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Abstract

It is known that the greatest common divisor of two Fibonacci numbers is again a
Fibonacci number. This is called the strong divisibility property. However, strong
divisibility does not hold for every second order sequence. In this paper we study
the generalized Fibonacci polynomials and classify them in two types depending
on their Binet formula. We give a complete characterization of those polynomials
that satisfy the strong divisibility property. We also give formulas to calculate
the greatest common divisor of those polynomials that do not satisfy the strong
divisibility property.

1. Introduction

Tt is well-known that the greatest common divisor (ged) of two Fibonacci numbers is
a Fibonacci number [19]. In fact, gcd(F, Fr) = Fged(m,n)- This is called the strong
divisibility property or Fibonacci ged property. We study divisibility properties of
generalized Fibonacci polynomials (GFP) and in particular we give a characteriza-
tion of the strong divisibility property for these polynomials.
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We classify the GFPs into two types, the Lucas type and the Fibonacci type,
depending on their closed formulas or their Binet formulas (see for example, L, ()
(4) and R, (z) (6), and Table 2). That is, if after solving the characteristic poly-
nomial of a GFP sequence we obtain a closed formula that looks like the Binet
formula for Fibonacci (Lucas) numbers, we call the sequence a Fibonacci (Lucas)
type sequence. Familiar examples of Fibonacci type polynomials are: Fibonacci
polynomials, Pell polynomials, Fermat polynomials, Chebyshev polynomials of the
second kind, Jacobsthal polynomials, and one type of Morgan-Voyce polynomials.
Examples of Lucas type polynomials are: Lucas polynomials, Pell-Lucas polynomi-
als, Fermat-Lucas polynomials, Chebyshev polynomials of the first kind, Jacobsthal-
Lucas polynomials, and the second type of Morgan-Voyce polynomials. Horadam
[13] and André-Jeannin [1] have studied these polynomials in detail.

In Theorem 3 we prove that a GFP satisfies the strong divisibility property if and
only if it is of Fibonacci type. Theorem 1 shows that the Lucas type polynomials
partially satisfy the strong divisibility property and also gives the gcd for those
cases in which the property is not satisfied.

A Lucas type polynomial is equivalent (or conjugate) to a Fibonacci type poly-
nomial if they both have the same recurrence relation but different initial conditions
(see also Florez et al. [4]). Theorem 2 proves that two equivalent GFPs partially
satisfy the strong divisibility property and gives the ged for those cases in which
the property is not satisfied.

In 1969 Webb and Parberry [26] extended the strong divisibility property to
Fibonacci polynomials. In 1974 Hoggatt and Long [12] proved the strong divisi-
bility property for one type of generalized Fibonacci polynomial. In 1978 Hoggatt
and Bicknell-Johnson [11] extended the result mentioned in [12] to some cases of
Fibonacci type polynomials. In 2005 Rayes, et al. [24] proved that the strong divis-
ibility property holds partially for the Chebyshev polynomials (we prove the general
result in Theorem 1). Over the years several other authors [2, 3, 8, 16, 17, 18, 20,
21, 22, 23, 25] have also been interested in the divisibility properties of sequences.

Lucas [20] proved the strong divisibility property (SDP) for Fibonacci numbers.
However, the study of the SDP for Lucas numbers did not occur until 1991, when
McDaniel [21] proved that the Lucas numbers partially satisfy the SDP. In 1995
Hilton, et al. [10] gave some more precise results about this property. As men-
tioned above, several authors have been interested in the divisibility properties for
Fibonacci type polynomials. However, the Lucas type polynomials have been less
studied. Here we give a complete study of all three cases of the SDP. Indeed, we give
a characterization of the SDP for Fibonacci type polynomials and study both the
SDP for Lucas type polynomials and the SDP for the combinations of Lucas type
polynomials and Fibonacci type polynomials. Finally we provide an open question
for the most general case of the combination of two polynomials.
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2. Generalized Fibonacci Polynomials

In the literature there are several definitions of generalized Fibonacci polynomials.
The definition that we introduce here is simpler and covers other definitions. The
background given in this section is a summary of the background given in [4].
However, the definition of generalized Fibonacci polynomial here is not exactly the
same as in [4]. The generalized Fibonacci polynomial sequence {G,(x)}, denoted
by GFP, is defined by the following recurrence relation: if po(z) is a constant and
p1(x), d(z), and g(x) are non-zero polynomials in Z[z] with ged(d(z), g(z)) = 1,
then

Go(x) = po(x), Gi(z) = p1(x), and G, (x) = d(x)Gp_1(z) + g(x)Gr_a(z) (1)

for n > 2.
For example, if we let po(x) = 0, p1(x) = 1, d(x) = =z, and g(x) = 1 we obtain
the regular Fibonacci polynomial sequence. Thus,

Fo(z) =0, Fi(z) =1, and F,(z) = 2 F,,—1(z) + Fr—2(x) for n > 2.

Letting © = 1 and choosing the correct values for po(z), p1(x), d(z), and g(z),
the generalized Fibonacci polynomial sequence gives rise to three classical numer-
ical sequences: the Fibonacci sequence, the Lucas sequence and the generalized
Fibonacci sequence.

Table 1 provides familiar examples of the GFPs (see [4, 14, 15, 19]). Schechter
polynomials [11] are also examples of generalized Fibonacci polynomials.

Polynomial Initial value Initial value Recursive Formula

Go(z) = po(x) | Gi(x) = pi1(x) | Gu(z) = d(@)Gn1(z) + 9(2)Gna(z)
Fibonacci 0 1 Fo(z) =aF,_1(z) + F_2(x)
Lucas 2 x D, (z) = 2D;,_1(z) + Dy—2(x)
Pell 0 1 P,(z) =22P,_1(z) + Py_2(x)
Pell-Lucas 2 2z Qn(z) = QrQn 1(z )+Qn 2(x)
Pell-Lucas-prime 1 x Qn(x) = 22Q,,_, (z) + Q,_,(x)
Fermat 0 1 D, (z) = 3xPp_1(x) — 2P, _o(x)
Fermat-Lucas 2 3z In(x) = 3a0,—1(x) — 20,—2(x)
Chebyshev second kind | 0 1 Un(z) = 22U, —1(z) — Up—2(2)
Chebyshev the first kind | 1 T Th(x) =22Ty—1(x) — Th—2(x)
Jacobsthal 0 1 In(x) = Jp-1(x) + 2 Jp—2(x)
Jacobsthal-Lucas 2 1 Jn(@) = jn-1(z )+2un 2(x)
Morgan-Voyce 0 1 B, (z) = (2 4+ 2)Bp—1(x) — Bh—2(2)
Morgan-Voyce 2 x+2 Cy(z) = (T +2)C, ( c) — Cr—a(x)
Vieta 0 1 Vo(z) = aV,_1(z ) — Vp—a(x)
Vieta-Lucas 2 T Un(z) = 20p-1(T) — Vp—2(T)

Table 1: Recurrence relation of some GFPs.
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2.1. Fibonacci Type and Lucas Type Polynomials

If we impose some conditions on Definition (1) we obtain two types of distinguishable
polynomials. We say that a sequence as in (1) is Lucas type or the first type, if
2p1(z) = po(x)d(x) with py # 0. We say that a sequences as in (1) is Fibonacci
type or the second type if po(x) = 0 and p;(x) a non-zero constant.

If d?(x) + 4g(z) > 0, then the explicit formula for the recurrence relation (1) is
given by

Gn(x) = t1a" () + t2b" () (2)

where a(z) and b(x) are the solutions of the quadratic equation associated with the
second order recurrence relation G, (x). That is, a(x) and b(x) are the solutions of
2?2 —d(z)z—g(x) = 0. The explicit formula for G,,(z) given in (2) with Go(z) = po(x)
and G1(z) = p1(x) implies that

pi(z) — po(x)b(x)
a(x) — b(x)

_ —n1@) + ml@)atz) 5

= (@) — b(x)

and o

Using (2) and (3) we obtain the Binet formulas for the generalized Fibonacci
sequences of Lucas type and Fibonacci type. Thus, substituting 2p; (z) = po(z)d(x)
in (3) we obtain that ¢; =ty = po(x)/2. Substituting these values of ¢; and 2 in
(2) and letting o be 2/pg(x) we obtain: the Binet formula for generalized Fibonacci

sequence of Lucas type,
Lo(z) = a™(z) +b"(z) (4)
o'
We want « to be an integer, and therefore |pg(x)| =1 or 2.
Now, substituting po(«) = 0 and the constant p;(z) in (3) we obtain that ¢, =
to = p1(x). Substituting this in (2) we obtain the Binet formula for the generalized

Fibonacci sequence of Fibonacci type,

_ pi(=) (a"(z) — b"(2))
=T @ b)) (5)

R, (x)

In this paper we are interested only in R,,(x) when py(x) = 1 (see also [12]). There-
fore, the Binet formula R,,(z) used here is:

a™(x) — b"(x)

= S =)

(6)
Note that if d(x) and g(x) are the polynomials defined in (1), then a(x)+b(x) = d(z),
a(x)b(z) = —g(z), and a(z) — b(z) = \/d?(z) + 49(x) .

