(l) n|L

Hence, we get the assertion (i). The assertion (ii) can be proved using similar
reasoning, so we omit the proof. O

Lemma 6. We fix a natural number | prime to m and an integer ¢ prime to l. We
define L and l,, for n |l in the same way as in Lemma 5. Then, we get

0 SORO N Ty () = S pgtnt 1 3o T
n|L deX (ln)
(i1) SN NPy (7) = D ulxmn* ™ 37 (e n) B

n|L s€X (L)
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Proof. For w |v | L and any d € (Z/IZ)*, we put
— ¥ k=1 yow/uz v
ga(u, v, d) = & (/1) X (lo/ (Luw)) (lo/ (Lyw))™ " NG o ziw/ )

where w is determined by (v/u)w = d mod (I/1,). Also, we put

fA(’U,d) _ Z X(f&)’r(((s) )(Q{k Aox-
deX(l/1y)

Next, we apply Lemma 5 for (v,1/l,) instead of (L,1). Noting that (I/1,), = l,/ly
for any n | v, we get

5 0 R 1)) (1)) N (57 )

n|v
X(fs)0(d!

oy xwem

seX(l/ly) (5)

where e is determined by ne = d mod (1,,/l,). For each n | v, we define u by nu = v.
Then 1, /1, =1/l,, and we get

Zg,\(u,v,d) = fa(v,d).

ulv

For any u | v | L, we put Ga(u) = gx(u,L,c) and Fy(u) = (L/v)* ' x(v=1L)
X farse (v, L7 uc). Observe that gx(u, L, ¢) = (L/v)* ' X(v"L)gye/0 (u, v, L~ ve),
where L~!vc is regarded as an element of (Z/1,Z)*. Hence, we get

ZGA L/v) *(vflL)ZgAL/U (u,v, L™ vc)

ulv ulv
= (L/v)k*1 X L) faese (v, L ve)
= F)\(’U).

Applying the Mébius inversion formula for v = L, we get

Thus, we obtain
k1o c _
ORI X Ty pi () = S (= YD XU gy
l n|L SeX (In) )

Hence, we get the assertion (i). The assertion (ii) can be proved using similar
reasoning, so we omit the proof. O
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We are now in position to prove Theorem 1 given in the Introduction.

Theorem 1. Let x be a Dirichlet character modulo m. Let | be a natural number
prime to m and c be any integer prime to l. We have

0 Faa(§) = g £ ¥ B S et o

ul|l €Y (u) n|ly
(i1) By (%) = lk 1)\02 Z §(ch) ZM nF6x (n) B an sx-
ull 6€Y (u) n|ly,

Proof. We define L and l,, for n | I in the same way as in Lemma 5. From Lemma
6, we get

BRI X T, (5= T A Xj’g§§>5(0‘ )

n|L 6€X (1)
X(nu)d(c tmn
“TY 3 M
n|l ull, §€Y (u

Observe that u | I, for n | [ is equivalent to n | I,, for w | I. Thus, we have

(b(l)y(l)lk—l)\cgk’/\l% (7) ZZ Z p(n XT(Z;;)(S(C_lmn)’Q{k,/\"ﬂx

ull nlly, 5€Y(u

_Z Z Z“ (n)d(n) e, Am sy -

ull €Y (u) n|ly,

Hence, we get the assertion (i). The assertion (ii) can be proved using similar
reasoning, so we omit the proof. O

Let ¥ be the primitive Dirichlet character modulo f which induces x, and set

H b, R*E

plm

ptf

p prime

From Theorems 1 and 2, we express the generalized Apostol-Bernoulli functions
A (x) and By o (x) by generalized Apostol-Bernoulli numbers %, »p and
Bz, respectively.

