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Abstract
Let A be a finite set of integers and A+2- A ={a+2d' :a,a’ € A}. An extended
inverse problem associated with the sumset A+2- A is to determine the underlying
set A when the size of the sumset A+42- A deviates from the minimum possible size.
In this paper, we study some extended inverse problems for A 4+ 2 - A. Further, we
find all the possible arithmetic structures of A for certain cardinalities of A +2- A

and use them to address extended inverse problems in the Baumslag—Solitar group
BS(1,2).

1. Introduction

In an additive abelian group G, the sumset of subsets A and B of G is denoted by
A+ B and is defined by

A+B={a+b:ac A, be B}.

For a positive real number 7, the dilation of A by r, denoted by r - A, is the set
r-A={ra:a¢€ A}. Sumsets of the type r1 - A+ --- 4+ 7 - A commonly appear
in combinatorial number theory. This sumset of dilated sets has drawn recent
attraction in various contexts such as the sum-product problems in finite fields, the
upper and lower bound problems for n-ary linear forms, etc., with notable research
carried out by several authors. For detailed work, one may refer to [2, 3, 4, 5, 8, 10,
11, 12, 13]. In particular, they studied sums involving two dilates of the form

A+r-A={a+rb:a,be A}.

DOI: 10.5281/zenodo.23018214
IThe corresponding author




INTEGERS: 26A (2026) 2

A fundamental problem in additive number theory involves investigating the
structure of the sumset A + r - A when the set A is given. This problem is called
the direct problem. An inverse problem involves the study of the structure of the
set A based on the properties of its sumset A +r - A.

A significant number of direct and inverse problems involving A+ - A have been
studied. For smaller values of r, some of these results were used in the proofs of
sum-product estimates in Z/pZ by Garaev [7] and Katz—Shen [9]. The direct and
inverse problems for the sumset A + 2 - A, where A is a finite set of integers, were
studied by Cilleruelo et al. [4]. Inverse problems of this nature, where the precise
bound is presumed, are the “ordinary inverse problems.” The phrase “extended
inverse problem” is used to describe inverse problems in which a small deviation
from the exact bound is permissible. Since the cardinality of such sumsets of the
set A is dilation and translation invariant of the set A, we assume that min(A4) =0
and the greatest common divisor of the set A, denoted by d(A), is equal to 1.

Freiman et al. [5] proved the following extended inverse theorem for A 4 2 - A.

Theorem 1 ([5]). Let A = {ag,a1,...,ar—1} be a finite set of k (> 1) integers with
ag < ay < ---<ag_1. Then the following statements hold.

i) If1<k<2, then |A+2-A| =3k —2 and A is an arithmetic progression.
(i) ; prog
(ii) If k> 3 and

|[A+2- Al =3k -2+ h < 4k — 4, where h > 0,

then A is a subset of arithmetic progression P = {ag,a0 +d,a0+2d, ... a0+
(I — 1)d} such that

Pl <k+h=|A+2 A —2k+2<2k—3.

(i) If k > 1 and |[A+2- A| = 3k — 2, then A is an arithmetic progression.

This article addresses some extended inverse problems related to A+2- A, where
A is a finite set of integers. We determine the structure of the set A when the
cardinality of A+2- A exceeds its optimal lower bound, 3|A| —2, by a small amount.
More precisely, we find the structure of A in each of the cases |[A+2- A| = 3|A| —1,
|[A+2- Al =3|A|, and |A+ 2- A| = 3|A| + 1. Note that these cases are obtained
by setting h = 1,2, and 3, respectively, in Theorem 1 (ii). Hence, in these cases,
we have kK > 4, k > 5, and k > 6, respectively. Initially, we determine the potential
structure of A for specific cardinalities of A+2-A. Subsequently, we find the precise
structure of A.

The following theorems are the main results related to sums of dilates discussed
in this article.



INTEGERS: 26A (2026) 3

Theorem 2. Let A be a set of four integers such that |A+ 2 - A| = 11. Then
A={0,2,3,4} or {0,1,2,4}.

Theorem 3. There is no set A of k (> 5) integers such that |[A+2- A| = 3k — 1.

Theorem 4. Let A be a set of k (> 5) integers such that |A+ 2 - A| = 3k. Then
A=[0,k+ 1]\ {z,y}, where {z,y} is any one of the sets {0,2}, {0,k}, {1,k + 1},
or{k—1k+1}.

Theorem 5. Let A be a set of six integers such that |A+ 2 - A| = 19. Then
A =100,k+ 2]\ {z,y, 2}, where {x,y,z} is any one of the sets {1,3,5}, {3,5,7},
{1,3,7}, {1,5,7}, {z,7,8}, where x € [2,4], or {0,1, 2}, where z € [4,6] .

Theorem 6. Let A be a set of k (> 7) integers such that |A+ 2 - Al = 3k + 1.
Then A =[0,k+ 2]\ {z,y, 2z}, where {x,y,z} is any one of the sets {0,1, z}, where
z € [4,k], or {x,k+ 1,k + 2}, where x € [2,k — 2].

The second part of this article is based on the connection between the sum of
dilates and the Baumslag—Solitar group. To see this connection one can see the
work of Freiman et al. [5, 6]. For integers m and n, the general Baumslag—Solitar
group, BS(m,n), is a 1-relator group with two generators a and b with the defining
relation a™b = ba”, i.e.,

BS(m,n) :={a,b:a™b=ba").

The earliest known reference on the Baumslag—Solitar group is documented in
[1], though there may be more ancient references. The l-relator groups play a
significant role in geometric and combinatorial group theory by providing many
explicit examples of finitely presented groups and the Baumslag—Solitar groups are
no exception.

