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Abstract

In correspondence with Goldbach, Euler began investigating series of the form
Does1 FTm (427" 4 -4+ k"), which are known today as Euler sums. For the
case where n = 1 and m > 2, Euler was able to obtain a closed form in terms of
zeta values. We use elementary techniques in the spirit of Euler to evaluate the
series » 4 %, where Hj, := 14 § + -+ ¢ is the kth harmonic
number, in terms of zeta values. The closed form is a potential counterexample
to a conjecture of Furdui and Sintamarian. We relate this problem to conjectures
regarding irrationality and Q-linear independence of zeta values.

1. Introduction

Euler originally investigated the series

=1 1 1
— (1 = .= 1
kE_lkn(JerJr +k:m>’ (me N,ne N\ {1})

in [7], where N := {1,2,...}. Euler and Goldbach were able to determine that

=\ H “H, 5
> -3 =2(3) and ; -5 = 1@ (1)
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respectively [16, pp. 238-240]. Here, Hy, := 14 1 + - + 1 is the kth harmonic
number and

)= (R(s) > 1) 2

denotes the classical Riemann zeta function. The sums Euler and Goldbach derived
are specific cases of the formula

> Hk n 1 -

—:71) 1) - - Ck+1), N\ {1})). (3
N (5+1)¢ctn+ 2; +1), (meN\{1}). @)
The empty sum that arises at n = 2 is understood to be nil. We mention that
Equation (3) is due to Euler [5, 18]. Numerous results pertaining to Euler sums can
be found in [5, 9, 17, 14, 23, 26, 24, 22, 25]. Euler sums are related to the multiple

zeta function, defined as

which has been studied in more recent times for its significance in diverse areas of
mathematics [4, 12, 27]. Note that when s1, ..., s, are positive integers with s; > 1,
the result is an Euler sum.

In 1993, an undergraduate student at the University of Waterloo named En-
rico Au-Yeung rediscovered and conjectured the following value for the following

quadratic sum: ,
— (H 17
> (%) = e, (@

k=1
David Borwein and Jonathan Borwein would eventually verify the result using tech-
niques involving Fourier series and Parseval’s theorem in [3]. A more elementary
proof is provided by Vélean and Furdui in [20]. In honor of Au-Yeung, the series
is called the quadratic series of Au-Yeung. The cubic version of Au-Yeung’s series
was computed in [19] to be

< (H\® 93 5 4
;(,{) = 15¢(6) = 5CB).

One would expect that the quartic analogue can also be expressed zeta values.
However, it was determined in [21] that

o0 4
Z(?) :%C(S)—%CB)C( ) —2¢(2)¢3(3) + 26806

k=1

where

>~ 1 1
n~—2kn<1+2m+'“+km>’ (m e N,neN\{1}),

k=1



INTEGERS: 26A (2026) 3

which is an Euler sum not known to be reducible to zeta values when m = 2 and
n = 6.

Furdui and Sintamarian considered a different type of series involving products
of harmonic numbers; rather than raising Hk to an integer power, they considered
series involving the consecutive product % for some integer ¢ > 1. They
were able to compute the following series in closed form:

H% = ((2) +2¢(3) )

and N
m;ﬁ( )+i<( )+:<(4). ()

k=1

A generalization of Equation (5) is provided in [10]:

:1% :ji(‘”i(f?l) (z‘+11>3 (zil ‘i)

0

In [16, p. 119], Equation (5) is computed and Equation (6) is left as an open
problem. In [11], Equation (6) is computed. In the very same article, Furdui and
Sintamarian make the following conjecture.

Conjecture 1. If ¢ > 1 is an integer, then

HyHpy1 - Hyqq
= k(k+1)---(k+q)

= 020(2) + aq,30(3) + - + g g+2¢(q +2)

where ag 2,043, .., 0q,q+2 are rationals.