Corollary 7. Let x,v,m, f,q, R be as above. Let | be a natural number prime to
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m and ¢ be any integer prime to . We have

& T m k -
(’L) Ek,)\l,x (7) — (’(/J)( /f) WZ) Z 5(0_1m/f)

k—1)c
QS(Z)Z A ull 5€Y (u)
i w(d)sv(d
> Zu(n)nk 1(5’¢(n) %%k,kﬁ‘"q”,@’
n\lu d|q
P ] c _
(i) Broain (7) l,c 1 DRI
ull €Y (u)
X Zu n*1y(n) Y p(d)sy(d)d" T By sna sy
n|ly d|q

Proof. By Theorem 2, for any ul|l, § € Y (u) and n|l,,, we have

G an 5 = T(0) ( ) Z ud By \rna/d 55

dlq

e%’k,,\n,fsx = Zﬂ(d)&P( B %}k,/\”d,ﬁw-
dlq

Substituting these expressions for @ y» s, and By r» sy, back into Theorem 1, not-
ing that 7(dv) = 6(f)(u)7(6)7(¢h), we get the assertions of the corollary. O

For any primitive Dirichlet character 7, we set

e (3 1 (-5).

plg

p prime (10)
Kinp= [] (0=0""m0).
plg
p prime

When A = 1, by multiplicativity, Corollary 7 reduces to the following special case.

Corollary 8 ([24, Theorem 3|, [19, Theorem 3.1]). Let x,¢,m, f,q,J, K be as
above. Let 1l be a natural number prime to m and c be any integer prime to l. We
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have
(4) Ek,l,x (%) = 1;/: 1) Z m/f Ik 6w'93k15¢
ull 5EY (u)
< [T =p*"50m),

pllu

p prime
(i) Zrrx (%)* k s Z e Ky Braow [T (=P 000).

ull €Y (u pllu

p prime

Remark. The assertions (i) and (ii) of Corollary 8 were previously established in
[24, Theorem 3] and [19, Theorem 3.1] to evaluate certain families of character sums
(see [24, Proposition 14]) which are much simpler than the ones presented in this

paper.

4. The Evaluation of Mg s(h, A, x) and cq(h, o, X)

In this section, we obtain formulas expressing M, ,(h, A, x) and cqp(h, @, x) by
generalized Apostol-Bernoulli numbers attached to primitive Dirichlet characters.
We now fix the notation.

Let x be a Dirichlet character modulo m > 1, and 1 be the primitive Dirichlet
character modulo f which induces x. (Here, we are not interested in the trivial
case of x = 1.) We put { = exp(27mi/m). Let h be a positive integer prime to m,
and A be a nonzero complex number satisfying A" # 1 unless \* = 1. Let a,b be
nonnegative integers with a +b > 1, and « be any integer. Recall the definitions of
Mg p(h, A, x) and cq (R, o, X) given by

—1

3

x(J)
< (AhChi —1)a(A¢T — 1)P7

Cap(h, 0, x) = cot? (wh]> cot? <7r (j + a)) x(J).
— m m h

J

Ma,b(ha )‘a X)

3 .

For positive integers n and k, we denote by [Z] the Stirling numbers of the first
kind. That is, Stirling’s cycle numbers [Z] denote the number of permutations of
n letters (elements of the symmetric group of degree n) that consist of k disjoint
cycles.

For k € N and u € Z, we define the character sum function Py x () by

m—

J)&
Pl Z 1 — )\(Jet
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When A =1 and x is primitive, we proved the following in [21, Lemma 3.2].

o o= I (G T NG

j=1 \r=0

M

(CEZa OSCSk(hil)%

where h~! is regarded as an element of (Z/mZ)*. This, in fact, generalizes to the
following result, whose proof we omit since it can be proved in a similar manner.

Lemma 9. Let x, h, \, k be as above. For any integer ¢ such that 0 < ¢ < k(h—1),

LI 6 )7 )

k k—j

Py en-12x(0) = ,Z(
Jj=1 \r=0

To evaluate the sums M, ,(h, A, x) and cqp(h, o, x), we first express them by

quasi-periodic Apostol-Bernoulli functions .o » 4 ().

ﬁM.

