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Abstract
Integer compositions and related enumeration problems have been extensively stud-
ied. The cyclic analogues of such questions, however, have significantly fewer results.
In this note we follow the cyclic construction of Flajolet and Soria to obtain gener-
ating functions of parts under modulo conditions in cyclic compositions. With these
generating functions we present some statistics of the parts in cyclic compositions.
A combinatorial observation on this enumerative question is also provided.

1. Introduction

In 1893 P. A. MacMahon was one of the first to take an interest in what are now

referred to as compositions [2, pg.1]. A composition of a given positive integer n is
k

defined as a sequence of positive integers o = 01,039, ...,0% such that > o; = n.

i=1
Each o; is called a part in the composition.

Cyclic compositions are a partition of the set of compositions under the equiv-
alence relation S, where S is any cyclic shift of the parts of a composition. For
example, Figure 1 shows a cyclic composition of 10 corresponding to the equiva-
lence class 2+24+14+2424+1=2414+2424+142=14+24+2+14+2+2=10.

I This work was partially supported by grants from the Simons Foundation (#245307).
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Figure 1: A cyclic composition of 10.

The cyclic compositions were first considered in [5], and enumerated via generat-
ing functions in [1]. As one can easily see from the above example, although similar
in nature, the enumeration of various objects in cyclic compositions would dramat-
ically differ from that in compositions. More recently some interesting properties
of cyclic compositions were discussed in [4].

As a concept in combinatorial number theory, compositions have been extensively
studied by both combinatorialists and number theorists. Much of such work focuses
on the enumeration of parts or sub-word patterns under various restrictions. A nice
summary of known results can be found in [2] and the references therein. In the
recent work [3], the number of parts under congruence conditions in all compositions
of n was studied and interesting combinatorial relations with the number of sub-
word patters (also in all compositions of n) were found. Among other interesting
observations, the following was presented as a consequence of previously known
results. Here P(k;n) denotes the number of parts equal to k in all compositions of
n.

Theorem 1.1 ([3]).

(n—k+3)2"F2 4fn>k

mhm:{l ifn = k.

Following Theorem 1.1 above, one can obtain a formula for the number of parts
congruent to ¢ modulo m in all compositions of n, denoted by P(i;m;n) for i =
1,...,m (note that we use m instead of 0 for the corresponding congruent class).

Theorem 1.2 ([3]).

T”m_“ZOn—i+3X?”—1)—n0
2m —1)2 :

P(i;m;n) =

where |x] is the integer nearest to x.
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Recall that the total number of parts in all compositions of n is 2"~2(n + 1) [6,
p. 120, Ex. 23], Theorem 1.2 provides a direct tool to study the statistics of the
parts under congruence conditions.

On the other hand, there has been surprisingly little work on similar questions
in cyclic compositions. We make some modest progress towards filling this gap
in this note. The tool that is critical to our study is developed in [1], where the
construction of cycles of combinatorial structures is examined analytically.

Let CC,, denote the set of cyclic compositions of n and tpcc(n) denote the total
number of parts in CC,,. Direct application of the cyclic construction in [1] yields
the bivariate generating function

CC(x,u) = Z ¢S) log (1 — uia:)

s>1 1—xs

where the coefficient of z"u* gives the number of cyclic compositions of n with k
parts and ¢ is Euler’s totient function. Hence the generating function for tpec(n) is

2 T

u=l " s>1

TPCC(z) = %CC(w,u)

Consequently we have the following.

Proposition 1.3.
1
_ = n/s
tpee(n) = 5 E o(s)2™/°.

sln

Let ep(i;m;n) (1 < i < m) denote the number of parts congruent to ¢ modulo
m in CC,,. Examining cp(i; m;n) and the corresponding generating function is a bit
more involved. We provide a detailed study of this generating function in Section 2.
Based on our finding some statistical behaviors of the parts in CC,, are presented
and justified in Section 3. In Section 4, we comment on an interesting combinatorial
observation arising from our study.

