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Abstract

The purpose of this paper is to study the imputation of time series. More precisely,
let f:Zy — C and suppose that the values {f(z)},.;, are missing. Under what
reasonable assumptions can we recover the missing values with high accuracy? Our
work builds on earlier results where the imputation problem was studied using
Logan’s L' minimization idea combined with Bourgain-Talagrand type inequalities.
We improve and extend those results. Our final result revisits Logan’s classical noise
removal procedure and uses Talagrand’s theorem to obtain a strong bound if the
noise function is suitably random. We also conduct a series of numerical experiments
that demonstrate the presence of structure in large values of a forecastable time
series.

1. Introduction

The main object studied in this paper is a time series f : Zy — C, where Zy =
{0,1,2,..., N —1} denotes the integers modulo N and serves as a convenient model
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for signals of length N. We define the Fourier transform of f by

fm)=N72 %" f(a)e ™ mIN me Zy.

TELN

Suppose that the values {f(x) : x € M} are missing, where M C Zx. The main
purpose of this paper is to provide algorithms for recovering these values and to
discuss the theoretical and applied justification and limitations of the methods. The
algorithms considered here seek a function g : Zy — C that approximately agrees
with f on M° and minimizes the L'-norm of its Fourier transform.

1.1. Previous Results

The results in this subsection were established in [1], building on the methods
developed in [7, 6].
For a positive integer n, write [n] = {0,1,...,n —1}.

Definition 1. Let 0 < p < 1. A random set S C [n] is called generic if each
element of [n] is selected independently with probability p.

We shall use the following concentration inequality due to Talagrand.

Theorem 1 ([8]). Let (¢;)j—; be an orthonormal system in L?(Zy) such that
lejlle < K for 1 < j < n. There exist a constant vo € (0,1) and a subset
I cA{l,...,n} with |I| > yon such that, for every a = (a;) € C,

Z a;P; ,

i€l

<Z |ai2> < CrK (log(n) log log(n))%

i€l

Ll
where Ct > 0 is a universal constant.

Thus, the synthesis operator
Tr: (1) — LY(Zx), () — Y aips,
i€l

has lower bound 1

CrK (log(n) log log(n))% .

Remark 1. The point of Theorem 1 is that, even when the entire orthonormal
system has complicated behavior, it contains a large subsystem with useful concen-
tration properties. The argument in [1] gives the following probabilistic form suited
to the present setting.
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Theorem 2 ([1]). There exists o € (0,1) such that the following holds. Let M
be a generic subset of Zn satisfying |M| < voN/log(N). Then, with probability
1 —on(1), every function h : Zy — C supported in M satisfies

1

1 ~ 2 1

<N > |h(m>|2> < Cr (1oa(V) oglog(N)) * = 3~ [A(m (1)
MmELN 7n€ZN

where Cp > 0 depends only on ~q.

Remark 2. The Talagrand constant Cp in Theorem 2 depends on 7. Determining
the precise nature of this dependence is an interesting problem.

We use normalized LP-norms when the underlying measure is the probability
measure p on Zy given by p({z}) = 1/N:

lelzogo = (}V > |u<x>|p)

TELN

1

Thus, Equation (1) can be written as

”h”LQ(u) S CT (IOg(N) 10g10g(N))§ ”h”Ll(M)

When the underlying measure is counting measure on Zy, we write

1

P

Jull, = (z|u )
TELN

Definition 2. Let 0 < e < N, let f: Zy — C, and let S C Zy. We say that f is
e-concentrated on S if

1Az ese) < 1l

Theorem 3 ([1]). Let 6 > 0, let f : Zny — C, and suppose that the values
{f(x)}sem are unobserved, where M is a nonempty generic subset of Zn with
|M| < ~voN/log(N) and 7o is as in Theorem 2. Let

g € argmin ||@ll1  subject to |Ju— flz1arey < SNTH Fl o are)- (2)

Suppose that ]? is e-concentrated on a set S C Zy satisfying

1 N

5] < 16C% log(N) loglog(N)

Let h = f — g. Then, with probability 1 — oN(l), either h =0 or

|M‘ Y @) < (46+55) > If@)l. 3)

zEM xEZN
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Remark 3. Theorem 3 applies with high probability when the missing set M is
generic and satisfies the stated cardinality condition. The probabilistic mechanism,
including the uniformity over functions supported in M, is established in [1].

