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Abstract

In this paper, we continue the study of small squares containing two points of a
modular hyperbola xy ≡ c (mod p). We deduce a lower bound for its side length.
Analogous to the study of smooth gaps between primes, we investigate what happens
if the “distances” between two such points are smooth numbers, squarefree numbers,
or primes, as well as in more general multiplicatively closed sets or almost dense
sets.

– Dedicated to Melvyn Nathanson and Carl Pomerance on their 80th birthday

1. Introduction and Main Results

Let p > 2 be a prime number and c be any integer such that gcd(c, p) = 1. Our

main object of study is the modular hyperbola:

Hc
p := {(x, y) : xy ≡ c (mod p)}.

We exclude p = 2 as the modular hyperbola xy ≡ 1 (mod 2) has only one point.

Many people have studied the distribution of points on Hc
p using exponential,

Kloosterman or character sum methods. Igor Shparlinski [12] wrote a very nice

survey on the subject. Recently, the author [3] considered small squares in the

plane

BX,Y (H) := {(x, y) : x ≡ X + i (mod p), y ≡ Y + j (mod p) for some 0 ≤ i, j ≤ H}

containing two points onHc
p. It was proved that, given any ϵ > 0 and any gcd(c, p) =

1, there exists a constant Cϵ > 0 such that H = Cϵp
1/4+ϵ is sufficient to give

|Hc
p ∩BX,Y (H)| ≥ 2 for some 0 ≤ X,Y ≤ p− 1. (1)

Moreover, the author drew a connection with the least positive quadratic non-

residue np (mod p), namely, for some constant Cϵ > 0, either

|Hc
p ∩BX,Y (Cϵp

1/6+ϵ)| ≥ 2 for some 0 ≤ X,Y ≤ p− 1,
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or

np ≤ Cϵp
1/(6

√
e)+ϵ.

The above results bear some resemblance to the study of gaps between primes or

other interesting arithmetic sequences. For example, Baker, Harman and Pintz [1]

proved the existence of two primes in short intervals [x, x + x21/40] for sufficiently

large x. Also, there have been much recent research activities on small and large

gaps between consecutive primes, most noticeably [14], [10], [5], [11], and [6]. Here,

we show that there is some gap between points on modular hyperbolas.

Theorem 1. There exist infinitely many prime numbers p ≡ 1 (mod 4) such that,

for some integer cp with gcd(cp, p) = 1, we have

|Hcp
p ∩BX,Y (

√
⌊0.1 log p⌋)| ≤ 1

for all 0 ≤ X,Y ≤ p− 1.

In response to a question posted by Kevin D. Boklan, Balog, Brüdern, and Woo-

ley [2] studied smooth gaps between prime numbers. This was improved recently by

Carol Wu [13] through the use of the Maynard-Tao sieve. Thus, we are interested

in studying smooth (and other interesting types of) “gaps” or “distances” between

close points on modular hyperbolas.

Question 1. Given any infinite set A of positive integers, what is the smallest H

that guarantees the existence of h, k ∈ A ∩ [1, H] such that

(x+ h, y + k) ∈ Hc
p for some (x, y) ∈ Hc

p ?

We present some results in this direction. First, we need some definitions.

Definition 1. A set A is multiplicatively closed if a · b ∈ A whenever a, b ∈ A.

Definition 2. An infinite set A of positive integers has positive lower density δ > 0

if ∑
a∈A∩[1,X]

1 ≥ δX

for all sufficiently large X.

Definition 3. An infinite set A of positive integers is “almost dense” if, for any

ϵ > 0, there exists a constant cϵ,A > 0 such that

|{X ≤ n ≤ 2X : n ∈ A}| ≥ cϵ,AX
1−ϵ

for all sufficiently large X (in terms of ϵ).
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Theorem 2. For any real number ϵ > 0, prime number p > 2, and integer c with

gcd(c, p) = 1, let M be a multiplicative closed set with positive lower density δ.

