#A49 INTEGERS 19 (2019)

POWER SUM POLYNOMIALS AS RELAXED EGZ POLYNOMIALS

Tanbir Ahmed
LaCIM, Université du Québec a Montréal, Montréal, Québec, Canada
tanbir@gmail.com

Arie Bialostocki
arie.bialostocki@gmail.com

Thang Pham
Dept. of Mathematics, University of California, San Diego, La Jolla, California
vOpham@ucsd.edu, phamanhthang.vnu@gmail.com

Le Anh Vinh
University of Education, Vietnam National University, Hanoi, Vietnam
vinhla@vnu.edu.vn

Received: 7/12/18, Accepted: 9/4/19, Published: 9/30/19

Abstract

Let p be a prime and let ¢ € Zy[zr1,z2,...,2,] be a symmetric polynomial, where
Zy is the field of p elements. A sequence T in Z, of length p is called a ¢-zero
sequence if p(7T') = 0; a sequence in Z, is called ¢-zero free if it does not contain
any -zero subsequence. Motivated by the EGZ theorem for the prime p, we define a
symmetric polynomial ¢ € Zy[z1,Z2, ..., zp] to be an EGZ polynomial if it satisfies
the following two conditions: (i) every sequence in Z, of length 2p — 1 contains a ¢-
zero subsequence and (i7) the p-zero free sequences of length 2p—2 are the sequences
which contain exactly any two residues where each residue appears p— 1 times. For
a positive integer k and a prime p, a power-sum polynomial over Z,, is defined as
Skp = ?:1 xé“ . In this paper we answer the question of whether there are EGZ
polynomials among the power-sum polynomials. Indeed, sy, , is an EGZ polynomial
if and only if ged(k,p — 1) = 1 and these polynomials can be derived from s;
and a permutation polynomial. Next, we introduce a definition of rational number,
7(Sk.p, Zp) € (0,1], which measures the deviation of a power-sum polynomial from
being an EGZ polynomial. Among some other results we determine r (s, Z,) for
every prime p and positive integer k.

1. Introduction

This paper is motivated by the following theorem of Erdés, Ginzburg, and Ziv [9],
stated below in Theorem 1 (i) for a prime. Part (i¢) of the theorem addresses the
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inverse problem which corresponds to the first part. It was first proved by Yuster
and Peterson [15]. Several new proofs of (i) appear in [1], and a proof of (i7) appears
in [5] and [15].

Theorem 1. Let p be a prime and Z, be the additive group of residue classes
modulo p.

(i) Every sequence in Z, of length 2p — 1 contains a zero-sum subsequence of
length p.

(i7) Each sequence of mazimal length in Z, that does not contain any zero-sum
subsequence of length p contains exactly two distinct elements, where each
element appears p — 1 times.

Numerous generalizations and developments of the EGZ theorem have appeared
over the years. It is worthwhile to mention the surveys [2, 3, 8, 10] and their com-
prehensive references. We follow a recent new direction (see [6, 7]) which considers
the field structure of Z,, rather than of an Abelian group. Furthermore, we consider
symmetric polynomials over Z,. As one can recall, the sum in the EGZ theorem
corresponds to the first elementary symmetric polynomial Z,[x1, z2, ..., x,].

First we introduce some definitions and notation. Let p be a prime and let Z,, be
the prime field of p elements. Let ¢ be a symmetric polynomial in Z[z1, x2, . . ., Zp).
A sequence a1, asg,...,a, of p elements in Z, is called a ¢-zero sequence if ¢(a1,
as,...,ap) = 0; a sequence in Z, is called ¢-zero free if it does not contain any
@-zero subsequence. Define g(p,Z,) to be the smallest integer ¢ such that every
sequence in Z, of length ¢ contains a ¢-zero subsequence; if £ does not exist, then
we set g(p,Z,) = co. Define M(yp,Z,) to be the set of all ¢-zero free sequences of
length g(p,Z,) — 1, whenever g(p,Z,) is finite. We consider two sequences in Z,
identical if they differ only in the order of their elements, thus we deal with multisets.
But the language of sequences is more commonly used in the literature. We will use
the notation [a1]**[az]?? ... [ag]** to denote a sequence in Z, where each element
a; appears «; times. Finally, we will denote by E(2,Z,) the set of all sequences of
the form [u]P~![v]P~, where u, v € Z;, and u # v. Clearly |E(2,Z,)| = (5).

The EGZ theorem and the definitions above suggest the introduction of the
following properties:

(&1) asymmetric polynomial ¢ € Zy[z1, z2, . . ., xp] satisfies &1 if g(p, Z,) = 2p—1;

(&2) a symmetric polynomial ¢ € Z,[x1,22,...,%,] satisfies & if M(p,Z,) =
E(2,Zp); and

(&) a symmetric polynomial ¢ € Z,[x1,z2,...,x,| satisfies & if M(p,Z,) N
E(2,Zy,) # 0.
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By the EGZ theorem, the first symmetric polynomial satisfies & and &y for every
prime p. We define a symmetric polynomial P € Z,[x1, 22, ..., 2] to be an EGZ
polynomial with respect to a prime p if it satisfies £ and £. All EGZ polynomials
of degree not exceeding three were classified in [7].