Theorem 10. Let x,m,h, A, a,b be as above. We have

(—1)=+=1x(h) 1)a+b Ix(h) S
M
a7b(h?A7X> +b*1 Zl ; Chbc
a+b—j .
(=" [a+b|(r+7\ e\ e ¢
— Xl iy | —
X( Z::o r+glr+il\ (i) o (3)
where
1 if b=0,
Ch(bye) = § L b\ (b—1+c— hk
—1)k if b > 1.
() (TAI) e
k=0
Proof. Letting C},(b, ¢) be defined as in the theorem, we have
b(h—1)
(LA -+ (A" = Y Calb,e) (AT
c=0

Since A"™ 2 1 unless A" = 1, we have A™ # 1 unless A = 1 as (h,m) = 1. This
implies that A7 # 1 for j = 1,2,...,m — 1, and we have
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Hence,
- x(7)
My y(hy A, x) = . :
,b( X) J; ()\h(:h] _ 1>a()\<] _ 1)1)
he1,y ~ive)\?
=t x(a) ($h2 ()
= ()\hchj — 1)a+b
b(h—1) m—1
C”J
= 2 Galbox 3
(NhChi — 1)atb h — 1)atb
c=0 j=1 )\ C ! "
b(h—1)
=(- 1)a+b Z Ch (b, )X Pyip cn—1,an,x(0).
c=0
The assertion of the theorem then follows by Lemma 9. O

Theorem 11. Let x,m,h,a,b,«a be as above. Put § = exp(2mi/h). We have

can(h,a,x) za“’ZZwk( )( ) M; i (hy €%, ).

=0 k=0

Proof. Since

cot <7riz> :i<<hj21+1),
Jj o« iy 2
o (-(5e5) =~ (ea=i):

we have, by the binomial formula,

sl 0,) —wbzzwﬂv( () Mot
7=0 k=0
O
As a corollary, we obtain a formula for cotangent power sums considered by

Apostol [2], Berndt [7], Girstmair [12, 13], and the present author [23].

Corollary 12 (][22, Corollary 4.4]). Let x,m be as above, and n be any positive
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integer. We have

0 otherwise.

1 (2P (O i"¢(m) if x is principal,
="y - Z(J)![k] %Lw{ )

Proof. Noting that the sum on the left-hand side of the equation is ¢, 0(1,0; x), we
get, by Theorem 11,

Sjcot" (Zf) X() —i”i:o?j (?)Mj,0(1,1,x). (1)

Since S
e S 1)
and for j > 1, Theorem 10 yields
-1 J ]
M;o(1,1;x G _1 rr—— z;%gfmx, (13)
the corollary follows upon plugging (12), (13) back into (11). O

Since the sums M, (h, A, x) and ¢, (b, a, x) can be expressed by generalized
Apostol-Bernoulli functions Ek, A,x (¢) which are expressible by generalized Apostol-
Bernoulli numbers by virtue of Theorem 1, so are the sums M, (h, A, x) and
Cab(h, @, x). We now give examples expressing M, ,(h, A, x) and ¢, ,(h, @, x) by
generalized Apostol-Bernoulli numbers.

From the multiplication formula Proposition 3, we note the following useful fact:

_ h
Z )\Cdk))‘hvx(c/h) = ;f]gfzﬂk’k’x. (14)

¢ (mod h)

Proposition 13. Let m > 1 be a natural number prime to 4 and x be a Dirichlet
character modulo m. We denote by § the unique primitive Dirichlet character mod-
ulo 4. Let \ be a nonzero complex number such that \*™ # 1 unless A* = 1. Put
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& = exp(2mi/4). Let a be an arbitrary integer. We have

1 X (4
*iﬁfl,)\,x (2 )dl A x

(ZZ) M2,1(47>\3X) = Z ()\4(47 _ﬁ() )()\CJ — 1)

=1

_ Am)xXA) _ -
4r(5) AT RN

m—1

<.