Then there exists a constant Cδ,ϵ > 0 such that

(x+ h, y + k) ∈ Hc
p

for some (x, y) ∈ Hc
p and some h, k ∈ M∩ [1, Cδ,ϵ p

1/4 exp((log p)1/2+ϵ)].

Recall that an integer is y-smooth if all of its prime factors are less than or equal

to y. It is well-known that pϵ-smooth numbers have positive density in intervals

[1, pC ] for any fixed C > 0. Thus, Theorem 2 applies to pϵ-smooth “distances” h, k,

and improves on the previous result H = Cϵp
1/4+ϵ. Although squarefree numbers

are not multiplicatively closed, we have a similar result.

Theorem 3. For any real number ϵ > 0, prime number p > 2, and integer c with

gcd(c, p) = 1, let S be the set of squarefree numbers. Then there exists a constant

Cϵ > 0 such that

(x+ h, y + k) ∈ Hc
p

for some (x, y) ∈ Hc
p and some h, k ∈ S ∩ [1, Cϵ p

1/4 exp((log p)1/2+ϵ)].

Note: In Theorem 3, one can restrict h to be a prime number and k to be a product

of two distinct prime numbers.

Theorem 4. Given any real number ϵ > 0, prime number p > 2, and integer c with

gcd(c, p) = 1, we have that for any “almost dense” set of positive integers A, there

exists a constant Cϵ,A > 0 such that

(x+ h, y + k) ∈ Hc
p

for some (x, y) ∈ Hc
p and some h, k ∈ A ∩ [1, Cϵ,A p11/34+ϵ].

Thus, Theorem 4 applies to prime “distances” h, k for example. The readers are

encouraged to study other interesting integer “distances” or consider rectangles

instead of squares.

The paper is organized as follows. First, we transform the problem into a char-

acter sum problem as in [3]. Then we prove Theorem 1 using Weil’s bound on

character sums. Next, we prove Theorems 2 and 3 using Burgess’ method. Finally,

we prove Theorem 4 by a double character sum estimate of Chang [4].

Throughout the paper, the symbol |A| stands for the cardinality of a set A.

The floor function ⌊x⌋ denotes the largest integer less than or equal to x. We use

exp(x) to denote the function ex. When an integer a divides another integer b, we

abbreviate that as a | b. Given a prime p and gcd(n, p) = 1, we use n to denote the

multiplicative inverse of n (mod p) (i.e., n · n ≡ 1 (mod p)). The symbols f(x) =

O(g(x)), f(x) ≪ g(x), and g(x) ≫ f(x) are equivalent to |f(x)| ≤ Cg(x) for some

constant C > 0. Also, the symbols f(x) = Oλ1,...,λr
(g(x)), f(x) ≪λ1,...,λr

g(x), and

g(x) ≫λ1,...,λr
f(x) mean that the implicit constant may depend on the parameters

λ1, . . . , λr.
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2. Some Preliminaries

Suppose (x, y) and (x+ h, y + k) are two points on Hc
p for some 1 ≤ h, k ≤ H. We

have (x+ h)(y + k) ≡ xy ≡ c (mod p), which is equivalent to{
kx2 + hc+ hkx ≡ 0 (mod p),

xy ≡ c (mod p).

After completing the square of the first equation above, we get (2kx + hk)2 ≡
h2k2 − 4hkc (mod p). Hence, Equation (1) can be reduced to finding 1 ≤ h, k ≤ H

such that (hk(hk − 4c)

p

)
= 1 or

(k
p

)(k − 4ch

p

)
= 1. (2)

Here, ( ·
p ) is the Legendre symbol modulo p. Note that if h and k satisfy Equation

(2), we can reverse the above process to find x and, hence, the two points (x, y) and

(x + h, y + k) on Hc
p. A key tool we need is Weil’s bound on character sums (see

Theorem 11.23 in [8] for example).