Different choices of the pair (m,n) produces radically different properties. For
example, BS(m,n) is solvable if |m| = 1 and for |m| > 1 and |n| > 1, the group
becomes non-solvable. Also, BS(m,n) is residually finite if and only if |m| = |n| or
when one of |m| and |n| equals 1. In all other cases, the group fails to be residually
finite.

In this article, we focus on the Baumslag—Solitar group

BS(1,2) = (a,b: ab = ba?),

which is the simplest Hopfian finitely presented group.

Let S and T" be nonempty finite subsets of BS(1,2) containing k; and ko elements,
respectively. Also, let us assume that S is contained in the coset b"(a) and T is
contained in the coset b”(a) for some natural numbers r and p. Then

S ={b"a",b"a", ..., b"a" 11}
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and
T = {bPa¥ bPa? ... DPa¥%2—1}

where A = {zg,21,...,25,-1} and B = {yo,Y1,...,Yk,—1} are sets of integers.
Clearly, |S| = |A| and |T| = |B|. Since ab = ba?, we get a®b¥ = bYa?'®. The
product set

ST ={(b"a")(Pa¥) : i €{0,1,..., k1 — 1} and j € {0,1,... ko — 1}}.
Now, (b"a® ) (bPa¥i) = b"(a®bP)a¥ = b" (bPa?")a¥s = b"+Pa?"*i+¥i Therefore,
|ST| =|2P - A+ B].

— b2ra27' A+A

In particular, when S = T, we have ST := S? . Moreover, if r = 1,

then
5% = [A+2- Al

Throughout this paper we use the following notation. For integers a and b and
a set A of integers with |A| > 1,

a—A={a—d :d €A} and ba® = {ba® :d € A}.

If a < b, then
[a,b] = {a,a+1,...,b}.

2. Preliminaries and Proofs of Theorem 2—6

We can derive the following theorem simply from Theorem 1 (ii).

Theorem 7. Let k > 3 be an integer and A be a finite set of k integers such that
min(A) =0 and d(A) = 1. Then we have the following statements.

(a) If [A+2- Al =3k — 1, then for k >4, A CI0,k].
(b) If |[A+2- A| =3k, then for k>5, AC[0,k+1].
(c) If|A+2- Al =3k +1, then for k>6, AC[0,k+2].

Proposition 1. Let A =[0,4]\ {z}, where 0 < x < 4. Then we have the following
statements.

(a) Ifx € {1,3}, then |[A+2- A| =11.
(b) If x =2, then |[A+2- A] =13.

(c) If z € {0,4}, then |A+2- Al = 10.
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Proof. (a) If x =1, then A = {0} U [2,4]. We can easily see that
A+2-A=10,12]\ {1,5}.
Hence,
|A+2- Al =11.

If x = 3, then A = [0,4] \ {3} =4 — ({0} U[2,4]), which is the translation of the set
{0} U [2,4]. Therefore, |A+2- A| = 11.

(b) If x = 2, then A = {0,1,3,4}. We can easily see that A+2-A = [0,12]. Hence,
|A+2- Al =13.

(c) If = € {0,4}, then A becomes an arithmetic progression. So, |A + 2 - A| = 10.
This completes the proof. O

Proof of Theorem 2. This follows directly from Theorem 7 (a) and Proposition 1.
O

Proposition 2. Let A be a nonempty finite set of k > 5 integers such that A =
[0, K]\ {«}, where 0 <z < k. Then we have the following statements.

(a) If v € {1,k — 1}, then |A+2- A| = 3k.
(b) If2<ax<k—2, then |A+2- Al =3k+1.
(c) Ifx € {0,k}, then |A+2- A| =3k — 2.
Proof. (a) If z =1, then A = {0} U [2,k]. Clearly,
A+2-A={0}U[2 3k

So,
|A+2- Al = 3k.
If v =k—1, then A=[0,k]\ {k — 1} =k — ({0} U[2,k]), which is the translation
of the set {0} U [2, k]. Therefore, |A+2- A| = 3k.
(b)If2<z<k-—2 then A=[0,2 — 1)U [z + 1,k]. Clearly,

A+2-A=]0,3k].

So, |A+2- Al =3k +1.
(¢) If x € {0, k}, then A becomes an arithmetic progression. So, |[A+2-A| = 3k —2.
This completes the proof of the proposition. O

Proof of Theorem 3. This follows directly from Theorem 7 (a) and Proposition 2.
O

Proposition 3. Let A = [0,6] \ {z,y}, where 1 <z <y < 5. Then we have the
following statements.
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(a) If {z,y} is one of the sets {1,2}, {4,5}, {1,3}, {3,5}, or {1,5}, then
|A+2- Al =16.
(b) If {z,y} = {2,4}, then |[A+2- A| = 17.
(c) If{x,y} is one of the sets {1,4} or {2,5}, then |[A+2- A| = 18.
(d) If {x,y} is one of the sets {2,3} or {3,4}, then |A+2- A| =19.
Proof. (a) (i) Let A =10,6]\ {1,2} = {0} U[3,6]. Then we have
A+2-A=1[0,18)\ {1,2,7}.

Hence,
|A+2- Al =16.

Next, let A = [0,6] \ {4,5} = 6 — ({0} U [3,6]), which is the translation of the set
{0} U [3,6]. Therefore, |A+2- A| = 16.
(ii) Let A =10,6] \ {1,3} = {0,2} U[4,6]. Then we have

A+2-A=10,18]\{1,3,11}.

Hence,
|[A+2- Al =16.

Next, let A =[0,6]\ {3,5} = 6 — ({0,2} U [4,6]), which is the translation of the set
{0,2} U [4,6]. Therefore, |A+2- A| = 16.
(iii) Let A =[0,6]\ {1,5} = {0} U [2,4] U {6}. Then we have

A+2-A=1[0,18]\ {1,13,17}.

Hence,
|A+2- Al =16.

(b) Let A=10,6]\ {2,4} ={0,1,3,5,6}. Then we have
A+2-A=1[0,18]\ {4,14}.