We note that Conjecture 1 possibly fails when ¢ = 3, as the series might not
be expressible as a linear combination of zeta values ((2),((3),((4),¢(5) over the
rationals. To illustrate this, we use elementary methods to directly show that

HyHy 1 HyyoHpys 4 1

< k(k+1)(k+2)(k+3) = _§<(2)—EC(2)C(3)—2—74<( ng( )+ %C(5)~

2. Proof of the Main Result

We require some lemmas. The proof of the following lemma relies on repeatedly
applying partial fraction decomposition and the well-known relation Hy 44 = Hiyp+

1 1 1 :
m+m+~'+k—+qWhereq>p2()arelntegers.
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Lemma 1. Let

= HyHy1HyyoHgys .
E(k+1)(k+2)(k+3)
Then we have
S = 11 _ 131 n 11 _ 5} n 109
240(k+1)2  72(k+2)2 ' 12(k+3)2 9(k+1p " 72(k+2)
41 1 5 11 11H,

TGk 137 6kt D)F 12k 2 | 36(k+3) | 24k
A Hyyy  197Hyyo  11H,3  73H7  11HZ .,
18(k+1)  72(k+2) 12(k+3) 72k 3(k+1)
97TH?,,  25HZ., 13H} 13H},, 13H}., 13H} .,

T oak+2)  8E+3) T I8k 6(k+1)  6(k+2) 18(k+3)

Hy Hyy Hiyo _ Higys 9Hpp1  29Hpo
6k 20k+1)  20k+2) 6(k+3)  4k+1)?  6(kt2)2
OlHirs  2Hp | 13Hs  4Hug Hyss
36(k+3)2  3(k+1)3 ' 6(k+2)73 3(k+3)3  6(k+3)
n 9Hp,,  15HE, TH} 5 Hi,  Hig,
M1 ak+2? Tak 132 T2k+27  2(h+3)
n Hi  Hip Hi s
20k+1)2  (E+2)2  2(k+3)%

Proof. Our goal is to expand 7%, to express it as a rational linear combination of
terms of the form
Hft-&-m
—— (¢,meNU{0},neN).
i (meNU{OhneN)

We begin by applying partial fraction decomposition:

1 1 1 1
My =HpHyp1HepoHpy3 (6k; T3kt D) + hr2) 6(k+3))
_HeHyp1 HeyoHyys  HyHpyi HypoHyys | HypHyp1 HypoHeys
ok 2k 1 1) 2(k 1 2)
_ HyHpp1HiqoHpgs

6(k + 3)
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. . HyHyi1HiroHy
We direct our attention to W:

HyHy 1 HipoHyys
6k

Hy (Hi+ k) (He+ iy + o) (He+ w1+ o + o)
N 6k
Hy H H} Hp Hi HE
=—k 4 + + + +
6k ' 2k(k+1)  3k(k+2)  6k(k+3)  2k(k+1)2 ' 6k(k+2)2
2H? N H? N H?
3k(k+1)(k+2)  3k(k+1)(k+3)  6k(k+2)(k+3)
Hy, Hy, Hy,
+ + +
6k(k+1)3 " 6k(k+1)(k+2)2 " 3k(k+1)2(k+2)
Hk + Hk
k(k+1)2(k+3)  6k(k+1)(k+2)(k+3)

+

MG

We again apply partial fraction decomposition to every single term:

HyHyy1 HypoHyys  11H,  11Hy H,  Hy
6k 24k 24(k+1) ' 24(k+2) 24(k+3)
L THe . He  Hy 73H?
2(k+1)2 " 12(k+2)2 6(k+1)7° 72
AH? 5H?2 H? H?
3(k+1)  24(k+2)  9(k+3) 2(k+1)2
. N By oy  H
12(k+2)2 " 18k 2(k+1) 6(k+2)
Hj; Hj;
C18(k+3) | 6k

14
If there is a term of the form % where p = ¢ then we are done. If p > ¢, we

i 1 1 1 .
substitute Hyy, = Hpiq + el T hree T T e If p < g, we substitute
Hyyp = Hiypqg — %ﬂ — ﬁrl ————— ﬁ. After this substitution, expand the
new expression and apply partial fraction decomposition. The result may again
contain some terms where p # ¢, in which case we repeat our substitution of Hy .
We achieve our goal by iterating this process. We apply the same principles to
HkH’“;E,ﬂ“f)zH"+3, H’“H’“gzlﬂ“gffl’”?’, and H’“H’“EEIZ;“?BQH"”, eventually giving us the
desired result. The tedious calculation details are omitted for the sake of brevity. [

We proceed with the following lemma.
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Lemma 2. The following equalities hold:

> 11 131 11 491 16

@) & ::kz_:< 2(k +1)2 (k+2)2+(k+3)2>:72_3C(2)’
> 5 109 41 2735 13

(b) 2= ; ( k11?8t 2P° 4kt 3)3) =73~ 3@

s 1 5 11 611 1
(© Sa=) ((k T0F 20+ 2t okt 3)4) = 911 T3¢

Proof. (a) By re-indexing, we have

o0

11 1 1311 =1
Si=5 > g Y
2 k:2k 6 k:Bk k:4k
11 1 =1 131 1 1 1
2<P m>e3<12 7 ij)
k=1 k=1
1 1 1 21
e T et e
k=1
491 16 = 1
T T R 272
2 3~k
491 16
g—fé()

The proofs of (b) and (c) are very similar to that of (a), and are thus omitted for
the sake of brevity. O

Lemma 3. The following equalities hold:

() s ._i 11Hy  41Hpy | 197Hppp  11Hpys) 299
T4 3kt T 12(k+2) 2(k+3)) 0 1447
(b) _ i T3SHE 1Hp,  9THR., 25Hi.;\ 6445
=\ 24k k+1  8(k+2) 6(k+3)) 5184’
©) S i HY _Hiy  Hi, o His N 26
— k+1 k+2 3(k+3) 243’
@ B i Hl Hi, H,;*+2 _ Hps \ 5T
B Sk k1l kt2 3(k+3)) 5832

=~
Il

1
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Proof. (a) We take advantage of telescoping;:

11X (H, Hpn 131 = (Hpy1  Hpgo
Sy=— = - - == -
: 4§:<k k+1> 1222<k+1 k+2

11 o~ (Hiy2  Hiys
4'2k§:1<k+2 k+3
11 H, 131 H, 11 H

4 1 12 2 2 3
299

144

(b) We again take advantage of telescoping:
s _@i HE Hp\ 191 (Hpy,  Hiy,
Tus\k k+1) 24 = \k+1 k2

0 2 2
Hk+2 Hk+3

25
4_6;;1(k+2_k+3)
T3 HP 10 H} %5 H3

241 24 2 6 3
6445

5184

(c) Telescoping in Sg is more clear:

em L,
so=3 > (- 553) -

<Hg+1 Hl?+2)

NE

e \k+1 k+2
1 (H} H} H3\ H3
I e W e )
3\1 T2 "3 2
__ 2%
243°

(d) The calculations for S7 is nearly identical to that of Se.
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Lemma 4. The following equalities hold:

o~ ( 9Hiy1  29Hpyo 91Hys \ _ 3151 2
(a) S = kz::l <2(k +1)2 3(k+2)?  18(k+3)%2) 3888 503
> 2H} 41 13Hyio  4Hpys 1807 5
b = - - = - ~((4
(b) S kz_:l< (k+1)3 " 2(k+2)3 (k+3)3 2592 T 3¢

Hyps 8631

Sip = = — —((2)C(3)+3¢(5

(c) S ;::1 it 3) G C(2)¢(3) +3¢(5),

> <9H,§+1 CI5HZ, | THR,\ 287 17
(

@ Su=) G v P weer) a0

Proof. (a) By re-indexing, we have

9 Hy 29 Hp 91 = Hy
S = 9232 73 2 TIs g2
k=2 k=3 k=4

_9( H He) 29 Hi H NHy
) 12kk231222kk2

18 12 22 32 k2
k=1
3151 1 <X Hj
T 3888 7627
k=1
(1),(3)3151 2
=V 2e(3).
3888 9C()

(b) The calculations for Sy are very similar to that of Ss.

(¢) Re-index S1g and use Equation (3).

(d) The calculations for Sy; are very similar to that of Ss. However, instead of
applying the formula for Euler sums (3), we plug in the quadratic series of Au-
Yeung (4). O

Lemma 5. The following equalities hold:

>/ H? oz 121
Sioi— k42 k+3 _
e ;(mw (k+3p) ~ o12
e’} H3 H3 H3 1237
b — k+1 k42 k+3 _ .
o kz_1<z(k+1>2 (b+22 " 2k +3)2) 15552

Proof. (a) The series telescopes.
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(b) We have
1 H} H} 1 — H} H}
Sy == Z k+1 k+2 1 Z k+2 k+3 -).
2k:1 (k+1)2 (k+2 216:1 (k+2)? (k+3)
The two remaining series telescope. O

We are ready to prove the main result.