Theorem 5 ([8]). Let χ be a non-principal multiplicative character modulo p of

order d > 1. Suppose f ∈ Fp[x] has m distinct roots and f is not a d-th power.

Then, we have ∣∣∣ ∑
x∈Fp

χ(f(x))
∣∣∣ ≤ (m− 1)

√
p. (3)

3. Proof of Theorem 1

Proof. Suppose p ≡ 1 (mod 4). We want to find L/4 < c < p− L/4 such that( l − 4c

p

)
=

( l + 4c

p

)
= −1 for all 1 ≤ l ≤ L (4)

with some positive integer L < np ≪ p1/2 log p by the Pólya–Vinogradov inequality.

It then follows that(hk
p

)(hk − 4c

p

)
= −1 for all 1 ≤ |h|, |k| ≤

√
L.

This together with Equations (1) and (2) implies that |Hc
p ∩ B(X,Y,

√
L)| ≤ 1 for

all 0 ≤ X,Y ≤ p− 1. To deduce Equation (4), we consider the sum

Σ :=
∑

L/4<c<p−L/4

L∏
k=1

(1− (k−4c
p )

2

)
·

L∏
l=1

(1− ( l+4c
p )

2

)
.
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Note that the contribution from the missing terms 1 ≤ c ≤ L/4 and p−L/4 ≤ c ≤ p

is at most L. Inserting these missing terms, expanding things out, and applying

Equation (3), we get

Σ =
p

22L
+

1

22L

∑
0≤r,s≤L
r+s>0

(−1)r+s
∑

1≤k1<k2<...<kr≤L

∑
1≤l1<l2<...<ls≤L

p∑
c=1

(4c− k1
p

)
· · ·

(4c− kr
p

)
·
(4c+ l1

p

)
· · ·

(4c+ ls
p

)
+O(L)

=
p

22L
+O(22LLp1/2) ≥ p

22L+1
≥ p0.7

with L = ⌊0.1 log p⌋ when p is sufficiently large. This shows that Equation (4)

holds for some L/4 < c < p − L/4. Finally, we have np ≫ log p · log log log p > L

for infinitely many primes p ≡ 1 (mod 4) by a result of Graham and Ringrose [7].

Hence, we have Theorem 1.

4. Proof of Theorem 2

Proof of Theorem 2. Set

H := p1/4 exp(0.5(log p)1/2+ϵ), T := exp(0.25(log p)1/2+ϵ)(log p)1/2−ϵ, K := HT.

We want to find integers h ∈ M∩ [1,H] and k ∈ M∩ [1,K] satisfying(k
p

)(k − 4ch

p

)
= 1. (5)

Let Qp be the set of quadratic residues modulo p. By the pigeonhole principle and

the positive lower density of M, we have∣∣∣[1, T ] ∩Qp

∣∣∣ ≥ δT

2
or

∣∣∣[1, T ]\Qp

∣∣∣ ≥ δT

2
.

The larger of these two sets we denote by Z0. Next, we choose

A = Z1 = {1 ≤ z1 ≤ H : z1 ∈ M}.

Then |A|, |Z1| ≥ δH by the positive lower density of M.

Suppose Equation (5) is false for all numbers h ∈ M∩ [1, H] and k ∈ M∩ [1,K].

We restrict our attention to k = z0z1 where z0 ∈ Z0 and z1 ∈ Z1. Let r4c denote

the remainder of 4c after division by p. Then we have(z0z1
p

)(z0z1 − 4ch

p

)
= 0 or

(z0z1
p

)(z0z1 − 4ch

p

)
= −1. (6)
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The first case in Equation (6) consists of those tuples (h, z0, z1) with hz0z1 = r4c
since hz0z1 < p. Apart from these tuples, the second case in Equation (6) yields(z0 − 4chz1

p

)
= −

(z0
p

)
which has the same value by the definition of Z0. Consequently, we have

S :=

∣∣∣∣ ∑
h∈A

z0∈Z0,z1∈Z1

(z0 − 4chz1
p

)∣∣∣∣ = |A||Z0||Z1| − d3(r4c) ≫ |A||Z0||Z1| ≫δ H2T.