Hence,
|A+2- Al =17.

(c) Let A=10,6]\{1,4} ={0,2,3,5,6}. Then we have
A+2-A=10,18\ {1}.

Hence,
|[A+2- Al =18.



INTEGERS: 26A (2026) 7

Next, let A =1[0,6] \ {2,5} =6 — {0,2,3,5,6}, which is the translation of the set
{0,2,3,5,6}. Therefore, |A+2- Al =18.
(d) Let A=10,6]\{2,3} = {0,1} U [4,6]. Clearly,

A+2-A=10,18].

Hence,
|A+2- Al = 19.

Next, let A = [0,6] \ {3,4} = 6 — ({0,1} U [4,6]), which is the translation of the
set {0,1} U [4,6]. Therefore, |[A 4+ 2 - A] = 19. This completes the proof of the
proposition. O

Remark 1. In line with Proposition 3, we observe the following statements.

(i) If {z,y} is one of the sets {0, 1}, {0, 6}, or {5,6}, then A becomes an arithmetic
progression and hence |A +2- A = 13.

(ii) If {z,y} is {0,y} with 2 <y <5 or {z,6} with 1 < z < 4, then |4+ 2- 4|
may be obtained from Proposition 2.

Proposition 4. Let A be a nonempty finite set of k (> 6) nonnegative integers
such that A =10,k + 1]\ {z,y}, where 1 <z <y < k. Then we have the following
statements.

(a) If{xay} is one Ofthe sets {172}7 {k_lvk}) {173}7 {k_ka}7 {175}7 {k_47k}7
or {1,k}, then |A+2- A =3k +2.

(b) If {z,y} is one of the sets {1,4}, {k — 3,k}, {2,4}, {k =3,k — 1} for k > 7,
{1,y} with6 <y < k-1, or{x,k} with2 <z < k-5, then |A+2-A| = 3k+3.

(¢) If {z,y} is one of the sets

(i) {z,x + 1}, where2 <z <k -2,

(ii) {z,z +2} for k> 7, where 3 <x <k —4,

(ii) {z,z+ 3}, where2 <z <k—4, or

(iv) {z,y} fork>7, wherey—x >4 and 2 <z <k —5,

then |[A+2- Al =3k + 4.
Proof. (a) (i) Let A =10,k + 1]\ {1,2} = {0} U[3,k + 1]. Then we have
A+2-A={0}U[3,3k +3].

Hence,
|[A+2-Al=3k+2.
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Next, let A = [0,k + 1]\ {k — 1,k} = (k+ 1) — ({0} U [3,k + 1]), which is the
translation of the set {0} U [3, k + 1]. Therefore, |A+2- A| = 3k + 2.
(ii) Let A=1[0,k+ 1]\ {1,3} ={0,2} U4,k + 1]. Then we have

A+2-A=1{0,2}U[4,3k +3].
Hence,
|[A+2- Al =3k+2.

Next, let A = [0,k + 1]\ {k — 2,k} = (k+1) — ({0,2} U [4,k + 1]), which is the
translation of the set {0,2} U [4, k + 1]. Therefore, |[A+2- A| =3k + 2.
(iii) Let A = [0,k + 1]\ {1,5} ={0,2,3,4} U [6, k + 1]. Then we have

A+2-A=10,3k+3]\{1,5}.
Hence,
|[A+2-Al=3k+2.

Let A = [0,k + 1]\ {k—4,k} = (k+1) — ({0,2,3,4} U [6,k + 1]), which is the
translation of the set {0,2,3,4} U [6,k + 1]. Therefore, |A+2- A| = 3k + 2.
(iv) Let A= [0,k + 1]\ {1,k} = {0} U [2,k — 1] U {k + 1}. Clearly,

A+2-A=0,3k+3]\ {1,3k +2}.

Hence,
|[A+2-Al=3k+2.
(b) (i) Let A=1[0,k+ 1]\ {1,4} ={0,2,3} U[5,k + 1]. Then we have
A+2-A={0}U]2,3k+3].
Hence,
|[A+2- Al =3k +3.

Next, let = [0,k + 1]\ {k — 3,k} = (k+ 1) — ({0,2,3} U [5,k + 1]), which is the
translation of the set {0,2,3} U [5, k + 1]. Therefore, |A +2- A| = 3k + 3.
(ii) Let A =10,k + 1]\ {2,4} ={0,1,3} U [5,k + 1]. Then we have

A+2-A=[0,3k+3]\ {4}.

Hence,
|[A+2-Al=3k+3.

Next, let A =1[0,k+ 1]\ {k—3,k—1} = (k+1) — ({0,1,3} U[5,k + 1]), which is
the translation of the set {0,1,3} U [5, k + 1]. Therefore, |A +2- A| = 3k + 3.
(iii) Let A = [0,k + 1]\ {1,y}, where y € [6,k — 1]. Then we have

A+2-A=[0,3k+3]\ {1}.
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Hence,
|[A+2-Al=3k+3.

Next, let A = [0,k + 1]\ {=,k}, where z € [2,k —5]. Then A = (k+1) — ({0} U
2,y — 1] U [y + 1,k +1]), where y € [6,k — 1], which is the translation of the set
[0,k + 1]\ {1, y}, where y € [6, k — 1]. Therefore,

|A+2- A =3k +3.

(¢)i) For2<z<k—-2andy=xz+1,let A=[0,k+1]\{z,y} =[0,z - 1]U[x+
2,k + 1]. We can see that

A+2-A=10,3k+3].
Hence,
|[A+2-Al=3k+4.

(i) For3<z<k—4andy=x+2let A=[0,2—1JU{z+1}U[z+3,k+1]. We
can see that
A+2-A=10,3k+3].

Hence,
|[A+2-Al=3k+4.