2. Construction of the Generating Function of cp(i;m;n)

The essential idea still follows that in [1]. For completeness we provide the entire
argument in this section.
First consider the series
a4+ 4.,

that generates the parts used in a composition or cyclic composition. Multiplying
by y each power that is congruent to ¢ mod m (to mark the parts congruent to 4
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mod m) yields
e R 1 A o L BRSNS 1 L LS

This forms the generating function for the number of particularly labeled parts of
the compositions of n. Further multiplying each term by u (to mark all the parts),
we have

wr +uz? + - +yuz® +ur 4+ yuaT 4
=u(z+2®+...)+uly—1) (2" +2"T"+..)
ux (y — Duxt

:1—x+ 1—zom

Consequently we have the multivariable generating function of compositions

oy - 55 (2 0y

1—x 1—am
k=1
uuL (y 1)"1@
_ + 1 $77l
g u:c (y—1Duzx?
1 + 1 1:'771

_ uz(l —2™) +uzt(y — 1)(1 —z)
= 2)(1 = 2) = (wa(l —27) + uzi(y — D{1 —2))

where the coefficient of z™u"y" is the number of compositions of n with r parts, ¢
of which are congruent to ¢ mod m.

A primitive composition is a composition that is not composed of repeated copies
of shorter compositions. For instance, 1326354 is a primitive composition of 24 while
132132132132 is a non-primitive or periodic composition of 24. It is clear that every
composition is composed of d copies of a primitive composition for some d > 1. By
letting

(z,u,y) ch n,r,t)x"u"y"
n,r,t
denote the generating function for primitive compositions (where the coefficient
pe(n,r,t) is the number of primitive compositions of n with r parts, ¢ of which are
congruent to ¢ mod m), we have

C(z,u,y) ZPC’x Jud,yd).

d>1

Then PC(z,u,y) can be implicitly derived using Mébius inversion as

Clz,u,y) =Y p(d)C(z?,ut,y?)

d>1
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where (d) is the Mobius p function.
We now let
PCC(x,u,y) chc n,rt)z"u"yt

n,r,t
denote the generating function for primitive cyclic compositions (where the coeffi-
cient pce(n,r,t) is the number of primitive cyclic compositions of n with 7 parts,
t of which are congruent to ¢ mod m). First note that each primitive cyclic com-
position with r parts has r unique primitive composition representations. Thus
there is a one-to-r mapping between primitive cyclic compositions and primitive
compositions. Consequently

b 7t v
pee(n,r, )z u"y" = pic(n r,t) " u"yt —/ pe(n,ryt)x"v"~ Lytdv
r 0
and we have

u

PCC(z,u,y) :/M dv
/12 u(d) Cla, o',y d

/ D
=3 wd / 1_;zi§1_;d;21ifii%‘§+;Lét;idi§(1_md»

Integrating through substitution and plugging in v = 1, we have

_ ( [Pty dv)
u=1 v u=1
0

M (1 _ xd)(l _ xmd)
<d>1 o8 () e ) LT xd)))>

pld (1—ah)(1—am)
=30 (s G )

d>1

PCC(z,y) = PCC(z,u,y)

Since every Cyclic Composition is composed of ¢ adjacent copies of primitive
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compositions, the bivariate generating functions for cyclic compositions is

CC(z,y) = Z PCC(z?,y?)

q>1

_ ud) | (1 -2t (1 - 2™
=22 s ((1 —290)(1 — emad) — (299(1 — gmad) + ot (yad — 1)(1 ,qu))) '

g>1d>1

Using the variable substitution s = gd and given the identity Zd|s # = ¢£f),

where ¢(s) is the Euler totient function, we have the generating function for cyclic
compositions as

CC(z,y) =Y _ PCC(a%,y)

- Mio (1 — 299)(1 — z™ad)

_gdzlsj d log ((1 — 24d)(1 — zmad) — (29d(1 — gmad) + gadi(yad — 1)(1 — qu))>
_Ny o) (1—2°)(1 - ™)

73221 s log((1_zs)(1_xsm)_(ms(l_xsm)+msi(ys_1)(1_305))) )

Here the coefficient of z™y! is the number of cyclic compositions of n with ¢ parts

that are congruent to ¢ mod m.
We now have the generating function GPCC/(x) for the number of parts congru-
ent to 4 mod m in CC,, as

