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Abstract

Many people still think of nonstandard analysis primarily as a way to replace

epsilon-delta arguments by a rigorous use of infinitesimals. However, there are

other very powerful properties this machinery can bring to arguments, and even if

a final proof is entirely standard it can be motivated by the nonstandard argument.

We will describe some examples from number theory and combinatorics where a

nonstandard argument suggests a standard proof, or otherwise gives an unexpected

insight into the problem.

1. Introduction

Infinitesimals and infinite numbers have been used in number theory for centuries,

even after they were declared numeri non grati by critics such as Bishop Berkeley.

For example, Euler famously discovered the identity ζ(2) = π2/6 by treating sin(x)
as an infinite polynomial (given by its Taylor series), factoring it using its roots, and

equating coefficients.1 The self-evident power of such arguments has inspired many

mathematicians over the years to make infinitesimal reasoning rigorous, and while

the early efforts of mathematicians such as du Bois-Reymond, Hadamard, Borel,

Hardy et al. were only moderately successful (see Hardy [17]), Abraham Robin-

son’s introduction of Nonstandard Analysis in 1961 gave a complete and rigorous

framework for arguments such as these [42].

Most recently, the most striking applications of nonstandard methods in this field

have been results in additive number theory and Ramsey theory (for example [23]

and [10]). These results generally leverage a remarkable property of nonstandard

measure theory, automatic σ–additivity of certain measures constructed nonstan-

dardly, and rely on the nonstandard technology in an essential way.

DOI: 10.5281/zenodo.23018342
1For a historical discussion of this derivation, and how it looks when viewed through the lens

of nonstandard analysis, see the excellent paper [32] by Mark McKinzie and Curt Tuckey.
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In these pages we want to return to the Eulerian idea of using infinite numbers

and infinitesimals as a tool for exploration and discovery in number theory and

combinatorics, where a nonstandard argument finally motivates a standard proof.

Because of the occasion of this conference, we will focus on examples where Mel

Nathanson and the author have had some discussion or collaboration.

To motivate what follows, consider the Diophantine equation:

a = a1
x1
+⋯ + an

xn
.

This equation has an interesting history. O. D. Kellogg [25] (in 1921) and D. R.

Curtiss [7] (in 1922) considered the case where a = a1 = ⋯ = an = 1. Thirty years later

W. Sierpinski [50] considered the more general case of a, a1, . . . , an being arbitrary

positive real numbers.

The following result is due to Sierpinski.

Theorem 1. If 0 < a, a1, . . . , an ∈ R then this equation has only finitely many

solutions in N.

Here is a simple proof using nonstandard analysis. We will say more about what

that means later; for now, channel Euler and assume that R has infinite integers

and infinitesimals, whatever those are.

So suppose the theorem is false; that is, there are infinitely many solutions.

Then there is a solution with at least one nonstandard (so infinite) xi. (This uses

a magic property of nonstandard models called overspill ; see the next section.) By

reordering if necessary assume xi is finite for i ≤ r, xi infinite otherwise; so:

a = a1
x1
+ a2
x2
+⋯ + ar

xr
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
standard (possibly 0)

+ ar+1
xr+1

+⋯ + an
xn

.

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
positive infinitesimal

But this is impossible: the sum of the r standard numbers is standard, the sum of

the n−r positive infinitesimals is a positive infinitesimal, and two standard numbers

cannot differ by a positive infinitesimal.2

2. What is Nonstandard Analysis?

The readers of this paper will be familiar with the idea of extending a mathematical

system in order to facilitate understanding of the original system, for example the

2This proof is not mine, and the author does not know to whom it should be credited. The
author has used it as an example on several occasions, including at a workshop at the American
Institute of Mathematics in 2017. Mel Nathanson was at that workshop, and afterwards we
had several discussions about this and related results of Sierpinski; this led to extensions by
Nathanson [34] and by the author [48, 49].
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extension of R to C. Nonstandard analysis is a toolkit borrowed from mathematical

logic to do this very generally. While it was established in approximately its current

form by Abraham Robinson in 1961, it is built on ideas that go back at least to

Thoraf Skolem’s [51] elementary extensions of N in 1934.

The reader is referred to any one of many excellent introductions to nonstandard

analysis, for example the comprehensive text [3], the obsolete but very readable

introduction by Martin Davis [9], the brief introduction [27] by Tom Lindstrøm

in [8], or even Robinson’s original book [42]. In this section we will give a very

superficial introduction to this toolkit, hopefully enough so that readers can follow

the applications in the sections that follow.

Start with a standard universe (SU), which is a collection of all the mathe-

matical objects we want to extend. For example, the SU will contain numbers

(0,1, . . . ;
√
2, e, π, . . . ); it will also contain sets of numbers (such as N and R) as

objects; functions (sin ∶ R → R,+ ∶ R2 → R, . . . ), function spaces (ℓp,C(ℓq × ℓp,R))
and so on.3

We now posit the existence of a nonstandard universe (NSU) extending the SU,

and a mapping ∗ ∶ SU → NSU, satisfying some properties. (In other words, the

NSU will contain objects such as N∗ , R∗ , sin∗ , ℓ∗
p
, C∗ (ℓq×ℓp,R), and so on. It will

also contain 0∗ , 1∗ ,
√
2

∗
, e∗ , π∗ , +∗ , etc., but we usually drop the stars on simple

objects such as these.)

What might be called the Fundamental Theorem of Nonstandard Analysis is now

the following.

Theorem 2. Let SU be a standard mathematical universe. There exists a non-

standard mathematical universe NSU, and a function ∗ ∶ SU→NSU satisfying:

I. Transfer. Every first-order statement P is true in the SU if and only if its

‘star’ is true in the NSU.

II. Saturation. Suppose {Ai}i∈I is a family of sets in the SU, indexed by an index

set in the SU. Suppose moreover that {Ai}i∈I satisfies the finite intersection

property:

For every finite nonempty I ′ ⊆ I, ⋂
i∈I′

Ai ≠ ∅.

Then

⋂
i∈I

Ai
∗ ≠ ∅.

The Transfer Property says intuitively that the SU and NSU have the ‘same

truths’. (Logicians would say that the nonstandard universe is an elementary ex-

tension of the standard universe.) First-order statements are those that can be

3One way of constructing a SU is to start with a model of set theory, and then interpret all the
objects of mathematics in it in the usual foundational way. For our purposes it is easier to simply
assume that we have such a universe, that it satisfies obvious closure properties and includes all
the mathematical objects we will need.
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expressed as a finite first-order sentence in a language whose symbols are elements

of the SU, as well as a distinguished symbol ∈. The star of a first-order statement

is the one obtained by replacing every such symbol by its embedding under the ∗
function. We will see some examples below.