The sequence of polynomials that have Binet representations R, (x) or L,(z)

depend only on d(z) and g(z) defined in (1). We say that a generalized Fibonacci
sequence of Lucas (Fibonacci) type is equivalent, or the conjugate, to a sequence of
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the Fibonacci (Lucas) type, if their recursive sequences are determined by the same
polynomials d(x) and g(z). Notice that two equivalent polynomials have the same
a(x) and b(z) in their Binet representations.

For example, the Lucas polynomial is a GFP of Lucas type, whereas the Fibonacci
polynomial is a GFP of Fibonacci type. Lucas and Fibonacci polynomials are
equivalent because d(z) = x and g(z) = 1 for both (see Table 1). Note that
in their Binet representations they both have a(z) = (z + V22 +4)/2 and b(z) =
(x—vx? +4)/2. Table 2 is based on information from the following papers [1, 4, 13].
The leftmost polynomials in Table 2 are of the Lucas type and their equivalent
polynomials are in the second column on the same line. In the last two columns of
Table 2 are the a(x) and b(z) that the pairs of equivalent polynomials share. It is
easy to obtain the characteristic equations of the sequences given in Table 1 where
the roots of each equation are given by a(z) and b(x).

For the sake of simplicity throughout this paper we use a in place of a(z) and
b in place of b(x) when they appear in the Binet formulas. We use the notation
G? or G, for G, depending on whether it satisfies the Binet formulas (4) or (6),
respectively, (see Section 4).

For most of the proofs of GFPs of Lucas type it is required that

ged(po(x),pr(x)) =1, ged(po(x),d(z)) =1, and  ged(d(x), g(x)) = 1.

It is easy to see that ged(a, Gf(z)) = 1. Therefore, for the rest of the paper we
suppose that these conditions mentioned hold for all GFP sequences of Lucas type
treated here. We use p to denote ged(d(z), G1(z)). Notice that in the definition
of Pell-Lucas we have po(z) = 2 and p;(x) = 2z. Thus, the ged(po(z), p1(z)) # 1.
Therefore, Pell-Lucas does not satisfy the extra conditions that were just imposed
on the GFPs. To solve this problem we define Pell-Lucas-prime as follows:

Qo) =1, Qy(x) =z, and Q,(x) = 22Q,,_, (¥) + Q,,_5(x) for n > 2.
It easy to see that 2Q, () = Q,(z) and that a = 2. Flérez, et al. [5] worked on
similar problems for numerical sequences.

Note. The definition of GFPs in [4] differs from the definition in this paper
due to the initial conditions of the Fibonacci type polynomials. Thus, the initial
condition for the Fibonacci type polynomials in [4] is Go(z) = po(z) = 1 and so
implicitly G_1(x) = 0. However, our definition for the Lucas type polynomials is
the same in both papers.

3. Divisibility Properties of GFPs

In this section we prove a few divisibility and ged properties which are true for all
GFPs. These results will be used in a later section to prove the main results of this

paper.
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Polynomial Polynomial of a(x) b(x)

Lucas type Fibonacci type

Lucas Fibonacci (v + Va2 +4)/2 (x — Va2 +4)/2
Pell-Lucas-prime Pell z+Vr2+1 r—Vaz+1
Fermat-Lucas Fermat 3z + V922 —8)/2 3z — V922 —8)/2
Chebyshev 1st kind | Chebyshev 2nd kind | « + V22 — 1 x—Va? -1
Jacobsthal-Lucas Jacobsthal (1++v1+382)/2 (1—+1+382)/2
Morgan-Voyce Morgan-Voyce (x+2+ Va2 +42)/2 | (x+2— Va2 +4x)/2
Vieta-Lucas Vieta (x+ Va2 —4)/2 (x —Va? —4)/2

Table 2: R, (z) equivalent to L, (x).

Proposition 1 parts (1) and (2) is a generalization of Proposition 2.2 in [6]. The
proof here is similar to the proof in [6] since both use properties of integral domains.
The reader can therefore update the proof in the afore-mentioned paper to obtain
the proof of this proposition.

Proposition 1. Let p(x),q(x),r(x), and s(x) be polynomials.

(1) If ged(p(z), q(x)) = ged(r(x),s(x)) = 1, then ged(p(x)q(z), r(z)s(x)) is equal
to ged(p(z),r(x)) ged(p(z), s(x)) ged(q(x), r(2)) ged(g(x), s(x)).

(2) If ged(p(x),r(z)) = 1 and ged(g(x), s(z)) =1, then
ged(p(x)q(z), r(z)s(x)) = ged(p(x), s(x)) ged(q(x), r()).
(3) If z1(x) = ged(p(x), r(z)) and z2(x) = ged(q(x), s(x)), then
(el (r)5(a)) — EACRI). 1 (0)5(0) s (o) ) ()

z1(x)z2(x)

Proof. We prove part (3). Since ged(p(x),r(x)) = z1(x) and ged(q(z), s(z)) =
zo(x), there are polynomials P(z), S(z), Q(z), and R(x) with

ged(P(z), R(x)) = ged(Q(x), S(x)) = 1,

such that p(x) = z1(x)P(x), s(z) = 22(x)S(z), r(z) = z1(z)R(x), and g(x) =
z9(x)Q(x). So,

ged(p(z)q(x),r(z)s(z)) = ged(z1(2)P(z)22(2)Q(2), 21(2) R(2)22(2) S (2))
z1(x)z2(x) ged(P(x)Q(x), R(x)S(x)).

From part (2) we know that

ged(P(z)Q(x), R(x)S(x)) = ged(P(z), S(x)) ged(Q(x), R(x)).
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Now it is easy to see that

’ 21 (x)22() '

This proves part (3). O

We recall that p = ged(d(z), G1(x)) and that for GFPs of Lucas type it is required
that ged(po(z), p1(z)) = 1, ged(po(x),d(x)) = 1, ged(po(x), g(x)) = 1, and that
ged(d(x), g(x)) = 1. We also recall that po(x) = 0 and pi(xz) = 1 for GFPs of
Fibonacci type.

For the rest of the paper we use the notation G}, if the GFP G, satisfies the
Binet formula (4) and G}, if the GFPs G,, satisfies the Binet formula (6). We use
G, if the result does not need the mentioned classification to be true. We recall
that for Lucas type polynomials |pg(z)| = 1 or 2 and for Fibonacci type polynomials
p1(xz) = 1. Lemma 1 part (3) is [12, Lemma 3].

Lemma 1. If G, (z) is a GFP of either Lucas or Fibonacci type, then
(1) ged(d(z), Gang1(x)) = G1(x) for every positive integer n.

(2) If the GFP is of Lucas type, then ged(d(z), G5, (z)) =1 and
if the GFP is of Fibonacci type, then ged(d(z), Gh,,(z)) = d(z).

(3) If n is a positive integer, then ged(g(x), Gn(z)) = ged(g(x), G1(x)) = 1.

Proof. We prove part (1) by induction. Let G, be a GFP and let S(n) be the
statement
p = ged(d(z), Ganyi(z)) for n > 1.

To prove S(1) we suppose that ged(d(x), Gsz(z)) = r. Thus, r divides any linear
combination of d(z) and Gg(z). Therefore, r divides Gs(z) — d(x)Ga(x). This
and given that Gs(x) = d(z)G2(x) + g(z)G1(x) imply that r | g(x)G1(x). So,
r | ged(d(z), g(z)G1(x)). Since ged(d(z), g(z)) = 1, we have r | p. It is easy to see
that p | r. Thus, r = ged(d(x), G1(x)). This proves S(1).

