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Abstract

Let (Xy,Y),,~; denote the positive integer solutions of Pell’s equation X2-DY? =
1 or X2 — DY? = —1. We introduce the Dirichlet series (x(s) = > -, 1/X3 and
Cy(s) =302, 1/Y% for R(s) > 0 and prove that both functions do not satisfy any
nontrivial algebraic differential equation. For any positive integers s; and s, the two
numbers (x(2s1) and (y(2s2) are algebraically independent over a transcendental
field extension of Q, whereas the three numbers (x(2), (v (2), and > -, 1/(X,Y,)”
are linearly dependent over Q. From the transcendence of (y (2) and the correspond-
ing alternating series we obtain an application to the Archimedean cattle problem.
Irrationality results for series of the form 0%, (—=1)" /X, 300 (=1)""'/V,,,
and 0% (—1)""/X,,Y,, are obtained by a theorem of R. André-Jeannin.

1. A Summary on the Solutions of Pell’s Equation

Let D denote a positive integer which is not a perfect square. In this paper we
investigate positive integer solutions (X,Y) of Pell’s equations X? — DY? =1 and
X?—-DY? = —1, provided that the Pell-Minus-equation X2 —DY? = —1 is solvable
in integers.

Let {(X,,Y,) € N*>: X2 - DY? =41 A n=1,2,...} be the set of all integer
solutions, which are given recursively by

X, +Y,VD = (X, +Y1VD)" (n=1,2,...) ifX>-DY*=1, (1)
and
2n—1

X, +Y,VD = (X, +V1VD) (n=1,2,...) ifX>-DY?’=—-1, (2)

where (X7, Y1) is the primitive solution of the corresponding equation with smallest
coordinates X and Y. Let k£ be the length of the period of the continued fraction
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expansion of /D, and let p,, /¢, denote the m-th convergent of v/D. First we treat
the integer solutions of X2 — DY? = 1. Tt is well-known [8, §27] that

(XTHYTL) = (pmk:fMkafl) (3)

holds forn = 1,2,3... with m = n, when k is even; in particular we have (X;,Y;) =
(Pk—1,9k—1)- When k is odd, all solutions X,, and Y, are given by (3) for m = 2n.
Then, (X1,Y1) = (por—1, Gor—1)-

Pell’s equation X2 — DY? = —1 is solvable by integers if and only if & is odd.
Then we obtain all solutions X,, and Y, from (3) for m = 2n — 1, where (X1,Y7) =
(Pr—1, qr—1)-

Expanding the right-hand sides of (1) and (2) using the Binomial theorem and
rearranging the terms, we find the representations

Xo = Y (m) DRYYXT, ()

14
0<v<m
r=0 (mod 2)
o= ) <T>D(””/ RER (5)
1<v<m
v=1 (mod 2)

where m € {n,2n — 1}, depending on whether the solutions of X? — DY? =1 or
X2 — DY? = —1 are under consideration. This gives the formulas

X, = Z(am+pm), (6)

(@™ = 5"), (7)

| =

1
Y, = —
2¢/D
where m € {n,2n — 1}, and o := X; + Y1v/D, 3 := X; — Y1v/D. Then we obtain
af = X{ - DY? = £1.

Since a > 1 it is clear that |3| < 1. Wehave 0 < 3 < 1 and a3 =1 (if X2 - DY? =
1),and —1 < 3 <0 and af3 = —1 (if X? — DY? = —1). Let s1, 52 be integers. In
this paper we investigate the series

; Xq’ ; Y2 n; X,Y,’ ; (X,Y,,)?

and the corresponding alternating sums. The first and second sum can be considered
as Dirichlet series which code the algebraic structure of Pell’s equations in analytic
terms. We shall show in Section 2 that these series do not satisfy any nontrivial
algebraic differential equation similar to the Riemann Zeta function or the Fibonacci
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Zeta function. Discrete values of these series can be investigated by deep methods
of transcendence theory. In particular, we are interested in algebraic independence
(and dependence) results between two or three numbers represented by these series
(Sections 4 to 6).

2. Hypertranscendental Series

In this paper we investigate the two Zeta functions

Cx(s) = Z;S (R(s) > 0),
n=1""T"T
Grls) = Yo (R(s)>0)

associated with all positive integer solutions (X,,,Y;,),, of Pell's equation X? —
DY? = £1. Both functions, {x(s) and (y(s), can be extended meromorphically to
the complex plane by the method described in [6] for the Fibonacci Zeta function.

Let D € N be not a perfect square, and let (Xle), Y,ED)) with
1<XPaexP <« and 1<V <vi? <. .

denote all integer solutions of Pell’s equation X?2—DY? = 1. Moreover, we introduce
the sets

MP = {xP X y and M) = P v )

Lemma 1. 1. Every positive integer k divides infinitely many elements of the
(D)
set My~
2. There is a sequence (Pm),,>; of distinct primes such that every prime py,
divides at least one element from the set M)((D).