Saturation says intuitively that anything that can happen in the SU, does happen

in the NSU. As expressed here this is an extremely weak form of saturation (often

called an enlargement), but it is all we need for this paper.

Here are some simple examples to illustrate Transfer and Saturation.

1. 3 ∈ R, so 3∗ ∈ R∗ . (Though as noted above we usually drop the ∗ from simple

objects like 3, so we would just write 3 ∈ R∗ .)

2. (∀x ∈ N)[x ∈ R], so (∀x ∈ N∗ )[x ∈ R∗ ]. It follows that N∗ ⊆ R∗ .

3. (∀x ∈ R)(∀y ∈ R)[x + y = y + x], so (∀x ∈ R∗ )(∀y ∈ R∗ )[x +∗ y = y +∗ x].
4. R∗ is an ordered field under the stars of the usual operations. (Note that we

usually drop the ∗ from the operations on R∗ .)

5. R∗ contains positive infinitesimals (by Saturation): ⋂
n∈N+

(0,1/n)∗ ≠ ∅.

6. ∗ preserves finite Boolean operations. For example, suppose C = A∩B. Then

(∀x ∈ C)[x ∈ A ∧ x ∈ B]⋀(∀x ∈ A)[x ∈ B ⇒ x ∈ C],

so

(∀x ∈ C∗ )[x ∈ A∗ ∧ x ∈ B∗ ]⋀(∀x ∈ A∗ )[x ∈ B∗ ⇒ x ∈ C∗ ];
that is, C∗ = A∗ ∩ B∗ .

7. If A is a finite set in the SU, say A = {a1, . . . , an}, then

(∀x ∈ A)[x = a1∨x = a2∨⋯∨x = an], so (∀x ∈ A∗ )[x = a1
∗ ∨x = a2

∗ ∨⋯∨x = an
∗ ].

In other words, finite sets do not get bigger in the nonstandard universe. (In

fact, A∗ = { a∗ 1, . . . , a∗ n}.)
8. On the other hand, if A is an infinite set in the SU then

( A∗ ) ∖ { a∗ ∶ a ∈ A} = ⋂
a∈A

( A∗ ) ∖ { a∗ } = ⋂
a∈A

(A ∖ {a})∗ ≠ ∅

by Saturation; in other words, infinite sets do get bigger in the nonstandard

universe. For example, N∗ contains all the standard (or finite) natural num-

bers, but it also contains some new elements. If H is such a new element, it

must appear in the ∗–ordering after all the finite numbers. To see why this is

true, consider any finite natural number, say 17 for definiteness. Then

(∀x ∈ N)[x < 17⇒ (x = 0 ∨ x = 1 ∨⋯ ∨ x = 16)],

so by Transfer and the fact that H ≠ 0,1, . . . ,16,17, H > 17. These new

elements of N∗ are therefore usually called infinite natural numbers. We

often refer to an element of N∗ as a hyperfinite number.
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9. The Well-Ordering Property of the natural numbers is often formulated as:

(∀A ⊆ N)[A ≠ ∅ ⇒ (∃x ∈ A)[(∀y ∈ A)[x ≤ y]].

However, this is not a first-order formula (because of the quantification over

subsets, (∀A ⊆ N)), so does not transfer. The first-order formula

(∀A ∈ P(N))[A ≠ ∅ ⇒ (∃x ∈ A)[(∀y ∈ A)[x ≤ y]]]

does transfer, and so every nonempty element of P
∗ (N) has a least element.4

The reader will note that all the first-order formulas in these examples have

bounded quantifiers (such as the (∀x ∈ C) in Example 6); for technical reasons we

include this restriction in the definition of first-order formula.

Recognizing which mathematical statements are indeed first-order, and therefore

which subsets of a set in the NSU are themselves in the NSU, is a skill analogous

to recognizing which functions are measurable in measure theory, or which sets are

Baire in general topology.

When applying nonstandard analysis it is sometimes easier to work with conse-

quences of Saturation, rather than with the full principle. For example:

Overflow/Overspill: A first-order property true for arbitrarily large finite num-

bers is true for arbitrarily small infinite numbers.

Underspill/Underflow: A first-order property true for arbitrarily small infinite

numbers is true for arbitrarily large finite numbers.

These are actually consequences of saturation: consider ⋂
n∈N
(n,∞)∗

. These princi-

ples say that the line between finite and infinite numbers is blurry. We have already

used overspill in the example at the end of Section 1.

2.1. The Structure of R∗

By Transfer R∗ is an ordered field, and as noted above it contains infinitesimals

and (since it is a superset of N∗ ) infinite elements. As above, an infinitesimal is

an element of ⋂0<n∈N (∗ − 1/n,1/n). Equivalently, x is infinitesimal if ∣x∣ < 1/n for

every finite positive natural number n. Of course, 0 is an infinitesimal under this

definition, but Saturation assures the existence of nonzero infinitesimals as well.

(In fact, any proper ordered field extension of R contains such numbers.) We can

visualize R∗ as follows.

4It follows that the set N∗ ∖N of infinite integers is not in P∗ (N), even though it is a subset of
N∗ . This means it is not in the NSU, since one can show that every element of the nonstandard
universe which is a subset of N is in P∗ (N).

A useful principle called the Internal Definition Principle, which follows from Transfer, is that
if A is in the NSU, and B is defined from A using first-order formulas, then B is in the NSU.
For example, if A is a nonstandard group, then the centralizer of A is also in the NSU.
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Infinite part Finite part Infinite part

Infinitesimals

⋯ ⋯
1
ε

0

ε

Write Fin(R) for the finite part of R∗ :

Fin(R) = {x ∈ R∗ ∶ ∣x∣ < n for some finite n ∈ N}.

Fin(R) is a subring of R, but not a field: the reciprocal of a nonzero infinitesimal is

infinite. The infinitesimals form a subring of Fin(R) and so of course of R∗ , but are

also an ideal in Fin(R): if x is finite and ϵ is infinitesimal then ϵx is infinitesimal.

Write x ≈ y if x − y is infinitesimal. This is an equivalence relation (on all of R∗ ,

not just Fin(R)).
An easy argument, using metric completeness of R, shows that every x ∈ Fin(R)

differs by an infinitesimal from a unique standard element of R; write st(x) or x○

for that element, the standard part of x. We will use the two notations st and ○

interchangeably, as convenient, for this standard part map. Observe that st is the

quotient map for the ≈ relation, it is a ring homomorphism from Fin(R) to R, x○ ≈ x
for all x ∈ Fin(R), and x○ = x for all x ∈ R.

In the following picture assume r ≈ s.