We suppose that S(n) is true for n = k — 1. That is, ged(d(z), Gar—1(x)) = p.
To prove S(k) we suppose that ged(d(x), Gogt1(z)) = r’. Thus, 7’ divides any
linear combination of d(z) and Gag41(x). Therefore, 7' | (Gogt1(x) — d(2)Gar(x)).
This and Gagy1(x) = d(x)Gok(z) + g(2)Gar—1(x) imply that v’ | g(x)Gar—1(z).
Therefore, v’ | ged(d(z), g(2)Gar—1(x)). Since ged(d(z), g(x)) = 1, we have that
r’ divides the ged(d(z), Gog—1(x)). By the inductive hypothesis we know that
ged(d(x), Gog—1(x)) = p. Thus, v | p. Tt is easy to see that ged(d(x), Gogt1(x))
divides . So, v’ = ged(Gy(z), d(z)).

We show that depending on the type of sequence, it holds that ged(d(z), G1(z))
is equal to G;. If G,,(z) is a GFP of Fibonacci type, then by definition of p(z) we
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have G1(z) = 1 (see comments after Binet formula (5)). Suppose that G, (x) is a
GFP of Lucas type. Recall that 2p;(z) = po(x)d(z) and that |po(z)] =1 or 2. The
conclusion is straightforward since G1(x) = (a(z) + b(z))/a = d(x) /.

Proof of part (2). Let S(n) be the statement

p = ged(d(x), Gan(x)) for n > 1.

To prove S(2) we suppose that ged(d(x), G4(x)) = r. Thus, r divides any linear
combination of d(z) and G4(z). Therefore, r divides G4(z) — d(x)G3(x). This, and
given that G4(z) = d(x)Gs(z) + g(x)Ge(z), imply that r | g(x)Ga(z). Therefore,
r | ged(d(z), g(x)Ga(x)). Since ged(d(x), g(xz)) = 1, we have r | p. It is easy to see
that p | r. Thus, r = ged(d(x), Ga(x)). This proves S(2).

We suppose that S(n) is true for n = k — 1. That is, ged(d(x), Gak—2(z)) = p.
To prove S(k) we suppose that ged(d(z), Gar(x)) = /. Thus, r' divides any lin-
ear combination of d(z) and Gai(z). So, r' | (Gar(z) — d(x)Gar—1(z)). This and
Gop(z) = d(2)Gak—1(x) + g(x)Gar—2(x) imply that v | g(x)Gar—_2(x). There-
fore, ' | ged(d(z), g(x)Gak—2(x)). Since ged(d(z),g(x)) = 1, we have that r/
divides the ged(d(z), Gar—2(x)). From the inductive hypothesis we know that
ged(d(z), Gog—2(x)) = p. Thus, v | p. It is easy to see that ged(d(x), Gar(x))
divides r’. Therefore, ' = ged(G2(x),d(x)).

We observe that for a GFP of Fibonacci type it holds that G5(x) = a(z) +b(z) =
d(x). So, it is clear that ged(G5,,(z),d(z)) = d(xz). For a GFP of Lucas type it
holds that G§(x) is a non-zero constant. Since Gi(x) = d(z)G3(z) + g(x)G§(x),
and ged(d(x), g(z)) = 1, we have

ged(d(x), Ga(x)) = ged(d(z), d(2)G1(x) + g(2)Go(2)) = ged(d(z), g(2)Go(x)) = 1.

Proof of part (3). We prove that ged(g(z), G1(x)) = 1 by cases. If G1(z) is of
the Fibonacci type, the conclusion is straightforward. As a second case we suppose
that Gi(x) is of the Lucas type. That is, G1(x) satisfies the Binet formula (4).
Therefore, we have

ged(g(x), Gr(x)) = ged(g(x), L1(x)) = ged(g(x), [a + b /@) = ged(g(z), d(z)/a).

Since ged(g(x),d(x)) = 1, we have ged(g(x),d(x)/a) = 1. This completes the
proof. O

Lemma 2. If {G,(z)} is a GFP sequence, then for every positive integer n the
following holds:

(1) ng(Gn (LL'), G'nJrl (:L‘)) divides ng(Gn (:L‘), g(x)anl (l‘)) = ng(Gn(m)7 anl(x»:
(2) £A(Go(w), Goy(a)) divides ged(Go(e), (@) o1 ()
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Proof. We prove part (1), the proof of part (2) is similar and we omit it. If r is
equal to ged(Gy, (), Gpt1(z)), then r divides any linear combination of G, (x) and
Gry1(x). Therefore, r | (Gpy1(z) — d(x)Gp(z)). This and the recursive definition
of Gpt1(x) imply that r | g(x)Gn—1(x). Therefore, r | ged(g(x)Gn_1(x), Gn(x)).
Since ged(g(z), Gy (z)) = 1, we have

ged(g(2)Gn1 (), Gn(2)) = ged(Gn1(2), Gn())-
This completes the proof. O
Note that Proposition 2 part (2) when m = n + 1 is [12, Theorem 4].

Proposition 2. Let m and n be positive integers with 0 < |m —n| < 2.
(1) If G5 (x) is a GFP of Lucas type, then

Gi(z), if m and n are both odd;
1, otherwise.

ged (G, (2), Gy (2)) = {

(2) If Gi(z) is a GFP of Fibonacci type, then

G4y(x), if m and n are both even;
1, otherwise.

ged(G, (x), G (x)) = {

Proof. We prove part (1) using several cases based on the values of m and n. The
proof of part (2) is similar and we omit it. We first provide the proof for the case
when m and n are consecutive integers using induction on m. Let S(m) be the
statement

ged(Gh, (), Gy i () =1 for m > 1.

We prove S(1). From Lemma 2 part (1) we know that
ged(Gi (), G3(x)) divides ged(G7(x), g(x)G(x)). (7)
Since
ged(Go(x), Gi(x)) = ged(po(x), pi(x)) = 1,
we have
ged(Gi (), g(x)Go(x)) = ged(Gh (), ().

This, (7), and Lemma 1 part (3) imply that ged(G5(x), G3(x)) = 1.
We suppose that S(m) is true for m = k — 1. Thus, ged(Gj_,(z),Gi(x)) = 1.
We prove that S(k) is true. From Lemma 2 part (1) we know that

ged(Gy(2), Gy (z)) divides ged (G (x), 9(x) Gy (x)). (®)
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From Lemma 1 part (3) we know that ged(Gy(x), g(z)) = 1. Therefore,

ged(Gy(x), 9(2)Gl—1 (2)) = ged(Gy(z), Gy (2))-

This, (8), and the inductive hypothesis imply that ged(Gj (), Gy () = 1.

We prove the proposition for consecutive even integers (this proof is actually a
direct consequence of the previous proof). From Lemma 2 part (2), we have that
ged(G3. (), G35 () divides ged(G35y,(2), d(2)G3y 4 (7). From Lemma 1 part (2)
we know that ged(d(z), G5, (x)) = 1. This implies that

ged(Gay (2), d(2)Gop 41 (7)) = ged(Goy (), Gopp (2))-

From the previous part of this proof —that is, the case when m and n are consecutive
integers— we conclude that ged(G3, (), G5, (7)) = 1. This proves that

ged(Gyy(z), Gop o)) = 1.

Finally we prove the proposition for consecutive odd integers. From the recursive
definition of GFPs we have ged(G3;, ., (7), G5, _;(z)) is equal to

ged(d(x)Gop(2) + g(2)Gop_1 (2), Gop—y (2)) = ged(d(2) Gy (), Gop—y (2))-

From the first case in this proof we know that ged(G3,(x), G5,_,(x)) = 1. This
implies that ged(G3;, ., (2), G5, (z)) = ged(d(x), G5, (x)). This and Lemma 1
imply that

ged(Gap 1 (2), Gop i (2)) = ged(d(z), Gop, 4 (2)) = Gi(x).

This completes the proof of part (1). O

4. Identities and Other Properties of Generalized Fibonacci Polynomials

In this section we present some identities that the GFPs satisfy. These identities are
required for the proofs of certain divisibility properties of the GFPs. The results in
this section are proved using the Binet formulas (see Section 2). Proposition 3 part
(1) is a variation of a result proved in [12], similarly Proposition 6 is a variation of
a divisibility property proved by them in the same paper. A collection of this type
of identities for GFPs can be found in [7].