Proof. 1. For every given k € N, Pell’s equation X2 — Dk?Y? = 1 has infinitely

2 2
many solutions (Xﬁka )7 YTSDk )) € N2, because Dk? > 1 is not a perfect square by

the condition on D. Therefore, for n =1,2,... we have
(Dk?))? (Dk?))?
(X)) = D(kY,PF)) =1,

which shows that kY, 2% ¢ MP) (n =1,2,...). With k¥, ?*) =0 (mod k) for
n > 1 the first part of the lemma is proven.
2. We construct the primes p,,, of the sequence (pm)m21 recursively.
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Construction of p1: Let Dy := D. The equation X? — DyY? = 1 has infinitely

many positive integer solutions. We know from X fD”) > 1 that there is a (smallest)
prime divisor p; of Xl(DO) € M)((D).
Construction of py,41: Let us assume that we have already defined distinct primes

P1,--., Pm such that every p, (1 < p < m) divides at least one element from the
set M )((D). Set
2
Dm = D(ppo c 'pm) .

D is not a perfect square. Therefore, Pell’s equation X2 — D,,,Y? = 1 can be solved

by positive integers. We consider the particular solution (X{D"‘)7 Yl(D’")), ie.,

2 2
(XfDM)) 7Dm(Y1(Dm)) =1. (8)

Assume that there is a prime p,, from the set {p1,p2, ..., pn} dividing X{D"‘). With
D,, =0 (mod p,) it follows from (8) that

0? — 0(Y1(D’”))2 =1 (modp,),

a contradiction. This shows that no prime from the set {p1,p2,...,pm} divides

XfDm). Thus, from XfD”“”) > 1 we conclude that there is a (smallest) prime divisor

Pm+1 of X§D’”) satisfying

Pmt1 & {p1,p2,- - P} 9)

Equation (8) can be transformed into
D)2 D)y 2
(X{7)) " = D(papa---pm ¥ ") = 1,

which proves that X{D’”) belongs to the set M)((D). By XfDm) =0 (mod pm+1) and
(9) we complete the proof of the lemma. O

Remark 1. In general, the sequence (p,,),,~; does not increase monotonously.

In what follows we apply a theorem due to A.Reich [9]. In order to state this
result we firstly introduce the set D of ordinary Dirichlet series f(s) =Y - | a,n™*
with integer coefficients a,, satisfying two conditions:

1.) The abscissa of absolute convergence of >~ | a,n™* is finite. We denote this
abscissa by o4(f).

2.) The set of all divisors of indices n corresponding to nonvanishing coefficients
a,, contains infinitely many prime numbers.

Next, let v be a nonnegative integer. For a meromorphic function f set

FUs) = (), £/ (5)s -, F(9)) -
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Lemma 2 ([9], [11], A.Reich ). Let f € D, ho < hy < --- < hy, be any real
numbers, vy, V1, ...,V be any nonnegative integers, and let og > o4(f) — ho. Put
k:= Z?:o(”j +1). If ® : C* — C is a continuous function such that the difference-
differential equation

O (0l (s + ho), f (s + )y, F (s 4 hin)) = 0
holds for all s with R(s) > og, then ® vanishes identically.

A function is said to be hypertranscendental if it satisfies no nontrivial algebraic
differential equation. We may consider the functions (x(s) and {y(s) as ordinary
Dirichlet series of the form Y ° | a,n~* having the (finite) abscissas oo(Cx(s)) =
00(Cy (s)) = 0 of absolute convergence, i.e., they converge absolutely for o = R(s) >
0. Moreover, by Lemma 1, we know that for both functions the set of all divisors
of indices n with a,, # 0 contains infinitely many prime numbers, since a,, = 1 for
n e M&D) orn € M}(,D)7 respectively, and a,, = 0 otherwise. On this situation we
apply Reich’s theorem (Lemma 2).

Theorem 1. Let hg < hy < --+ < hy, be any real numbers, vo,v1,...,Vy be any
nonnegative integers, and let oy > —hg. Put k := Z;-":O(l/j +1). If®:CF - C s
a continuous function satisfying

<I>(§[)’;°](s + ho),ggl](s +hi),... 7§[;"L] (54 hm)) =0

or
O (EX0) (s + ho), (s + ha), .. 0 (s + ) = 0,

for all s with R(s) > g, then ® vanishes identically.

Corollary 1. Let (Xn,Yn)n21 be the sequence of all positive integer solutions of
Pell’s equation X? — DY? = 1. Then, both the functions (x(s) and (y(s) are
hypertranscendental.

3. On the Irrationality of Some Reciprocal Sums

It follows from (6) and (7) that every sequence (Xn),51, (Yn),>1, and (XnYn), 5,
satisfies a linear three-term recurrence formula of the form

Znt2+aZpi1 +07, = 0. (10)

In particular, both sequences (X,,), -, and (Y3), -, satisfy the same formula. In
the sequel we compute the coefficients a,b in (10) for every reciprocal sum in the

set
i I N |
{;E’;E’;Xnyn}
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and show that a,b are integers with b = +1.