R∗

Infinite part
Fin(R)

Infinite part

st, or ○

⋯ ⋯0 rs

0 r○ R

2.2. Extending to C∗ and Beyond

A similar picture to the above exists for the nonstandard extension C∗ of the com-

plex numbers. By transfer C∗ is algebraically closed, it contains both C and R∗ as

subfields, it contains both infinitesimal and infinite elements (those with infinites-

imal, respectively infinite, norms), there is a standard part map (which we again

denote by st or ○) which is a ring homomorphism from the finite elements of C∗ to

C.
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More generally, suppose X is a topological space, with topology T. If x ∈ X is

standard, write:

monad(x) = ⋂{ u∗ ∶ x ∈ u,u ∈ T}, the monad of x.

In the case of R or C, the monad of x is the set of elements of R∗ or C∗ differing

from x by an infinitesimal.

An element y of X∗ is nearstandard if y ∈ monad(x) for some x ∈ X. Denote by

NS(X) the nearstandard elements of X∗ , NS(X) = ⋃x∈X monad(x). This is the

analogue of Fin(R) or Fin(C).
The following are fundamental properties of nonstandard topology. The reader

is referred to previously-referenced texts for the proof.

Lemma 1. Let X be a topological space with topology T. Then:

1. T is Hausdorff if and only if for every x ≠ y in X, monad(x)∩monad(y) = ∅.
2. U ⊆X is open if and only if for every x ∈ U , monad(x) ⊆ U∗ .

3. (Robinson Compactness Criterion) K ⊆ X is compact if and only if every

element of K∗ is nearstandard; that is, K∗ ⊆ NS(X).

In particular, if T is a Hausdorff topology on X then there is a well-defined

standard part map st ∶ NS(X) →X, and K ⊆X is compact if and only K∗ ⊆ st−1K.

This will be especially useful in Section 4.

3. Roots of Polynomials

The coefficients of a polynomial with complex coefficients depend continuously on its

roots; that is an immediate consequence of the elementary Viéte Formulas, known

in some form as long ago as the 16th century.

The inverse, that the roots depend continuously on the coefficients, remains

true, but is surprisingly tricky to prove—even to formulate correctly!—since, for

example, a slight perturbation of the coefficients can cause roots to coalesce. Most

of the proofs in the standard literature employ relatively heavy machinery (see, for

example, [6, 18, 21, 22, 31, 39, 43, 53]).

At the conference Combinatorial and Additive Number Theory (CANT2022),

Mel Nathanson asked:

Is there an easy proof that the roots of a polynomial depend continuously

on the coefficients?

Recently the author, in collaboration with Nathanson, produced an entirely ele-

mentary proof [35] of this result. While that paper uses nothing beyond high school

algebra, the current author’s contribution was motivated by an argument using in-

finitesimals. This section is an exposition of the infinitesimal approach. While the
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proof here carries less information than the standard proof, the lack of necessity

for careful estimates make the proof shorter and arguably more transparent. (See

Subsection 3.2 at the end of this section for a further discussion.)

3.1. Results

Let

f(z) = a0 + a1z + ⋅ ⋅ ⋅ + anzn

be a polynomial with complex coefficients and an ≠ 0. By the Fundamental Theorem

of Algebra, f(z) fully factors as

f(z) = an ∏
1≤i≤n

(z − ri)

where r1, r2, . . . , rn are the roots of f(z), possibly with duplication.

Of course it suffices that any complex polynomial f(z) has a single root in C;
the full factorization is then an induction on degree. For that reason, the fact that

the extension C∗ is algebraically closed shows that polynomials with coefficients in

C∗ can likewise be fully factored. Alternately, this is the subring C∗ [x] of the ring

(∗ C[x]) of nonstandard polynomials, elements of which can, by Transfer, be fully

factored into a hyperfinite product. However, we will only consider the nonstandard

polynomials of finite degree C∗ [x].
In particular, suppose

g(z) = b0 + b1z + ⋅ ⋅ ⋅ + bnzn = bn ∏
1≤i≤n

(z − si)

is a nonstandard polynomial, so each bi is in C∗ . Say that g(z) is an infinitesimal

deformation of f(z) provided ai ≈ bi for 0 ≤ i ≤ n. Say that g(z) is infinitesimally

aligned with f(z) provided there are orderings r1, . . . , rn and s1, . . . , sn of the (not

necessarily distinct) roots of f(z) and g(z), respectively, such that si ≈ ri for 1 ≤
i ≤ n. The main result of this section is the following.

Theorem 3. Suppose

g(z) = b0 + b1z + ⋅ ⋅ ⋅ + bnzn = bn ∏
1≤i≤n

(z − si)

is an infinitesimal deformation of

f(z) = a0 + a1z + ⋅ ⋅ ⋅ + anzn = an ∏
1≤i≤n

(z − ri)

(where an ≠ 0). Then g(z) is infinitesimally aligned with f(z).

Note that the wording of Theorem 3 references nonstandard elements; this would

have been a natural way of stating the result before the rise of epsilonics. It is a

straightforward exercise in nonstandard analysis to show that this result is equiva-

lent to the following standard one.
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Theorem 4. Suppose

f(z) = a0 + a1z + ⋅ ⋅ ⋅ + anzn = an ∏
1≤i≤n

(z − ri)

is a polynomial over C, where an ≠ 0. For every ϵ > 0 there exists a δ > 0 such that

whenever

g(z) = b0 + b1z + ⋅ ⋅ ⋅ + bnzn = bn ∏
1≤i≤n

(z − si)

is polynomial with ∣ai − bi∣ < δ for 0 ≤ i ≤ n, then there are orderings {ri}ni=1 and

{si}ni=1 of the roots of f and g (respectively), possibly with duplication, so that

∣ri − si∣ < ϵ for all i.

(However, the proof of the equivalence does require properties of the nonstandard

model such as Transfer and some form of Saturation; in the following proof of

Theorem 3, all that are needed are some basic arithmetic and algebraic properties

of the extension C∗ and the standard part map.)

Proof 1 of Theorem 3. Suppose z ∈ C is standard. Then:

g(z)○ = (
n

∑
i=0

biz
i)

○

=
n

∑
i=0

bi
○ zi =

n

∑
i=0

aiz
i = f(z) = an ∏

1≤i≤n

(z − ri).

But also:

g(z)○ = (bn ∏
1≤i≤n

(z − si))
○

= bn
○ ∏

1≤i≤n

(z − si
○ )

which, by the uniqueness of the factorization in the Fundamental Theorem of Al-

gebra, seems to prove the result. Well, not quite; we need to show that the roots of

g are finite, so si
○ exists.

So, suppose s is an infinite root of g. Then:

0 = g(s)
sn
= bn®

not infinitesimal

+ bn−1
s
+ ⋅ ⋅ ⋅ + b0

sn
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

infinitesimal

which of course cannot happen.