In 1963 Ruggles [19] proved that Fy, i = Fy Ly — (—1)™F . Proposition 3
parts (2) and (3) is a generalization of this numerical identity. In 1972 Hansen [9)
proved that 5F,,+,—1 = LyLyp + Lyy—1L,—1. Proposition 4 part (1) is a general-
ization of this numerical identity.

Proposition 3. If {G} ()} and {G](x)} are equivalent GFPs sequences, then
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(1) Gy (2) = Gr 1 (2)Gh g (2) + 9(2) G, (2) G (2),
(2) if n > m, then G, 1, (2) = oG} (2)Gr, (2) — (—g(2))" G (2),

(3) if n = m, then G} ., (x) = oGy, (2) G (2) + (—9(2))" G}y ().

Proof. We prove part (1). We know that G}, (z) satisfies the Binet formula (6).
That is, R,,(z) = (a™ —b")/(a — b) . (Recall that we use a := a(x) and b := b(x).)
Therefore, G}, 1 (2)G), 1 () + g(2)G), (2)G), () is equal to,

[ = ™) (@~ ) 4 g()(a™ — )" 5] fa— b
Simplifying and factoring terms we obtain:
[(a™"™(a® + g(2)) + 6" T (b + g(x))) — (a™b™ +b"a™)(ab + g(x))] /(a — b)*.
Next, since ab = —g(x), we see that the above expression is equal to
[a" "™ (a® + g(x)) + 0" (B + g(2))] /(a = b)*.

This, with the facts that (a® + g(x)) = a(a — b) and (b* + g(x)) = —b(a — b), shows
that the above expression is equal to

(an+m+1 _ b”+m+1) /(a — b) = Rn+m+1(x)'

This completes the proof of part (1).

We now prove part (2), the proof of part (3) is identical and we omit it. Suppose
that G} (z) is equivalent to G}, (x) and that Gj(z) is of the Lucas type for all k. For
simplicity let us suppose that o = 1 (the proof when o # 1 is similar, so we omit it).
Using the Binet formulas (4) and (6) we have that G/, (2)G%, (2)—(—g(z))™ G, _,,(x)
is equal to

(a” —b")(a™ +b™) — (—g(x))™ (@™ = b""™)
(a—1b) '
After performing the indicated multiplication and simplifying we find that this
expression is equal to

qntm — bn-i—m N anb™ — g™mp" — (_g(x))man—m + (_g(x))mbn—m
a—>b a—1b
Since —g(z) = ab, it is easy to see that the expression in the right bracket is equal

to zero. Thus, (a"*™ —b"*™)/(a — b) = G/,,,,(x). This completes the proof of
part (2). O

Proposition 4. Let {G? (x)} and {G.,(x)} be equivalent GFPs sequences. If m >0
and n > 0, then
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(1) (a=b)*Gy i (@) = Gy (2) Gy (2) + @29 (2) G (2) G (),
(2) Grgnra(®) = aGh 1 (2) G (2) + g(2) [0, (2) G (2) = Gy ()]

Proof. In this proof we use o = 1, the proof when « # 1 is similar, so we omit it.
(Recall, once again, that we use a := a(x) and b := b(z).)

Proof of part (1). Since G (x) is a GFP of the Lucas type, we have that G (z)
satisfies the Binet formula L, (z) = (a™ + b™)/«a given in (4). Therefore,

m+1 ()G () + 9(2) G, (2) G () (9)
is equal to
[T + 0" [@™ ! + 0] + g(2) [a" + 0" [a™ + b7
Simplifying and factoring we see that this expression is equal to
a™ " [0 + g(x)] + 6™ [b* + g(2)] + (ab+ g(z)) [a™b™ + a"b™].

Since
ab = —g(z), a® + g(x) = a(a — b), and b* + g(x) = —b(a — b),

the expression in (9) is equal to (a—b)(a™ "1 —p™+ 1) We recall that G, ., ()
is equivalent to Gy, 1(z). Thus, Gl 1(z) = (a™F"TE -+t /(g — b).
Therefore, (a — b)?>Gly 4 i1 () = (a — b) [@m T+ — ™7 +1] . This completes the
proof of part (1).

Proof of part (2). From the proof of part (1) we know that

(a— b)2 lm+n+1(95) = (a—"b) [am+n+l - bm+n+1]-
Simplifying the right side of the previous equality we have

(a _ b)2 fm+n+1(x) _ am+n+2 _ bam+n+1 _ abm+n+1 4 bm+n+2.

So, (a — b)?Gl, i1 (z) = @™ T2 4 pmtnt2 — gplam+n 4 pmFn]. We recall that
ab = —g(z). Thus,

(a - b)2 ;n-l-n-l-l(x) = am+n+2 + bm+n+2 + g(x)[aern + bm+n}
This and the Binet formula (4) imply that
(CL - b)QG;n-i-n-i-l(x) = G:n+n+2 (.13) + g(‘r)G:n-i-n(x)
So, the proof follows from part (1) of this proposition. O

Proposition 5. Let {G}(x)} be a GFP sequence of the Lucas type. If m, n, r, and
q are positive integers, then
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(1) if m < n, then G, 1, (2) = oGy (2)G () + (1) (g(x)) " G (2).

m—+n

(2) If r < m, then there is a polynomial T(x) such that

(r) = { Gr (@) (@) + (=1)" " (g(@))" Gy, (2),  if q is odd;
Gr (2)T(x) + (—1) "D (g(2))™Gy(x),  if q is even
where t = [1] and w = (t — )m +r.

(3) If n > 1, then there is a polynomial T,,(x) such that
s (2) = Gr(@) T (2) + (2/)(9(2))* .

Proof. We prove part (1). Since G%, (x) and G%(z) are of the Lucas type, they both
satisfy the Binet formula (4). Thus,

o o? o?

am +bm) (an + bn) aern +bm+n + (ab)m (anfm +bn7m)
o .

GG = (

So, G5, (2)Gy(z) = [Ghym(2) + (ab)™ Gy _,(x)] /. This and ab = —g(z) imply
that
Grin(r) = oGl (2) G (2) — (=9(2)" G,y (7).
This completes the proof of part (1).
We prove part 2 using cases and mathematical induction.

Case ¢ is odd. Suppose ¢ = 2t — 1, and let S(¢) be the following statement. For
every positive integer ¢ there is a polynomial T;(x) such that

Grat—1)4r (@) = Gy (@) Ty () + (=1)" T DHH (g(2)) 7™ GE ().

From part (1), taking T (z) = oG} (x), it is easy to see that S(t) is true if ¢t = 1.
We suppose that S(k) is true. That is, suppose that there is a polynomial Ty (z)
such that

G a1y () = G (@) () + (1) DFE (g (2)) BDmHr Gy (@), (10)

We prove that S(k + 1) is true. Notice that G;(2k+1)+r(x) = G?‘ka+r)+m(x).
Therefore, from part (1) we have

G:n(2k+1)+7'(x) = O[G:(n (':C)G;k:’m—&-r(x) =+ (_1)m+1gm('r)G;er(Qk—l)+7'($)'
This and S(k) (see (10)) imply that

@k 1) 47 () = QG (2) G (@) + (1) (g(2)" G, (2) Ti () + My ()



INTEGERS: 18 (2018) 14

where M (z) = (—1)Fm+E+D+7(g(z))km+rGs (). Therefore, Gy 1) (T) 18
equal to

G (@) [aG o () (= 1) (g(@) " Tio ()] - (= 1) FDH (g () F4r Gy ().

This, with T4 (z) := oGy, o, (2) + (1) (g(x)) ™ Ty (x), implies S(k+1). This
completes the proof when ¢ is odd.

Case ¢ is even. This proof is similar to the case in which ¢ is odd. Suppose
g = 2t, and let H(t) be the following statement. For every positive integer there is
a polynomial T;(z) such that

G er(®) = Gy (@) To(x) + (1) (g(2)™ G ().

From part (1), taking T (z) = oG} (x), it is easy to see that H(t) is true if ¢t = 1.
We suppose that H (k) is true. That is, suppose that there is a polynomial Ty (z)
such that

Gray4r (%) = G (@)Tio(@) + (= 1) DR (g(2))"* G5 (). (11)
We prove that H(k+1) is true. Notice that G5, 1)1, (%) = G{ap 1 1)m-pr)4m (2)-

Therefore, from part (1) we have
Gomhs1)4r (@) = AGL (2)G o1y (2) + (=1 (g(2) " G gy ()
This and H (k) (see (11)) imply that
Gkt 1) 40 (@) = aGL(2)Glop g 1ymr (2) + (1) (9(2) " G (2) Ti () + Mo (=)

where My(z) = (—1)*+Dm+) (g(2))mE+D G (1), Therefore,

G+ (@) = G () | aG ok 1)mpr(T) + (=)™ (g()) " Tr(z) | + Ma(x).