Case 1. (X,,Y,) satisfies X2 — DY?2 = 1.
We study the recurrence for (X,),-, and (Y3),>, simultaneously. The character-
istic polynomial of the recurrence is

PO =X 4+ar+b=A—a)A=0) = X2 —(a+/r+af = A2 —2X ;]\ +1.
Thus, for both sequences (X,),,~; and (¥3),;, (10) can be written as
Zn+2 - 2X1Zn+1 - Zn . (11)

The sequence (X,,Y,), -, is given by

1 n n n n__a2"_— 2\
XnYn:m(a —|—ﬁ)(0& _ﬁ)_ ( ) (ﬂ) .

Hence we have

PA) = (A=a?)(A=p5%) = N = (@®+8H)A+a’B% = N —2(X] + DY?)A+1

Znto = 2(XT + DY) Zny1 — Zn, . (12)

Case 2. (X,,Y,) satisfies X? — DY? = —1.
The characteristic polynomial of the recurrence for the sequences (X,,),~; and

(Yn)nzl iS

P = (A—a® ) (A=) = N —2(X]{ + DY?)A + 1,

since
_ 1 2n—1 2n—1) _ i 2\n i 2\n
Y, — 1 (a2n—l _ 6271—1) _ 1 (a2)n _ 1 (62)71
" 2v/D 2av/D 26V D
Therefore, (10) reduces to
Zpio = 2(X; + DY) Zpir — Zn . (13)
Moreover, for the sequence (X,,Y,),~; we obtain the formula
1
XnYn - = a2n—1 4 2n—1 a2n—1 _ 1a2n-1
et et et g
]. 4\T ]. 4\
= — — .
4a2\/§( ) 452\/5(5 )
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Hence we have

PN = A—aYhY(A=pY = X2 = (o + YA+ a'p?
= N —2(X{+6DX7Y?+ DY )A+1

and
Z’n,+2 = 2(Xil —+ 6DX12Y12 + D2Y14)Zn+1 - Zn . (14)

On the above sequences and their recurrences (11), (12), (13), and (14) we may apply
a result of André-Jeannin [5, Théoreme], from which we derive that the reciprocal
sums of these sequences as well as the corresponding alternating sums are irrational.
In order to state André-Jeannin’s result we consider a sequence (wy),, o5 of integers
satisfying a linear three-term recurrence formula,

Wy = TWp_1 — SWy_o (neZ)

with nonvanishing constant integer coefficients r, s and arbitrary initial values wg, w; €
Z. We assume that w, # 0 for n > 1, and that the discriminant § := r? — 4s is
positive. The characteristic equation X2 — rX + s = 0 of the recurrence has two
real zeros «, 3 such that |« > |G] and |a| > 1. Then there are two real constants
Cl, 02 with

Wy = C’la” + Cgﬁn

for n > 0.

Lemma 3 ([5], Théoréme, R. André-Jeannin). Let x be a nonvanishing integer,
and let the following conditions be satisfied;

(Z) s = :|:1, 0102 7é O,
(ii) |z| < |a|, |C1Cez?| < |a] .
Then the series > -, x" /w, has a real irrational limit.

We apply this lemma with s = 1, r € {2X3, 2(X? + DY?), 2(X{ + 6DX7Y? +
D*Y 1}, 6 >0,z € {—1,+1}, |C1Ca2? < 1/4D < 1 < |a.

Theorem 2. Let (X,,,Y,,) denote positive integer solutions of either Pell’s equation
X% —DY? =1 or of Pell’s equation X?> — DY? = —1. Then any number in the set

e3¢} 1 o 1 e3¢} 1 [o'e) (71)77.-&-1 [es} (71)n+1 [e'¢) (71)n+1
{;X_n’;?n’;xnyn’; X, 7; Y, ; X,Y, }

1s irrational.
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4. An Algebraic Independence Result for Two Reciprocal Sums Formed
by Powers of Solutions of Pell’s Equation

Let K and E be the complete elliptic integrals of the first and the second kind
defined by

! dt
K = K& :/0 V-2 k)’
E(k) :/O \/%dt

with k2 € C\ ({0} U [1,00)), where the branch of each integrand is chosen so that
it tends to 1 as t — 0. Furthermore, let

E

K' = K'(k) == K(F),

where k2 + (k')* = 1.
In this section we shall prove the following theorem.

Theorem 3. Let (X, Yn)n21 be the sequence of all positive integer solutions either
of Pell’s equation X? — DY? = 1 or of Pell’s equation X2 — DY? = —1. Let the
modulus k be given by

X, —YiVD = e TKEV/KEE -y X2 _py? =1, (15)

and
(X1 —ViVD)* = e "KEV/E® 4 x2_ py?— 1. (16)

Then, for any positive integers s1 and So, the two numbers

— 1 — 1
CX(231> = Z 251 and gy(282) = Z 355
n=1 Xn n—1 Yy

are algebraically independent over Q(E /).

Remark 2. It can be shown that the modulus k& with 0 < k < 1 is uniquely
determined either by (15) or by (16).

Remark 3. It follows from [3, Table 1] for ¢ = X; — Y1v/D or ¢ = (X; — le/ﬁ)2

according to (15) or (16) that

E 1
— =52+ 10¢% — 32¢° + 82¢" — 196¢° + 448¢° — 960¢" + 1954¢° + O(¢?).
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4.1. Preparation of the Proof

Here we introduce several quantities which will be used for the proof of Theorem 3.
The Jacobian elliptic function w = snz = sn (z, k) with modulus k& may be defined
by

L /'w dt
0 V- o)1)
cnz = /1 —sn2z, dnz = V1 — k2sn? 2z,

1
nsz = —, ncz=—, ndz=—.
sn z cnz dn z

and

We cite the subsequent lemmas 4-7 from [2]. For some slightly modified proofs see
[10, ch.3.1].