(iii) For2<ax < k—4andy=x+3,let A=[0,z—1|U{x+1,24+2}U[x+4,k+1].
We can see that
A+2-A=1[0,3k+3].

Hence,
|[A+2- Al =3k +4.

(ivyFory—z>4and2<z<k-5let A=[0,z—1U[z+1,y—1U[y+1,k+1].
We can see that
A+2-A=10,3k+3].

Hence,
|[A+2- Al =3k +4.

This completes the proof of the proposition. O

Remark 2. In line with Proposition 4, we observe the following statements.

(i) If {z,y} is one of the sets {0,1}, {0,k + 1}, or {k, k + 1}, then A becomes an
arithmetic progression and hence, |[A +2 - A| = 3k — 2.

(ii) If {z,y} is {0,y} with 2 <y < k or {z,k+ 1} with 1 < 2z < k — 1, then
|A+2- Al may be obtained from Proposition 2.
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Lemma 1. Let k > 6 and A = [0,k + 1)\ {z,y} with0 <z <y < k+ 1. Then
|A+2- Al =3k if and only if {x,y} is one of the sets {0,2}, {0,k}, {1,k + 1}, or
{k—1,k+1}.

Proof. Let P = {(z,y):1 <2 <y <k}. Consider the sets

Ay = {12}, Ay = {k— 1Lk}, Ag = {13},
Ay ={k -2k}, As={1,5}, Ag={k—4,k},

Ar ={1,k}, As={1,4}, Ag={k—3,k}, Ao ={2,4}, An=1{k—3,k—1},
A ={1,y}, where 6 <y <k-—1, A1z ={z,k}, where 2<z<k-35,

Ay ={x,x 4+ 1}, where 2 <z <k—2, Aj5 = {x,x+ 2}, where 3 <z <k —4,
Are = {z,x + 3}, where 2 <z <k—4,

A7 ={x,y}, where (y—z) >4, y>6, and2<ax <k-—25.

Then we have
(i) for k =6,
PCAUA3UAZUAsUAgU A7 U AgU Ajg U A U Aq U Asg;
(i) for k> 7,
PCAUAU---U Ay
The rest of the proof follows from Proposition 2 and Proposition 4. O

Proof of Theorem 4. This follows from Theorem 7 (b), Proposition 3, and Lemma
1. O

Proposition 5. Let A = [0,8]\ {z,y,2} with 1 <z <y < 2z < 7. Then we have
the following statements.

(a) If {z,y,z} is one of the sets {1,3,5}, {3,5,7}, {1,3,7}, or {1,5,7}, then
|[A+2- Al =19.

(b) If {x,y,z} is one of the sets {1,2,3} or {5,6,7}, then |A+2- A| = 20.
(¢) If {z,y,z} is one of the sets {1,2,7} or {1,6,7}, then |A+2- A| = 21.

(d) If {x,y, 2} is one of the sets {1,2,4}, {4,6,7}, {1,2,5}, {3,6,7}, {1,3,4},
{4,5,7}, or {2,4,6}, then |A+2- A| = 22.

(e) If {z,y,z} is one of the sets {1,z,6} with2 < x <5, {2,y,7} with3 <y <6,
{2,2,5} with 3 < z < 4, {3,y,6} with 4 < y < 5, {1,4,5}, {3,4,7}, or
{1,4,7}, then |A+2- A| = 23.

(f) If {z,y, z} is one of the sets {2,3,4} or {4,5,6}, then |A+2- A| = 24.
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(¢) If{z,y,z} is one of the sets {2, 3,6}, {2,5,6}, or {3,4,5}, then |A+2-A| = 25.
The proof of the proposition is similar to Proposition 3, and so we omit it.

Proof of Theorem 5. This follows directly from Theorem 7 (c), Proposition 5 (a),
and Proposition 2 (b). O

Remark 3. In line with Proposition 5, we observe the following statements.

(i) If {z,y, z} is one of the sets {0, 1,2}, {0, 1,8}, {0,7,8}, or {6,7,8}, then A =
[0, k4+2]\{z, y, 2} becomes an arithmetic progression and hence |A+2-A| = 16.

(ii) If {x,y, z} is one of the sets {0, 1, z} with 3 < z <7, {0,y,8} with 2 < y <6,
or {z,7,8} with 1 < <5, then |[A+2- A| may be obtained from Proposition
2.

(iii) If {x,y, 2} is one of the sets {0,y,z} with 1 <y < z < 7 or {z,y,8} with
1<ax<y<7, then |A+2- A| may be obtained from Proposition 4.

Proposition 6. Let A be a nonempty set of k > 7 integers such that A = [0,k +
20\ {z,y,2} with1 <z <y <z<k+1. Then the following statements hold.

(a) If {z,y, 2} is one of the sets {1,2,3} or {k —1,k,k+ 1}, then

|A+2_A|:{3k+3, if ke (7.8

3k+4, ifk>9.

(b) If {z,y,z} is one of the sets {1,2,z} with z € {4,5,7}, {z,k, k + 1} with
xe{k—5k—3k—2}, {1,y k+ 1} withy € {2,3,5} U{k — 3,k — 1,k},
{1,3,2} with z € {5,7}, or {z,k — 1,k + 1} with x € {k — 3,k — 5}, then
IA+2- Al =3k +4.

(c) If {z,y,z} is one of the sets {1,2,z} with z € {6} U[8,k], {z, k, k+ 1} with
x €2,k —6]U{k—4}, {1,3,z} with z € {4,6} U[8,k], {z,k — 1,k + 1} with
x€[2,k—6lU{k—4,k—2}, {1,5,2} withz € {4} U[6,k], {z,k — 3,k + 1}
with x € [2,k —4]U{k =2}, {1,y,k + 1} with y € {4} U[6,k — 4] U {k — 2},
{1,k—2,k}, or {2,4,k+ 1}, then |A+2- A| = 3k + 5.

