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Abstract

A general integral expression to transform power series is applied to arcsinx and
its positive integer powers. We concentrate on the first to the fourth powers and
obtain infinite classes of new power series involving central binomial coefficients.
Specializing the variable to appropriate simple values leads to different classes of
series expansions for π and some of its positive integer powers. We also discuss
several limit expressions and connections with hypergeometric series.

1. Introduction

The well-known power series for arcsinx and (arcsinx)2,

arcsinx =

∞∑
k=0

(
2k
k

)
4k

x2k+1

2k + 1
, (arcsinx)2 =

1

2

∞∑
k=1

(2x)2k(
2k
k

)
k2

, (1)

have long been used as a source for series representations for π and π2 involving cen-

tral binomial coefficients. This is achieved by setting, for instance, x = 1
2 ,

1
2

√
2, 1

2

√
3,

1, or other related algebraic numbers. These and numerous further results can be

found, for instance, in the much-cited and interesting paper [7] by D. H. Lehmer.

Other relevant publications include [2], [4], [5], [6], and [12].
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It is the purpose of the present paper to use evaluations of certain integrals

(actually moments) of arcsinx and (arcsinx)2 to obtain infinite classes of extensions

of the series in (1). This can also be done for higher powers of arcsinx, and we will

carry this out for the third and fourth powers. As a typical example we obtain, for

instance, the series

2n+2(
n

n/2

) ∞∑
k=0

4k(
2k
k

)
k(2k + n)

= π2 + 2

n/2∑
j=1

4j(
2j
j

)
j2

, (2)

valid for all even n ≥ 0; see Corollary 5. When n = 0, this reduces to the second

identity in (1) for x = 1. We will also obtain various limit expressions, such as

2n+1(
n

n/2

) ∞∑
k=0

4k(
2k
k

)
k(2k + n)

→ π2 as n → ∞,

where
(

n
n/2

)
is considered a generalized binomial coefficient when n is odd. This

follows from (2); see Corollary 11.

In the short Section 2 we state and prove a general result which is the basis for

most of what follows. Sections 3–7 then deal with results based on the first to the

fourth powers, respectively, of the arcsinx. Section 8 contains some limit results,

and we conclude this paper with some results involving hypergeometric functions

in Section 9.

2. A General Result

The main results in Sections 3–7 will all be based on the following integral repre-

sentation. We do not claim this to be original, but we were unable to find it in the

literature.

Theorem 1. Suppose that f(x) has the power series expansion

f(x) =

∞∑
k=1

ak · x
k

k
(|x| < R), (3)

where R is the radius of convergence. Then, for any integer n ≥ 0 and real x with

|x| < R, we have

∞∑
k=1

ak · x
k+n

k + n
= f(x)xn − n

∫ x

0

tn−1f(t)dt. (4)

Proof. For n = 0, the theorem is trivially true. For integers n ≥ 1 and k ≥ 1, we

use integration by parts to get∫ x

0

(
d

dt
tn
)

tk

k
dt =

[
tn+k

k

]x
0

−
∫ x

0

tn+k−1dt,
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which evaluates as

n

∫ x

0

tn−1 t
k

k
dt =

tk

k
xn − tn+k

n+ k
. (5)

Multiplying both sides of (5) by ak and summing over all k ≥ 1, then using (3),

we get (4), as desired. Since we are dealing with power series, the interchange of

summation and integration is justified within the radius of convergence.

The fact that Theorem 1 requires f(0) = 0 is no loss of generality since we can

deal with f(x) − f(0) instead, if necessary. Since most of the functions of interest

to us are either even or odd, it is convenient to reformulate Theorem 1 as follows.

Corollary 1. Suppose that f(x) is either an even or an odd function, analytic in

a neighbourhood of 0, with power series expansion

f(x) =

∞∑
k=1−δ

ck · x2k+δ

2k + δ
(|x| < R),

where δ is either 0 or 1, and R is the radius of convergence. Then, for any integer

n ≥ 1 and real x with |x| < R, we have

∞∑
k=1−δ

ck · x2k+δ+n

2k + δ + n
= f(x)xn − n

∫ x

0

tn−1f(t)dt. (6)

Proof. When f is even, then a2k+1 = 0 for all k ≥ 0, and we set ck = a2k for k ≥ 1

and c0 = 0. This is the case δ = 0. When f is odd, then a2k = 0 for all k ≥ 0, and

we set ck = a2k+1, which is the case δ = 1.

At this point, an important remark on the convergence of series is in order. Using

the well-known asymptotic relation(
2k

k

)
∼ 4k√

πk
as k → ∞

(see also (87) below), we see that the radius of convergence of both series in (1)

is R = 1, while the series still converge at x = 1. By Abel’s limit theorem it is

therefore legitimate to simply substitute x = 1 in the various series we deal with,

to get identities that usually involve π. This will be done throughout this paper,

without further comments.

Binomial expressions are also often used in this paper, and the identities(
n

k

)
n+ 1

k + 1
=

(
n+ 1

k + 1

)
,

(
2n− 2

n− 1

)
=

n

2(2n− 1)

(
2n

n

)
(7)

are particularly useful in the following sections.
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3. The Case f(x) = arcsinx

In order to apply Corollary 1, we need to evaluate

I(1)ν (x) :=

∫ x

0

tν arcsin t dt. (8)

This evaluation is done in the following lemma and its proof.

Lemma 1. For integers ν ≥ 0, we have

I(1)ν (x) =
1

ν + 1

(
f (1)
ν (x) arcsinx+ g(1)ν (x)

√
1− x2 + h(1)

ν

)
, (9)

where for integers ℓ ≥ 0,

f
(1)
2ℓ (x) = x2ℓ+1, f

(1)
2ℓ+1(x) = x2ℓ+2 − 1

4ℓ+1

(
2ℓ+ 2

ℓ+ 1

)
, (10)

g
(1)
2ℓ (x) =

4ℓ

(2ℓ+ 1)
(
2ℓ
ℓ

) ℓ∑
j=0

(
2j

j

)(x
2

)2j

, (11)

g
(1)
2ℓ+1(x) =

1

2 · 4ℓ+1

(
2ℓ+ 2

ℓ+ 1

) ℓ∑
j=0

(2x)2j+1

(2j + 1)
(
2j
j

) , (12)

and h
(1)
ν = −g

(1)
ν (0); in particular,

h
(1)
2ℓ = − 4ℓ

(2ℓ+ 1)
(
2ℓ
ℓ

) , h
(1)
2ℓ+1 = 0. (13)

Proof. The integral in (8) can be found as indefinite integrals in [9], separately for

even and for odd ν. In fact, if we set a = 1 in the identities 1.7.3.2 and 1.7.3.3 in [9],

then we almost immediately get (9)–(12). Since the two identities in question are

indefinite integrals, we need to take care of a constant of integration, say c, which

is then determined by the fact that I
(1)
ν (0) = 0. This means that g

(1)
ν (0) + c = 0,

which in turn gives (13).

