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Abstract
In this paper, we present closed forms for finite reciprocal sums that involve gen-
eralized Fibonacci numbers. In each case, the denominator of the summand is a
product of generalized Fibonacci numbers with at least one squared term.

1. Introduction

In [2], [3], [4], and [5], we consider finite reciprocal sums involving generalized
Fibonacci numbers. Indeed we give closed forms, in terms of rational numbers, for
these sums. In the aforementioned papers, the denominator of the summand of each
finite sum consists of a product of generalized Fibonacci numbers. In this paper,
the denominator of the summand of each finite sum that we consider is a product
of generalized Fibonacci numbers with at least one squared term.

Closed forms for reciprocal sums in which the denominator of the summand is
a product that contains squares of Fibonacci (Lucas) numbers seem to be rare in
the literature. For instances of such sums in which the upper limit of summation is
infinite, we refer the reader to Brousseau[l], formulas 6, 7, 12, and 15. Formula 20
of Brousseau does not make sense due to a vanishing denominator. At the end of
Section 2, we indicate that formulas 6, 7, 12, and 15 of Brousseau follow from two
of our results.

We begin by introducing the three pairs of integer sequences that feature in this
paper. Let a > 0 and b > 0 be integers with (a,b) # (0,0). For p a positive integer,
we define, for all integers n, the sequences {W,} and {W,} by

Wn = an—l + Wn_g, W() = a, W1 = b,
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and
Wn =Wh_1+ Wpy1.

For (a,b,p) = (0,1,1), we have {W,}={F,}, and {W, }={L,}, which are the
Fibonacci and Lucas numbers, respectively. Retaining the parameter p, and taking
(a,b) = (0,1), we write {W,,}={U,}, and {W,, }={V,,}, which are integer sequences
that generalize the Fibonacci and Lucas numbers, respectively.

Let o and (3 denote the two distinct real roots of 22 —pz —1 = 0. Set A =b—af
and B = b—aa. Then the closed forms (the Binet forms) for {W,,} and {W,} are,

respectively,

Aa™ — BB"
Wn - Wa

and
W, = Aa" + BA"™.
Set A = p? + 4. We require also the constant eyy = AB = b — pab — . In this
regard, note that ey = 1, and ey = —A.

Throughout this paper, d > 1, k > 1, m > 0, and n > 2 are assumed to be
integers. In Section 2, we give a closed form for the finite sum

Uk(21+d)+2m
So(d, k
2( ) aman Z k+ Uk )
i=1 i+m (i+d)+m

with an accompanying dual result.

All of the finite sums considered in this paper are evaluated in terms of rational
numbers. Furthermore, each finite sum is categorized according to the number of
distinct terms in the denominator of its summand. For instance, S5 has two distinct
terms in the denominator of its summand. The scope of this paper is limited as
follows: each finite sum that is considered has at most five distinct factors in the
denominator of its summand. Furthermore, as stated earlier, each finite sum has at
least one squared term in the denominator of its summand. Not all the results that
we have discovered are presented. Instead, we have chosen to present a selection
that demonstrates the kind of results that are possible.

There are two finite sums that feature throughout. For integers 0 < l; < o,
these finite sums are

W(kamana ll7 l2) =

ewUk W2 W2

lp—1 2 2
(—1)kt+m 3 <Wk(i+n1)+m _ Wk(i+1)+m>
k(i+n)+m k(i42)+m

=l

and
la—1 (—1)ki

\I/W(kvmvnallle Z Wk(
7,+2 +

ka(i+n)+m
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If, for instance, in the definition of ®y (k, m,n,l1,l3) we replace each occurrence of
W by U, we denote the resulting sum by ®y(k, m,n,l1,ls).

We suppress certain arguments from quantities when there is no danger of con-
fusion. For instance, So(n) will denote Sa(d, k, m,n) when we want n to vary, and
the other parameters to remain fixed.

We now give two identities, involving ®y and Wy, that are required for the
proofs of all the theorems in this paper. We state these identities as lemmas in
which, for instance (with the notation agreed upon in the previous paragraph),
Dy (n) means Py (k, m,n,l,1ls).

Lemma 1. With @y as defined abowve,

(*1)k+m ng(n+l2fl)+m 3 W/?(n+l171)+m
€WUk VVk2 '

Py (n+1)—Pyw(n) = 2
(n+l2)+m k(n+li)+m

Lemma 2. With Uy as defined above,

(1)U G, )

Ukn—1)¥w(n + 1) = Up(n—2)¥w(n) Wty o Wit iay e
In Lemma 1, the right side arises from a simple telescoping sum. Lemma 2 is
proved in [3, Sec. 9], where it occurs as Lemma 1.
The method of proof that can be employed to prove each of our results is me-
chanical and transparent. We demonstrate this method of proof in Section 3, where
we use it to prove Theorem 2.