GPCC(z) = a% (CC(m, y))

:Z = (a% (l"g ((1 — w1 =) —(l(s;és)—(i:mésr )sc<y —D(- xs»))) y—t
:ZW (1= 21— z"m) —x;gil_—x;iy)s:ws%ys—1)(1—xs>>) -
5 (o)

3. Some Statistics of the Parts in CC,,

The generating function provided in (2.1) yields the Table 1 of values for ¢p(i;m;n)
with m = 10.
A number of interesting observations immediately follow:
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i | 2 3 4 5 6 7
n
1 1 0 0 0 0 0 0
2 2 1 0 0 0 0 0
3 4 1 1 0 0 0 0
4 7 3 1 1 0 0 0
5 12 4 2 1 1 0 0
6 22 11 5 2 1 1 0
7 38 16 8 4 2 1 1
8 74 36 17 9 4 2 1
9 138 66 34 16 8 4 2
10 272 136 66 33 17 8 4
11 521 256 128 64 32 16 8
12 1057 527 264 132 65 33 16
13 2058 1023 511 256 128 64 32
14 4136 2068 1031 515 258 129 65
15 8216 4104 2054 1025 513 256 128
50 2.81. 1014 1.41 . 1014 7.03 . 1013 3.52 . 1013 1.76 - 1013 8.79 . 1012 4.39 . 1012
51 5.62 1014 | 2.81.101% 1.41 . 1014 7.03 . 1013 3.52 . 1013 1.76 - 1013 | 8.79 . 1012
52 1.12 . 1015 5.62 .- 1014 2.81. 1014 1.41 . 1014 7.03 . 1013 3.52 . 1013 1.76 - 1013
53 2.25 . 1015 1.12 . 1015 5.62 - 1014 2.81 . 1014 1.41 . 1014 7.03 - 1013 3.52 . 1013
54 4.50 - 1015 2.25 . 101° 1.12 - 1015 5.62 - 1014 2.81 - 1014 1.41 . 1014 7.03 - 1013
55 9.00 - 1015 4.50 - 1015 2.25 . 101° 1.12 - 1015 5.62 - 1014 2.81 - 1014 1.41 . 1014
7 8 9 10
n
1 0 0 0
2 0 0 0
3 0 0 0
4 0 0 0
5 0 0 0
6 0 0 0
7 0 0 0
8 1 0 0
9 1 1 0
10 2 1 1
11 4 2 1
12 8 4 2
13 16 8 4
14 32 16 8
15 64 32 16
50 2.20 - 1012 1.10 - 1012 5.49 - 1011
51 4.39 . 1012 2.20 - 1012 1.10 - 1012
52 8.79 . 1012 4.39 . 1012 2.20 - 1012
53 1.76 - 1013 8.79 . 1012 4.39 . 1012
54 3.52 . 1013 1.76 - 1013 8.79 - 1012
55 7.03 - 1013 3.52 . 1013 1.76 - 1013

Table 1: Values of ¢p(i;m;n) for m = 10.
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e For n sufficiently large,
ep(i;m;n+ 1) 5
ep(i;m; ) '

That is, going down a column in the table by one step doubles the value of

the next entry;

e For n sufficiently large,
ep(i+ Lymyn) 1
ep(i;m;n) 2
That is, moving right in a row in the table by one step halves the value of the
next entrys;

e For n sufficiently large,

ep(i+1;myn+1)

: ~ 1.
cp(i;m;n)

That is, the values on each of the diagonals or sub-diagonals are asymptotically
the same.

To see the reasoning behind these observations, we start with the following
asymptotic formula for ¢p(i; m;n).

Theorem 3.1. We have

as n — oQ.

Proof. First rewrite (2.1) as

where
1—x

Ale)=a'- (1—22)(1—am)

Next, we will consider the partial fraction decomposition of
that

5 Observe

1—x
(1-2z)(1—a™

m—1
1—2 1 ap Q.