As mentioned, it is not hard to show that the nonstandard statement Theorem 3

is equivalent to the standard Theorem 4, but of course then you are still stuck with

a nonstandard proof. What if we are interested (as was the original goal) in an

elementary standard proof? Unfortunately, while the above argument is apparently

quite simple, it is very nonconstructive, and does not have an obvious standard

counterpart.

In order to extract a standard proof from these ideas, we start with a nonstandard

proof of Theorem 3 which is more involved than the one above, but also more

constructive; it approximates the roots one at a time, instead of all at once.

We begin with two lemmas.
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Lemma 2. Suppose f(z) = ∑n
i=0 aiz

i, where an ≠ 0, is a polynomial with coefficients

in C, and g(z) = ∑n
i=0 biz

i is a polynomial with coefficients in C∗ . Consider the

statements:

(i) g(z) is infinitesimally aligned with f(z) and bn ≈ an.
(ii) g(z) ≈ f(z) for all z ∈ C.
(iii) g(z) is an infinitesimal deformation of f(z).
Then (i) ⇒ (ii) ⇔ (iii).

Proof. Assume (i) holds. For any (standard) z ∈ C:

st g(z) = st(bn ∏
1≤i≤n

(z − si)) = st bn ∏
1≤i≤n

(z − st si) = an ∏
1≤i≤n

(z − ri) = f(z).

This proves (i) ⇒ (ii).
Now, suppose (ii) holds. Suppose first that we know that all the coefficients of

g(z) are finite. For any (standard) z ∈ C,

n

∑
i=0

st biz
i = st(

n

∑
i=0

biz
i) = st g(z) = f(z) =

n

∑
i=0

aiz
i

and two polynomials agree on C only if they have the same coefficients; that is,

bi ≈ ai for every i, proving (ii) ⇒ (iii). It remains to show that if g(z) takes only
finite values for standard z, then it has finite coefficients. If not, then there is a

coefficient j ≤ n with ∣bj ∣ largest. But then for any (standard)z ∈ C,

0 = st(g(z)
bj
) = st(

n

∑
i=0

bi
bj
zi) =

n

∑
i=0

st( bi
bj
)zi

so st (bi/bj) must be 0 for all i; but st (bj/bj) = 1, a contradiction.

Finally, suppose that (iii) holds, and z ∈ C is standard. Then

st g(z) = st(
n

∑
i=0

biz
i) =

n

∑
i=0

st biz
i =

n

∑
i=0

aiz
i = f(z)

proving (iii) ⇒ (ii).

Remark 1. (1) In the proof of (ii) ⇒ (iii), it is only required that g(z) ≈ f(z) for
infinitely many values (or even at least n different values) of z. (2) The implication

(i) ⇒ (iii) in this lemma is also a consequence of the Viéte formulas, which give

the coefficients of the polynomial as elementary symmetric functions of the roots.

(3) The requirement that bn ≈ an in (i) is necessary to account for the fact that the

roots of a polynomial only determine the coefficients up to a constant multiple.

The second lemma is the key to the full result.
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Lemma 3. Suppose g(z) = ∑n
i=0 biz

i is an infinitesimal deformation of f(z) =
∑n

i=0 aiz
i, where an ≠ 0. Then for every root s of g(z), r = st s is a root of f(z).

Proof. First, we note that s is not infinite; see the first proof (above) of this theorem.

Therefore, s has a standard part st s, and

f(st s) =
n

∑
i=0

ai(st s)i =
n

∑
i=0

st bi(st s)i = st(
n

∑
i=0

bis
i) = st 0 = 0.

So r = st s is a root of f(z).

Proof 2 of Theorem 3. The proof is by induction on n. We are given that

g(z) = b0 + b1z + ⋅ ⋅ ⋅ + bnzn = bn ∏
1≤i≤n

(z − si)

is an infinitesimal deformation of

f(z) = a0 + a1z + ⋅ ⋅ ⋅ + anzn = an ∏
1≤i≤n

(z − ri).

When n = 1 the only root of f(z) is r1 = −a0/a1, and the only root of g(z) is

s1 = −b0/b1. Moreover, st (−b0/b1) = − st b0/ st b1 = −a0/a1 by the usual rules of

nonstandard arithmetic on C∗ . It follows that s1 ≈ r1.
Now, suppose the result is true for polynomials of degree n − 1. Let s be a root

of g(z). Since g(z) is an infinitesimal deformation of f(z), by Lemma 3 there is a

root r of f(z) with r ≈ s. Write f(z) = (z − r)f̂(z) and g(z) = (z − s)ĝ(z), where
f̂ and ĝ are polynomials of degree n − 1 over their respective fields. Then for any

z ∈ C:
(z − r)(f̂(z) − ĝ(z)) = f(z) − g(z) − ĝ(z)(s − r). (1)

When z ≠ r, ĝ(z) = g(z)/(z−s) is finite, so the right hand side of (1) is infinitesimal,

so f̂(z) − ĝ(z) ≈ 0, or f̂(z) ≈ ĝ(z). By Lemma 2 (and the remarks following) ĝ(z)
is an infinitesimal deformation of f̂(z).

By the induction hypothesis there are orderings r1, r2, . . . , rn−1 and s1, s2, . . . , sn−1
of the roots of f̂(z), respectively ĝ(z), with si ≈ ri for 1 ≤ i ≤ n − 1. Put rn = r and

sn = s, then si ≈ ri for 1 ≤ i ≤ n, proving that g(z) is infinitesimally aligned with

f(z).

3.2. Remarks

Lemma 3 in this paper is the nonstandard analogue of Nathanson and Ross [35,

Theorem 4], and plays a similar role in the later induction. The difference is subtle:

in [35, Theorem 4], given a root of f(z), we show that small perturbations g(z)
have nearby roots. Lemma 3, on the other hand, shows that given a root of a

perturbation g(z) of f(z), there is a nearby root of f(z). The proof in [35] has an



INTEGERS: 26A (2026) 12

additional benefit: given a tolerance ϵ, it gives a constructive bound δ = δ(ϵ) so that

if the perturbation is kept smaller than δ then its roots are within the tolerance ϵ

of the roots of f . The author does not see any way to extract this bound from the

proof in this paper.

Moreover, while the proofs in [35] apply to any algebraically closed field with an

absolute value, the proofs here (especially that of Lemma 3) use the standard part

map in an essential way; this requires the absolute value on the underlying field to

be complete and Archimedean, so by Ostrowski’s Theorem we must be working on

C.
In the second proof of Theorem 3, it was not necessary to give an explicit form

for f̂(z) and ĝ(z) (as we did in the corresponding section of [35]). Again, while

this simplification is a byproduct of the infinitesimal approach, it loses information

about the nature of the approximation that is present in the standard paper.