(d) If{x,y,z} is one of the sets {2,3, z} with z € {4,5}, {x, k—1,k} withx € {k—
3,k—2}, {3,5,7}, {k—=5,k—3,k—1}, {1,4, 2} with z € [6, k], {x,k—2,k+1}
with © € [2,k — 4], {1,y,y + 1} with y € [6,k — 1], {z,x + 1,k + 1} with
x € [2,k=5], {l,y,2} withz—y > 2 and z € [8,k — 1], {z,y, k + 1} with
y—x>2andy € 5,k —4], {z,k—2,k} withz € [2,k — 3], or {2,4, 2z} with
z €[5, k], then |A+2- Al =3k +6.
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(e) If {z,y,z} is one of the sets {x,x + 1,2 + 2} with z € [3,k — 3], {2,3,z}
with z € [6,k], {z,k — 1,k} with x € [2,k — 4], {2,y,2} with z —y > 2
and z € [T,k — 1], {z,y,k} withy —x > 2 and y € [5,k — 3], {2,y,k} with
y €[5,k = 3], {z,x + 1,2} satisfying z —x > 3,z € [3,k — 4], and z < k,
{z,y,y + 1} satisfying x > 2, y € [5,k — 2], and y — x > 2, {3,5,2} with

€ [8,k], {z, k — 3,k — 1} with x € [2,k — 6], {3,y,2} with z—y > 2 and
z € [8,k—1], {z,y, k—1} withy—x > 2 andy € [5,k—4], or {z,y, z} satisfying
y—x>2z—y>2x€4,k—5],and z <k —3 except {k —5,k—3,k—1},
then [A+2- Al =3k+7.

Proof. (a) Let A =10,k +2]\{1,2,3} = {0} U4,k +2]. For k € {7,8}, we have
A+2-A=1[0,3k+6]\{1,2,3,11}. Hence,

[A+2- Al =3k +3.
Next, for k > 9, we can easily see that A +2- A =[0,3k + 6]\ {1,2,3}. Therefore,
|[A+2- Al =3k +4.

Let A = [0, k+2]\{k—1, k, k+1}, which is the translation of the set [0, k+2]\{1, 2, 3}.
Therefore, A + 2 - A has 3k + 3 and 3k + 4 elements for k € {7,8} and k > 9,
respectively.

(b) (i) Let A =10,k + 2]\ {1,2, 2}, where z € {4,5,7}. Then we have

A+2-A=10,3k+6]\{1,2,z}.
Hence, |A +2 - A| = 3k + 4. Next, let

A=10,k+2]\{z,k k+1}, where x € {k -5,k — 3,k —2}
=(k+2)— ([0,k+2]\{1,2,2}),

which is the translation of the set [0, k+2]\ {1, 2, z}, where z € {4,5,7}. Therefore,
|[A+2- Al =3k +4.
(ii) Let A =10,k + 2]\ {1,y,k + 1}, where y € {2,3,5}. Then we have

A+2-A=1[0,3k+6]\ {1,y,3k +5).
Hence, |A+2- A| = 3k + 4. Next, let

A=1[0,k+2]\ {1,y , k+ 1}, wherey € {k—3,k—1,k}
:(k+2)7 ([07k+2]\{17yak+1})7

which is the translation of the set [0,k + 2] \ {1,y,k + 1}, where y € {2,3,5}.
Therefore, |A+2- A| = 3k + 4.
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(iii) Let A = 1[0,k + 2]\ {1, 3, 2z}, where z € {5, 7}. Then we have
A+2-A=10,3k+6]\{L,3,z}.
Hence, |A+2- A| = 3k + 4. Next, let

A=100k+2]\{z,k—1,k+ 1}, where z € {k — 5,k — 3}
=(k+2)— ([0,k+2]\{1,3,2}),

which is the translation of the set [0,k + 2] \ {1, 3, 2}, where z € {5,7}. Therefore,
|A+2- Al =3k + 4.
(c) (i) Let A =10,k + 2]\ {1,2, 2z}, where z € {6} U[8,k]. Then we have
A+2-A={0}U[3,3k +6].
Hence, |A+2- A| = 3k + 5. Next, let

A=[0,k+2)\ {a,k.k+1}, where = € [2,k — 6] U {k — 4}
= (k+2)— ((0,k+2)\ {1,2,2}),

which is the translation of the set [0, k+2]\{1, 2, z}, where z € {6}U[8, k]. Therefore,
[A+2- Al =3k +5.
(ii) Let A =1[0,k + 2]\ {1,3, z}, where z € {4,6} U [8,k]. Then we have

A+2-A=10,3k+6]\{1,3}.
Hence, |A +2 - A| = 3k + 5. Next, let

A=100,k+2]\{z,k—1,k+ 1}, wherex € [2,k —6]U{k -2,k —4}
= (k+2)— ([0,k+2]\ {1,3,2}),

which is the translation of the set [0,k + 2] \ {1,3, 2}, where z € {4,6} U [8,k].
Therefore, |A+2- A| = 3k + 5.
(iii) Let A = [0,k + 2]\ {1,5, 2}, where z € {4} U [6, k]. Then we have

A+2. A=1[0,3k+6]\ {15}
Hence, |A +2- A| = 3k + 5. Next, let

A=10k+2]\{z,k—3,k+ 1}, where z € [2,k — 4] U {k — 2}
= (k+2) — ([0,k+ 2]\ {1,5,2}),

which is the translation of the set [0, k+2]\{1, 5, z}, where z € {4}U[6, k]. Therefore,
[A+2- Al =3k +5.
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(iv) Let A=[0,k+ 2]\ {1,y,k+ 1}, where y € {4} U[6,k — 4] U {k — 2}. Then we
have
A+2-A=[0,3k+6]\ {1,3k +5}.