1-20)1-2m) (I-25)1+z+...+am 1) 17237—’—; z—w,

with constants ag,a1,...,am—1, where w; for 1 < j < m — 1 are the complex roots
of 2™ = 1. Through the traditional “Cover-up” method (i.e., multiplying both
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sides by (1 — 2z)(1 — 2™) and plugging in z = 1), we have ap = 22T111 Since
x = L is a distinct root of the denominator of smallest magnitude, it follows that

2 - '
the coefficient of z™ in A(x) is asymptotically % (contributed from 2" - $%9-)

as n — oo. Thus considering cp(i; m;n), the coefficient of 2™ in > o, &(s)A(x*),
we have

1
2m —1

> e(s)2itmt ) (3.1)

sln

ep(i;m;n) ~

By taking the s = 1 term, it is obvious that

1 n ) 2n+m7i71
2?+m7271 > .
om 1 Zl:d)(s) = Tom 1
On the other hand
1 Z¢(S>2ﬂ+m_i_1 _ Z(b(S) 2"7l—i—121
2m—1\4 ‘ - | 2m — 1
2m7i71 n
= ST ?ﬁ(s)%
2m—i—1 N
— n s
=T (2 X e
s|n,s#1
2m7i71 n
< ST (2" + (n—1)22)
2n+m—i—1
T Tom
when n is large. O

Similarly, it is easy to see from Proposition 1.3, that
tpee(n) ~ 271
as n — oo. Consequently we have
Corollary 3.2. We have

ep(i; m;n) om—i
tpee(n) 2m — 1

asn — oo.
Among other things, Theorem 3.1 and Corollary 3.2 imply that for large n:

e cp(iymin + 1) ~ 2ep(i;m;n);
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o cp(i+1;m;n) ~ sep(i;m;n);
o cp(i+ 1;m;n+ 1) ~ ep(i;m;n).

These observations are somewhat surprising, but they follow directly from the
generating functions.

4. A Combinatorial Observation

We conclude this note by exploring an interesting observation. Recall that

GPCC(z) = ¢(s)Ax). (4.1)

s>1
We first make the following claim.

Proposition 4.1. The function

1-—2z
(1-22)(1—am)

Az) =2 -

1s the generating function for the number of compositions with last part congruent
to i mod m.

Proof. Let A, denote the set of compositions of n with last part congruent to 4
mod m. We show that

m
|An| = Z |An—j| + [An—ml-
j=1
The generating function as claimed immediately follows from standard arguments.
Consider the compositions of n with last part congruent to i mod m in the following
different cases and apply the corresponding operations:

e The last part x is greater than m. In this case we simply replace x with x —m,
yielding a composition in A, _,,;

e The last part x is exactly ¢. Consider the second to last part y = 7 mod m
for j = 1,2,...,m. In this case replace x and y with a single part y — j + 1
yields a composition in A,,_;.

It is not hard to see that this map is a bijection between A,, and (UTzlAn_j) UA!

n—m)’

where A/ and A,,_,, are two copies of the same set. O

This fact inspires a combinatorial argument that establishes GPCC/(x) directly
from A(z). The detailed justification seems to be rather tedious, but we will briefly
discuss the idea in the rest of this section.
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For a cyclic composition with some part congruent to ¢ mod m, “cutting” this
composition right after this part yields a composition with the last part congruent
to ¢ mod m. Such regular compositions have generating function A(z), by the
previous proposition. Now we consider all the regular compositions of n of length
k formed from cutting cyclic compositions at every part congruent to ¢ mod m.
They can be broken into different cases as follows:

e Every regular composition (and its corresponding last part congruent to i
mod m) corresponds to at least one (exactly one if the regular composition is
primitive) such “cutting” of some cyclic composition, counted by the s = 1
term of (4.1).

e If the resulting (after the “cutting”) regular composition (not primitive) is
made of two identical copies of compositions of length g, then further cutting
this composition in the middle (right after a part congruent to ¢ mod m)
yields two compositions of length g This case is counted by a pair of com-
positions ending with parts congruent to ¢ mod m, with generating function
A(z?) as the s = 2 term of (4.1).