With Lemma 1 we now obtain the main result of this section.

Theorem 2. For all even n ≥ 0, we have

∞∑
k=0

(
2k
k

)
2k + n+ 1

(x
2

)2k
=

(
n

n/2

)
(2x)n+1

2 arcsinx−
√
1− x2 ·

n−2
2∑

j=0

(2x)2j+1

(2j + 1)
(
2j
j

)
 , (14)

and for all odd n ≥ 1,

∞∑
k=0

(
2k
k

)
2k + n+ 1

(x
2

)2k
=

(
2
x

)n+1

(n+ 1)
(n+1

n+1
2

)
1−

√
1− x2 ·

n−1
2∑

j=0

(
2j

j

)(x
2

)2j . (15)
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Proof. We use Corollary 1 with f(x) = arcsinx. Then by (1) we have δ = 1 and

ck =
(
2k
k

)
4−k. When n = 0, then (14) is just the first identity in (1). When n ≥ 2

is even, we set n = 2ℓ + 2, so that ν = 2ℓ + 1. Then (6) combined with Lemma 1

almost immediately gives (14), where only (7) also needs to be used.

Similarly, when n ≥ 1 is odd, we set n = 2ℓ + 1, so that we take ν = 2ℓ in

Lemma 1. Again, upon using (7), the identity (15) follows immediately from (6),

which completes the proof.

Corollary 2. For all integers n ≥ 0, we have

∞∑
k=0

(
2k
k

)
4k(2k + n+ 1)

=


(

n
n/2

)
π

2n+1 if n is even,
2n−1

n( n−1
(n−1)/2)

if n is odd.
(16)

More concisely, for all n ≥ 0, we have

∞∑
k=0

(
2k
k

)
4k(2k + n+ 1)

=

(
n

n/2

)
π

2n+1
, (17)

where
(

n
n/2

)
is considered a generalized binomial coefficient in the case of odd n.

Proof. The identity (16) follows immediately from Theorem 2 with x = 1 and the

fact that arcsin(1) = π/2. It remains to prove (17) for odd n = 2ℓ + 1. To do so,

we write the relevant binomial coefficients in terms of the gamma function:(
n

n/2

)
=

Γ(2ℓ+ 2)

Γ(ℓ+ 3
2 )

2
,

(
n− 1
n−1
2

)
=

Γ(2ℓ+ 1)

Γ(ℓ+ 1)2
. (18)

We now use Legendre’s duplication formula twice (see, for instance, [8, eq. 5.5.5]):

Γ(2ℓ+ 1)
√
π = 22ℓΓ(ℓ+ 1

2 )Γ(ℓ+ 1),

Γ(2ℓ+ 2)
√
π = 22ℓ+1Γ(ℓ+ 1)Γ(ℓ+ 3

2 ).

Taking the product of these two identities and using the fact that (ℓ+ 1
2 )Γ(ℓ+

1
2 ) =

Γ(ℓ+ 3
2 ), we get

Γ(2ℓ+ 1)Γ(2ℓ+ 2)π =
24ℓ+2

2ℓ+ 1
Γ(ℓ+ 1)2Γ(ℓ+ 3

2 )
2.

Combining this last identity with both identities in (18), we see that the second

part of (16) agrees with (17) for odd n, which completes the proof.

The next obvious special case of Theorem 2, after x = 1, would be x = 1/2 with

arcsinx = π/6. Rather than stating an analogue of Corollary 2, we give the first

few explicit cases of (14) for even n = 0, 2, . . . , 10.
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Corollary 3. The following identities hold:

∞∑
k=0

(
2k
k

)
16k(2k + 1)

=
π

3
,

∞∑
k=0

(
2k
k

)
16k(2k + 7)

=
20π

3
− 12

√
3,

∞∑
k=0

(
2k
k

)
16k(2k + 3)

=
2π

3
−

√
3,

∞∑
k=0

(
2k
k

)
16k(2k + 9)

=
70π

3
− 169

√
3

4
,

∞∑
k=0

(
2k
k

)
16k(2k + 5)

= 2π − 7
√
3

2
,

∞∑
k=0

(
2k
k

)
16k(2k + 11)

= 84π − 1523
√
3

10
.

At least the first one of these identitiesi is well known and can be found, for

instance, in [7, p. 451].

Another consequence of Theorem 2 is a pair of identities connecting different

power series.

Corollary 4. For all x ∈ R with |x| < 1 and integers n ≥ 0, we have

∞∑
k=0

(
2k
k

)
x2k+2n+1

4k(2k + 2n+ 1)
=

(
2n
n

)√
1− x2

22n+1
·

∞∑
j=n

(2x)2j+1(
2j
j

)
(2j + 1)

, (19)

and for n ≥ 1,

2n

(
2n

n

) ∞∑
k=0

(
2k
k

)
2k + 2n+ 1

(x
2

)2k+2n+1
=

∞∑
j=n

(
2j

j

)(x
2

)2j
. (20)

Proof. With the aim of dealing with the right-most sum in (14), we differentiate

the second identity in (1), obtaining

arcsinx√
1− x2

=

∞∑
k=1

(2x)2k−1(
2k
k

)
k

. (21)

This identity is also mentioned in [7], along with a new proof. Using the second

identity in (7) and setting k = j + 1 in (21), we get

2 arcsinx√
1− x2

=

∞∑
j=0

(2x)2j+1(
2j
j

)
(2j + 1)

. (22)

With this identity, the expression in large parentheses in (14) becomes

2 arcsinx−
√
1− x2

2 arcsinx√
1− x2

−
∞∑

j=n/2

(2x)2j+1(
2j
j

)
(2j + 1)


=

√
1− x2

∞∑
j=n/2

(2x)2j+1(
2j
j

)
(2j + 1)

.
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Substituting this into (14), multiplying both sides by xn+1, and finally replacing

the (even) n by 2n, we get (19).