This, with Tit1(2) = aGlyy 9), 4, (@) + (=1)"(g(x)) " T)(2), implies H(k + 1).

We finally prove part (3) by induction. Since G () is of the Lucas type, by the
Binet formula it is easy to see that Go(z) = 2/a. Let S(n) be the statement: for
every positive integer n there is a polynomial T}, (x) such that this equality holds
Ginp(@) = Gr(2)T(w) + (2/)g*" " (2).

Proof of S(2). From part (1) we have

52,(1) = G5y y0(2) = a(G3,(2))* = (2/0)(g(2))*".
Applying the result in part (1) for G5, (z) again (and simplifying) we obtain:
2 2
sp(@)= ala(Gr(@)? = —(=g(@))"]* = —(g(x))*"

= Gi@)[(aGi(x))* — (~1) 4G} (x)(g(x))] + AT

«

= GHx)Ta(x) + %(9(9&))”
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where Ty (z) = o(G(2))? + (=1)"T14aG? (x)(g(x))". This proves S(2).
We suppose that S(k) is true for k > 2, and we prove S(k + 1) is true. That is,
we suppose that for a fixed k there is a polynomial Tj(z) such that

21, (2) = GL(2)Ti(2) + (2/c)g™ " (2).

From part (1) we have Gji1,(2) = G, yor, (€) = (G, (2))? — (2/@)(g(x))*"".
Using the result from the inductive hypothesis S(k) and simplifying, we obtain:

Gypin ()= alGIT(z) + > (o) = 2 (gla))?”

2Ic—1

— GH@)[aG () TR(x) + ATk (x) (g(x))?" ] + Ao 2o

(e

k..

2
= GH@)Tha() + ~(9(2))*
where Tjy1(z) = oG (2)T2(x) + 4Tk (x)(g(x))?" 7. This completes the proof of
part (3). O

In the following part of this section, we present two divisibility properties for the
GFPs. Proposition 6 is [12, Theorem 6.

Proposition 6. If {G (z)} is a GFP sequence of the Fibonacci type, then G, (x)
divides G), () if and only if m divides n.

Proof. We first prove the sufficiency. Based on the hypothesis that m divides n,
there is an integer ¢ > 1 such that n = mq. Then, using the Binet formula (6), we
have

G..(z) = (a™ —=b™)/(a —b) and G;nq(x) = (a™ —b™%)/(a — ).

It is easy to see, using induction on g, that (a™ —b™) divides (a™? — b™?) which
implies that G7,(z) divides G7,,(x). This proves the sufficiency.

We now prove the necessity. Suppose that m does not divide n and that G/, (z)
divides GI,(z) for m and n greater than 1. Therefore, there are integers ¢ and r
with 0 < r < n such that n = mq + r. Then by Proposition 3 part (1)

Go(z) = Ghgir(@)
= Grgn(@)G(2) + 9(2) Gy (2) Gy (2)
(d(2) Gy (2) + 9(2) Gy 1 (7)) Gr(2) +
= d(@)G(2)G(2) + 9(2) g1 (2) Gy (2) +

Grouping terms and simplifying we obtain

G (@) = Gy ()G (2) + g(2) g1 (2) G ().

9(2)Ging (2) G, (2)
)+ 9(2)Ging 1 ()G ().
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This and the fact that G7,(z) | G},(z) and G}, (2) | G}, (z) imply that

G (@) | 9(2) Gy (2) G ().

From Lemma 1 part (3) and Proposition 2 we know that ged(Gy,, (), g(z)) = 1
and that ged(G! (x),G!,.(x)) = 1, respectively. These two facts imply that

mqg—1 s Tmg
G, (z) | G.(x). That is a contradiction since degree (Gl._,(z)) < degree (G},_;(x)).
This completes the proof. O

The following corollary gives a factorization of a GPF of Fibonacci type G, (z).

It is a direct application of Theorem 6 and some results given in articles by Bliss,

et al. and Nowicki [3, 23]. In fact, the proof of Corollary 1 follows from Theorem 6

and [23, Theorem 2], so we omit the details. We start by giving a short background

of the lem sequences for polynomials that fits the context of this paper, a more

general result can be found in [23]. If lem denotes the least common multiple, then
we define ¢, (x) recursively as follows: Let ¢; = 1 and
lem (G (z), Gy (x), ..., G (x))

n(t) = (G (@), @), G @)) =

» Mn—1

Corollary 1. If G} () is a GFP of Fibonacci type, then G, (z) = [[4,, ca(@).

The factors ¢; are not always irreducible polynomials. For instance, if G} (z) is
a Chebyshev polynomial of the first kind, then its irreducible factoring is

To(®) = 22(—1 — 22 + 42?) (1 + 2z + 427)(5 — 202% + 162*).
Using Corollary 1 we have

10(r) = c(@)ea(z)es(z)ero(x)
= (1)(2z)(1 — 1222 + 162")(5 — 2022 + 16z%).

Proposition 7. Let m be a positive integer that is not a power of two. If G, (x) is
a GFP of Lucas type, then for all odd divisors q of m, it holds that an/q(x) divides
G (). Moreover Gy, (x) is of the Lucas type.

Proof. Let q be an odd divisor of m. If ¢ = 1 the result is obvious. Let us suppose
that ¢ # 1. Therefore, there is an integer d > 1 such that m = dgq. Using the
Binet formula (4), where a := a(z) and b := b(z), we have G;,(z) = G} () =
(a% +b%) /. Let X = a? and Y = b?. Using induction it is possible to prove that
X 4+Y divides X? 4+ Y?. This implies that there is a polynomial @Q(x) such that
(X194Y?/a=Q(z)(X +Y)/a. Therefore,

Gra() = Gyg(x) = (@ +b) /o = Q(z)(a’ + b7) /.

This and the Binet formula (4) imply that G}, (z) = G(z)Q(z). O

m
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5. Characterization of the Strong Divisibility Property

In this section we prove the main results of this paper. Thus, we prove a necessary
and sufficient condition for the strong divisibility property for GFPs of Fibonacci
type. We also prove that the strong divisibility property holds partially for GFPs of
Lucas type. The other important result in this section is that the strong divisibility
property holds partially for a GFP and its equivalent. The results here therefore
provide a complete characterization of the strong divisibility property satisfied by
the GFPs of Fibonacci type.

We note that if G, (x) and G}, (x) are two equivalent polynomials from Table
2, then ged(G3,(x), G, (x)) is either Gcd(m,n () or one. However, it is not true
in general. Here we give an example of a pair of GFPs that do not satisfy this
property. First we define a Fibonacci type polynomial

Gy(z) =0, Gi(z) =1, and G} (z) = (22 + 1)G,_(z) + G}, _5(z) for n > 2.
We now define its equivalent polynomial of the Lucas type
Gi(x) =2, Gi(z) =22+ 1, and G}, (z) = 22 + 1)G}_;(x) + G} _5(x) for n > 2.

After some calculations we see that ged(G7, (x), G7, (%)) is one, two, or G} 4(,,, ) (@)-
Using the same polynomials we can also see that ged(G}, (), G (z)) is one, two,
or Gy.q(m.n(@)- If we do the same calculations for numerical sequences (Fibonacci
and Lucas numbers), we can see that they have the same behavior.

In this section we use the notation Fa(n) to represent the integer exponent base
two of a positive integer n which is defined to be the largest integer k£ such that

2% | n.
Lemma 3. If R(z), S(x), and T(x) are polynomial in Z[x], then
ged(R(z), T'(x)) = ged(R(x), R(x)S(z) — T(x)).

Proposition 8. Let {G}(x)} be a GFP sequence of the Lucas type. If m | n and
Es(n) = Ex(m), then ged(Gr(x), G, (z)) = G ().

Proof. First we recall that Ea(n) is the largest integer k such that 2¥ | n. We
suppose that n = mgq with ¢ € N. Since Ez(m) = Ea(n) = Ea(mg), we conclude
that ¢ is odd. This, Lemma 3, and Proposition 5 part (2) imply that
ged(G(2), Gy (x)) = ged(Gyp, (x), Gry ()
= ged(G, (@)T(2) + (—1)"(—g(2)) """ G, (2), Gy (2))
= G(2).