In [7], it was shown how to construct new EGZ polynomials from a given EGZ
polynomial. Our paper is motivated by a major open problem of the complete
classification of EGZ symmetric polynomials. In this paper, we have restricted
ourselves to power sum polynomials which provide EGZ symmetric polynomials,
however, these polynomials can be deduced from [7]. For a given prime p, we
define a polynomial ¢ € Z,[r1,%2,...,2p] to be a relazed EGZ polynomial if it
satisfies £ and &). Clearly, an EGZ polynomial is a relaxed EGZ polynomial. For
relaxed EGZ polynomials, the major interest is to investigate the sets M (p, Z,) and
M(p,Z,) N E(2,Zy).

In this paper, we will look at power sum polynomials defined as sy, = > 7_; xk,
where k is a positive integer and p is a prime, through the lens of relaxed EGZ
polynomials. The notation sj, will be abbreviated as s, when p is clear. For
k = 1 and for every prime p, we get an EGZ polynomial by the EGZ theorem.
Furthermore, it follows from the forthcoming Theorem 2 that for k > 2, the power
sum polynomials are relaxed EGZ polynomials.

k

Theorem 2. The power sum polynomials s, = > o xF, where k is a positive

i=1
integer and p is a prime, are relaxed EGZ polynomials.

Proof. Let f(x) = a*. Then s, = f(x1) + f(x2) + -+ f(z,). If a1,az,...,a2p1
is a sequence in Z, of length 2p — 1, then by the EGZ theorem, the sequence
f(a1), f(az2),..., f(agp—1) contains a subsequence of length p. It follows that the
former sequence contains a sy, ,-zero subsequence, which implies that g(sgp, Zp) <
2p — 1.

On the other hand, if we consider the sequence s = [0]P~1[1]P~1 of length 2p — 2,
then it is easy to see that s does not contain any zero-sum subsequence of length p.
This completes the proof of the theorem. O

2. On the Structure of M (s p,Z,) for k > 2

In this section, first we analyze thoroughly the set M sz p,Z,) and observe that for
a given integer k and a prime p, the number of distinct residues in M (s p, Zp) is
pretty small. We prove a theorem about it. Next, we determine the cardinality of
M (sk,p, Z,) for every integer k and every prime p. We start with a definition which
refines the set M (sy p, Zyp).

Definition 1. For ¢ € N, let M;(syp,Z,) denote the subset of M (s p,Z,) that
consists of all the multisets in M (s, Z,) whose underlying set has cardinality ¢.
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Theorem 3. Let p > 3 and let M;(s2,,Z,) be as defined above. Then

@, if t =2;
(p—1)(p—2)* . q.
M 7N =J 3 s ift=3;
| t(82,pa P)| (pil)(p782)2(p73)’ Z'ft:4;
0, ift > 5.

|M (s2,p, Zp)| = Z |My(s2,p, Zp)| = %(p -1) <p -1+ %(p +1)(p— 2)2) .
t=1

Proof. Let a1,as,...,a2,—2 be a sequence of length 2p — 2. It is clear that the
sequence is sy ,-zero free if and only if the sequence f(a1), f(az),..., f(azp—2) does
not contain any zero-sum subsequence of length p. It follows from Theorem 2 that
the latter sequence is of the form [z]P~![y|P~!, where z,y € Z,, z # y. Since for
a # 0, the equation 22 = a? has only two solutions a and —a, all elements in
M (s2.p,Zy) are of the following form:

W] [~ulP T ) o 0< B < p - 1 (1)
Now we consider the following cases:

(i) If t = 2, then each element in Ma(s2,p,Z,p) is of the form [u]P~1[v]P~!. Thus
the number of elements in M (53,5, Zp) equals the number of pairs (u,v) € Z2
satisfying u # v, u # —v. This implies that |Ma(s2p,Z,)| = (p — 1)%/2.

(ii) If ¢t = 3, then each element in Mjs(s2,p,Z,) is of the form [u]®[—u]P~1=[v]P~!
with u # v, u # —v, and 1 < o < p — 2. Since the number of ordered pairs
(u,v) € Z2 satisfying u # 0,u # v,u # —v equals (p—1)(p—2)/2, the number
of elements in Mj3(sa,,,7Zp) is (p — 1)(p — 2)%/2.

(iii) Ift = 4, then each element in My(sa,p, Z,,) is of the form [u]*[—u]®[v]?[—v]P~1~F
with u # v, u # —v, and 1 < o, < p — 2. Since the number of un-ordered
pairs (u,v) € Zf) satisfying u,v # 0, u # v, u # —v equals ((p721)/2) =(p-
1)(p—3)/8, the number of elements in My(s2 ,,7Z,) is (p—1)(p—2)*(p—3)/8.