Remark 4. Equation (3) can be rewritten as

1
i S @I _
< + 50.
IS o lf@ =

It would be desirable to replace the denominator by the mean of |f| on M and
thereby express the result in terms of the weighted mean absolute error, defined by

erM |h(z)]

Deenm (@)

Although these two means need not be equal, the following theorem shows that
they are close with high probability for a generic set M, provided that ||f]|co is
controlled.

MAEweighted(f7 h) =

The following consequence of Hoeffding’s inequality makes this observation pre-
cise.

Theorem 4. Let f : Zy — C be nonzero, and let M be a generic subset of Zn
with inclusion probability p. Then, for everyt > 0,

Pr<M7é @ and \ﬁ > @) —% > |f<x)\\ > t)

xeM TELN

242 N
§2(1‘p+peXp<‘|f||2 )) |
o

Proof. Condition on the event |[M| = k, where 1 < k < N. Conditional on this
event, M is uniformly distributed among the k-element subsets of Zy. Hoeffding’s
inequality for sampling without replacement [5] gives

Pr<],1€ NG SRVl EE Y k) < 2exp (HQf’“OO)

zeM €N
Summing over k and using the binomial distribution of |M| yields

Pr<M # @ and ‘WI| %uw —% > 1@l = t>

TELN

/NN Nk 2%t?
2,;<k)p 1-p" e ()

242 N
52(1”“’“"(||f||2 )) |

IN
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For fixed ¢ > 0, the right-hand side of Equation (4) tends to zero whenever
Np — .

Remark 5. Theorem 4 is less informative when || f|| o is much larger than || f{|z1(,),
as happens when f has an aberrant spike. For example, suppose that s; < |f(x)| <
s9 for every x # xo and that |f(zo)| > s2. When p is small, a generic set M is
unlikely to contain zg, and the sample mean of |f| on M can differ substantially
from the mean on Zy.

1.2. Our Results

Our first result retains the L!-loosening in Equation (2) and improves the error
bound in Equation (3).

Theorem 5. Letd > 0, let f : Zy — C, and suppose that the values { f(z)}pen are
unobserved, where M is a nonempty generic subset of Zn with |M| < voN/log(N)
and o is as in Theorem 2. Let

g € argmin [l subject to u— fllzre) < ON " Flprare. (5)
u

Suppose that J? is e-concentrated on a set S C Zy satisfying

< 1 N
16C% log(N) loglog(N)

|51

Let h = f — g. Then, with probability 1 — on (1), either h =10 or

(e () S T o

zeM TELN

Our next result is a variant of Theorem 5 in which the loosening of the classical
Logan minimization condition is imposed in the L?-norm rather than the L'-norm.
Relative to Theorem 3, the term 4e is replaced by 4¢|S|/(IN —e¢), while 56 is replaced
by (4(]S|/N )T+ 1)6. Numerical experiments indicate that this modification often
yields improved results on real-life data sets [2].

Theorem 6. Letd > 0, let f : Zy — C, and suppose that the values { f(x)}}zen are
unobserved, where M is a nonempty generic subset of Zn with |M| < voN/log(N)
and o is as in Theorem 2. Let

g € argmin |[al|1  subject to |Ju— fllrz2arey < SN Fll L2 (are)- (7)

Suppose that f is e-concentrated on a set S C Zy satisfying

< 1 N
16C% log(N) loglog(N)

5]
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Let h = f — g. Then, with probability 1 — on(1), either h =0 or

Our final result applies Logan’s method to noise removal. We first recall the
following theorem of Donoho and Stark.

Theorem 7 ([4]). Let f : Zy — C have Fourier transform supported in S C Zy.
Suppose that the received signal is 7 = f 4+ n, where n : Zny — C is supported in
T CZy. If IT||S| < N/2, then f can be recovered by

argmin |7 — u|ly  subject to U is supported in S.
u

Theorem 7 gives an exact recovery guarantee under deterministic support-size
conditions. Using Talagrand’s probabilistic technology, we obtain the following
result for random trigonometric noise.