2. A Closed Form for S and a Dual Result

We remind the reader that, throughout this paper,d > 1, k> 1, m >0, and n > 2
are taken to be integers.

Theorem 1. With Sy as defined in Section 1,

UpUar (S2(n) — S2(2)) = (=11 @y (k, m, n, 0, d)
+ VkUk(n—Z)\IlU(kaman,Ovd)' (1)

Theorem 1 has a dual result that we conveniently state as follows: redefine So
by replacing each occurrence of U in the denominator of the summand by V. Then
(1) remains valid provided we multiply the left side by A, and replace &y and ¥y
by ® and ¥y, respectively.

Formula 6 of Brousseau [1], to which we refer in the introduction, is an infinite
sum. Before proceeding, we remark that, in this formula, the numerator of the sum-
mand should be (71)””’1F2n_1. Shifting the range of summation, and expressing
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Brousseau’s formula in the notation of the present paper, we see that Brousseau
essentially obtains a closed form for

= F21+2T+1
Z “mp (2)
i=1 T T i2r+1

But (2) is obtained by considering {U,}={F,}, and letting n — oo in the finite
sum Sy(2r +1,1,0,n).

Likewise, Brousseau’s formulas 12 and 15 follow easily from the closed form for
Sa(d, k,m,n) that we give in Theorem 1. We leave the reader the simple task of
verifying that Brousseau’s formula 7 follows from the dual result of Theorem 1.

3. The Summand Has Three Distinct Factors in the Denominator

In this section, we present two theorems. Furthermore, as stated in the introduction,
we demonstrate our method of proof by proving the first of these theorems.
Define

n—1

Wk(i-‘rd)-‘rm
Sg (d? k7 m, n) 7
i=1 sz+ka(i+d)+mWI§(i+2d)+m
and
_ ki, .
S:% (d,k,m,n) Z k(i+d)+m 2k(L+d)+2m

i=1 kz+mUk(Z+d)+mU k(i4+2d)+m

In this section, we give the closed forms for S and Si. We remark that, when
conducting our research, our preference was to discover closed forms for finite sums
involving the more general sequences {W,,} and {Wn} When such closed forms
were not forthcoming, we turned our attention to discovering closed forms for finite
sums involving the sequences {U,} and {V,,}.

To assist us in presenting the closed form for S succinctly, we define, for 0 <
i < 3, the quantities a; = a;(d, k,m) as

ap = ew UpU3Usar,
ap = (=1
az = Ug—1yk;

az = (—1)kU(d+1)k.

We can now state our next theorem.
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Theorem 2. With S as defined above,

1
ao (S9(n) — 53(2)) = a1 Z Oy (k,m,n,id, (i + 1)d)
i=0
1
+ 2= 1) " U2y > aip2Uw (k,m,nyid, (i + 1)d). (3)
i=0
Proof. Since af = —1, we write the Binet forms for the various sequences thus:
U, = (o™ + (-1)""a™) VA,
v, = a4+ (_1)na—n7
W, = ((b+aa™)a™ + (-1)"" (b—aa)a™) /VA,
W, = (b+aa™)a™ + (-1)" (b—aa)a "
1

These closed forms are valid for all integers n. We note also that p = o — ™
recall that ey = b — pab — a?.

, and

We require the following two identities:
Witnt2dy1mWin—1)+m —Whnt2d—1)mWinam = ew (=10 0000 (4)

and

k(d+1)U

Ud=1)sWin+2d)+m + (=1) (d+1)kWkntm = UsatWi(nsd—1)4+m-  (5)

Since (4) and (5) can be proved routinely with the use of the Binet forms, we leave
this task to the interested reader.

As we have already stated, n > 2 is taken to be an integer. In the statement
of Theorem 2, denote the quantities on the left and right sides of (3) by L(n) and
R(n), respectively. The expression for L(n 4+ 1) — L(n) is

ew UrU3Uzae W g t-d)-+m

2 2 .
Wkn-{-'m Wk(n+d)+m Wk(n+2d) +m

L(n+1)—L(n) = (6)

With the use of Lemmas 1 and 2, we find, after some simplification, that

R 1 R o Uar Wk?(nfl)+m sz(nJerfl)er
(n+1) = R(n) = 5 — 3
ew Uk Wintm Witnt2d)+m

o(—1)k(n+D)+ms U, —1)kd+Dr
. (-1 ak [ U 1)k+( ) @k |

Wk(n+d)+m Wkn+m Wk(n+2d)+m

Next, we express the right side of (7) with the same denominator as the right
side of (6), while making use of (4) and (5) to simplify the resulting expressions.
We then see that