To prove (20), we differentiate the left identity in (1), obtaining

1√
1− x2

=

∞∑
j=0

(
2j

j

)(x
2

)2j
. (23)

This is also a well-known identity which was used by Lehmer [7]. With (23), the

expression in large parentheses in (15) becomes

1−
√
1− x2

 1√
1− x2

−
∞∑

j=n+1
2

(
2j

j

)(x
2

)2j =

∞∑
j=n+1

2

(
2j

j

)(x
2

)2j
.

Substituting this into (15) and replacing the (odd) n by 2n − 1 for n ≥ 1, we

immediately get (20).

4. A Differential Operator

Before continuing with higher powers of arcsinx, we derive some results concerning

a differential operator, which will be useful in the following sections. To see how

this enters, we differentiate the right-hand sides of (8) and (9), obtaining

(ν + 1)xν arcsinx = f ′
ν(x) arcsinx+

fν(x)√
1− x2

+ g′ν(x)
√
1− x2 − xgν(x)√

1− x2
, (24)

where for greater ease of notation we deleted the superscripts. For (24) to hold for

all x, we require both

f ′
ν(x) = (ν + 1)xν

and

xgν(x) + (x2 − 1)g′ν(x) = fν(x). (25)

This last identity gives rise to the following definition: For a function F (x), differ-

entiable in a neighbourhood of 0, we define the operator D by(
DF

)
(x) := xF (x) + (x2 − 1)

d

dx
F (x).
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The following properties, with c an arbitrary constant, are easy to verify:(
Dc

)
(x) = cx,(

D c√
x2 − 1

)
(x) = 0, (26)

(
D log(x+

√
x2 − 1)√

x2 − 1

)
(x) = 1. (27)

Since D is a linear differential operator of order 1, the identity (26) guarantees that

solutions to
(
DF

)
(x) = f(x), for an appropriate given function f (here we will only

be interested in polynomials) are unique up to adding c/
√
x2 − 1. We can therefore

consider the inverse operator D−1. It satisfies the following property, which will be

useful in later sections.

Lemma 2. For all integers ℓ ≥ 1, we have, up to addition by c/
√
x2 − 1 on the

right, (
D−1x2ℓ+1

)
(x) = g

(1)
2ℓ (x), (28)(

D−1x2ℓ+2
)
(x) = g

(1)
2ℓ+1(x) +

1

4ℓ+1

(
2ℓ+ 2

ℓ+ 1

)(
D−11

)
(x), (29)

where g
(1)
2ℓ (x) and g

(1)
2ℓ+1(x) are as given in (11) and (12).

Proof. This follows immediately from (25) and (10), along with the linearity of the

inverse operator D−1.

5. The Case f(x) = (arcsinx)2

In analogy to Section 3, we need to evaluate

I(2)ν (x) :=

∫ x

0

tν(arcsin t)2 dt. (30)

This is done as follows.

Lemma 3. For integers ν ≥ 0, we have

I(2)ν (x) =
1

ν + 1

(
f (2)
ν (x)(arcsinx)2 + g(2)ν (x)

√
1− x2 arcsinx+ h(2)

ν (x)
)
, (31)

where

f (2)
ν (x) = f (1)

ν (x), g(2)ν (x) = 2g(1)ν (x), (32)
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and for integers ℓ ≥ 0,

h
(2)
2ℓ (x) = − 4ℓ+1

(2ℓ+ 1)
(
2ℓ
ℓ

) ℓ∑
j=0

(
2j

j

)(
x
2

)2j+1

2j + 1
, (33)

h
(2)
2ℓ+1(x) = − 1

2 · 4ℓ+1

(
2ℓ+ 2

ℓ+ 1

) ℓ+1∑
j=1

(2x)2j(
2j
j

)
j2

. (34)

Proof. Computations led us to conjecture that I
(2)
ν (x) is of the form (31), where

f
(2)
ν (x), g

(2)
ν (x), and h

(2)
ν (x) are polynomials with rational coefficients. We first

consider these polynomials as unknowns, and differentiating (30) and (31), we get

(ν + 1)xν(arcsinx)2 =
d

dx
f (2)
ν (x)(arcsinx)2 + 2f (2)

ν (x)
arcsinx√
1− x2

+ g(2)ν (x)

(
1− x

arcsinx√
1− x2

)
+

d

dx
g(2)ν (x)(1− x2)

arcsinx√
1− x2

+
d

dx
h(2)
ν (x).

We now equate coefficients of the transcendental functions arcsinx and (arcsinx)2,

as well as the remaining terms, and we obtain

2f (2)
ν (x)− xg(2)ν (x) + (1− x2)

d

dx
g(2)ν (x) = 0, (35)

as well as
d

dx
f (2)
ν (x) = (ν + 1)xν and

d

dx
h(2)
ν (x) = −g(2)ν (x). (36)

From the first identity in (36), we have

f (2)
ν (x) = xν+1 + cν , (37)

where cν are constants. Now by (35), (37), and Lemma 2, we have

1

2
· g(2)ν (x) = D−1(xν+1 + cν) = g(1)ν (x), (38)

and in addition, by (27) we get c2ℓ = 0 and c2ℓ+1 = −
(
2ℓ+2
ℓ+1

)
4−ℓ−1. This is the first

part of (32), while (38) gives the second part of (32).

Finally, the second half of (36) immediately leads to (33) and (34). In all cases

the constants of integration are 0, which can be seen by equating (30) and (31) and

setting x = 0. This completes the proof.