4. Finitely Many Implies Infinitely Many

Recently Mel Nathanson became interested in some results of Alexander Abian5 of

the form:

If some property P is true for every finite subset of a set of objects, then

P is true simultaneously for all the objects.

For example, in Nathanson [37] he examined a result of Abian and Eslami [2] about

certain sets F of equations in infinitely many variables, where it is shown that if

every finite subset of F has a common solution of some form then F has a common

solution of that form.

Nathanson coined a term for results of this form: Finitely many implies infinitely

many.

Results of this form are familiar to mathematical logicians as compactness re-

sults. In this section we give nonstandard proofs for some of the results in [37],

as well as others. In nonstandard analysis the compactness principle is built into

the construction of the nonstandard model, and so these results become completely

transparent with the nonstandard machinery. This also makes it possible to identify

natural generalizations of the theorems; see, for example, Theorem 9 below.

Anyone familiar with nonstandard analysis cannot fail to note the similarity of

these nonstandard proofs to Robinson’s nonstandard proof of the Tychonoff The-

orem. This provides a roadmap to using Tychonoff’s Theorem to give standard

proofs for not only the Abian–Eslami result, but also strong generalizations. This

is a project we carry out in Nathanson and Ross [36].

5Abian is not best known for his mathematics, but rather for his proposal that we blow up the
moon; see for example coverage in the Des Moines Register [11] and the Wall Street Journal [52].
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Questions about infinite systems of equations in infinitely many variables go back

to the early days of functional analysis; arguably the starting point for the whole

field. The Abian–Eslami result is a relative of a 1913 result of F. Riesz [41]. Riesz’s

proof, reproduced in Banach’s 1932 Theory of Linear Operations [5]6 uses something

today we would recognize as a special case of the Hahn–Banach Extension Theorem

(Hahn [13], Banach [4]), which should probably be attributed to Helly ([19]; see

Narici and Beckenstein [33] for the historical discussion).

It should also be noted that nonstandard analysis has proved a useful tool in

understanding the Hahn–Banach Theorem. In 1962 Wim Luxemburg [29] showed

that the Boolean Prime Ideal Theorem implies Hahn–Banach in Zermelo–Fraenkel

set theory without the Axiom of Choice. A few years later he refined the result

[30] to show that Hahn–Banach is equivalent to the statement that every Boolean

algebra has a [0,1]–valued measure. Both these proofs used nonstandard analysis.

See David Pincus [40] for the proof that the Boolean Prime Ideal Theorem is strictly

stronger than Hahn–Banach, as well as a comprehensive discussion of Luxemburg’s

results and other equivalents and inequivalents to the Hahn–Banach Theorem.

4.1. Finite Polynomials

Theorem 5 (Abian [1]). Let R be a finite ring, F a set of (finite) polynomials over

(possibly infinitely many) variables {xi}i∈I , and suppose every finite subset of F has

a common root in R:

∀p1, . . . , pn ∈ F ∃x = {xi}i∈I ⊆ R such that pk(x) = 0 (1 ≤ k ≤ n).

Then there exists x ∈ RI such that p(x) = 0 for every p ∈ F.

Proof of Theorem 5. By saturation there exists a x ∈ RI∗
such that p∗ (x) = 0 for

every p ∈ F. Since R is finite, R∗ = R. It follows that for i ∈ I standard, xi ∈ R, so

for any standard p, p(x∣I) = p∗ (x). In particular, p(x∣I) = 0 for every p ∈ F.

This result does not easily extend to infinite rings. For example, Abian gives the

following example:

(x − 1) − y21
(x − 2) − y22
(x − 3) − y23

⋮
(x − n) − y2n

⋮
6An extension of Banach’s 1922 thesis.
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Any finite subset of these has a solution in R, but the full set does not. What makes

the example work is that the finite satisfiability of the equations requires arbitrarily

large solutions. If we bound the solutions, then we do get a positive result.

Theorem 6. Let F a set of (finite) real polynomials over (possibly infinitely many)

variables {xi}i∈I , and suppose every finite subset of F has a common root in [−M,M]I
for some M :

∀p1, . . . , pn ∈ F ∃x = {xi}i∈I ⊆ [−M,M] such that pk(x) = 0 (1 ≤ k ≤ n).

Then there exists x ∈ [−M,M]I such that p(x) = 0 for every p ∈ F.

Proof of Theorem 6. By saturation there exists a x ∈ ([−M,M]I)∗ ⊆ ([−M,M])∗ I∗

such that p∗ (x) = 0 for every p ∈ F. For i ∈ I standard, ∣xi∣ ≤M , so yi = stxi exists.

Put y = {yi}i∈I . Now, if p ∈ F is standard then its coefficients are all standard and

its variables all have standard indices; it follows that p(y) = st p∗ (x) = 0, proving
the theorem.

Remark 2. With the obvious modification Theorem 6 is true in C as well, but in

fact Abian has showed that for C the bound is not necessary.

The proof works mutatis mutandis if we choose a different Mi for each i; that is,

change the hypothesis/conclusion to x ∈ ∏i∈I[−Mi,Mi]. In fact, this result has an

obvious generalization.

Theorem 7. Let F a set of functions over (possibly infinitely many) variables

{xi}i∈I with the property that each f ∈ F (a) only depends on finitely many variables

in I, and (b) is continuous in each variable. Let K be a subset of RI which is

compact in the product topology. Suppose every finite subset of F has a common

root in K:

∀f1, . . . , fn ∈ F ∃x = {xi}i∈I ∈ K such that fk(x) = 0 (1 ≤ k ≤ n).

Then there exists x ∈ K such that p(x) = 0 for every p ∈ F.

4.2. Functions of Infinitely Many Variables

What if the functions are functions of infinitely many variables? The functional

analysts of the early 20th century understood that even for linear functions of

infinitely many variables, constraints needed to be added.

For example, Helly [20] offered the following cautionary example in 1921:

1 =x1 + x2 + x3 + x4 + x5 +⋯
1 = x2 + x3 + x4 + x5 +⋯
1 = x3 + x4 + x5 +⋯

⋮
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We now give a short nonstandard proof of the following theorem of Abian and

Eslami [2].

Theorem 8 (Abian and Eslami 1982). Let M > 0, and p, q > 1 be conjugate, i.e.
1
p
+ 1

q
= 1. Let I be an infinite set, ai ∈ ℓp and bi ∈ R for all i ∈ I, and suppose that

for every finite I ′ ⊆ I the equations

∞

∑
n=0

ainxn = bi (i ∈ I ′)

have a simultaneous solution x ∈ ℓq with ∥x∥q ≤ M . (Equivalently, for every finite

I ′ ⊆ I there exists x ∈ ℓq with ∥x∥q ≤M and ai ⋅ x = bi for i ∈ I ′.) Then there exists

x ∈ ℓq with ∥x∥q ≤M and ai ⋅ x = bi for all i ∈ I.