Theorem 8. Let f,n:Zy — C, and suppose that the received signal is r = f 4+ n.
Assume that 1 is supported in a generic set S C Zy with |S| < yoN/log(N), where
Yo ts as in Theorem 2, and assume that [ is supported inT C Zy. If

N
T
Tl < 4C% log(N)loglog(N)’

then, with probability 1 — on (1), the minimizer

m € argmin ||r —ul|;  subject to U is supported in S, (9)
u

satisfies m = n, and hence f = r —m. More generally, let 0 < € < 1 and suppose
that

[l ey < €ll (10)

and

N
16C2 log(N)loglog(N)’
Then, with probability 1 — on (1), the recovered signal r —m satisfies

1)~ (@)~ m(a))] < de; S 5@

TELN r€ZN

] <

2. Proofs of Theorems

Proof of Theorem 5. For a set A C Zy, let 14 denote its indicator function. Set
h = f—g. Since f is feasible in Equation (5), the minimality of g gives ||g]|1 < || f]1-
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On the other hand,
gl = 1If = Rlliesy + ILf = hlloicse
> [ fllzisy = [ fllLrsey + [1Rllzicsey = [hlloics)

%\ &~ ~
> (15 ) 17 + Bllsss = Wllscs

Consequently,
~ ~ 2€, ~
Pl Lrcsey — 1RllLrcsy < ﬁHle- (11)
Write a = 1p/h and b = 1psch. Equation (5) implies
T > _1
[0l L1 ¢sy < [S|l|blloe < [SINTZ|b]]1
< |SIN"26]|fllpr(arey < [SIN 28] fll Lt s
and
1Bl < N[blloo < NZ|[b]|2
< N7l arey < N2l -

On the event of probability 1 — on (1) given by Theorem 2, since a is supported
in M, Equation (1) and the assumption on |S| give

[@llz sy < ISI2 @]l
|1S|2 N~2Cpy/log(N) log log(N) |[alx

IN

A

1
< Il
Since a = h — b, it follows that
I”llzrs) < l@llzas) + (1Bl s

1,~ 1 9] 1
0+ (5 + 5 5400l

IN

Therefore,
Al (sey = IPllLics) = Al = 2[Ihl|L1s)

1~ 1/ 19| 1
170 = 5 (45 1) W0,

Y

Combining this estimate with Equation (11), we obtain

~ e ~ S 1
Il < o7+ (a5 1) a1 s, (12)
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The concentration assumption also gives

€ ~ -~ “~ _1
(1= ) 171 < Flzss) < 1SN flloo < ISIN= £,

- S|N3z
andbence [ fl < S 7). (13)
Substituting Equation (13) into Equation (12) and using || f||z1¢.) = N7 f[l1, we
find that 4[5 )
~ € 1
< (==L =l =3 £l
i< (o + (4l + 1) ) a1 (14)

Finally, Fourier inversion gives |h(z)| < N~Y/2|[h||; for every z. Averaging this
inequality over M and applying Equation (14) proves Equation (6). O

Proof of Theorem 6. Set h = f—g. The argument at the beginning of the preceding
proof, which uses only minimality and e-concentration, gives

~ ~ 2€, ~
2l L1 (sey = 1RllLr(s) < NHle' (15)

Again write a = 1j/h and b = 1psch. By Equation (7), Parseval’s identity, and the
inequality || fll2 < [ fll1,

N 1,7 1
18]l 1.5y < ISIZ B2 = |5]%][bl2
<|S126N Y fll 2 arey < 11260 f 11wt s

and

Bl < N2 |[blls = N2 b,
< N730)| fll2arey < N30 £l -

On the event supplied by Theorem 2, the same estimate for a as in the preceding
proof gives |[al|z:(s) < $l@ll1. Consequently,

1
~ 1 1 1SNE)
|mm$<gm1+@+(N>>Nwwwa
and hence

N N 1
IRz (sey = IPllLrcsy > §||hH1

1S * ;
(4 <N +1 NQ(SHfHLl(M)

N |
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Combining this with Equation (15), we obtain

~ de | - S H 1
Bl < S + (4 (5D« 1) NE6 (16)

Combining Equation (16) with Equation (13) and || f|[11(,) = N[ f1 now yields

IRl < (f;'_s " (4 (5)) 1) 5> N (1)

As before, Fourier inversion gives |h(z)| < N~1/2|[h||;. Averaging over M and
applying Equation (17) proves Equation (8). O

Proof of Theorem 8. Let m be a minimizer in Equation (9), and set h = m — n.
Since n is feasible in Equation (9), minimality gives

lr = mlly < [lr —nly = [ £l

Moreover, r —m = f — h, and h is supported in S. Applying Theorem 2 to h
and using the fact that the square of the unitary Fourier transform is reflection, we
obtain, with probability 1 — ox (1),

]2 < Or/log(N) loglog(N) N~ |1 (18)
First suppose that f is supported in 7. Then

1f = Al = Ilf = hllpr ey + [1AllLr (e
2 [I£ e+ IRl ey = 1Bl (-

By the Cauchy—Schwarz inequality and Equation (18),

Bl Ly < |TIZ |2 < |T|2Cry/log(N) loglog(N) N~ 2 ||hl|;.