Lemma 4. The coefficients c; of the expansion

1 oo
ns?z = — + E cjz2j
22
j=0

are given by
1

189(1 +EH)(1-2k*) (2 - k%),

1 1
= —(1+ k> = —(1—-k2+14 =
co 3( + ), cq 15( + )7 Co

j—2
(=22 +3)e; =3 cicjin (123).
i=1
Lemma 5. The coefficients d; of the expansion

(1—kHnd?z = 1-k? + ZdeQj
j=1

are given by
1
di = K (1=K,  do = —2k*(1—K)(1 -2,
=

§(2) = V)dvd; = 6dad; 1 —3dy Y did; 1 (j>3).

i=1
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Lemma 6. The coefficients e; of the expansion
(1—-k*)(nc*z—1) = ZejZQj
j=1

are given by

1
S(1=E)(2 -k,
3

Jj—2
(25 — Dere; = 6esej 1 +3e1» eieji1 (> 3).
=1

61:17]{}2, €y =

Lemma 7. The coefficients f; of the expansion

oo
dn®z = 1 —I—ij22j
j=1
are given by

1
fi = —k%, fa = §k2(1+k2)a

j—2
J2j=1)f1f; = 6fafj—1 _3flzfifjfi71 (7>3).
im1

All the coeflicients c;, d;, e;, f; introduced above are polynomials in k£ with ra-
tional coefficients. The recurrence formulas in the preceding lemmas allow us to
compute the degree of each such polynomial.

Lemma 8. We have for j > 1 that

degc; = degd; = 25+ 2,
dege; = degf; = 2j5.

Proof. We restrict the arguments on the degree of e;. The proofs are similar for
the remaining polynomials.

Let p(e;) be the sign of the leading coefficient of e;. We show the simultaneous
identities dege; = 2j and p(e;) = (—1)j by induction on 5 > 1. We have dege; = 2,
u(er) = —1, deges = 4, and u(es) = 1 by Lemma 6. Now we fix some j > 3 and
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assume the identities to be true for 1,2,...,7 — 1. When ¢ runs from 1 to j — 2, we
obtain step by step that

pleiej—im) = (F1)'(=17770 = (=1)7,
deg(eiej,i,l) = 2Z+2(] — 17— 1) = 2]—2,
Jj—2

j—2
deg (361 S eieii) = 24(2-2) =25,
i=1
pbesej_1) = (17",
deg(Gegej_l) = 4+ 2(] — 1) = 2] + 2,
j—2
,u(662€j_1 + 361 Zeiej_i_l = ,U,(662€j_1) = (71)J71 y (17)

i=1
Jj—2

deg (66263-,1 + 3e1 Zeiej,i,l ) = deg(beze;_1) = 25 +2. (18)
i=1

For the left-hand side of the recurrence formula in Lemma 6 we know that ,u(j(2 j—
1)e1) = —1 and deg (j(2j — 1)e1) = 2. Therefore, we obtain by (17) and (18) the
desired identities

ple)) = —(=171 = (=1,
dege; = (2j+2)—2=2j.

The g-series

1 .
n+ n2]+1 2n

% 941 2n o
n* g (=1 q
Asjyi(g) = o Bajyi(q) = E 1o ;
no:ol 4 n:cxlz +1q
2j+1 n 1yl 2541 n
n**lq (=1)"""n¥Tq
Cajt1la) = Z [ —o2n Dsjii(q) = Z oo
n=1 q n=1 q

are generated from the Fourier expansions of the Jacobian elliptic functions; see the
formulas (i), (ii), (iii), and (iv) in [3, Table 5]. Combining each Fourier series with
the power series expansion of the corresponding elliptic function given by Lemmas 4-
7, we obtain in Lemma 9 below the following closed form expressions of these g-series
in terms of K/m, E/m, and k (cf.[3, Table 1] and [14]). To state these expressions
we additionally need the series expansions of the circular functions sec? z and csc? z
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given by
R ; (—=1)7(2 +1)227+2 By, 15
csclz = Z—2+Zaj22J7 a; = (27 +2)! . ) (19)
=0
) B oo 2 B (_1)](2] + 1)22j+2(22j+2 _ 1)32j+2
sec?z =} by, by = (2j +2)! - (20)

j=0
Here, By = 1/6, By = —1/30, Bg = 1/42, ... are the Bernoulli numbers.

Lemma 9. Let g = e~ K'/K  Then we have
2K \ ( 2E 2K \?
3()(2)+ () 02 =2 =1-2441(g),
7r 7r T

2K \ T2 122043 _
() o ma- Al G2,

fi=(-1) WCMH(Q) (1>1),

(ZE) 4 (Y 42— 1) = spyta).

2j+2 i1 92j+3 _
dj = (-1) WDsz(Q) (G=1).