Theorem 1. The following equality holds:

—  HyHp 1 HypoHy 4 1 7 1
21 R UGtG — "95(®  5E@K6) - 5¢3) + @+ 5¢0)

Proof. Let

o~ HyHpp1HipoHyos
S = l;k(k+1 (k+2)(k+3)

Recall 81,8, ...,S13 defined in Lemmas 2, 3, 4, and 5. Using Lemma 1, we expand
G:

1 1 1 1 1 13 1 1 1 1
S —ESI + §82 + 683 + 684 + §85 + ESG + 587 + 588 + 589 + 6810

1 1
=S =S S13.
+ 1ou + 5012 +O13
Apply Lemmas 2, 3, 4, and 5; this concludes the proof of the theorem. O

The closed form in Theorem 1 is a potential counterexample to Conjecture 1.
Using Theorem 1, express the series as

S sy = (54 56®) @ - 5w+ {ew s 56

— 50— (§6@) + 57 ) <O+ T+ 3¢0)
7

However, this does not show that the series satisfies Conjecture 1. Since ((2)
and Apéry’s constant, ((3), are irrational [1], we deduce that — (3 4+ £¢(3)) and
— ($¢(2) + o) are irrational. Thus, we cannot conclude Equation (7) shows that
our series satisfies Conjecture 1.

Observe that our series satisfies Conjecture 1 if and only if ((2)¢(3) € spang(A)
where A = {((2),((3),¢((4),¢(5)}. A possible way this could happen is if {(n)
is a rational multiple of n™ for integers n > 2. Euler himself noticed through his
calculations that for integers n > 1, {(2n) is a rational multiple of 72" [6], which
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prompted a search for a way to express ((2n+ 1) as a rational multiple of 727+, If
¢(3) and ((5) are rational multiples of 72 and 7 respectively, then ((2)¢(3) would
be a rational multiple of 7® and therefore a rational multiple of ((5). However,
there is still no known representation for {(2n + 1) for integers n > 1, even for {(3)
[2, pp. 266-267]. In particular, Euler conjectured that ((3) = N73 where N is an
expression involving In(2) [13, p. 12].

In contemporary literature, mathematicians are more open to the possibility that

% is irrational [8, p. 41]. Gun, Murty, and Rath give a conditional proof of the

irrationality of Cgﬁill) for integers n > 1 in [15, p. 1341]; the proof is contingent

on the following conjecture of Chowla and Milnor.

Conjecture 2 (Chowla-Milnor). Let ((s,a) = Y ;¢ ﬁ denote the classical
Hurwitz zeta function. Then the set

£:={¢(g;m/n) : 1 <m <n,ged(m,n) =1}, (¢>1,n>2)
is linearly independent over Q.

In [15], Gun et al. perform a slight modification on £ by restricting m < n and
define the following Chowla—Milnor space:

Vg(n) == spang({¢(g,m/n) : 1 <m < n,ged(m,n) = 1}).

The dimension of V,(n) as a Q-linear space can shed light on problems regarding
irrationality by expressing the Hurwitz zeta function in terms of the Riemann zeta
function. It is also worth noting that the Chowla—Milnor conjecture has implications
in multiple zeta values. Again in [15], Gun et al. give an important proposition
arising from the Chowla—Milnor space.

Proposition 1. The Chowla—Milnor conjecture for V,(4) is equivalent to the irra-

tionality of 422221-11) for integers n > 1.

In relation to Theorem 1, the falsehood of the Chowla—Milnor conjecture allows
for the rationality of certain values of Cfﬁﬂ ), which relates to Conjecture 1 of
Furdui and Sintdméarian. On the other hand, proving the Chowla—Milnor conjecture
would only eliminate one possible way of expressing ¢(2)((3) as a rational multiple
of ¢(5). More work must be done to establish a stronger implication between these
related conjectures. Nevertheless, one may conjecture that ((2)((3) & spang(A);

however, verifying this is difficult.

Perhaps we can learn more by computing the closed form for

HipHypyq---Hiqq
k(k+1)(k+q)

(¢ € N).
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