5x(4) 5(m)x(4)

o
47(5) BAOX

13 ()
= 372%,)\,)( - g%,)\z,x + JZ{1 At x +

1 5?"1) (4)
AN T T RN T Taar(5)
(iii) ¢11(4, 0, x) = Zl cot (?) cot (7r (7‘; + Z)) x(J)

Jj=1

%Aéx-l- 4273,\”

0 otherwise,

5(m)x(4) 1 {(Z)(m) if  is principal,

(iv) car(d,0,x) = nfcotz <477;7> cot (7r <Tfl -t > )

j=1
) X m)x (4
- (MM X2 o st X1+ SO

47(9)
1 i¢(m) if x is principal,
+ 5B | - .
12 0 otherwise.

Proof. By Theorem 10 together with the help of (14), we get

3

Mya(4,2,%) = =y = ghax + = 2_; Al 1 31 (¢/4),
3 1
Mo (4,0, x) = Py + 162 x T g5 Pax
3 -3¢ 2 (15)
BO)Y (24 5) ¥ Trnaatern
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By Theorem 1, we have

— 4
'Q{k,)\‘l,x(]-/zl) = 2{%1)\ (Wk X T 2k 5% ( )Mk A2,y

o _ 2 1
A anx(2/4) = a1 (1/2) = @) (2 — 2°7IX(2) F 2a )

2k—1)2
_ S(m)x(4)

)

(k € N).

"ka,)\47x(3/4) = % <£7k Ax T Qk Iy ( )*‘Z{k A2y

Thus, for j,k € N, we have

3

X(4) D X g pa 1 (c/4)

c=1
1

:W{(l"‘?’j)dk:,)\,x (1— 27+ 4 37) 25715 (2)  xe

_ 92k+i-ly X(4) T na o + (1 — 3j)(5(72(§3(®%k,x,5x}.

Using this to evaluate the summations on the right-hand side of (15), we obtain the
assertions (i) and (ii).
By Theorem 11, we have

01,1(47 «, X) = (_1){MO,0(47 g(x’ X) + 2M0,1(47 §a7 X) + 2M1,0(47 5&7 X)
+4M1,1(47£Q7X)}3
6271(47 «, X) = _i{MO,0(47 §a7 X) + 2M0,1(47 gav X) + 4M1,0(4’ 504, X)

+8My 1 (4,67, x) + 4M2 (4, €%, x) + 8Ma1(4,£7, X)}

(16)

Observe that My o(4,£%, x) = ¢(m) if x is principal, and 0 otherwise. By Theorem
10 together with the help of (14), we have

)
Mio(4,6%, x) = V(4) @ 1.y,
Mo,1(4,6%,x) = A go xs

1
Map(,%0 = —X(0) (A + 3001 ).

Plugging these values back into (16), the assertions (iii), (iv) follow from (i), (ii). O

We note that Proposition 13 specializes to [24, Proposition 14] when A = 1 and
a = 0 by using Theorem 2.



INTEGERS: 26A (2026) 21

References

[1] T. Apostol, On the Lerch zeta function, Pac. J. Math 1 (2) (1951), 161-167.

[2] T. Apostol, Dirichlet L-functions and character power sums, J. Number Theory 2 (1970),
223-234.

. Arakawa, T. Ibukiyama, an . Kaneko, Bernoulli Numbers and Zeta Functions, Springer,
3] T. Arak T. Ibuki d M. Kaneko, B lli Numb. d Zeta Fi ; Spri
2014.

[4] A. Bayad, Fourier expansions for Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials, Math. Comput. 80 (276) (2011), 2219-2221.

[5] M. Beck, B. C. Berndt, O. Chan, and A. Zaharescu, Determinations of analogues of Gauss
sums and other trigonometric sums, Int. J. Number Theory 3 (2005), 333—-356.

[6] M. Beck and M. Halloran, Finite trigonometric character sums via discrete Fourier analysis,
Int. J. Number Theory 6 (1) (2010), 51-67.

[7] B. C. Berndt, An elementary proof of some character sum identities of Apostol, Glasg. Math.
J. 14 (1) (1973), 50-53.