R(n+1) — R(n) = crea t cs

2 2 )
Wkn+mWk’(”+d)+ka(n+2d)+m
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where the ¢; = ¢;(d, k,m,n) are defined as

1 = (=)D Unak Wit d) s
c2 = Wint2a)+mWrn-1)+m + Wimt2d—1)+mWintm,

ez = 2(= 1)U Unak Wit d—1)-£m Winm Wi(n+-2d) 4-m-
Our aim is to prove that
R(n+1)— R(n)=L(n+1) — L(n), (8)
which is equivalent to proving that
cres + s — ewUpUGUsae W g (ntday+m = 0. (9)

Upon substituting the Binet forms, we find that the left side of (9) can be expressed
in factored form, and that one of the factors is (—1)2(*?*™) — 1. This establishes
(8). Furthermore, R(2) = L(2) = 0, and this completes the proof of Theorem 2. [

In the proof above, the key identity is (9). Likewise, the proof of each theorem in
this paper hinges around the proof of a key identity that is analogous to (9), and each
such identity can be proved by substitution of the appropriate closed forms. The
method is mechanical, and is not dependent upon and special identities. However,
the use of a computer algebra system (in our case Mathematica 8) is essential.

To assist us in presenting the closed form for Si succinctly, we define, for 0 <
i < 3, the quantities b; = b;(d, k) as

bo = UrUgp Var,

by = (=) Uax Vaar,

by = (—1)™ (=)™ UsarVie — 3UiVar — 2(=1)*Ua—11.) »
by = (-1 ((—=1)*Usar Vi + UpVax — 2(=1)*Ua—1)r) -

We then have the theorem that follows.

Theorem 3. With Si as defined above,

1

bo (S5(n) — S3(2)) = b1 Yy _ @y (k,m,n,id, (i + 1)d)
1=0

1
+ Uk(n2) »_ bisa®u (k,m,n,id, (i + 1)d).
=0

The only so-called dual result that we could find for Theorem 3 is Theorem 1.
Specifically, in the summand of Si, replace each occurrence of V by U. Then the
summand that results is the summand of Sy with d replaced by 2d.
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At this point we give an example. Let d = 2, £k = 1, and m = 0. Then, for
W, = Ly, (3) becomes

375”21 Fipo 229331
£~ LiLiyoL7,, 7616

2 1 4 )
3L, 2Lni1  TLnys | 11Lnys

Ly Ly L, Li,
— 4 S s 2 )
Ln Ln+1 Ln+2 Ln+3

+5F, 2 <

4. The Summand Has Four Distinct Factors in the Denominator

We have discovered closed forms for each of the following:

S9(d, k,m,n) = nil (—=1)*" Uk(2i43d)+2m
4 T ’ - ) 3 3 5 ,
i=1 UkierUk(i+d)+mUk(i+2d)+mUk(i+3d)+m

n— ki
! (—1) l?(2i+3d)+2m

Si(d,k,m,n) = .
; UkisemUiisaysmUiivaa)+mUii+ad)+m
S2(d, ke, m, ) = nil Uk (4i+6d)+4m
4 ) vy ) - )
i=1 Ul?i+mUl§(i+d)+mUlg(i+2d)+mUl?(i+3d)+m
and
n—1 i
(—1)* Uy (6i-+9d)+6m
S3(d, k,m,n) = .
izzl Ulgi—i-mUl?(i+d)+mUlg(i+2d)+mUl?(i+3d)+m

In order to keep the presentation to a reasonable length, we present only the
closed forms for S and S}. Also, to keep our notation simple, we redefine the a;
of Section 3. Accordingly, for 0 < i < 6, define the quantities a; = a;(d, k) by

a0 = UxUarUsy, Uiy,
a1 = (=1)" Uz V.,
ag = (_1)(d+1)k+1U3dedgka
a3z = ay,
_ k dk
as = 3(=1)"U—1)kVak (Vaar + (=1)™) = Usae Vias 1)k
as = (—1) " Usae Vi Vg,
ag = UgriyVae (3Vaar + 2(=1)%) + (=1)" " Uina—1)x Vaar-

‘We then have
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Theorem 4. With S as defined above,

2

ag (SY(n) = S9(2)) = ai1®u(k,m,n,id, (i + 1)d)
=0
2

+ Unn—2) Y @isa%u(k,m,n,id, (i +1)d).  (10)
=0

Theorem 4 has the following dual result: redefine S by replacing each occurrence
of U in the denominator of the summand by V. Then (10) remains valid provided
we multiply the left side by A3, and replace ®;; and ¥y by ®y and Uy, respectively.

To present the closed form for S}, we define, for 0 < i < 6, the quantities
bi = bi (d, ]4)) as

bo = UrUarUsgy,,

by = (=) ' Usar Var,

by = (=)' Usar Vi,

by = b1,

by = Uak ViVaar + 4(—=1) %04 Vg 1y5 — 10Uk,
bs = Usar Vi Vi,

be = UaeViVaar + 4(—1) " UgieVig1)x + 10U

We then have the following theorem.