We now combine Lemma 3 with Corollary 1, to obtain the following result.
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Theorem 3. For all even n ≥ 0, we have

∞∑
k=1

(2x)2k(
2k
k

)
k(2k + n)

=

(
n

n/2

)
(2x)n

arcsin2 x+
1

2

n
2∑

j=1

(2x)2j(
2j
j

)
j2

−
√
1− x2 · arcsinx

n−2
2∑

j=0

(2x)2j+1(
2j
j

)
(2j + 1)

 , (39)

and for all odd n ≥ 1,

∞∑
k=1

(2x)2k(
2k
k

)
k(2k + n)

=

(
2
x

)n
n
(n−1

n−1
2

)
2

n−1
2∑

j=0

(
2j
j

)
2j + 1

(x
2

)2j+1

−
√

1− x2 · arcsinx

n−1
2∑

j=0

(
2j

j

)(x
2

)2j .

Proof. In analogy to Theorem 2 we use Corollary 1 with f(x) = (arcsinx)2. Then

by (1), we have δ = 0 and ck = 4k/
(
2k
k

)
k. The case n = 0 of the theorem is just the

second identity in (1). We then distinguish again between even n = 2ℓ+2 and odd

n = 2ℓ+ 1, and use (31) with the appropriate cases among (32)–(34).

Setting x = 1 in Theorem 3, we immediately get the following.

Corollary 5. For all even n ≥ 0, we have

∞∑
k=1

4k(
2k
k

)
k(2k + n)

=

(
n

n/2

)
2n+2

π2 + 2

n/2∑
j=1

4j(
2j
j

)
j2

 , (40)

and for all odd n ≥ 1,

∞∑
k=1

4k(
2k
k

)
k(2k + n)

=
2n(n−1

n−1
2

)
n

n−1
2∑

j=0

(
2j
j

)
(2j + 1)4j

. (41)

As a consequence of Corollary 5 we obtain the following pair of series identities.

Corollary 6. For all integers n ≥ 0, we have

4n(
2n
n

) ∞∑
k=1

4k(
2k
k

)
k(k + n)

= π2 +

∞∑
j=n+1

4j(
2j
j

)
j2

,

(2n+ 1)
(
2n
n

)
4n

∞∑
k=1

4k(
2k
k

)
k(2k + 2n+ 1)

= π − 2

∞∑
j=n+1

(
2j
j

)
(2j + 1)4j

.
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Proof. These identities follow immediately from (40) and (41), respectively, if we

use both identities in (1) with x = 1. In order to avoid fractions, we replace n by

2n, resp. 2n+ 1, in the two cases.

Similarly to what we did in Section 3, we now state the first few special cases of

Theorem 3 for even n = 0, 2, 4, 6 and x = 1/2.

Corollary 7. The following identities hold:

∞∑
k=1

1(
2k
k

)
k(2k + 0)

=
π2

36
,

∞∑
k=1

1(
2k
k

)
k(2k + 4)

=
π2

6
− 7π

12

√
3 +

13

8
,

∞∑
k=1

1(
2k
k

)
k(2k + 2)

=
π2

18
− π

6

√
3 +

1

2
,

∞∑
k=1

1(
2k
k

)
k(2k + 6)

=
5π2

9
− 2π

√
3 +

197

36
.

The first of the series in Corollary 7 is well-known; see, for instance, [7, eq. (14)].

Next, in analogy to Corollary 4, we obtain the following identities from Theo-

rem 3.

Corollary 8. For all x ∈ R with |x| < 1 and integers n ≥ 0, we have

∞∑
k=1

(2x)2k+2n(
2k
k

)
k(2k + 2n)

=
√
1− x2 · arcsinx

(
2n

n

) ∞∑
j=n

(2x)2j+1(
2j
j

)
(2j + 1)

, (42)

2n+ 1

22n+1

(
2n

n

) ∞∑
k=1

4k(
2j
j

) · x2k+2n+1

2k + 2n+ 1
=

√
1− x2 · arcsinx

∞∑
j=n+1

(
2j

j

)(x
2

)2j
− 2

∞∑
j=n+1

(
2j
j

)
2j + 1

(x
2

)2j+1
. (43)

Proof. We set n = 0 in (19), obtaining

∞∑
k=0

(
2k
k

)
4k

· x2k+1

2k + 1
=

√
1− x2

2
·

∞∑
j=0

(2x)2j+1(
2j
j

)
(2j + 1)

. (44)

By (1), the left-hand side of (44) is arcsinx, and with this we substitute (44) along

with the right-hand side of (1) into (55). Replacing n be 2n, we obtain (42) after

some easy manipulations.

Next, we substitute the first identity in (1) and (23) into (56). Replacing n by

2n+ 1, we obtain (43), again after some straightforward manipulations.
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6. The Case f(x) = (arcsinx)3

In addition to the identities in (1), there are known power series expansions for

arbitrary positive integer powers of arcsinx. Such expressions can be found in the

book by Schwatt [11, p. 124] or in the more recent paper [1]. In general, these

identities involve multiple nested series, but in the case of powers 3 and 4, they can

be written in terms of fairly simple (generalized) harmonic numbers. We begin with

the third power, using a variant of the notation from [1]:

(arcsinx)3 = 6

∞∑
k=0

(
2k
k

)
G(k)

4k(2k + 1)
x2k+1, G(k) :=

k−1∑
j=0

1

(2j + 1)2
. (45)

Following the outlines of the previous two sections, we now set

I(3)ν (x) :=

∫ x

0

tν(arcsin t)3 dt. (46)

We then have the follwoing result.

Lemma 4. For integers ν ≥ 0, we have

I(3)ν (x) =
1

ν + 1

(
f (3)
ν (x)(arcsinx)3 + g(3)ν (x)

√
1− x2(arcsinx)2

+ h(3)
ν (x) arcsinx+ u(3)

ν (x)
√
1− x2 + w(3)

ν

)
, (47)

where

f (3)
ν (x) = f (1)