As already mentioned above, for each ¢ € C with 0 < |g| < 1 we can choose the
modulus k such that ¢ = e=™%'/K_ The following Lemma 10 can be obtained from
Nesterenko’s theorem [7, Theorem 4.2] on Ramanujan’s functions

P(q®) = 1-244(q),
Q(¢*) = 1+24045(q),
R(¢*) = 1-50445(q)

)
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which can be expressed in terms of K/7, E/m, and k using the identities for Ay,
A3z, and A5 in Lemma 9. By Q we denote the set of all complex algebraic numbers
over Q.

Lemma 10 ([3], Lemma1l). If ¢ = e "5'/K € Q with 0 < |q| < 1, then K/,
E/m, and k are algebraically independent over Q.

Lemma 11 ([4], Satz 7, Algebraic independence criterion). Let K be a field

satisfying Q CK C C. Let x1,...,z, € C be algebraically independent over K and

let yr,...,yx € C with 1 < k < n satisfy the systems of equations
fj(xlv"'axnaylv"'ayk):O (ISJSk)v

where f;(X1,..., X, Y1,...,Y%) € K[Xq,..., X, Y1,..., Y] for 1 < j <k As
sume that

of;
det( J xl,...,x,yl,...,yk> #0.
3Xi( " ) 1<i,j<k
Then the numbers yi,...,yr are algebraically independent over K(zpi1,...,op).

This independence criterion is a slightly generalized version of Lemma 2 in [3]:
Let z1,...,2, € C be algebraically independent over Q and let y1,...,y, € C
satisfy the system of equations fj(x1,...,Tn,y1,...,Yn) =0 for j =1,...,n, where
fi(Xa, .., X, Y, Y,) belongs to Q[ X4, ..., X, Ya,...,Y,] forl < j <n. If
the Jacobian determinant of f1,..., fn with respect to X1,..., X, does not vanish
for X; = a;, Vi =y, (i = 1,...,n), then the numbers y1,...,y, are algebraically
independent over Q.

For Theorem 3 the system of equations in Lemma 11 will take the form

f1 = (x(2s1) =y and  fo = (y(2s2) — 2,

where (x(2s1), (v (2s2) € Q[x1,z2, x3] (cf. Section 4.2). Replacing z; by variables
X; (i=1,2,3), we obtain

8f1 o afx(281) 8f2 - afy(252) )

_ dexieon) d -

0X; 0X; an 0X; 0X;
Finally, by o1(s),...,0s—1(s) we denote the elementary symmetric functions of
—12,-922 32 . —(s—1)? defined by

ai(s) = (1)’ > rioor; (1<i<s—1),

1<r; < <ri<s—1

and let og(s) =1 for every s > 1. Let

O[n_ﬁn
U = aTE
Vo = a"+p"
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for n =1,2,.... From [1] we get the following identities.

Case 1. Let s € N, and (X, Yn)n21 be all positive integer solutions of X? — DY? =
1. Then, with A2j+1 == A2j+1<ﬁ) and ng+1 = B2j+1(/6) for ﬁ - X1 - Yl\/ﬁ, we
have

xle) = Y
n=1 "
-1 5—1225 s—1
= ((2S)fl)'(0'3—1(5)B1+ZO’S_j_1(S>BQj+1>7 (21)
! =
225Ds el
Cv(2s) = s 5
' (a— )" ;W
225Ds s—1
_ m(as_l(s)Al+Zas_j_1(s)A2j+1). (22)
! =

Case 2. Let s € N, and (X, Yy,),,, be all positive integer solutions of X* — DY? =
—1. Then, with Cyj41 = Caj11( 2) and Dyjiq = D2j+1(ﬂ2), we have

o0

1
(x(2s) = 2% -
n=1 2n—1
225 s—1
- m<0371(8)01 + Z 0s—j-1(8)Caj41 ) ; (23)
! =
C (28) B 223Ds i
Y (a—0) 25 U2n 1
-1 8—1225Ds s—1
— ((;wa (03—1(8)D1 + Z 0s—j—1(8)Dajt1 ) (24)
! ot

The formulas (21-24) rely on identities for series on hyperbolic functions found by
1.J. Zucker [14].

4.2. Proof of Theorem 3

In (21-24) we express the g-series Asji1, Baji1, Cojt1, and Dajiq in terms of
x1 =k, zo = K/7, and 3 = F /7 using the identities in Lemma 9.

Case 1. X2 — DY? = 1. In what follows the triple (21,2, 23) indicates that the
variables X; are finally replaced by the values z; (i = 1,2, 3).
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2s s — '2
Cx(2s) = (252_ 1)![( 81)' (dzoz3 — 1)
+ igs—j—l(s)%(@@)zﬁz o
8(}((28)( ) B 225
ax, rTRIT )
X ios_j_l(s)W(Qu
8§X(2s) 223 (8 _ 1)!2
0Xo (21,2, 23) - = (23—1)!{ 2 3
s—1 _ys—i—1 . .
T A LA
I A N Ch Vo
() = (23—1)[ 24
¢ S )
a 2s 225Ds s—1 !2 1 s )
%/)((1 )(x17$2,$3) = (23—1)l[( )12( ) 21(22)
- Zas —i-1 2;&” (22)*2¢]
34 (25) 9225 s (571)!2(71)5
S ) = ot S (o -

S oy () T @G )

22]+1

j=1

(222)"*1e, .