This proves the proposition. O
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Corollary 2. Let G%,(x) be a GFP of Lucas type. If m > 0 is not a power of two,
then for all odd divisors q of m, it follows that Gy, (x) divides G}, (x). More over
Gjn/q(x) s of the Lucas type.

Proof. Tt is easy to see that Eo(m/q) = Ea(m). Therefore, the conclusion follows
by Proposition 8. U

Proposition 9. Let d, = ged(G(x), Gy (x)) where Gi(z) is a GFP of the Lucas
type. Suppose that there is an integer k' > 0 such that dy: = 2. If m is the minimum
positive integer such that d,, = 2, then m|n if and only if d,, = 2.

Proof. We suppose that m is the minimum positive integer such that d,, = 2. Let
m|n, by Proposition 8 we know that ged(G%, (), G% (z)) = G, (x) (we recall that
G§(x) = po(x) and |po(z)| = 1 or 2). This and the fact that 2|G}, (x) imply that
ged(GE(x), Gx(x)) = 2. This proves that d,, = 2.

We note that 2|ged(Gr, (), G (z)). Suppose that there is a n € N — {m} that
satisfies the condition d,, = 2. From the division algorithm we have that there are
integers ¢ and r such that n = mq + r where 0 < r < m. This and Proposition 5
part (2) imply that

« «  ged(GE (), (g(x)EDImErGE - (x)), if q is odd;
S CACRCTOIRE Bl An et 4 i v,

This and Lemma 1 part (3) imply that ged(G, (x), G (x)) is either
ged(Gr, (), Gr(x))  or  ged(Gr,(2), Gy, (2))-
From this and the fact that 2| ged(G}, (z), G (x)), we conclude that either
ged(Gr(x), Go(x)) =2 or ged(Gy,_(2), Gi(x)) = 2.
This holds only if 7 = 0, due to definition of m. Therefore, n = mq. O

Lemma 4. Let G (z) be a GFP of Lucas type and let n = mq + r where m,q and
r are positive integers with r < m. If my = m — r when q is odd and my; = r when
q is even, then ged(Gy,(x), Gy, () = ged(Gr,, (2), Gy, ().

Proof. Let

f(m) _ (_1)m(t—1)+t+r(g<x))(t—1)m+r, if ¢ is odd:
(=)D (g ()™, if ¢ is even.

This and Lemma 1 part (3) imply that ged(G, (z), f(z)) = 1. Therefore, by Propo-
sition 5 part (2) it follows that

8ed(Grgir (1), G (7)) = ged (G, (2) T () + f(2)Gh, (2), Gry)-
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Now it is easy to see that

ged (G, ()T (2) + f(2)Ghy, (2), Gry) = ged(f () Gy, (), G ().

Since ged(GE, (z), f(x)) = 1, by Proposition 1 part (1) we have

ged(f(z)Gr,, (), Gy () = ged(Gyy,, (2), G, (2)).
This completes the proof. O

Theorem 1. Let G (x) be a GFP of the Lucas type. If m and n are positive
integers and d = ged(m,n), then

. . G%(x), if Ea(m) = Ey(n);
ed(@ (), Gi(a)) = ¢ 10 2(m) = Baln)
ged(G(x), Gi(x)),  otherwise.
Proof. First we prove the result for Es(n) = Ea(m). From the Euclidean algorithm
we know that there are non-negative integers ¢ and r such that n = mq + r with
r < m. Let d = ged(m,n). Clearly, if r = 0, then d = m. Therefore, the result
holds by Proposition 8.
We suppose that r # 0. If we take my as in Lemma 4, then
ged(Gy(x), Gy, (2)) = ged(Grg (), Gy (2)) = ged (G, (2), Gy ().

mq+r

Let M; = {m,m1}. Notice that ged(mi,m) = d, Ea(m) = E2(mq), and that
my1 < m. Therefore, there are non-negative integers ¢; and r; such that m =
miqy + r1 with r1 < my. Again, if 1 = 0, by Proposition 8 we obtain that
ged(Gy, (), G, (2)) = ged(G, (), Gy, (7)) = Gi(x). If vy # 0 we repeat the previ-
ous step and then we can guarantee that

ged (G (x), Ghy () = ged (G, (2), Gy (2) = ged (G, (2), Gy, (7)),

where

my —ry, if ¢ is odd;
ma = . .
r1, if ¢ is even.

We repeat this procedure ¢ times until we obtain the ordered decreasing sequence
m > my > mg > -+ >my > d such that Ea(m) = Ea(my) and ged(my, me—1) = d,
where
my_1—Ti_1, if qis odd;
my = . .
i1, if ¢ is even.

Notice that My = {m, my, ma,...,m¢} = My_1 U {m;} is an ordered set of natural
numbers, therefore there is a minimum element. Since M; is constructed with
a sequence of decreasing positive integers, there must be an integer k such that



INTEGERS: 18 (2018) 20

M; C My, for all t < k and My is undefined. Thus, the procedure ends with
M. Note that m > m; > mg > -+ > my > d such that Fo(m) = Es(my) and
ged(my, mi—1) = d.

Claim. The minimum element of My, is my = d and my, | my_1.

Proof of claim. From the division algorithm we know that there are non-negative
integers g and 7y such that my_1 = mpqr + 7, with ry < mg. If 7, # 0 we can
repeat the procedure described above to obtain a new set My with My, C M.
That is a contradiction. Therefore, 7, = 0. So, mr_1 = miqr. This implies that
ged(my, mg—1) = d. Thus, my = d. This proves the claim.

The Claim and Proposition 8 allow us to conclude that

ged(Gr, (x), G, (2)) = ged (G, (), Gy, (7)) = -+ = ged (G, (2), Gy, () = Gy

mE—1

We now prove by cases that: if Fa(n) # Es(m) and d = ged(n,m), then
ged(G (2), G, (x)) = ged(Gy(x), G (x))-

Case 1. Suppose that m < m and that Ez(n) < E2(m). From the division al-
gorithm there are two non-negative integers ¢ and r such that n = mq + r with
r < m. Let my = m —r when ¢ is odd and m; = r when ¢ is even (as defined in
Lemma 4). Since n = mq + r and E2(n) < E2(m), we have r # 0. It is easy to
see that Eo(n) = Ea(r), and therefore Eo(n) = E2(mq). This and Lemma 4 imply
that ged(G,(v), Gy, (z)) = ged(Gy, (), Gy, (). Since Ea(my) = Ea(n) < Ex(m)
and mi < m, the criteria for the Case 2 are satisfied here, so the proof of this case
may be completed as we are going to do in Case 2 below.

Case 2. Suppose that Ea(m) < Ea(n) and that m < n. From the division algo-
rithm we know that there are two non-negative integers r and ¢ such that n = mq+r
with » < m. If r = 0, then ¢ must be even (because Ea(m) < Ez(n)). Let k = E3(q)
and we consider two subcases on k.

Subcase 1. If k =1, then g = 2t where t is odd. Therefore, by Proposition 5 part
(1) we have G},(2) = G3,y(7) = (G (2))* + (1) (GG (2)) (=g (@)™ This,
Proposition 8, Lemma 1 part (3), and Lemma 3 imply that

ged(Gy(2), G, (2) = ged (oG + (=)™ GG (@) (—g(2))™, G (@)
= ged((- 1)’”“’1G*( )(=g(2))™, G, ()
= ged(Go(), G, (x)
= ged(Go(x), Ga()).

Subcase 2. If k > 1, then ¢ = 2*¢ where t is odd. Therefore, by Proposition 5
part (3), there is a polynomial Ty (z) such that

2k—1

G = Goupy = Gru(@)Ti(2) + Gi(2)g” ™ (2).
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This, Proposition 8, Lemma 1 part (3), and Lemma 3 imply that

ged(Gy(2), G (1) = ged(Gry(0)Ti(x) + Gi(a)g® ™ (x), Gy ()

(Gia)g™ ™ (@), G (@)

= ged(Go(x), Gru ()

= ged(Go(x), Ga(x)).

Now suppose that r # 0. This and Lemma 4 imply that
ged(Gr(2), G7, (2)) = ged(Gyy, (2), Gy, (2),

where m; = m —r when ¢ is odd and m; = r when ¢ is even (as defined in Lemma
4). Therefore, m; < m < n and ged(m, n) = ged(m, my) = d.