o If the resulting regular composition is made of three identical copies of com-
positions of length %, then further cutting this composition at the parts con-
gruent to ¢ mod m yields three compositions of length % This case, and the
corresponding two parts congruent to ¢ mod m, are counted by such a triple
of compositions ending with parts congruent to ¢ mod m, with generating
function 2A4(2?) as the s = 3 term of (4.1);

e If the resulting regular composition is made of four identical copies of composi-
tions of length g, then further cutting this composition at the parts congruent
to ¢ mod m yields four compositions of length %. This case, and the corre-
sponding two parts congruent to ¢ mod m (other than the part at the original
cut, counted in the first case, and the middle part, counted in the second case),
are counted by such a 4-tuple of compositions ending with parts congruent to
i mod m, with generating function 2A4(x?) as the s = 4 term of (4.1);

e In general, if the resulting regular composition is made of s identical copies of
compositions of length %, then further cutting this composition at the parts
congruent to ¢ mod m yields s compositions of length % Among these s
parts congruent to ¢ mod m, s — ¢(s) are already counted in previous cases.
The other ¢(s) such parts are counted by the generating function ¢(s)A(z?®)
as the sth term of (4.1).

The above explanation, although tedious, essentially presents the following idea.
Consider any cyclic composition of n of length k, made up of d copies of a primitive
composition containing p parts congruent to ¢ mod m. Then there are dp total
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parts congruent to i mod m. Of the % compositions corresponding to this one
cyclic composition, p of them have last part congruent to ¢ mod m. For any divisor
s of d, consider the composition formed by s copies of the primitive composition
constituting the cyclic composition in question ending in one of the p parts congruent
to ¢ mod m. Each of these compositions will be counted by A(x*). Now summing
over all these compositions and multiplying by ¢(s) for those counted in A(z®), we
obtain

> b(s)p=dp

s|d
which is exactly the number of parts congruent to ¢ mod m in this composition.
Thus summing over all cyclic compositions of n we see the relationship between
GPCC(x) and A(z).

As an example, consider n = 6, i = 1 and m = 3. For the purpose of illustration
we will use subscripts to denote the location of an entry in a (cyclic) composition;
i.e., a cyclic composition of 6 with all parts of size 1 can be “cut” into a composition
111213141516 or 161112131415 depending on the location of the cut.

For each part in a cyclic composition of 6 that is congruent to 1 modulo 3,
performing the operation described above yields:

(a) 111215141516, 161112151415, 15161112151, 1als1al11als, 13145161112, 1olalal51614
(b) 11121, 11211, 12111, 21111, 2211, 1221, 1131, 1311, 3111, 231, 321, 411, 141, 114,
24

(c) 215214, 214215

e All the compositions of case (b), together with 111513141516 and 215214, pro-
vide us exactly the set of compositions of 6 that ends with a part congruent
to 1 modulo 3. They are counted by the coefficient of 25 in ¢(1)A(z).

e Since 2121 and 111111 can both be considered as repeating two copies of
compositions of 3 (i.e., 21 and 111), they can be further cut in the middle,
yielding 21;21 and 111;111 and counting 214215 and 14151111213. This is
the coefficient of 2° in ¢(2) A(x?).

e Furthermore, 111111 can also be considered as repeating three copies of com-
positions of 2 (i.e, 11), it can be further cut to obtain 11;11;11, counting
15161112131, and 13141516115 through the coefficient of 2¢ in ¢(3)A(2?).

e Lastly, 111111 can be considered as repeating six copies of compositions of
1, it can be further cut to obtain 1;1;1;1;1;1, counting 141115131415 and
15131415161y through the coefficient of 28 in ¢(6)A(z°).
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5. Concluding Remarks

In this note we studied the total number of parts congruent to ¢ mod m in all
cyclic compositions of n. This was done by following the cyclic construction of the
generating function illustrated in general in [1]. From the generating function we
provide justification for some rather surprising behaviors of the asymptotic values
of this counting sequence. In the end we note an interesting relation between our
generating function and the generating function of the number of compositions
that end with a part congruent to ¢ mod m. We present combinatorial reasonings
for this observation, which is interesting on its own as it provides a direct and
combinatorial way of constructing the cyclic version of the generating function.
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