Hence, |[A+2- A| =3k +5.
(v) Let A=1[0,k+2]\ {1,k —2,k} ={0}U[2,k—3]U{k—1,k+ 1,k +2}. Then
we have

A+2-A=10,3k+6]\ {1,3k + 2.
Hence, |A +2 - A| = 3k + 5. Next, let

A=[0,k+2]\{2,4,k+1}
={0,1,3} U [5,k] U {k + 2}
=(k+2) - ({0} U[2,k-3]U{k—1k+1,k+2}),

which is the translation of the set {0} U [2,k —3]U{k — 1,k + 1,k + 2}. Therefore,
|[A+2- Al =3k +5.
(d) (i) Let A=10,k+ 2]\ {2,3, 2}, where z € {4,5}. Then we have

A+2-A=10,3k+6]\{z}.
Hence, |A +2- A| = 3k + 6. Next, let

A=10,k+2]\{z,k—1,k}, where x € {k — 3,k —2}
= (k+2) = ([0.k+2]\{2,3,2}),

which is the translation of the set [0,k + 2]\ {2, 3, z}, where z € {4,5}. Therefore,
|[A+2- Al =3k+6.
(ii) Let A =10,k + 2]\ {3,5,7} ={0,1,2,4,6} U [8, k + 2]. Then we have

A+2-A=10,3k+6]\{7}.
Hence, |A+2- A| = 3k + 6. Next, let

A=[0,k+2]\{k—5k—3k—1}
=[0,k—6]U{k—4k—2kk+1,k+2}
= (k+2) — ({0,1,2,4,6} U[8,k +2]),

which is the translation of the set {0,1,2,4,6} U[8, k + 2]. Therefore, |A+2-A| =
3k + 6.
(iii) Let A = [0,k + 2]\ {1,4, z}, where z € [6,k]. Then we have

A+2-A=10,3k+6]\ {1}.
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Hence, |A +2 - A| = 3k + 6. Next, let

A=100,k+2]\{z,k—2,k+ 1}, where z € [2,k — 4]
=0,z —1U[z+1,k-3]U{k— 1,k k+2}
=(k+2) - ({0,2,3} U5,z —1JU [z + 1,k +2]),

which is the translation of the set [0,k + 2]\ {1,4, z}, where z € [6,k]. Therefore,
|[A+2- Al =3k +6.
(iv) Let A=[0,k+ 2]\ {1,y,y + 1}, where y € [6,k — 1]. Then we have

A+2-A=10,3k+6]\{1}.
Hence, |A +2- A| = 3k + 6. Next, let

A=10,k+2]\{z,z+ 1,k + 1}, where z € [2,k — 5]
=0,z —1]U[z+2,k]U{k+ 2}
= (k+2) = ([0,k+ 2]\ {1,y,y + 1}),

which is the translation of the set [0,k 4+ 2] \ {1,y,y + 1}, where y € [6,k — 1].
Therefore, |A+2- A| = 3k +6.
(v) Let A=[0,k+2]\{1l,y,2}, where z —y > 2 and z € [8,k — 1]. Then we have

A+2-A=10,3k+6]\{1}.
Hence, |A+2- A| = 3k + 6. Next, let

A=10,k+2]\{z,y,k+ 1}, wherey —x > 2 and y € [5,k — 4]
=0,z —1JU[z+ 1,y —1]U[y+ 1, k] U{k + 2}
=(k+2)— ({0}U2,y—1U[y+1,z—1U[z+1,k+2]),

which is the translation of the set [0, k+2]\{1,y, 2}, where z—y > 2 and z € [8,k—1].
Therefore, |A+2- A| = 3k + 6.
(vi) Let A=[0,k+ 2]\ {z,k — 2,k}, where x € [2,k — 3]. Then we have

A+2-A=0,3k+6]\ {3k +2}.
So, |A+2- Al = 3k + 6. Next, let

A=10,k+2]\{2,4,z}, where z € [5, k]
=(k+2) - ({O,k—!—Q]\{x,k—Q,k}),

which is the translation of the set [0,k + 2] \ {z,k — 2,k}, where z € [2,k — 3].
Therefore, |A 4+ 2 - A| = 3k + 6.
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(e) (i) Let A=1[0,k+ 2]\ {z,z+ 1,2 + 2}, where z € [3,k — 3]. Then we have
A+2-A=1[0,3k+6].

Hence, |[A+2-A| =3k + 7.
(ii) Let A =1[0,k+ 2]\ {2, 3, 2}, where z € [6, k]. Then we have

A+2.A=1[0,3k+6].
Hence, |A+2- A| = 3k + 7. Next, let

A=100,k+2]\ {z,k—1,k}, where x € [2,k — 4]
=0,z —-1|U[z+1,k—2]U{k+1,k+2}
=(k+2)—({0,1}U[4,z-1U[z+ 1,k +2]),
which is the translation of the set A = [0, k+2]\{2, 3, 2}, where z € [6, k]. Therefore,
[A+2- Al =3k+7.
(iii) Let A = [0,k + 2]\ {2,y, 2z}, where z —y > 2 and z € [7,k — 1]. Then we have

A+2-A=10,3k+6].
Hence, |A+2- A| = 3k + 7. Next, let

A=10,k+2]\{z,y,k}, wherey —x > 2 and y € [5,k — 3]
=[0,z—-1Ufz+1,y—1JU[y+1,k—1)U{k+1,k+2}
=k+2)-({0,1}UB,y—1U[y+1,z—1]U[z+ 1,k +2]),

which is the translation of the set [0, k+2]\{2,y, 2}, where z—y > 2 and z € [7,k—1].
Therefore, |A+2- Al =3k + 7.
(iv) Let A=[0,k+ 2]\ {2,y,k}, where y € [5,k — 3]. Then we have

A+2-A=10,3k+6].