We analyze both the case in which m; | m and the case in which m4 { m. Suppose
that m = myq2 and we consider two cases for gs.

Subcase ¢p is odd. If ¢y is odd then we have Ey(mi) = Es(m). Therefore, by
Proposition 8 we obtain:

ged (G, (2), G (2)) = ged (G, (2), Gy, (7)) = Gg(x) and By (Ga(2)) < Ex(G,(2)).

This implies that ged(G}, (x), G (z)) = ged(G(x), G§(x)).
Subcase g2 is even. If g is even, then Es(mi) < E2(m). Now it is easy to see
that ged(G7, (2), G} () = ged(GF,, (x), G (2)) = ged(Gy (), G ().

Now suppose that m; 1 m. Therefore there are two non-negative integers ro and
g2 such that m = mqyqgs + 72 where 0 < r9 < m;. From Lemma 4 we guarantee that
we can find mso such that

my < my,ged(my,mg) =d - and - ged(Gry, (2), Gry, () = ged (G, (2), Gy (7))

In this way we construct an ordered set of integers M; = {n,m,my, ma,...,m;}
where n > m > mq > -+ > my such that ged(m;,m;j_1) = d and

ged(G(2), Gr, (2)) = ged(Gy,, (2), Gru(2)) = -+ - = ged(G, (2), Gy, ().
From Lemma 4 we know that n > m > m; > --- > m; ends only if r; = 0. Since
M; = {n,m,mi,ma,...,m;} is an ordered sequence of natural numbers, it has a

minimum element m;. Therefore, m; | m;_1. It is easy then to see that
ged(Gy, (2), G, () = ged(Ghy, (2), Gy, (2))-

This is equivalent to ged(G} (x), G5, (x)) = ged(Gj(z), G§(x)), which completes the
proof. O
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Corollary 3. Let di, = ged(G§(x), Gi(x)) where Gi(x) is a GFP of the Lucas
type. If m and n are positive integers such that Fo(n) # Ea(n), then the following
properties hold

(1) Suppose that there is an integer k' > 0 such that dys = 2. If r is the minimum
positive integer such that d,. = 2, then

2, if rlged(m,n);

1, otherwise.

ged(G, (2), G (x)) = {

(2) If dy, # 2 for every positive integer k, then ged(Gr,(z), G (x)) = 1.
The proof of this corollary is straightforward from Proposition 9.

Proposition 10. Let G (x) and G}, (x) be equivalent GFPs. If m andn are positive
integers, then

(1) ged(Gryppia (2), 67 (7)) = ged(Gr, 41 (2), G (),

(2) if m >mn, then ged(Gr, 41 (2), G7 (7)) = ged (G, 41 (2), G (7)),

(3) me < n, then ng(G/n—m—i-l(z)7 G:L(x)) = ng( :n—l(x)v GZ(‘T))

Proof. We prove part (1) by induction. Let S(n) be the statement (recall that
a—0b=a(x)—bx)): for every n > 1, ged((a — b)?,G%(z)) = 1. Recall that in
a GFP of Lucas type, ged(po(z),p1(x)) = ged(po(x),d(x)) = 1 and that 2p;(z) =
po(x)d(z). From this and Proposition 4 part (1) with m = n = 0, it is easy to see

that ged((a — b)2,Gi(x)) = 1. We now prove that S(2) is also true. It is easy to
see that

ged((a —b)*,Gs(x)) = ged(a®(x) +b*(x) — 2ab, G3(x))
= ged(Ga () + 29(x), G5 ()
= ged(29(x), G3(x)).

From Lemma (1) part (3) we know that ged(g(x), G5(z)) = 1. This implies that
either
ged(a— b2, G3(2) =1 or ged((a—b)?, G5(x)) =2

If ged((a — b)?,G3(x)) = 2, then 2 | (d*(z) +4g(x)) and 2 | G5(z). So, 2 | d*(x)
and 2 | G5(x). From Lemma (1) part (2) we know that ged(d(z), G5(x)) = 1. This
implies that 2 | 1. Therefore, ged((a — b)%, G5(x)) = 1. This proves S(2).

Suppose that S(k) is true. Then ged((a — b)?, G;(z)) = 1. We now prove that
S(k + 1) is true. Suppose we have ged((a — b)?,Gj,(z)) = r(z). Therefore,
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r(z) | (a =) and r(2) | Giyy(x). So, r(x) | [(a = b)* Gy (2) — 0®(Giyy(2))]-

From Proposition 4 part (1) we know that if m = n =k, then

(a=b*Ghipi1(@) = 0°Glyy (2)Grpa (@) + @?g(2) Gy () Gy (@).

Thus, (a — b)2Glh;,, 1 (x) — *(Gj4q(2))? = a?g(2)(Gj(2))?. This implies that r(z)
divides a?g(z)(G3(z))?. Since |a| = 1 or 2, from the definition of GFPs and Propo-
sition 2 it is easy to see that ged(a, g(x)) = 1. We know that ged(a, G,) = 1
for every n. So, ged(a,r(z)) = 1. We recall from Lemma (1) part (3) that

ged(g(x), Gy (x)) = 1. This and r(x) | Gi(x) imply that ged(r(x), g(x)) = 1.
Now it is easy to see that r(z) | (Gi(x))?. Since ged((a — b)?,Gi(x)) = 1 and
r(x) | (a — b)?, we have r(z) = 1. This proves that S(k + 1) is true. That is,
ged((a — b)?, G5 (x)) = 1.

We now prove that gcd(G;nJrnH( x), G (x)) = ged(Gr, 1 (), G (x)). Proposition
4 part (1), implies that ged((a — b)2Gh, 4 p1 (%), G () is equal to

ged(a’Gr, 1 ()G (2) + a®g(2) G () G (2), G ().
Therefore,
ged((a —b)* Gy ni1(2), Gry (@) = ged(a?Gr, 41 (2) Gy (2), G (2)).

Proposition 2 and ged(a, G,11) = 1 imply that ged(a?G: . (2), G;(x)) = 1. There-
fore, by Proposition 1 part (2) we have

ged(Gr 41 (2)G 41 (2), G (2)) = ged(Gr, 41 (2), G ().
This implies that
ged((a = b)* Gy i1 (2), G () = ged (G4 (2), G ().
This and ged((a — b)2, G2 (x)) = 1 imply that
ged (Gl ynp1(2), G (7)) = ged(Gh 14 (2), G (2)).
Proof of part (2). From Lemma 1 part (3) it is easy to sce that
ged (G4 (2), G (@) = ged((9(2))" Gy (2), G (2)).

This and Proposition 3 part (2) (after interchanging the roles of m and n) imply
that ged(G,_,,11(x), Gy (x)) is equal to

ged(aG, 11(2)G(2) = Gy (2), Gr(2)) = ged (Gl g1 (2), G ().

The conclusion follows from part (1).
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Proof of part (3). From Lemma 1 part (3) it is easy to see that

ged(Gl i1 (2), G (2)) = ged((—g(2)" ' G, 11y (@), G, (2)).

This and Proposition 3 part (3) imply that ged(G),_,, 1 (x), G} (2)) is equal to

8ed(Gyy 1 (2) — oGy (2) G (), Gr () = 8ed(Gy g (1 —2)41(2), G (2))-
The conclusion follows from part (1). O

Theorem 2. Let G (x) and G (x) be equivalent GFPs. If m and n are positive
integers and ged(m,n) = d, then

Gi(x), if Eo(m) > Ey(n);

ged(G (2), G () = {gcd(GZ(m%Gé(x)), otherwise.

Proof. Suppose that Es(m) > Eo(n). We prove this part using cases.

Case m > n. Since m > n, there is a positive integer [ such that m = n + L.
Therefore, ged(G),(2), G (7)) = ged(Gi_1 4, 41(x), G (x)). This and Proposition
10 part (1) imply that ged(G,,(z), Gk (x)) = ged(Gy (z), G (x)). Since Ey(m) >
Es(n) and m = n + [, we have F5(l) = FE3(n). This and Theorem 1 imply
that ged(Gy(2), G} (2)) = Gyqqn)(®). From Lemma 3 it is easy to see that
ged(l,n) = ged(m,n). Thus, ged(G7(2), G} (2)) = Gjoq(mn)(@). Therefore, we
have ged(G.,(x), Gk (x)) = Gcd(m,n) (z).

m
Case m < n. The proof of this case is similar to the proof of Case m > n. It is
enough to replace m by n— (I +1) in ged(G?,(x), G (z)), and then use Proposition
10 part (3).
We now suppose that E2(m) < Fs(n). Again we argue using cases.