(7)

Here d3(n) stands for the number of ways to write n as a product of 3 positive

integers, and we have the standard divisor bound d3(n) ≪ n0.1 for example. Let

w(n) := #{(h, z1) ∈ A× Z1 : hz1n ≡ 4c (mod p)}.

Clearly, we have
∑p−1

n=1 w(n) = |A||Z1|. Define

W :=

p−1∑
n=1

w(n)2 = #{(h1, h2, z1, z2) : h1, h2 ∈ A, z1, z2 ∈ Z1, h1z1 = h2z2}.

Given h1 and h2, any z1 determines z2 uniquely and vice versa. Also, observe that
h1

gcd(h1,h2)
z1 = h2

gcd(h1,h2)
z2 which implies

h1

gcd(h1, h2)

∣∣∣ z2 and
h2

gcd(h1, h2)

∣∣∣ z1.
Thus, we have

W =
∑

h1≤h2∈A

∑
z1∈Z1
h2

gcd(h1,h2)
|z1

1 +
∑

h2<h1∈A

∑
z2∈Z1
h1

gcd(h1,h2)
|z2

1 =: W1 +W2.

By
∑

m≤x,d|m 1 ≤ x
d and

∑
n≤x d(n) ≪ x log x, we obtain

W1 ≤
∑

h1≤h2∈A

H

h2/ gcd(h1, h2)
≤ H

∑
h2∈A

1

h2

∑
δ|h2

δ
∑

h1≤h2, δ|h1

1 ≤ H
∑
h2∈A

d(h2)

≪H2 logH. (8)

We have similar bounds for W2 and W . By Hölder’s inequality, Equations (8) and
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(3), we get

S =
∣∣∣∑

n

w(n)
∑

z0∈Z0

(z0 − n

p

)∣∣∣
≤

(∑
n

w(n)
2R

2R−1

) 2R−1
2R

(∑
n

( ∑
z0∈Z0

(z0 − n

p

))2R) 1
2R

=
(∑

n

w(n)
2R

2R−1

) 2R−1
2R

( ∑
z1,z2,...,z2R∈Z0

∑
n

(n− z1
p

)(n− z2
p

)
· · ·

(n− z2R
p

)) 1
2R

≤
(∑

n

w(n)
) 2R−2

2R
(∑

n

w(n)2
) 1

2R ·
( (2R)!

2RR!
|Z0|Rp+ 2R|Z0|2R

√
p
) 1

2R

≪ (H2)
2R−2
2R

(
H2 logH

) 1
2R ·

(√
R
√
T · p 1

2R + T · (√p)
1

2R

)
. (9)

The term (2R)!
2RR!

|Z0|Rp comes from the diagonal contributions when z1, z2, . . . , z2R
can be partitioned into R distinct pairs zi, zj with zi = zj . Pick

R = ⌊2(log p)1/2−ϵ + 1⌋

and recall T = exp(0.25(log p)1/2+ϵ)(log p)1/2−ϵ. One can check that

T · (√p)
1

2R ≫ϵ

√
R
√
Tp

1
2R .

Hence, Equation (9) yields

S ≪ϵ H
2T ·

( H2

p1/2 logH

)− 1
2R

,

contradicting Equation (7) as H = p1/4 exp(0.5(log p)1/2+ϵ). This proves the exis-

tence of some solution to Equation (5), and hence completes the proof.

5. Proof of Theorem 3

Proof of Theorem 3. Since this proof is very similar to that of Theorem 2, we will

highlight the necessary modifications only. We use the same choices for H and T

but set K := 2H · T . Let P be the set of prime numbers and

A := {1 ≤ h ≤ H : h ∈ P}.