(1 —12z0w3 — (2f —

(202)7% ;|

15

(25)

(26)

2)(222)?)

(28)

Here, ¢} and e} are the derivatives of the polynomials ¢; = ¢;(k) and e; = e;(k),

respectively, with respect to their variable z; = k.
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Case 2. X2-—

8§X(25)

0Cx (2s)

0X2

8<y (25)

6<Y (25)
0X5

d; and f; are the derivatives of the polynomials d; = d;(k) and f;

16 (2016)

DY? = —

Cx(QS)

(x17 €2, x3)

(xlv €2, 1'3)

Cy(zS)

(9517 €2, 333)

(xla X2, .’133)

+

16

9225 (s—1)1*(=1)"""
(23 —1)! [ 2

2
ZUHI (12!

22J+3

(x5 — maw3)

(202)” ;]

(=1)7(24)!

22J+3 (2x2)2j+2f]{ ) (29)

(25— 1)! ZUS —i-

225 (s—1)%(=1)""
(23 —1)! [ 2

Z"* i —1)7 (2))1(j + 1)

922j+1

(2.%2 — xg)

(2027 5], (30)

(zows + (x? — 1)3:2)

225D (s — 1)1
(25 —1)! [ 2

EUSJ1

(=1)°77(2j)!

2542
22j+3 (21’2) il d]:| ;

22D (s — 1)
(2s )1 { 4 E 202
Zas j1( 1;;;22]) (202742 |, (31)

| (7 + = 2) )

s—1
E os—j—1(5)
j=1

DTG D) 5, ]

= f;(k), respec-

tively, with respect to their variable x1 = k.

Since 3 and (32 are algebraic numbers of degree two, we know by Lemma 10 that
the three numbers x1, x2, x3 are algebraically independent over Q. For Theorem 3
it is enough to show by Lemma 11 with y; = (x(2s1) and yo = (y(2s2) that the
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Jacobian determinant

8<X(231) 8<X(2S1)

0X1 0X5
A = Az, Xo,23) = (w1, X2, 3)
8<Y(2$2) a<y(282)
0X, 0X5
6CX (281) 8Cy(282> _ 8(}((281) 8Cy(282)
X1 0Xs 0X, ox,  © Qo)X

does not vanish identically. In what follows let A(A) denote the leading coefficient
of the polynomial A(z1, Xo,x3) with respect to its variable 2X5. We are forced to
treat the cases for s; = 1 or sy = 1 separately.

Case 1. X2 —-DY?=1

Case 1.1. 51 > 1, so > 1. We have from (25-28) that degyy, (A) = 251 + 252 — 1,
and

AA) = D (-1)™ (52Cs,—1€5, 1 — S1Ch,_1€5,-1) - (33)
(251 — 1)(255 — 1)\ 275271 0o 7 10— 811
Let us assume that
$9Csy—1€4, 1 — S1Cs, 1€5,-1 = 0, (34)

where the left-hand side is a polynomial in k£ with rational coefficients. The poly-
nomials ¢;(k) and e;(k) never vanish identically. Therefore, there is an interval
[ko, k1] C [0,1] with ¢g,—1(t)es, —1(t) # 0 for kg <t < ky. Then, by (34), we have

) ()
eSlfl(t) CS2*1(t)
Integrating both sides with respect to ¢ from kg to k£ we find that

62?_1 (k)

c5y-1(k)

s9—1

(ko <t <k).

= consty, (35)

is a constant function for kg < k < k;. Consequently this identity holds for 0 <
k < 1. But from Lemma 8 we obtain

degy, (e22_1(k)) = 2s152 — 259 and degy, (cil_1(k)) = 2s1s2,

which is inconsistent with (35). Hence, sac,,—1(k)el, _;(k) — s1c;,_q(k)es,—1(k)
does not vanish identically. Since k is a transcendental number, it follows from (33)
that A(A) # 0. The three numbers x1,x9,x3 are algebraically independent over
Q. Thus, the polynomial A(X7, Xo, X3) does not vanish at X; = a; (i = 1,2,3),
because its leading coefficient with respect to 2X5 does not vanish.
Case 1.2. sy > 1, s5 = 1. We have

D

Cy(255) = (y(2) = E(l — 122915 — (27 — 2)(222)°) (36)
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which yields

2

2
Az, Xo,23) = (—2D$3—§D(33%—2)(2X2)) 9X, 3

Here, degyx, (A) = 14 2s1, and with z; = k we obtain

D
A(A) = m(kalesl—l — (kQ — 2)6/31—1) .
From 2ksies, —1(k) — (k* — 2)el,, _, (k) = 0 we obtain as in Case 1.1 that
651—1(k)
PRGN

is a constant function for 0 < k < 1. But again by using Lemma 8 we have
degy, (es,-1(k)) =251 — 2 and degy, ((2— k™) = 251,

a contradiction. Thus we find A(zy,22,23) # 0 by the same arguments as in
Case 1.1.