ν (x), g(3)ν (x) = 3g(1)ν (x), (48)

and for integers ℓ ≥ 0,

h
(3)
2ℓ (x) = 3h

(2)
2ℓ (x), h

(3)
2ℓ+1(x) = 3h

(2)
2ℓ+1(x) +

3
(
2ℓ+2
ℓ+1

)
2 · 4ℓ+1

ℓ+1∑
j=1

1

j2
, (49)

u
(3)
2ℓ (x) =

−6 · 4ℓ

(2ℓ+ 1)
(
2ℓ
ℓ

) ℓ∑
r=0

( ℓ∑
j=r

1

(2j + 1)2

)(
2r

r

)(x
2

)2r
, (50)

u
(3)
2ℓ+1(x) =

−3
(
2ℓ+2
ℓ+1

)
4ℓ+2

ℓ∑
r=0

( ℓ+1∑
j=r+1

1

j2

)
(2x)2r+1

(2r + 1)
(
2r
r

) , (51)

w
(3)
2ℓ =

6 · 4ℓ

(2ℓ+ 1)
(
2ℓ
ℓ

) ℓ∑
j=0

1

(2j + 1)2
, w

(3)
2ℓ+1 = 0. (52)
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Proof. In analogy to Lemma 3, we differentiate (46) and (47), and after some easy

manipulations, we get

(ν + 1)xν(arcsinx)3 =
d

dx
f (3)
ν (x)(arcsinx)3

+

(
3f (3)

ν (x) + (1− x2)
d

dx
g(3)ν (x)− xg(3)ν (x)

)
×
√
1− x2(arcsinx)2

+

(
2g(3)ν (x) +

d

dx
h(3)
ν (x)

)
arcsinx

+

(
h(3)
ν (x) + (1− x2)

d

dx
u(3)
ν (x)− xu(3)

ν (x)

)√
1− x2.

This gives

3f (3)
ν (x)− xg(3)ν (x) + (1− x2)

d

dx
g(3)ν (x) = 0, (53)

d

dx
f (3)
ν (x) = (ν + 1)xν and

d

dx
h(3)
ν (x) = −2g(3)ν (x), (54)

h(3)
ν (x)− xu(3)

ν (x) + (1− x2)
d

dx
u(3)
ν (x) = 0. (55)

Now (53) and the first part of (54) give the two identities in (48), exactly as in the

proof of Lemma 3.

Next, by the second identities in (54), (48), (32), and (36), we have

d

dx
h(3)
ν (x) = −2g(3)ν (x) = −6g(1)ν (x) = −3g(2)ν (x) = 3

d

dx
h(2)
ν (x),

so that, for each ν ≥ 0,

h(3)
ν (x) = 3h(2)

ν (x) + cν , (56)

where cν is a constant for each ν.

By (55), we have u
(3)
ν (x) = D−1

(
h
(3)
ν

)
(x). We deal with this according to the

parity of ν. When ν is even, ν = 2ℓ, and therefore by (56) and (33), we have

u
(3)
2ℓ (x) =

−3 · 4ℓ+1

(2ℓ+ 1)
(
2ℓ
ℓ

) ℓ∑
j=0

(
2j
j

)
D−1(x2j+1)

(2j + 1)22j+1
+D−1(c2ℓ)(x). (57)

With (28), we see that the summation in (57) is a polynomial, and since by assump-

tion u
(3)
2ℓ (x) is also a polynomial, by (27) we have c2ℓ = 0. This is the first part of

(49). Using (28) again, along with (57) and (11), we get, after some cancellations,

u
(3)
2ℓ (x) =

−3 · 4ℓ+1

(2ℓ+ 1)
(
2ℓ
ℓ

) ℓ∑
j=0

1

(2j + 1)2

j∑
r=0

(
2r

r

)(x
2

)2r
. (58)
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Upon changing the order of summation, we see that (58) becomes (50).

When ν is odd, ν = 2ℓ+ 1, then by (56) and (34), we have

u
(3)
2ℓ+1(x) =

−3
(
2ℓ+2
ℓ+1

)
2 · 4ℓ+1

ℓ∑
j=0

4j+1D−1(x2j+2)(
2j+2
j+1

)
(j + 1)2

+D−1(c2ℓ+1)(x). (59)

This time, (29) applies, and we first deal with all terms in (59) that are coefficients

of D−1(1)(x). They are, after some cancellations,

−3
(
2ℓ+2
ℓ+1

)
2 · 4ℓ+1

ℓ∑
j=0

1

(j + 1)2
+ c2ℓ+1.

This, with (56), gives the second part of (49). It also means that with (59) and

(29), we have

u
(3)
2ℓ+1(x) =

−3
(
2ℓ+2
ℓ+1

)
2 · 4ℓ+1

ℓ∑
j=0

4j+1g
(1)
2j+1(x)(

2j+2
j+1

)
(j + 1)2

.

This identity, together with (12), gives after some cancellations,

u
(3)
2ℓ+1(x) =

−3
(
2ℓ+2
ℓ+1

)
4ℓ+2

ℓ∑
j=0

1

(j + 1)2

j∑
r=0

(2x)2r+1

(2r + 1)
(
2r
r

) .
Changing the order of summation, we then get (51).

Finally, by equating (46) and (47) and setting x = 0, we get w
(3)
ν = −u

(3)
ν (0).

This, together with (50) and (51), immediately gives (52), which completes the

proof of the lemma.

In analogy to Theorems 2 and 3, we obtain the following result.

Theorem 4. For all even n ≥ 0, we have

∞∑
k=0

(
2k
k

)
G(k)x2k+1

4k(2k + 1 + n)
=

(
n

n/2

)
4(2x)n

2

3
arcsin3 x−

√
1− x2 · arcsin2 x ·

n−2
2∑

j=0

(2x)2j+1(
2j
j

)
(2j + 1)

+ arcsinx

n
2∑

j=1

(
(2x)2j(

2j
j

) − 1

)
1

j2

+

√
1− x2

2

n−2
2∑

r=0

( n/2∑
j=r+1

1

j2

)
(2x)2r+1(
2r
r

)
(2r + 1)

 , (60)
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and for all odd n ≥ 1,

∞∑
k=0

(
2k
k

)
G(k)x2k+1

4k(2k + 1 + n)
=

(
2
x

)n
2n

(n−1
n−1
2

)
−

√
1− x2 · arcsin2 x

2

n−1
2∑

j=0

(
2j

j

)(x
2

)2j

+ 2arcsinx

n−1
2∑

j=0

(
2j
j

)
2j + 1

(x
2

)2j+1 −

n−1
2∑

j=0

1

(2j + 1)2

+
√
1− x2

n−1
2∑

r=0

( n−1
2∑

j=r

1

(2j + 1)2

)(
2r

r

)(x
2

)2r . (61)

Proof. With the goal of applying Corollary 1 to the series (45), we take f(x) =

(arcsinx)3, δ = 1, and ck = 6
(
2k
k

)
G(k)/4k(2k + 1). Then with (6) and (46) we get

6

∞∑
k=0

(
2k
k

)
G(k)x2k+1

4k(2k + 1 + n)
= (arcsinx)3 − x−nnI

(3)
n−1(x).