Adopt the notation a = {an}n∈N for a sequence of real numbers, ai = {ain}n∈N
for a sequence of sequences of real numbers indexed by i, and a ⋅ b = ∑n∈N anbn. If

N ∈ N let aN be the sequence:

aNn =
⎧⎪⎪⎨⎪⎪⎩

an if n > N,

0 otherwise.

First, we need a few simple facts about ℓq (and of course ℓp).

Proposition 1. Let c ∈ ℓq and N ∈ N. Then:

(i) cN ∈ ℓq
(ii) limN→∞ ∥cN∥q = 0
(iii) ∣cN ∣ ≤ ∥c∥q

These are obvious.

Proof of Theorem 8. By Saturation there is an x ∈ ℓq∗ such that ∥x∥q ≤M and for

every (standard) i ∈ I, ai
∗ ⋅x = bi. Define a standard sequence yn, n ∈ N, by putting

yn = stxn; this exists by Proposition 1(iii). It remains to prove three things:

1. y ∈ ℓq
2. ∥y∥q ≤M
3. ai ⋅ y = bi for (standard) i ∈ I

For any N ∈ N, ∑n≤N ∣yn∣q ≈ ∑n≤N ∣xn∣q ≤ Mq; letting N → ∞ proves (1) and (2).
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For (3), let N be a standard positive integer. Then

∣bi − ∑
n≤N

ainyn∣ ≈ ∣bi − ∑
n≤N

ainxn∣ (since N is finite and yn ≈ xn)

= ∑
n>N,n∈ N∗

ainxn (since ai
∗ ⋅ x = bi)

= ∣ aNi
∗ ⋅ x∣ (by definition of aNi )

≤ ∥ aNi
∗ ∥p∥x∥q (by Hölder∗ )

≤ ∥aNi ∥pM
→ 0 as N →∞ (by Proposition 1(ii))

which proves (3), and the theorem.

4.3. Generalizing the Result

We now consider two possible generalizations: easing the bound M (as discussed

in the remarks after Theorem 6), and replacing the exact solution with an approx-

imation. The following does both at once.

Theorem 9. Let p, q > 1 be conjugate, i.e. 1
p
+ 1

q
= 1. Let Mn > 0 for every n ∈ N.

Let I be an infinite set, ai ∈ ℓp and bi ∈ R for all i ∈ I. Then the following are

equivalent:

1. There exists an x ∈ ℓq with ai ⋅ x = bi for all i ∈ I and ∣xn∣ ≤Mn for all n ∈ N.
2. There is a positive sequence {eN}N∈N with lim

N→∞
eN = 0 such that for every

finite I ′ ⊆ I and every ϵ > 0, there is an x with (a) ∥xN∥q ≤ eN for all N ,

(b) ∣xn∣ ≤Mn for all n ∈ N, and (c) ∣ai ⋅ x − bi∣ < ϵ for i ∈ I ′.

Proof. (1⇒ 2) Given x, let eN = ∥xN∥q. (2) is immediate.

(2 ⇒ 1) By Saturation there is an x ∈ ℓq∗ such that (a) ∥xN∥q ≤ eN for all

standardN , (b) ∣xn∣ ≤Mn for all n ∈ N∗ (including standard n), and (c) ∣ ai∗ ⋅x−bi∣ ≈ 0
for i ∈ I.

Put yn = stxn for standard n. As in the proof of Theorem 8, it remains to prove

three things:

1. y ∈ ℓq
2. ∣yn∣ ≤Mn for all n ∈ N
3. ai ⋅ y = bi for (standard) i ∈ I

(2) is immediate. If N <K are standard then

K

∑
n=N+1

∣yn∣q ≈
K

∑
n=N+1

∣xn∣q ≤ ∥xN∥qq ≤ eqN .

Let K →∞, obtain ∥yN∥q ≤ eN . By the earlier observation, y ∈ ℓq, proving (1).
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For (3), let N be a standard positive integer, then

∣bi − ∑
n≤N

ainyn∣ ≤ ∣bi − ai
∗ ⋅ x∣ + ∣ ∑

n≤N

ainxn − ∑
n≤N

ainyn∣ + ∣ ai∗ ⋅ x − ∑
n≤N

ainxn∣

≈ ∣ ai∗ ⋅ xN ∣ (by definition of xN)
≤ ∥ ai∗ ∥p∥xN∥q (by Hölder∗ )
≤ ∥ai∥peN
→ 0 as N →∞

where for the second line the first term is infinitesimal since xn ≈ yn for every

n ≤ N and the second term is infinitesimal by choice of x. This proves (3), and the

theorem.

Remark 3. In [36] Nathanson and the author were able to considerably strengthen

this result, by replacing equations with approximate equations, and linear equations

with certain nonlinear ones. The first generalization answered a question raised by a

participant in the New York Number Theory Seminar, and the proof was suggested

by the nonstandard proof.

5. Sidon and Bh–sets

Let G be a commutative semigroup (usually R,C,Z,N, . . . under +) and A ⊆ G. If

h ∈ N+,
hA = A +A +⋯ +A

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
h copies

∶= {a1 +⋯ + ah ∶ ci ∈ A}.

The set A is a Bh–set in G provided every element of hA has only one representation

(up to permutation of the terms of the sum). If h = 2 then this is a Sidon set.

Mel Nathanson recently observed the following.

Proposition 2 (Nathanson). For h ∈ N+ let

χh,n = {n ∈ Nn ∶ ∑
i

ni = h}.

Let X = {x1, . . . , xn} be a finite subset of R and write x = ⟨x1,⋯, xn⟩ ∈ Rn
+. Then X

is a Bh set in R provided the values of

n ⋅ x = ∑
i

nixi

are distinct for n ∈ χh,n.
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In other words, for any n and h, there is a finite set of linear combinations with

integer coefficients to avoid in order for a set A of size n to be a Bh–set. The

following is immediate.

Corollary 1. If A ⊆ R is linearly independent over Q then A is a Bh–set in R.

The following is harder.

Theorem 10 (Nathanson [38]). For any finite A ⊆ R which is linearly independent

over Q, for large enough q the set of integer parts of {qa ∶ a ∈ A} forms a Bh–set

over Z.

In this section we will give a simple nonstandard proof of this result, which turns

out to be an immediate consequence of underspill; the hardest part is notation. We

will also give a standard proof based on the nonstandard argument.

If x ∈ R+ and H ∈ N∗ , write

⌊x⌋H =
⌊10Hx⌋
10H

.

If x = ⟨x1, . . . , xn⟩ ∈ Rn
+ write ⌊x⌋H = ⟨⌊x1⌋H , . . . , ⌊xn⌋H⟩.