Hence, |[A+2-A| =3k +T7.
(v) Let A =[0,k+ 2]\ {z,z+1,z}, where z € [3,k —4], z—x > 3, and z < k.
Then we have

A+2-A=1[0,3k+6]

Hence, |A+2- A| = 3k + 7. Next, let A = [0,k + 2]\ {z,y,y + 1}, where = >
2,yeBk—2,andy—a > 2 ie, A =k+2—([0,k+2]\ {2/, +1,2}),
where 2’ € [3,k — 4], 2/ — 2’ > 3, and 2z’ < k, which is the translation of the set
[0,k + 2]\ {z,z + 1,2}, where x € [3,k — 4], z—x > 3, and z < k. Therefore,
[A+2-Al=3k+T7.

(vi) Let A =[0,k+ 2]\ {3,5, 2}, where z € [8,k]. Then we have

A+2-A=[0,3k+6].
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Hence, |A +2- A| = 3k + 7. Next, let

A=10,k+2]\{z,k—3,k—1}, where x € [2,k — 6]
=0,z —1JU[x+ 1,k —4)U{k -2,k k+1,k+2}
— (h+2) - (10,1,2,4}U[6,2 — 1] U=+ 1,k + 2],

which is the translation of the set [0,k + 2]\ {3,5, z}, where z € [8,k]. Therefore,
[A+2-Al=3k+7.

(vii) Let A =10,k + 2]\ {3,y,2}, where y > 5, z —y > 2, and z € [8,k — 1]. Then
we have

A+2.A=1[0,3k+6].
Hence, |A+2- A| = 3k + 7. Next, let

A=1[0,k+2]\{2',y/,k— 1}, where 2’ >3, v —2' > 2, and y € [5,k — 3]
=0, —1JU2’+ 1,y —1JU[Y + 1,k —2]U{k,k+1,k+ 2}

which is the translation of the set [0,k 4+ 2]\ {3, v, 2z}, where y > 5, 2 —y > 2, and
z € [8,k — 1]. Therefore, |[A+2-A|=3k+17.

(viii) Let A = [0,k + 2] \ {z,y, 2}, where 1 < z,y,2 < k+ 1 with y —z > 2,
z—y>2,2<k—3 and x € [4,k — 5] except for {z,y,2} ={k—5k—3,k—1}.
Then A=[0,z —1JU[z+ 1,y —1|U[y+ 1,z —1]U [z + 1,k + 2]. So,

A+2-A=10,3k+6].
Hence, |A+ 2 - A| = 3k 4+ 7. This completes the proof of the proposition. O

Remark 4. In line with Proposition 6, we observe the following statements.

(i) If {z,y, z} is one of the sets {0,1,2}, {0,1,k+2}, {0,k + 1,k + 2}, or {k,k+
1,k + 2}, then A = [0,k + 2]\ {z,y} becomes an arithmetic progression and
hence |[A+2- A] = 3k — 2.

(ii) If {x,y, 2} is one of the sets {0,1,z} with 3 < z < k+ 1, {0,y,k + 2} with
2<y<k,or{z,k+1,k+2} with1l <z <k-—1, then |A+2- Al may be
obtained from Proposition 2.

(iii) If {z,y, 2} is one of the sets {0,y,2} with 1 <y <z <k+1or {z,y,k+ 2}
with 1 <z <y < k+1, then |A+2- A| may be obtained from Proposition 4.

Lemma 2. Let k> 7 and A= [0,k + 2]\ {z,y,2}, where 0 <z <y < z< k+2.
Then |A+2- Al = 3k + 1 if and only if {x,y,2} is one of the sets {0,1, 2} with
z € [4,k] or {a,k+ 1,k + 2} withx € [2,k —2].
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Proof. Let P = {(x,y,z) 1<e<y<z<k+ 1}. Consider the sets

A ={1,2,3}, Ao ={k— 1,k k+1}, A3 ={1,2, 2}, where z € {4,5,7},
Ay ={x,k,k+ 1}, where z € {k — 5,k — 3,k — 2},

As ={1,y,k+ 1}, wherey € {2,3,5} U{k -3,k —1,k},

Ag = {1,3, 2}, where z € {5,7},

A7 ={z,k—1,k+ 1}, where z € {k — 5,k — 3},

Ag = {1,2, 2}, where z € {6} U[8, k],

Ag = {z,k,k+ 1}, where x € [2,k — 6] U {k — 4},

Ao ={1,3,z}, where z € {4,6} U[8,k],

Ay ={x,k—1,k+ 1}, where z € 2,k — 6] U {k — 4,k — 2},
Aip ={1,5,2}, where z € {4} U [6, k],

Az ={x,k—3,k+ 1}, where z € [2,k — 4] U {k — 2},

Ay =A{1,y,k + 1}, where y € {4} U [6,k — 4] U {k — 2},

A15 = {1,k‘ — Q,k‘}, AIG = {2,4, k+ 1},

A7 ={2,3, 2}, where z € {4,5},

Arg ={x,k —1,k}, where x € {k — 3,k — 2},

Ao =1{3,5,7}, Aso={k—5k—3,k—1},

Ay ={1,4,2}, where z € [6, k],

Ags ={x,k — 2,k + 1}, where z € [2,k — 4],

Ass = {1,y,y + 1}, where y € [6,k — 1],

Agy = {x,x+ 1,k + 1}, where z € [2,k — 5],

Ass = {1,y, 2z}, where z —y > 2 and z € [8,k — 1],

Asg = {x,y,k+ 1}, where y — 2z > 2 and y € [5,k — 4],

Agr = {x,k — 2,k}, where x € [2,k — 3],

Asg = {2,4, 2}, where z € [5, k],

Asg = {x,x 4+ 1,2+ 2}, where x € [3,k — 3],

Asg = {2,3, 2}, where z € [6, k],

Aszy ={x,k —1,k}, where z € [2,k — 4],

A3y ={2,y,2}, where z —y > 2 and z € [T,k — 1],

Ass ={x,y,k}, wherey —x >2and y € [5,k — 3],

Ass = {2,y,k}, where y € [5,k — 3],

Asgs = {x,x 4+ 1,2}, where z— 2z >3, x € [3,k —4], and z <k,
Aszs ={x,y,y+ 1}, wherey—x > 2, y €[5,k —2], and = > 2,
As7r = {3,5,2}, where z € [8,k],