Case 1.3. sy =1, s > 1. We have

1

(X(Qsl) = gX(Q) = 2$2$3 — 5, (37)
and therefore Gy (259)
A(%l,l‘g,l‘g) = —2.1‘3;7182.

We conclude that deg,y, (A) = 252 > 4 and

23D (=1)%""

)\(A) - 282 -1

6,8271 7& 0 *

The nonvanishing of A(A) follows from degy(c,, _;1(k)) = 2s2 —1 > 3 and from

82—1
the algebraic independence of 1 and z3 over Q. As in Case 1.1 it turns out that

A($17x2,$3) 7é O
Case 1.4. s; =1, s =1. From (36) and (37) we obtain

8
A(x1,72,23) = nglxgmg #0.

Case 2. X2 — DY? = —1. The arguments are essentially the same as in Case 1
using the formulas (29-32). Therefore we omit the details and confine ourselves to
the necessary identities.
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Case 2.1. 51 >1, 59 > 1.

degyx, (A) = 251 +2s0—1,
Dsz2(—1)™
/\(A) = (281 — 1)(282 — 1) (SQdSQ—lf;l—l - sld;2_1fsl—l) .

Assuming that A(A) vanishes identically, we find that
dg,—1 (k)

= consty ,

which is impossible since

degy, (f52_1(k)) = 2s152 — 252 and degy, (d3! _,(k)) = 25152

81—1 52—1
by Lemma 8.
Case 2.2. s; > 1, s3 = 1. We have
D
Cr(2) = D(2ma)us + o (2F —1)(222)",
degyx,(A) = 1+42sy,
D(-1)> "
a8y = PO (2 g - 2k,
281 -1
Assuming that A(A) vanishes identically, we find that
fsi-1(k)
(11—T)81 = consty,,

which is impossible since
degy, (fs,—1(k)) =251 —2 and deg;, ((1— kz)sl) = 281
by Lemma 8.

Case 2.3. s; = 1, so > 1. We have (x(2) = 223 — 2x523, hence

OCy (2s
A($1,£L’2,ZL’3) = (2%3 — 4$2)%¥X12) .
With degyy, (A) =252 +1 > 5 and
D#2
A) = ——d!
)‘( ) 282_1d32—1 7£0
by deg(d}, 1(k)) =252 — 1 > 3, it follows again that A(z1, 29, 23) # 0.

Case 2.4. s1 =1, so = 1. Here,
A(wy, 29, 23) = 8Dz1w3(23 — 220) # 0.

This completes the proof of Theorem 3.

19
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5. Auxiliary Results for Sets of Three Reciprocal Sums

In the fOHOWng we need beside A2j+1(q), ng+1(q), 02j+1(q), and D2j+1(q) three
further ¢-series (cf. [3, Sec. 1]).

[e%s)
Ll (q) = Z + an )
00 n+1 2n

Ml (Q) = Z 1 I qzn )

St ( 1)"+1qn 1/2

Jo(q) = Z Tt

n=1

The numbers o = X;+Y1v/D and 3 = X; —Y1v/D were already defined in Section 1.

5.1. Series Formed by Solutions of X2 — DY? =1
We have af = 1. For s = 1 we obtain by (21) and (22) the identities

z— 1y —as L —a) (38)

% n=1 (an + ﬂn) n=1 "
and
el — = 4DA . 39
D N TR PO R
It follows by (6) an ()frm:nthat
1
XnYn _ a2n _ A2n ,
v A
where a23% = (a3)* = 1. Similarly to the proof of (39) we obtain the formula
n—=1 (Xnyn) n—1 (a - B )
The corresponding alternating series can be expressed in terms of g-series, too:
= (-1
2%
= (-
Y.y = ADLi(H), (42)
n=1 n
= (- 2
> 5 = 16DLy(3%). (43)

1 (X0 Yn)

n
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5.2. Series Formed by Solutions of X2 — DY? = —1
We have af = —1. For s = 1 we obtain by (23) and (24) the identities

7 = = = 4C1(5%) (44)
;X}L Z < (a2n-1 4 (20— 1)2 z:: V2,
and
4D 1
= 4D = = 4DDy(B?). (4
Z Y2 Z (a2n—1 ﬁ2n 1) (a— )2 ; Uz, 1(8%) . (45)
It follows by (6) and (7) for m = 2n — 1 that
1 1 2n—1 2n—1
X,Y, = oAn=2 _ gin=2) _ o2 2 7
where o?3? = (aﬂ)2 = 1. Thus
— = 16D = 16DC,(B"). 46
2 <Xm> 2 (s iy 1(8Y) (46)
Similarly we derive from [1] the identity
= 2VD 1 )
;7 2\FZ ﬁ% - = aiﬂ;%n_l = —2VDJy(B%). (47)

6. An Algebraic Independence Result for Three Reciprocal Sums Formed
by Solutions of Pell’s Equation

All the statements in this section are going back to algebraic independence and
dependence results on certain g-series proven in [3]. The three identities