Now we use Lemma 4, separately for even n = ν + 1 = 2ℓ+ 2 and odd n = ν + 1 =

2ℓ+1. Some straightforward manipulations then give (60) and (61), respectively.

In the special case x = 1, we have arcsin(1) = π/2, and since several terms

disappear in (60) and (61), we get the following rather simple expressions.

Corollary 9. For all even n ≥ 0, we have

∞∑
k=0

(
2k
k

)
G(k)

4k(2k + 1 + n)
=

(
n

n/2

)
2n+3

π3

6
+ π

n
2∑

j=1

(
4j(
2j
j

) − 1

)
1

j2

 , (62)

and for all odd n ≥ 1,

∞∑
k=0

(
2k
k

)
G(k)

4k(2k + 1 + n)
=

2n−1

n
(n−1

n−1
2

)
π

2

n−1
2∑

j=0

(
2j
j

)
(2j + 1)4j

−

n−1
2∑

j=0

1

(2j + 1)2

 . (63)

7. The Case f(x) = (arcsinx)4

We now continue with the fourth power of arcsinx, using a variant of the notation

from [1]:

(arcsinx)4 = 6

∞∑
k=1

4kH(k)(
2k
k

)
k2

x2k, H(k) :=

k−1∑
j=1

1

(2j)2
. (64)
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Following again the outlines of the previous two sections, we now set

I(4)ν (x) :=

∫ x

0

tν(arcsin t)4 dt. (65)

We then obtain the following result.

Lemma 5. For integers ν ≥ 0, we have

I(4)ν (x) =
1

ν + 1

(
f (4)
ν (x)(arcsinx)4 + g(4)ν (x)

√
1− x2(arcsinx)3

+ h(4)
ν (x)(arcsinx)2 + u(4)

ν (x)
√

1− x2 arcsinx+ w(4)
ν (x)

)
, (66)

where

f (4)
ν (x) = f (1)

ν (x), g(4)ν (x) = 4g(1)ν (x), (67)

h(4)
ν (x) = 2h(3)

ν (x), u(4)
ν (x) = 4u(3)

ν (x), (68)

and for integers ℓ ≥ 0,

w
(4)
2ℓ (x) =

3 · 4ℓ+2

(2ℓ+ 1)
(
2ℓ
ℓ

) ℓ∑
r=0

( ℓ∑
j=r

1

(2j + 1)2

)(
2r
r

)(
x
2

)2r+1

2r + 1
, (69)

w
(4)
2ℓ+1(x) =

6
(
2ℓ+2
ℓ+1

)
4ℓ+2

ℓ+1∑
r=1

( ℓ+1∑
j=r

1

j2

)
(2x)2r(
2r
r

)
r2

. (70)

Proof. We follow the outlines of the proofs of Lemmas 3 and 4 and differentiate

(65) and (66). Collecting the coefficients of (arcsinx)j , 0 ≤ j ≤ 4, we then get

d

dx
f (4)
ν (x) = (ν + 1)xν and

d

dx
h(4)
ν (x) = −3g(4)ν (x), (71)

4f (4)
ν (x) =

(
Dg(4)ν

)
(x) and 2h(4)

ν (x) =
(
Du(4)

ν

)
(x), (72)

d

dx
w(4)

ν (x) = −u(4)
ν (x), (73)

where D is the differential operator defined in Section 4. Now, in exactly the same

way as in the proof of Lemma 4, the identities in (71) and (72) lead to those in (67)

and (68). Finally, we integrate (50) and (51), and with (73) and (68) we get (69)

and (70).

Only (70) requires some further explanation. The integration mentioned gives

w
(4)
2ℓ+1(x) =

6
(
2ℓ+2
ℓ+1

)
4ℓ+2

ℓ∑
r=0

( ℓ+1∑
j=r+1

1

j2

)
(2x)2r+2

(2r + 1)(2r + 2)
(
2r
r

) .
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It is easy to verify that

(2r + 1)(2r + 2)

(
2r

r

)
=

(
2r + 2

r + 1

)
(r + 1)2.

With this, and by shifting the summation, i.e., replacing r+1 by r, we obtain (70).

In both (69) and (70) the constants of integration are 0, which can be seen, as

before, by Equations (65) and (66) and setting x = 0.

Once again as before, we combine Lemma 5 with Corollary 1.

Theorem 5. For all even n ≥ 0, we have

∞∑
k=1

4kH(k)x2k(
2k
k

)
k(2k + n)

=

(
n

n/2

)
(2x)n

arcsin4 x

6
−

√
1− x2

3
arcsin3 x ·

n−2
2∑

j=0

(2x)2j+1(
2j
j

)
(2j + 1)

+
arcsin2 x

2

n
2∑

j=1

(
(2x)2j(

2j
j

) − 1

)
1

j2
− 1

4

n/2∑
r=1

( n/2∑
j=r

1

j2

)
(2x)2r(
2r
r

)
r2

+

√
1− x2

2
arcsinx ·

n−2
2∑

r=0

( n/2∑
j=r+1

1

j2

)
(2x)2r+1(
2r
r

)
(2r + 1)

 , (74)

and for all odd n ≥ 1,

∞∑
k=1

4kH(k)x2k(
2k
k

)
k(2k + n)

=

(
2
x

)n
n
(n−1

n−1
2

)
−

√
1− x2

6
arcsin3 x

n−1
2∑

j=0

(
2j

j

)(x
2

)2j

+ arcsin2 x

n−1
2∑

j=0

(
2j
j

)(
x
2

)2j+1

2j + 1

+
√
1− x2 arcsinx

n−1
2∑

r=0

( n−1
2∑

j=r

1

(2j + 1)2

)(
2r

r

)(x
2

)2r
−2

n−1
2∑

r=0

( n−1
2∑

j=r

1

(2j + 1)2

)(
2r
r

)(
x
2

)2r+1

2r + 1

 . (75)

Proof. Considering (64), we apply Corollary 1 with f(x) = (arcsinx)4, δ = 0, and

ck = 12 · 4kH(k)/
(
2k
k

)
k. Then with (6) and (65) we get

12

∞∑
k=1

4kH(k)x2k(
2k
k

)
k(2k + n)

= (arcsinx)4 − x−nnI
(4)
n−1(x).