[8] B. C. Berndt, S. Kim, and A. Zaharescu, Exact evaluations and reciprocity theorems for finite
trigonometric sums, Res. Math. Sci. 10 (4) (2023), Paper No. 40, 70 pp.

[9] B. C. Berndt, S. Kim, and A. Zaharescu, Evaluations and relations for finite trigonometric
sums, Res. Math. Sci. 11 (3) (2024), Paper No. 56, 32 pp.

[10] B. C. Berndt and A. Zaharescu, Finite trigonometric sums and class numbers, Math. Ann.
330 (2003), 551-575.

[11] K. N. Boyadzhiev, Apostol-Bernoulli functions, derivative polynomials and Eulerian polyno-
mials, Adv. Appl. Discrete Math. 1 (2) (2008), 109-122.

[12] K. Girstmair, Cotangent power sums and character coordinates, Integers 25 (2025), #A63.
[13] K. Girstmair, Hecke’s inverse cotangent numbers, preprint, arXiv:2503.01349.

[14] Y. He, Applications of symmetric identities for Apostol-Bernoulli and Apostol-Euler func-
tions, Symmetry 15 (7) (2023), 1384.

[15] T. Ibukiyama, On some elementary character sums, Comment. Math. Univ. St. Pauli 47 (1)
(1998), 7-13.

[16] T. Ibukiyama and H. Saito, On L-functions of ternary zero forms and exponential sums of
Lee and Weintraub, J. Number Theory 48 (2) (1994), 252-257.

[17] B. Isaacson, Character sums of Lee and Weintraub, J. Number Theory 191 (2018), 316-344.

[18] B. Isaacson, Special values of Ibukiyama-Saito L-functions, Kyushu J. Math. 72 (2) (2018),
343-373.

[19] B. Isaacson, On a generalization of a theorem of Ibukiyama, Comment. Math. Univ. St. Pauli
67 (1) (2019), 1-16.

[20] B. Isaacson, The Tsukano conjectures on exponential sums, Osaka J. Math. 57 (3) (2020),
543-561.

[21] B. Isaacson, A twisted generalization of the classical Dedekind sum, Int. J. Number Theory
17 (2) (2021), 513-528.



INTEGERS: 26A (2026) 22

[22] B. Isaacson, Three imprimitive character sums, Integers 21 (2021), #A103.

[23] B. Isaacson, Generalized Bernoulli numbers, cotangent power sums, and higher-order arctan-
gent numbers, Combinatorial and Additive Number Theory V (2022), 253-261.

[24] B. Isaacson, On a generalization of a theorem of Ibukiyama to evaluate three imprimitive
character sums, Integers 24A (2024), #A10.

[25] B. Isaacson, Reciprocity formulae for generalized Dedekind and Hardy—Berndt sums involving
Apostol-Bernoulli functions, Ramanujan J. 67 (1) (2025), Paper No. 19, 32 pp.

[26] H. Joris, On the evaluation of Gaussian sums for non-primitive Dirichlet characters, Enseign.
Math. 23 (2) (1977), 13-18.

[27] Q.-M. Luo, On the Apostol-Bernoulli polynomials, Cent. Eur. J. Math. 2 (4) (2004), 509-515.

[28] Q.-M. Luo, Fourier expansions and integral representations for the Apostol-Bernoulli and
Apostol-Euler polynomials, Math. Comput. 78 (268) (2009), 2193-2208.

[29] R. Lee and S. H. Weintraub, A generalization of a theorem of Hecke to the Siegel space of
degree two, Contemp. Math. 96 (1989), 243-259.

[30] C. Snyder, P-adic interpolation of Dedekind sums, Bull. Austral. Math. Soc. 38 (2) (1988),
293-301.



	Introduction
	Preliminaries
	Expressing A_k,,(x) and B_k,,(x) by Generalized Apostol–Bernoulli Numbers
	The Evaluation of M_a,b(h,,) and c_a,b(h,,)