We could use any positive integer (or even positive real number) in place of 10H ,

but everything is easy to visualize with 10H :

x = d.d1d2d3 . . . dHdH+1 . . .

⌊x⌋H = d.d1d2d3 . . . dH000 . . . .

Proposition 3. (i) If x ∈ R+ and H is standard then 10H⌊x⌋H is a positive

integer.

(ii) If x ∈ R+ and H is infinite then ⌊x⌋H ≈ x.
(iii) If x1, . . . , xn ∈ R+ are linearly independent over Q and H ∈ N∗ is infinite then

⌊x1⌋H , ⌊x2⌋H , . . . , ⌊xn⌋H are linearly independent over Q.

(In (ii) and (iii) only H (and any subsequent hyperreals ⌊xi⌋H) might be non-

standard.)

Proof. Only (iii) is nontrivial. Suppose ∑n
i=1 ai⌊xi⌋H = 0, ai ∈ Q. Then

0 = st
n

∑
i=1

ai⌊xi⌋H =
n

∑
i=1

ai st ⌊xi⌋H =
n

∑
i=1

aixi

so every ai = 0.

Corollary 2 (Theorem 10, but for q = 10H). If h ∈ N+ and x1, . . . , xn ∈ R+ are

linearly independent over Q, then for some H0 ∈ N and all H ≥H0 the set of ratio-

nal numbers {⌊x1⌋H , . . . , ⌊xn⌋H} is a Bh–set in R, and the set of positive integers

{10H⌊x1⌋H , . . . ,10H⌊xn⌋H} is a Bh–set in N.



INTEGERS: 26A (2026) 19

Proof. For any infinite H, x = ⟨⌊x1⌋H , . . . , ⌊xn⌋H⟩ satisfies the first-order formula

⋀
m≠n∈χ

h,n

m ⋅ x ≠ n ⋅ x (2)

so by underflow it satisfies formula 2 for all large enough standard H.

It is not difficult to standardize this proof. Begin with a standard version of

Proposition 3.

Proposition 4. (i) If x ∈ R and H is standard then 10H⌊x⌋H is an integer.

(ii) If x ∈ R then limH→∞⌊x⌋H = x.

Proof. Only (ii) is new:

∣x − ⌊x⌋H ∣ = ∣
10Hx

10H
− ⌊10

Hx⌋
10H

∣ ≤ 1

10H
→ 0 as H →∞.

Lemma 4. Let x ∈ Rn and c1, . . . ,cm ∈ Qn.

1. If cj ⋅ x = ∑n
i=1 c

j
ixi ≠ 0 for every j ≤ m then for some finite H0 ∈ N and all

H ≥H0,
n

∑
i=1

cji ⌊xi⌋H ≠ 0 (j ≤m). (3)

2. If the values of cj ⋅ x are all distinct, j ≤ m, then for some finite H0 ∈ N and

all H ≥H0, the values of cj ⋅ ⌊x⌋H are all distinct.

Proof of (1); (2) is similar. Otherwise there is an increasing sequence {Hk}k∈N, and
a sequence {dk}k∈N ⊆ {c1, . . . ,cm} such that

n

∑
i=1

dki ⌊xi⌋Hk
= 0.

Since {c1, . . . ,cm} is a finite set, at least one of these, say cj , must appear infinitely

often in the sequence of dk. Thus,

n

∑
i=1

cji ⌊xi⌋Hk
= 0

for infinitely many k. But for each i ≤ n, limk→∞⌊xi⌋Hk
= xi, so

n

∑
i=1

cjixi = 0,

a contradiction.

Corollary 3. If h ∈ N+ and x1, . . . , xn ∈ R+ are linearly independent over Q, then for

some H0 ∈ N and all H ≥H0 the set of positive integers {10H⌊x1⌋H , . . . ,10H⌊xn⌋H}
is a Bh–set.
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Proof. Let c1, . . . ,cm be the elements of χh,n, and apply Proposition 2 and Lemma 4.

Remark 4. The underlying principle (passing to an infinite subsequence) used in

this standard proof is sometimes called Weak König’s Lemma (or WKL0) by people

who work in the area of Logic called Reverse Mathematics. Essentially the same

argument can be used to give a standard proof of the Sierpinski Diophantine result

Theorem 1.

These proofs (both the nonstandard and standard variants) are easier than the

original standard proof of Theorem 10. But the approach is not as powerful, in that

it does not give you any way of knowing what H0 to take.

Once one understands this proof, one starts seeing Bh–set constructions every-

where. Here are two examples.

Theorem 11. Let h ∈ N+, and let {xn}n∈N be a sequence in R+ which is linearly

independent over Q. There is a sequence {Hn}n∈N of natural numbers such that for

any n ∈ N and all H ≥Hn, the set {10H⌊x1⌋H , . . . ,10H⌊xn⌋H} is a Bh–set.

Theorem 12. Let h ∈ N+, X ⊆ R be a finite Bh–set, and x ∈ R a real number

with infinitely many nonzero digits. Then there is a (finite) H0 ∈ N such that for

all H ≥ H0, X ∪ {⌊x⌋H} is a Bh–set. It follows that if x ∈ R is a real number with

infinitely many nonzero digits, then there is a sequence {Hn}n∈N in N such that

{⌊x⌋10Hn }n∈N is an infinite Bh–set.

The proofs are left as exercises for the reader.

6. Hat Puzzles

In the previous applications, a nonstandard argument produced an idea that could

be turned into a standard proof. In this section we will give an example of an

infinitary, but standard, result that can be obtained from a standard finitary one

by a simple application of a nonstandard arguments. This is in fact a common

theme in applied nonstandard analysis; we will discuss some other examples in the

final section.

Start with a simple, well-known puzzle about hats. Hat puzzles constitute a

broad class of puzzles in which a set of agents are supposed to guess the color of

their own hat just from knowing the colors of the hats of some of the agents around

them, as well as knowing the guesses of some of those agents. A descendent of these

puzzles is a peculiar 2008 theorem of Hardin and Taylor [14] where the Axiom of

Choice is used to predict the future. Discussion of both the hat puzzles described

in this section, and many other related puzzled, can be found in Galvin [12] and

Hardin and Taylor [15, 16].
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For this puzzle:

1. Agents a1 . . . aN line up in a queue, an facing the back of an+1.

2. Each agent wears either a white (W) or black (B) hat.

3. In order from back to front, each is asked to guess the color of their own hat.
The problem is to find a strategy which minimizes the number of wrong answers.7

Some conditions on what is meant by a strategy are:

1. Each agent an can see the hats on agents ai for i > n, but not their own hat.

2. Agent an can hear ai’s response for i < n, and also hear whether ai guessed

correctly.