Ai(q) = Bi(q) = 4Ai(4%), (48)
Ci(q) — Di(q) = 4Ci(¢%), (49)
Li(q) — Mi(q) = 4Myi(q%) (50)

can easily be proven by using the underlying ¢-series. Now, let ¢ be an algebraic
number over Q with 0 < |¢| < 1. As particular cases of [3, Theorem 2] we know that
in each set {A4,(q), B1(q)}, {C1(q), D1(q)}, and {L1(q), M1(q)}, the two elements
are algebraically independent numbers over Q. Assume that A;(q) and A;(q?)
are algebraically dependent over Q. Substituting the expression for A;(¢?) from
(48) into the relation between A;(q) and A;(g?), we obtain a nontrivial relation
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between A;(q) and Bi(q). The contradiction shows that A;(q) and A;(¢?) are
algebraically independent over Q. It can be proven analogously that Bj(g) and
Ai1(q?) are algebraically independent over Q. In a similar vein (49) and (50) are
applied to prove the following lemma.

Lemma 12. Let q be an algebraic number over Q satisfying 0 < |q| < 1. Then
there are the following statements.

1. Any two numbers in the set

{A1(q), B1(q), A1(d*)}
are algebraically independent over Q.

2. Any two numbers in the set

{C1(q), D1(q),C1(d*)}
are algebraically independent over Q.

8. Any two numbers in the set

{LI(Q)7 Ml(q)v Ll(q2)}

are algebraically independent over Q.

The real number 3 := X; — Y;/D is a quadratic surd satisfying 0 < |3| < 1.
With (38), (39), (40), and (44), (45), (46), and (41), (42), (43), respectively, we
deduce the following theorem applying Lemma 12.

Theorem 4. 1. Let (X,,Y,) denote positive integer solutions either of Pell’s
equation X2 — DY 2 =1 or of Pell’s equation X?> — DY? = —1. Then any two
numbers in the set

are algebraically independent over Q. The three numbers in this set are linearly
dependent over Q.

2. Let (X,,Y,) denote positive integer solutions of Pell’s equation X?—DY? = 1.
Then any two numbers in the set
n+1 n+1

— (1) = (D" &K (D
{ ; X,QL ’ ; Yn2 ’ ; (XnYn)2 }

are algebraically independent over Q. The three numbers in this set are linearly
dependent over Q.
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The statements on the linear dependence of three numbers in each of the sets in
Theorem 4 follow easily from

1 1 +1
vz Pxz = xave

n

But there are nontrivial identities for reciprocal sums formed by solutions of Pell’s
equation. Let ¢ be any complex number satisfying 0 < |g] < 1. We cite two
identities from Theorem 3 in [3]:

Ai(q) + Bi(qg) = 2Li(q), (51)
Ci(q) +Di(q) = 2J5(q). (52)

Case 1: Let (X,,,Y,,) be positive integer solutions of X2 — DY? = 1. Then we have
from (51) (with ¢ = ), (38), (39) and (42) the formula

[e%e] 1 fe%e] 1 B [e'e] (_1)n+1
;Y_E+D;X_%_2;7Yn2 .

Case 2: Let (X,,,Y,) be positive integer solutions of X? — DY? = —1. Here, (52)
(with ¢ = 3?), (44), (45) and (47) prove

I S 0y

n=1""

2

S

7. An Application to the Cattle Problem of Archimedes

Since many authors have treated the details of the famous cattle problem (cf. [12],
[13]), we omit all introductory explanations and restrict to the diophantine equations
and their solutions. Let

W - number of white bulls wg number of white cows
be number of black bulls bg number of black cows
de number of dappled bulls dg number of dappled cows

Ye number of yellow bulls yg number of yellow cows
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There are seven linear and two quadratic restrictions. The linear equations are
given by

o = (5D,
e
o = (e
wg = (%+%)(bﬁ+bae),
by = (%+%)(dﬁ+dae),
dg = (é+%>(yﬁ+yae),
w = (5+7)(ogtum)
The two quadratic equations are
we +be € (53)
yee +dge € A, (54)

where ~ denotes the set of perfect squares, whereas A is the set of triangular num-
bers. There are positive integers X,Y solving Pell’s equation

X? —410286423278424Y2 = 1. (55)
Since X is an odd number, let m be defined by X = 2m + 1. Moreover, set
k= 4456749Y72.

Then, a solution of the cattle problem is given by

wg = 7206360k,
bg = 4893246k,
yg = 5439213k,
dg = 3515820k,
we = 10366482k,
bee = T460514F,
Y = 4149387k,

de = T7358060F.
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The restrictions (53) and (54) are fulfilled by

wee +be = 17826996k = (8913498Y)%,
1
Y +de = 11507447k = %

It is obvious that the cattle problem has infinitely many solutions, which can be
computed effectively by solving Pell’s equation (55). By

Ol = wig + bl + ! + gl g+ b+ dlT g

we denote the number of cattles of the nth herd satisfying the Archimedean re-
strictions, where Cl!l < €2 < ... One knows that the smallest herd consists of
CM =776 ... 800 cattles, where CI!l is a number formed by 206 545 digits.

From Theorem4, (55), and from

Cl"l = 50389082k = 224571490814418Y?2,

we derive the following result.

Theorem 5. The numbers

oo 1 0 (_1)n+1

are transcendental.
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