Theorem 5. With S} as defined above,

2
bo (Si(n) = S3(2)) =Y bix1®u(k,m,n,id, (i + 1)d)
=0
2
+ Un(n—2y 3 bia®u (k,m,n,id, (i + 1)d).
=0

Theorem 5 has a dual result that is obtained by making precisely the same
changes as those described for the dual result of Theorem 4. Interestingly, the same
can be said for the dual result that arises from the closed form for S§. However, in
the case of S? we multiply by —A3 instead of A®.
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5. The Summand Has Five Distinct Factors in the Denominator

In this section, the finite sums for which we have managed to find closed forms fall
into three categories. The first category consists of the four sums

P
(7 )k Wk(l+2d)+m

SY (d, k,
5 m n Z szerW

k(z+d)+mWk(z+2d)+ka(z+3d)+mWk(z+4d)+m ’
Sk = n_ll Wz?z+szf<i+d>+mkaf;:ii%awdwmWif(i+4d>+m |
— W
S5(d b m.n) z_: Wm+ka(z+d +m(sz:c+Zl/)i:;2;+3d)+ka(l+4d)+m7
and
55 (d, k,m,n) Z Wkl+ka(l+d)+kaI?i/—f2(:)r42-2;;:?(i+3d)+mWI?(i+4d)+m'

The second category consists of the three sums

(=D)*Var(it2d)+7m
Sg(d, k,m,n) ,
Zz; Ulgz-‘rmU z+d)+mU’f(l+2d)+mUg(i+3d)+mUlg(i+4d)+m
n—1
Vsk(i+2d)+5m
Sg?(d7k,m,n) )
o Uifz+mU13(i+d)+mUk(i+2d)+mU13(i+3d)+mU13(i+4d)+m
and
( )ki‘/Sk(z+2d)+3m
S8(d, k,m,n) .
; Ui?wrmU z+d)+mUk(z+2d)+mU2(z‘+3d)+mU13(i+4d)+m

Furthermore, for each of S, S2, and S¢, we have found the corresponding dual
results where, in each summand, U is replaced by V, and V is replaced by U. We
were unable to find closed forms for the analogous sums that involve the sequences
W,, and W,,.

The third category consists of the two sums

Wi+ dy+m W (it 2d)+m W k(i+3d)+m
S5dkmn ZW Wv( )W,( )Wl( )W2 |
i=1 kitm "VE(i+d)+m Wk(i+2d)+m Wk (i+3d)+m W k(i1 4d)+m
and
n—1 —— N o
Wi mW 7 mW i
S8(d, k,m,n) = Z kitmWk(it2d)+mWk(i+ad)+m

=1 sz-i—m Wk(1+d)+m Wk(z+2d)+ka(1+3d)+m Wk(z+4d)+m
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Since the closed forms for the above sums are rather lengthy, we present only the
closed form for SP. Accordingly, for 0 < i < 8, define the quantities a; = a;(d, k) as
a0 = UpUarUsgy,Us g,
a1 = (=" Usar Vaye (Voar + (=1)%)

az = a1 + (—1)(d+1)k+1U3de£k7

asz = az,

a4 = at,

as = (—1) " Viay — 2(—=1) ULV, ((V2dk + 3(_1)dk)2 - 3) ,
ag = (—1)""'Vias — 64U (Vaar, + (*”dk)gv

a7 = (=) Wyag + 64U (VQdk + (_de)B J

ag = (—1)""'Viar + 2(=1) " Uy Vo, ((Vw’“ +3(-1)")" - 3) '

We then have
Theorem 6. With SO as defined above,

3

ap (99(n) — 55(2)) = ZaiH(IJW(k‘, m,n,id, (i + 1)d)
i=0

3
+ Uiy Y @issWw (k,m,n,id, (i + 1)d). (11)
i=0
We conclude this section with an example. Let d =1, £k = 1, and m = 0. Then,
for W,, = F,, (11) becomes
= 40(-1)LY,
i=1 Fz'QFz'2+1Fi+2Fi%r3F¢2+4

4
3520+ 9F, < 35 830 486 >

Fn+1 Fn+2 Fn+3

1 (2431?31 242F?  242F2,,  243F? H) |
Fy Fi Fly Flis

6. Concluding Comments

Numerical evidence suggests that results, analogous to those presented here, exist
for finite sums in which the denominator of the summand has six or more distinct
factors. Such results become more unwieldy as the number of factors in the denom-
inator of the summand increases. It is for this reason that we have limited the scope
of this paper. We trust that our presentation has given the reader an appreciation
of the kinds of results that are possible.
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