3. All the agents agree on a strategy before queuing.
In other words, the agents all agree on what they will do when it is their turn to

guess, and while this might depend on their position in the queue, the hats they

have seen and the guesses and answers they have heard, it should only depend on

this information, and the strategy should be agreed to before the agents have this

information.

Unsurprisingly, there is no strategy which assures that a1 will always get the

right answer. Remarkably, there is one that ensures that everyone else will guess

correctly.

Theorem 13. There is a strategy so that for all n > 1, an guesses correctly in this

finite hat problem.

As this is an entertaining puzzle, the proof is left to the reader. Note that the

first two conditions together mean that when it is agent an’s turn to guess, they

will know the hat colors of all the agents except themselves.

We can now ask the natural question: what if there are infinitely many agents

in the queue?

To answer this question, we begin by formalizing such puzzles.

Let T be a set which represents the set of agents but can also be interpreted

as a position or a timeline. For the finite hat problem, T = {1,2, . . . ,N}. Let S

be another set, a set of outcomes; in the hat problem, S = {W,B}. Write ST for

the set of all functions from T into S. (So any element of ST represents a possible

configuration of hats worn by the queued agents.)

A strategy (for T and S) is then a function

λ ∶ ST × T → S

such that for all f, g ∈ ST and t ∈ T , if f = g on T − {t} then λ(f, t) = λ(g, t). (In

other words, λ(f, t) does not depend on the value of f at t.) Denote by S(T,S)
the set of all such strategies. Agent t ∈ T employs the strategy by observing f ∈ ST

7This puzzle is often framed as prisoners being led out into the prison yard and being told that
if their guess is wrong they will be executed. The author is not aware of any prison system where
this is normal practice.
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(giving any value at all to f(t)) and then guessing λ(f, t). It is easy to see that this

agrees with the informal notion of strategy above.

Theorem 13 can now be expressed as a first-order sentence:

(∀N ∈ N)(∃λN ∈ S({1, . . . ,N},{W,B})
((∀f ∈ {W,B}{1,...,N} )(∀t ≠ 1)[λ(f, t) = f(t)]).

(4)

Now, suppose we have countably many agents an, n = 1,2, . . . lined up as before.

We can now prove the following.

Theorem 14. There is a strategy so that for all n > 1, an guesses correctly in this

infinite hat problem.

Proof. Let T = {an ∶ n ∈ N} be the set of agents, indexed by N. Moving to the

nonstandard universe, T extends to a set T∗ , indexed by N∗ , where an ∈ T∗ for all

standard n ∈ N. Let N ∈ N∗ be an arbitrary infinite integer.

By transfer of Equation (4),

(∃λN ∈ S∗ ({1, . . . ,N},{W,B})((∀f ∈ {W,B}
∗
{1,...,N} )(∀t ≠ 1)[λ(f, t) = f(t)]).

In other words, there is a (nonstandard) strategy for the nonstandard puzzle with

agents numbered from 1 to N . The strategy for the standard puzzle (with agents

T ) is then:

1. Start with the nonstandard strategy that exists for the hyperfinite set

{a1, . . . , aN}.
2. Standard agents an, with n ∈ N should employ this strategy to guess W or B

when their turn comes.

3. Ignore all the infinite agents, since they do not exist anyway.

Since this strategy creates a correct guess for all n with 1 < n ≤ N , and since

f∗ (n) = f(n) for any f ∈ {W,B}T
and n ∈ N, it will be correct for 1 < n ∈ N. This

proves Theorem 14.

Remark 5. This solution to the infinitary hat puzzle is not exactly new; the puzzle

has been solved using a strategy based on a nonprincipal ultrafilter. This is roughly

the same solution as given here, as it is well-known that every ultrafilter corresponds

to an element of N∗ , and vice versa. However, the nonstandard approach has the

advantage of being straightforward, and requiring little by way of verification.

Nonprincipal ultrafilters are nonconstructive objects, and so this ‘strategy’ will

not be satisfying for someone who wants a concrete algorithm. It does not seem

possible to remove the ultrafilter from the solution. The relationship of some hat

puzzles to some kinds of ultrafilters is discussed in [16].
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7. Final Thoughts

We want to conclude by giving at least some mention to two general principles.

7.1. The “Automatically Uniform” Property of Nonstandard Analysis

That is:

If E∗ has property P then E has property P uniformly.

This is not a real theorem as stated, but more of a common phenomenon (though

there are ways to make the statement precise). An example that might be of interest

to the reader is a remarkable theorem of Keller [24], given as Theorem 15 below.

Theorem 15. Let V be a variety of groups, and suppose every G ∈ V is amenable.

Then V is uniformly amenable.

Recall that a group G is amenable if there is an invariant finitely-additive proba-

bility measure on G. (This is one of a nimiety of definitions!) Since group operations

are all first-order, if G is a group then so is G∗ . If G∗ is amenable then so is G,

since subgroups of amenable groups are amenable. Keller’s observation was that

the converse need not be the case, that the nonstandard extension of an amenable

group need not be amenable. He therefore called a group uniformly amenable if G∗

is amenable, found an equivalent standard characterization of uniform amenability

(in terms of a thing called the Følner condition), and extended the definition to

varieties of groups using the latter.

In this way an interesting new standard concept was first discovered in a natural

way using a nonstandard principle.

7.2. The Ability to Treat Infinite Sets as Finite

Michael Richter once described nonstandard analysis as

the art of making infinite sets finite by extending them.

The Transfer Principle lets us apply finite combinatorics to hyperfinite objects, and

this has been used many times to reveal connections between discrete and continuous

results, giving some affirmative answers to the title question in Lázló Lóvász’s paper

“Discrete and Continuous: Two sides of the same?”

For example, one can show that the Riesz Representation Theorem from measure

theory is ‘really’ the Farkas Lemma for a system of linear inequalities [45, 47]; that

the existence of measurable selections of random close sets can be extracted from

a finite Marriage Lemma argument [46]; and that the invariance of some measures

under local homomorphisms or isometries can be verified by looking at permutation

groups [44].
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Finally, it can happen that the obvious hyperfinite analogue of a finite result

provides an interesting infinitary result with no clear standard counterpart. One

example is Peter Loeb’s remarkable ‘discrete Lyapunov Theorem’ [28], which applies

Steinitz’s 1913 result about reordering vectors in Rn to minimize partial sums, to

give a result about nearly atomless measures. There ought to be a way to turn this

into a standard proof of the Lyapunov Theorem, but this has not been done yet,

and mathematical economists interested in this area of convexity theory have opted

instead to just remain in the nonstandard universe [26].

Every result in discrete mathematics has, through Transfer, an infinitary coun-

terpart, and almost none have been mined as thoroughly as we believe is possible.
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