Case m > n. So, there is a positive integer [ such that m = [ + n. Therefore, by
Proposition 10 part (1) we have

ged(G, (2), G7, () = ged(G 1) 11 (2), Gy (2)) = ged (G (2), G, (2))-

Note that if m = n+ 1 and FE3(m) < Fs(n), then there are integers k1, ko, g1, and
go with k1 < ko such that m = 2%1¢; and n = 2*2¢y. Since m = n + I, we see that
E5(1) # E5(n). This and Theorem 1 imply that

ged(G (z), G (7)) = ged(Go(2), Gean.y (7))-
Thus,
ged(Gy (), G (x)) = ged(G5(2), Gaeagm.n) (2))-

Case m < n. The proof of this case is similar to the proof of Case m > n. It
is enough to replace m by n — (I + 1) + 1 in ged(G,,(x),G%(x)), and then use
Proposition 10 part (3).
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Case m =n. Since n = (2n — 1) —n + 1, taking m = 2n — 1 in Proposition 10 part
(2) and using Theorem 1 we obtain that ged(G),(x), Gi(z)) is equal to

8ed(Glan-1)-n41(®), G} (2)) = ged(G5, (), G, (7)) = ged(G(2), G, ().
This completes the proof. O

In [11, Theorem 3.4] it is proved that Fibonacci polynomials, Chebyshev polyno-
mials of second kind, Morgan-Voyce polynomials, and Schechter polynomials satisfy
the strong divisibility property. In [12, Theorem 7] it is proved that GFP’s of Fi-
bonacci type satisfy the strong divisibility property. Theorem 3 proves a necessary
and sufficient condition for the polynomials in a generalized Fibonacci polynomial
sequence to satisfy the strong divisibility property. Norfleet [22] also proved the
same strong divisibility property for GFPs of Fibonacci type.

Theorem 3. Let {Gr(xz)} be a GFP sequence that is either Fibonacci type or Lucas
type. For any two positive integers m and n it holds that {G(x)} is a sequence of
GFPs of Fibonacci type if and only if gcd(Gm (), Gn(2)) = Gaed(m,n) (7).

Proof. Let {G] (z)} be a GFP sequence of Fibonacci type. We now show that
ged(Gh, (2), G, (2)) divides Gy, ) () for m >0, n > 0, and vice versa.
If G!,(x) is of Fibonacci type, by Proposition 6 it is clear that

Next we show that ged(G), (z), G, (2)) divides G (@)

ged(m,n
Let k = ged(m,n) and assume without the loss of generality that k& # n and
k # m. The Bézout identity implies that there are two positive integers r and s
such that k = rm—sn. So, rm = k+sn and G}, (v) = G}, (). This, Proposition

3 part (1), and the fact that k 4+ sn = (k + (sn — 1)) + 1 imply that

We note that by Proposition 6, G, (z) | G,,(z) and G, (z) | G, (x). Since
both ged(GL,(x), Gl (x)) | G, (x) and ged(Gh,(z), G (z)) | G, (z) hold and also
both G),(z) | G,,,(z) and G} (z) | G, (x) hold, we have that ged(G?,(x), G, (z))
divides both G/, (z) and G, (x). This together with Lemma 1 part (3) and the fact
that ged(GY,(x), G, (z)) does not divide G%,,,_;(z) imply that gcd(G,,(z), G} (x))
divides G, ().

Conversely, suppose that {G,(x)} is a GFP sequence such that the strong di-
visibility property holds or ged(Gin (), Gn(®)) = Gged(m,n)(x) for any two positive
integers m and n. We now show that both G,,(z) and G, (z) are GFPs of the
Fibonacci type. We prove this using the method of contradiction.

If G, (z) and G,,(x) are in {G,,(x)} such that they are both GFPs of the Lucas
type, then by Theorem 1 we obtain a contradiction. This completes the proof. [
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6. The gcd Properties of Familiar GFPs and Questions

In this section we formulate a general question and present three tables which
are corollaries of the main results in Section 5. These tables give us the strong
divisibility property of the familiar polynomials which satisfy the Binet formulas (4)
and (6). Table 3 gives the greatest common divisors for Fibonacci polynomials, Pell
polynomials, Fermat polynomials, Jacobsthal polynomials, Chebyshev polynomials
of the second kind, and one type of Morgan-Voyce (B,,) polynomials. Table 4 gives
the strong divisibility property of the Lucas polynomials, Pell-Lucas polynomials,
Fermat-Lucas polynomials, Jacobsthal-Lucas polynomials, Chebyshev polynomials
of the first kind, and Morgan-Voyce (C,) polynomials. Table 5 gives the ged of a
polynomial of Lucas type and its equivalent polynomial of Fibonacci type.

We note here that in the case of Table 4, the strong divisibility property is
partially satisfied since it only holds when the largest power of 2 that divides m and
the largest power of 2 that divides n are equal (that is, Ea(m) = E3(n)). Similarly,
the strong divisibility property only holds in Table 5 when Es(n) < Eq(m).

For simplicity we present the polynomials in Tables 3, 4 and 5 without the
variable x.

| Polynomial | The Fibonacci ged property ‘
Fibonacci ged(Fm, ) = Fyed(m,n)
Pell ng(Pma P, ) chd(m n)
Fermat ged(P, @) = Pyed(m,n)
Chebyshev the second kind | ged(Upm, Un) = Ugcd(m,n)
Jacobsthal ged(Jm; Jn) = Jged(m,n)
Morgan-Voyce ng(Bm; n) Bgcd(m n)

Table 3: Strong divisibility property of polynomials of Fibonacci type.

| Polynomial | Case 1: Ez(m) = E3(n) | Case 2: Ey(m) # Ea(n) |
Lucas gcd(Dm, Dn) = Dgcd(m,n) gcd(Dm, D,)=1
Pell-Lucas-prime gcd(Qm,Q ) = Q/gcd(m,n) gcd(Qm,Q )=1
Fermat-Lucas ged(Vm, ¥n) = Vgcd(mm) | 8ed(Pm,Vn) =1
Chebyshev the first kind | ged(Ton, Tn) = Tgedmon) | ged(Tm, Tn) =1
Jacobsthal-Lucas gcd(Qm, Qn) = Qged(m,n) | 8cd(Qm,Qn) = 1
Morgan—Voyce ng(CmaCn) ged(m,n) ng(Cnan) =1

Table 4: Strong divisibility property (partially) of polynomials of Lucas type.
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| Polynomials | E3(n) < E3(m) | Otherwise |
Fibonacci, Lucas ged(Fp, D) = Dy | ged(F, Dp) = 1
Pell, Pell-Lucas-prime ged(Pn, Q) = Q/d ged(Pn, Q) = 1
Fermat, Fermat-Lucas ged (P, V) =g | ged(Py,,9,) = 1
Chebyshev both kinds gcd(Up,, T,) =Ty | ged(Up,, T,) = 1
Jacobstal, Jacobsthal-Lucas | ged(Jm, Jn,) = Ja | gcd(Jm,dn) = 1
Morgan-Voyce both types ged(By,, Cr) =Cy | ged(Bp,Cn) = 1

Table 5: Strong divisibility property (partially) of polynomials of Lucas type and
their equivalents, where d = ged(m, n).

6.1. Questions

1. Let {G}(z)} and {S,(x)} be generalized Fibonacci polynomial sequences of
Lucas type and Fibonacci type, respectively. If S, (z) is not the equivalent of
G5 (x), what is the ged(Gj(x), Sm(z))? We believe that the answer is: 1 or .

2. If {G,,(z)} and {S,(z)} are two different generalized Fibonacci polynomial
sequences of the same type, then do they satisfy the strong divisibility prop-
erty?

3. (Conjecture.) The GFPs T, and S, satisfy the strong divisibility property if
and only if T;, and S,,, are both of Fibonacci type and they belong to the same
generalized Fibonacci polynomial sequence. Theorems 2, 3, and [3, Lemma 4]
suggest that the conjecture is true.

4. Let R be a set of recursive functions. f F: N - R, G: R x R — R, and
g :Nx N — N. Under what conditions Go (F x F) = Fog for all F € R and
a fixed g7
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