As before, we use Lemma 5, separately for even n = ν + 1 = 2ℓ + 2 and for odd

n = ν + 1 = 2ℓ+ 1, thus obtaining (74) and (75), respectively.
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Next, we consider again the principal special case x = 1. Then with (74) and

(75) we immediately get the following identities.

Corollary 10. For all even n ≥ 0, we have

∞∑
k=1

4kH(k)(
2k
k

)
k(2k + n)

=

(
n

n/2

)
2n+3

π4

12
+ π2

n
2∑

j=1

(
4j(
2j
j

) − 1

)
1

j2

−2

n/2∑
r=1

( n/2∑
j=r

1

j2

)
4r(

2r
r

)
r2

 , (76)

and for all odd n ≥ 1,

∞∑
k=1

4kH(k)(
2k
k

)
k(2k + n)

=
2n

n
(n−1

n−1
2

) n−1
2∑

r=0

(
π2

8
−

n−1
2∑

j=r

1

(2j + 1)2

) (
2r
r

)
(2r + 1)4r

. (77)

8. Some Limit Expressions

Some of the results in Sections 3 and 5–7 give rise to various limit expressions. We

collect these results in the current section, beginning with limits involving powers

of π.

Corollary 11. We have the following limits as n → ∞:

2n+1(
n

n/2

) ∞∑
k=0

(
2k
k

)
4k(2k + n+ 1)

→ π, (78)

2n+1(
n

n/2

) ∞∑
k=1

4k(
2k
k

)
k(2k + n)

→ π2, (79)

2 · 2
n+3(
n

n/2

) ∞∑
k=0

(
2k
k

)
G(k)

4k(2k + n+ 1)
→ π3, (80)

6 · 2
n+3(
n

n/2

) ∞∑
k=1

4kH(k)(
2k
k

)
k(2k + n)

→ π4, (81)

where the binomial coefficient
(

n
n/2

)
is as in (16) when n is odd, and G(k), H(k)

are as defined in (45) and (64), respectively.

Proof. The limit (78) follows immediately from (17). To prove (79), we first consider

(40) and use the fact that by the second identity in (1) with x = 1, the sum on the

right approaches π2/2. This leads to the limit (79) as n → ∞ for even n.
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For odd n, we consider (41) and use the fact that by the first identity in (1) with

x = 1, the sum on the right approaches π/2. But in the proof of Corollary 2 we

showed that for odd n,
2n

n
(

n−1
(n−1)/2

) =

(
n

n/2

)
π

2n
. (82)

This shows that the limit (79) also holds for odd n → ∞.

To prove (80), we begin with (62) and multiply both sides by 2n+3/
(

n
n/2

)
. If we

take the limit as n → ∞ over even n, the terms in the large parentheses on the

right become

π3

6
+ π

∞∑
j=1

4j(
2j
j

)
j2

− π

∞∑
j=1

1

j2
=

π3

6
+ π · 2 arcsin2(1)− π · π

2

6
=

π2

2
, (83)

where we have used the second identity in (1) with x = 1, as well as Euler’s evalu-

ation for ζ(2). This gives (80) for even n.

When n is odd, we multiply both sides of (63) by n
(

n−1
(n−1)/2

)
21−n and take the

limit as n → ∞ over odd n. The first series on the right then evaluates as arcsin(1) =

π/2 by the first identity in (1), and the second series on the right of (63) is a well-

known variant of ζ(2) and evaluates as π2/8. Using (82), we see that again we get

the limit (80), this time for odd n.

To prove (81), we begin with (76) and multiply both sides by 2n+3/
(

n
n/2

)
. If we

take the limit as n → ∞ over even n, the terms in the large parentheses on the

right become

A :=
π4

12
+ π2

∞∑
j=1

(
4j(
2j
j

) − 1

)
1

j2
− 2

∞∑
r=1

(
π2

6
−

r∑
j=1

1

j2

)
4r(

2r
r

)
r2

, (84)

where we have used the well-known evaluation for ζ(2) in the sum on the right. Now,

the first sum in (84) has already been evaluated in (83) as π2/2 − π2/6 = π2/3.

Furthermore, the inner sum on the right of (84) is 4H(3) by the definition in (64).

Hence we have

A =
π4

12
+ π2 · π

3

3
− π3

3

∞∑
r=1

4r(
2r
r

)
r2

+ 8

∞∑
r=1

H(r)4r(
2r
r

)
r2

=
π4

12
+

π4

3
− π2

3
· 2 ·

(π
2

)2
+ 8 · 1

6
·
(π
2

)4
=

π4

3
.

This, with (76), gives the limit in (81) for even n.

Next, the sum on the right of (77) is easily seen to have the limit

∞∑
r=0

( r−1∑
j=0

1

(2j + 1)2

) (
2r
r

)
(2r + 1)4r

=

∞∑
r=0

G(r)
(
2r
r

)
(2r + 1)4r

=
1

6

(π
2

)3
,
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where we have used (45). Finally, if we use (79), we see that (77) leads to the same

limit (81), now for odd n. This completes the proof.

We saw that the limits in Corollary 11 all come from the special case x = 1 in

relevant earlier results. The following limit expressions are of a different kind and

are only valid for |x| < 1.

Corollary 12. We have the following limits as n → ∞:

(2n+ 1)

∞∑
k=0

(
2k
k

)
2k + 2n+ 1

(x
2

)2k → 1√
1− x2

, (85)

(2n+ 1)

∞∑
k=1

(2x)2k−1(
2k
k

)
k(2k + 2n)

→ arcsinx√
1− x2

, (86)

uniformly on compact subsets of the interval (−1, 1).

Proof. While originally these two limits were obtained from (19) and (42), respec-

tively, we present the following simpler proofs. We rewrite the series in (85) as

∞∑
k=0

(
2k
k

)
2k

2n+1 + 1

(x
2

)2k
=

∞∑
k=0

ak(x).