Aszs = {x,k— 3,k — 1}, where z € [2,k — 6],

Asg = {3,y,2}, where z —y > 2 and z € [8,k — 1],

Ay ={x,y,k — 1}, where y — 2z > 2 and y € [5,k — 4],

Ay ={z,y,z}, wherey —x > 2,2 —y > 2,2 € [4,k — 5], and z < k — 3 except
{k—5k—3k—1}.

Then we have the following.

18
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(i) For k=7,
PgAlUAgUA5UA6UA8UA9UA10UA11UA12UA14UA17UA18
U A9 U Agy U Agg U Aoz U Aoy U Agr U Agg U Agg U Az U Ass U Asg.
(ii) For k =8,

PCA T UA3UA5UAgUAgUAgU AU A1 UA12UA14U A7 U Aqgg
UAigUAg UAs U Asz3UAsy U Asr U Asg U AsgU A3y U Asa U Ass
U Aszq U Ass U Asg U As7 U Asg.

(iii) For k > 9,
P§A1UA3U-~~UA41.

From Proposition 6, Proposition 4, and Proposition 2, we get |[A+2- A| =3k +1 if
and only if A =1[0,k+2]\{0,1,2} with z € [4,k] or A= [0,k + 2]\ {2z, k+ 1,k + 2}
with z € [2,k — 2]. O

Proof of Theorem 6. It follows from Theorem 7 (c), Proposition 5, and Lemma
2. O

3. Extended Inverse Results for the Subsets of b(a) in BS(1, 2)

In this section, we apply Theorems 2—6 to derive extended inverse theorems for the
subsets of b(a) in BS(1,2). Freiman et al. [5] proved the following extended inverse
problem for the subsets of b(a) in BS(1,2).

Theorem 8 ([5]). Let A C Z be a finite set of integers with |A| =k > 1. If S = ba”
is a finite subset of the group BS(1,2), then |S| =k and

|S?| > 3k — 2.
Moreover, if k > 3 and
|S?| =3k — 2+ h < 4]5| — 4,
then h > 0 and S is a subset of the geometric progression
ba", ba*t? bat T2, . bt kth—1)d
of size k + h < 2k — 3, where u = min(A) and d = d(A).

Theorem 8 along with Theorems 2-6 enable us to derive the following extended
inverse results in the group BS(1,2).
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Theorem 9. Let A C Z be a finite set of integers with |A| = k > 4. Also, let
S = ba be a finite subset of the group BS(1,2) and |S?| = |A+2- A| = 3k — 1.
Then

(i) for k = 4, S is one of the following sets: S = {b,ba? ba® ba'} or S =
{b, ba, ba?, ba*}.

(ii) for k > 5, there does not exist any S such that |S?| = 3k — 1.
Proof. (i) From Theorem 1 and Theorem 8, we get
S C {b,ba,ba’,ba>, ba'}.

Now the proof follows from Theorem 2.
(ii) From Theorem 1 and Theorem 8, we get

S C {b,ba,ba® ba®,... ba"}.

By Theorem 3, we know that there does not exist any such A for which |A+2-A| =
3k — 1 for k > 5. So, we do not have any set S such that |S?| = 3k — 1. O

Theorem 10. Let A C Z be a finite set of integers with |A] = k > 5. Also, let
S =ba? be a finite subset of the group BS(1,2) and |S?| = |A+2- A| = 3k. Then
S is one of the following sets:

(i) S = {ba,ba® ba*, ... ba*"*1},

(ii) S = {ba,ba?, ba®,..., ba""t bak*+1},
(iii) S = {b,ba?,ba®,... ba*},
(iv) S = {b,ba,ba? ba>,... ba"=2 ba*}.

Proof. From Theorem 1 and Theorem 8, we get
S C {b,ba,ba?, ..., ba""1}.
Now the proof follows from Theorem 4. [

Theorem 11. Let A C Z be a finite set of siz integers. Also, let S = ba be a
finite subset of the group BS(1,2) and |S?| = |A+2-A| =3k + 1. Then S is one
of the following sets:

(i) S = {b,ba? ba*, bab, ba” ba®},
(ii) S = {b,ba, ba?, ba*, ba®, ba®},

(iii) S = {b,ba?, ba*, ba®,bab, ba®},
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(iv) S = {b,ba?,ba® ba*, ba® ba®},
(v) S={b,...,ba" 1 ba*t1, ... ba®}, where x € [2,4],
(vi) S ={b,ba,ba?, ... ,ba*"t ba*Tt ... ba" ba®}, where z € [4,6].
Proof. From Theorem 1 and Theorem 8, we get
S C {b,ba,ba? ba®, ba*, ba®, ba’}.
Now the proof follows from Theorem 5. O

Theorem 12. Let A C Z be a finite set of integers with |A| = k > 7. Also, let
S = ba? be a finite subset of the group BS(1,2) and |S?| = |A+2- A| = 3k + 1.
Then S is one of the following sets:

(i) S ={ba?,...,ba*"t ba**t1 ... ba**2}, where z € [4, k],
(i) S ={b,...,ba" "1, ba® "t ... ba*}, where v € [2,k — 2].
Proof. From Theorem 1 and Theorem 8, we get
S C {b,ba,ba’, ... ba"*?2}.

Now the proof follows from Theorem 6. [
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