The first assumption on |T'| implies that this is strictly less than %]y whenever
h # 0. Hence
Al ey = Rl ey = IRl = 2[Rl L) > 0.
If h # 0, it follows that |[r —mlly = ||f — Rl[x > [[f]l1, contradicting minimality.
Thus, h=0,som=nand f =r —m.
Now assume the weaker condition in Equation (10). The same decomposition
gives

If = Al =If = hllerery + [1h = fllorre

2 £l = 21 f ler (zey + 1Bl Lr ey = Al L1y
2 (I flle = 2ell £l + Mallrzey = 1Rl



INTEGERS: 26A (2026) 10

Minimality therefore implies
1Pl (rey = 1Pl ey < 2€llF])a- (19)

Under the stronger assumption on |7T'|, Equation (18) gives

1

hll 1 < —||R]|1-

Il ry < Al
Consequently,

1
1hllzrcrey = Rl ery = IRl = 2[Rl 1y 2 SllAlL-
Combining this with Equation (19) yields
1Rlly < 4el f]1- (20)

Since f — (r —m) = h, dividing Equation (20) by N gives the asserted average error
bound. O

3. Numerical Experiments

One important aspect of our recovery algorithms is that they rely on the set of
“missing” values being generic, and specifically, that the “missing” values are cho-
sen randomly. In those cases, we are able to get theoretical bounds on the error
produced by our algorithms, as given in the previous sections. However, it is inter-
esting to consider the case when the missing values are not random. In particular,
we can observe what happens when many values of the same magnitude are removed
or lost, such as the greatest values, the lowest values, and the middle values.

The figures below compare the true series (red) with imputed results obtained
using an L' optimizer (green) and an L' §-optimizer with L?-loosening (blue) for
a subset of the U.S. inflation data in [3]. The L' optimizer is

g € argmin ||@]]; subject to wu(z) = f(z) for x ¢ M.

The L' §-optimizer with L2-loosening is the algorithm in Theorem 6.

Figure 1 shows what happens when we take out a random third of the values,
the upper third of the values, the lower third of the values, and the middle third
of the values, respectively. As is evident from the graphs, the error of imputation
increases dramatically when we take out the upper third or the lower third of the
values, in which case the imputation underestimates or overestimates the missing
values, respectively. Taking out the middle third results in a more reasonable error,
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Random Third of Values Removed Highest Third of Values Removed

] E]
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* 2 255
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2.50
2.55
2.45
2.40 2.50
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El El
ES ES

0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
Index of missing value Index of missing value

Figure 1: Imputed values with various sections of data removed.

though still much worse than the error resulting from taking out the random third
of the values.

This suggests that the upper, lower, and middle thirds of the values have some
structure that is important to the accuracy of the imputation. In particular, this
structure does not exist in random sets, so when the missing values are random,
there is far less error. Additionally, the upper third and lower third of values seem
to have more structure than the middle third of values since the error resulting from
removing the top and lower third is higher than that which results from removing
the middle third.

Next, Figure 2 shows how the recovery error increases as the proportion p of
removed data grows. The z-axis records the proportion of values removed, and the
y-axis shows the mean absolute error in the recovered values. The blue and green
curves correspond to removing the highest values and imputing the values using
the L' optimizer and L' §-optimizer, respectively (although the blue and green
lines are almost identical, so the green line may be difficult to see), and red and
orange curves correspond to removing values uniformly at random and imputing



INTEGERS: 26A (2026) 12

the values using the L' optimizer and L' d-optimizer, respectively (although the
red and orange lines are almost identical, so the orange line may be difficult to see).

0.40 1

0.351

0.30 4

0.25 1

0.20 1

0.159

Mean absolute error

0.10 1

0.05 1

—_—

0.1 0.2 0.3 0.4 0.5
Proportion of values removed

Figure 2: Mean absolute recovery error as a function of the proportion of removed
data.

As one can see from the graph, the error is not only much higher when the highest
values are removed than when random values are removed, but it also increases
significantly more when the proportion of values removed increases. In particular,
as we increase the proportion of removed values from about 10% to about 50%,
the amount of absolute error approximately quadruples when the highest values
are removed, whereas it stays approximately the same when random values are
removed.

This suggests once again that the highest values have structure that is crucial
to accurate recovery, and as increasingly more of this structure is lost, the recovery
algorithm becomes increasingly less accurate. However, when random values are
removed, it seems that this structure is mostly preserved, so the accuracy in recovery
does not change significantly.
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