The well-known asymptotics for the central binomial coefficients imply, for k ≥ 1,

4k√
πk

· 7
8
≤ 4k√

πk

(
1− 1

8k

)
<

(
2k

k

)
<

4k√
πk

, (87)

and with the right-most inequality we get

|ak(x)| ≤
(
2k

k

) ∣∣∣x
2

∣∣∣2k <
|x|2k√
πk

=: Mk.

Since
∑

Mk converges for all |x| < 1, we can use Tannery’s theorem for the inter-

change of limit and infinite series; see, for instance, [3, p. 136]. Hence we get

lim
n→∞

( ∞∑
k=0

ak(x)

)
=

∞∑
k=0

(
lim
n→∞

ak(x)
)
=

∞∑
k=0

(
2k

k

)(x
2

)2k
=

1√
1− x2

,

where we have used (23) for the final equality.

Similarly, we rewrite the series in (86) as

∞∑
k=1

(2x)2k−1(
2k
k

)
k
(
2k−1
2n+1 + 1

) =

∞∑
k=1

bk(x).
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With the left inequalities of (87), we have

|bk(x)| ≤
8
√
πk

7 · 4k
· 2

2k−1

k
|x|2k−1 =

4

7

√
π

k
· |x|2k−1 =: Nk(x),

and since
∑

Nk(x) converges for |x| < 1, we can use Tannery’s theorem again. We

then get

lim
n→∞

( ∞∑
k=0

bk(x)

)
=

∞∑
k=1

(2x)2k−1(
2k
k

)
k

=
arcsinx√
1− x2

,

where we have used (21). Since in both cases we are dealing with power series,

convergence is uniform on compact subsets of the interval (−1, 1).

9. Connections with Hypergeometric Functions

In this section we mention some connections with hypergeometric series (or func-

tions), which are among the most important objects in the theory of special func-

tions and their applications. We recall that generalized hypergeometric functions

are defined by power series of the form

pFq(a1, . . . , ap; b1, . . . , bq; z) =

∞∑
k=0

(a1)k · · · (ap)k
(b1)k · · · (bq)k

· z
k

k!
,

with the Pochhammer symbol (or rising factorial) defined by (a)0 = 1 and

(a)k = a(a+ 1) · · · (a+ k − 1), k ≥ 1.

The most important special case is 2F1(a1, a2; b1; z), the Gaussian hypergeometric

function. Numerous properties can be found, for instance, in Chapters 15 and 16

of [8]. We are now ready to state and prove the following.

Corollary 13. For any integer n ≥ 0, the identity (14) is equivalent to

2F1(
1
2 , n+ 1

2 ;n+ 3
2 ;x

2) =
√

1− x2 · 2F1(1, n+ 1;n+ 3
2 ;x

2). (88)

Proof. We replace n by 2n in (14) and note that Mathematica evaluates the left-

hand sum as

∞∑
k=0

(
2k
k

)
2k + 2n+ 1

(x
2

)2k
=

1

2n+ 1
2F1(

1
2 , n+ 1

2 ;n+ 3
2 ;x

2). (89)

For the sum on the right of (14), Mathematica gives

n−1∑
j=0

(2x)2j+1

(2j + 1)
(
2j
j

) = 2 · arcsinx√
1− x2

− (2x)2n+1

(2n+ 1)
(
2n
n

) 2F1(1, n+ 1;n+ 3
2 ;x

2), (90)
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where, by (22), the sum on the left is a partial sum of the whole series which has

2 arcsinx/
√
1− x2 as its generating function. Combining (89) and (90) with (14),

we get (88) after some simplification.

We remark that the identity (88) can also be obtained from the existing literature.

Indeed, from [10, eq. 7.3.1.32], we have

2F1(1, n+ 1;n+ 3
2 ;x

2) =
1√

1− x2
2F1(1, 2n+ 1;n+ 3

2 ;
1
2 (1−

√
1− x2),

and from [10, eq. 7.3.1.37],

2F1(
1
2 , n+ 1

2 ;n+ 3
2 ;x

2) = 2F1(1, 2n+ 1;n+ 3
2 ;

1
2 (1−

√
1− x2),

which combined immediately give (88). This approach can therefore be seen as an

alternative proof of the identity (14).

We now apply a similar approach to the identity (39) in Theorem 3.

Corollary 14. For any integer n ≥ 1, the identity (39) is equivalent to

(2n− 1) 3F2(1, 1, n;
3
2 , n+ 1;x) + 3F2(1, n, n;n+ 1

2 , n+ 1;x)

= 2n 2F1(
1
2 , 1;

3
2 ;

x
x−1 ) 2F1(1, n;n+ 1

2 ;x). (91)

Proof. We replace n by 2n in (39). Then Mathematica identifies the left-hand series

as
∞∑
k=1

(2x)2k(
2k
k

)
k(2k + 2n)

=
x2

n+ 1
3F2(1, 1, n+ 1; 3

2 , n+ 2;x2), (92)

and the right-most sum as

1

2

n∑
j=1

(2x)2j(
2j
j

)
j2

= arcsin2 x− (2x)2n+2

2(n+ 1)2
(
2n+2
n+1

) 3F2(1, n+ 1, n+ 1;n+ 3
2 , n+ 2;x2).

(93)

Substituting (92), (93), and (90) into the modified identity (39), we get after some

simplification,

3F2(1, 1, n+ 1; 3
2 , n+ 2;x2) +

1

2n+ 1
3F2(1, n+ 1, n+ 1;n+ 3

2 , n+ 2;x2)

=
2n+ 2

2n+ 1
2F1(

1
2 ,

1
2 ;

3
2 ;x

2) 2F1(1, n+ 1;n+ 3
2 ;x

2), (94)

where we have used the well-known identity

arcsinx = x 2F1(
1
2 ,

1
2 ;

3
2 ;x

2).
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We now use another well-known identity, namely (see, for instance, [8, eq. 15.8.1])

2F1(
1
2 ,

1
2 ;

3
2 ;x

2) =
1√

1− x2
2F1(

1
2 , 1;

3
2 ;

x2

x2−1 ),

and finally multiply both sides of (94) by 2n+1 and then replace x2 by x and n+1

by n. This immediately gives (91).

We were unable to find (91) in the literature. It is a somewhat unusual identity

in that it expresses the product of two 2F1 functions as a linear combination of two

3F2 functions.
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