We have |A| ≫ H/ logH by Chebyshev’s estimate. By the pigeonhole principle, we

have∣∣∣{1 ≤ z0 ≤ T : z0 ∈ P} ∩ Qp

∣∣∣ ≫ T

log T
or

∣∣∣{1 ≤ z0 ≤ T : z0 ∈ P}\Qp

∣∣∣ ≫ T

log T
,
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and we let Z0 be the bigger of these two sets. Finally, set

Z1 := {H < z1 ≤ 2H : z1 ∈ P}

and |Z1| ≫ H/ logH. Suppose Equation (5) is false for all squarefree numbers

1 ≤ h ≤ H and 1 ≤ k = z0z1 ≤ K. Then(z0 − 4chz1
p

)
= −

(z1
p

)
have the same value for all h ∈ A, z0 ∈ Z0, z1 ∈ Z1 apart from those tuples (h, z0, z1)

for which hz0z1 = r4c. Similar to Equation (7), we have

S :=

∣∣∣∣ ∑
h∈A

z0∈Z0,z1∈Z1

(z0 − 4chz1
p

)∣∣∣∣ ≫ |A||Z0||Z1| ≫
H2

log2 H
· T

log T
. (10)

Recall that

w(n) = #{(h, z1) ∈ A× Z1 : hz1n ≡ 4c (mod p)},

and

W =

p−1∑
n=1

w(n)2 = #{(h1, h2, z1, z2) : h1, h2 ∈ A, z1, z2 ∈ Z1, h1z1 = h2z2}

=
∑

z1=z2∈Z1

∑
h1=h2∈A

1 ≪ H2

log2 H
.

Then, following the same argument as in Theorem 2, we obtain

S ≪ϵ

( H2

log2 H

) 2R−2
2R

( H2

log2 H

) 1
2R · T

log T
·(√p)

1
2R ≪ H2

log2 H
· T

log T
·
( H2

√
p log2 H

)− 1
2R

which contradicts Equation (10) with our choice ofH. This completes the proof.

6. Proof of Theorem 4

Proof of Theorem 4. Karatsuba [9] studied double character sums and proved that,

for some given ϵ > 0, there exists ϵ′ = ϵ′(ϵ) > 0 such that∑
x∈I

∣∣∣∑
y∈S

χ(y + x)
∣∣∣ < p−ϵ′ |I||S| (11)

for any interval I ⊆ [1, p] with |I| = pβ and any arbitrary subset S ⊆ [1, p] with

|S| = pα satisfying

α, β > ϵ and α+ 2β > 1 + ϵ. (12)
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Mei-Chu Chang [4] improved Equation (12) to

ϵ < β ≤ 1

k
and

(
1− 2

3k

)
α+

2

3

(
1 +

2

k

)
β >

1

2
+

1

3k
+ ϵ (13)

for any ϵ > 0 and any integer k > 0.

Set α = β = 11/34+ ϵ. One can check that Equation (13) is satisfied with k = 3.

Let Aα = A ∩ [1, pα]. By Equation (11), we have∣∣∣ ∑
k,h∈Aα

(k
p

)(k − 4ch

p

)∣∣∣ ≤ ∑
k∈Aα

∣∣∣ ∑
h∈Aα

(k − 4ch

p

)∣∣∣
≤

∑
k≤pα

∣∣∣ ∑
h∈Aα

(−4ch+ k

p

)∣∣∣ < pα−ϵ′ |Aα|. (14)

If (kp )(
k−4ch

p ) ̸= 1 for all h, k ∈ Aα, then (kp )(
k−4ch

p ) = 0 for at most |Aα| of the
h’s, and the rest satisfy (kp )(

k−4ch
p ) = −1. Thus, Equation (14) implies

|Aα|2 − |Aα| < pα−ϵ′ |Aα|,

which contradicts

|Aα| ≥ cϵ′/2,A · pα−ϵ′/2

as Aα is “almost dense”. Therefore, (kp )(
k−4ch

p ) = 1 for some h, k ∈ Aα and hence,

Theorem 4 is true.
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