(iv) If t > 5, then it follows from (1) that |M(s2p,Z,)| = 0. Putting these cases
together, we obtain

4
|M (s2,p, Zp)| = Z | My (s2,p, Zp)| =

t=1

-1 (p= 14 {0+ D0 22).

| =

which concludes the proof of the theorem.
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We proceed with some definitions and examples.

Definition 2. (i) Let Xj, denote the image of the function z*

x € Zy \ {0}.

(ii) Let Yy, denote the family defined as

mod p with

Vip={{z:2"=a (modp)}:acXy,}
Example 1. If p = 13, then X313 = {1,5,8,12} with | X3 13| = 4 such that
Yais = {{1,3,9},{7,8,11},{2,5,6} ,{4,10,12}} .
Example 2. If p = 19, then X513 = {1,7,11} with | X12,19] = 3 such that
Yis1o = {{1,7,8,11,12,18},{2,3,5,14,16,17} , {4,6,9,10,13,15} } .

Note that | X} | = |Yk,p|- For the sake of simplicity, whenever k and p are fixed,
we will use the notation = | X}, p| = |Y% p| and we will use y to denote the number
of elements in each set in Y} ,. It is not difficult to prove that zy = p — 1. In
order to compute |M sy p, Zp)|, first we need to compute z; and to do this, we will
introduce the following definition.

Definition 3. Let p and ¢ be distinct primes and let § be a positive integer.

0,ifp#1 (mod ¢%) for all B € {1,2,...,\};

Exp(p,g, ) = { maximum 3 € {1,2,..., A} such that p=1 (mod ¢”), otherwise.

Example 3. Let p=5,g=3and A=3. Then 5=2 mod 3, 5 =4 mod 32 and
5 =2 mod 3%, and hence Fap(11,5,3) = 0. Let p =11, ¢ = 5 and A = 3. Then
11=1 mod 5,11 =11 mod 52 and 11 = 11 mod 5, and hence Ezp(51,5,3) = 1.

Lemma 1. For positive integer k with prime decomposition k = H§:1 Pt and a
prime p,

_ p—1
r= 1—[221 piExp(p,pmai) ’

Proof. Given a € [1,p — 1], consider the congruence ¥ = a (mod p). It has been
shown [12, p.45] that if a(P=1)/9¢d(kp=1) = 1 (mod p), then there is a solution to
2* = a (mod p), and the number of solutions to aP~1/9¢d(k:p=1) = 1 (mod p) is

(p—1)/gcd(k,p —1). Thus it suffices to prove that
t
ged(k,p—1) = HpiExp(p,pi,a,:). @
i=1

We now prove (2) by induction on the number of primes in the prime factorization
of k. For the base case t = 1, we consider the following two cases:
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1. If p (mod k) =1 (mod pf) with maximum £ € [1,a — 1], then we have

ged(p$,p — 1) = pf.

2. If p (mod k) £ 1 (mod p*f) for all 8 € [1,a — 1], then we have
ged(pt,p—1) = 1.

Thus, the base case follows directly from the definition of Exp(p, p1, ). Suppose

that the statement is true for k = Hf i p;*. We now show that it also holds for

k= HZ 1Pt Indeed, let ky = k/p{*. By the induction hypothesis,

ged(ki, p 1:[ plepied),

Clearly, by the definition of Exp(p, g, \), we have

t
ng(k’ p— 1) EwP(PJ’t,Dct ng(kl, _ 1) HpiE'xp(p,pi,ai)’

i=1
which concludes the proof of the lemma. O
Now we are ready to compute the cardinality of M (sk p,Zp).

Theorem 4. For positive integer k and prime p > 3,

Monn 2= (3) (7T ) v

Proof. The sy, p-zero free sequences are of the form

[ua]* [uz) 2 - - [uy ] [02) 7 [02] 72 - - [, ) (3)
such that (u1,us,...,uy), (v1,02,...,0y) € Yip, uf = ub = - = u’; (mod p),
vF =0k =... :v’y“ (mod p), where u; #v; for 1 <i,j <yand ai+ag+---+ay =

Pr+Be+--+08,=p—1
There are (5) ways to choose two sets from Y}, ;, and there are (p"ﬁ;z) ordered
y-tuples in ZY with sum of elements equal to p — 1. Therefore, adding the (2p — 2)-

sequences of the form [0]P~1[u]P~! with u # 0, we get

M (s, Zp)| = (;)(p;rff)?ﬂp—l),

which is the desired size of M (s p,Zp) as stated above. O



INTEGERS: 19 (2019) 7

We will demonstrate Theorem 4 for k = 3.

Corollary 1. Forp > 3,

[, ifp#1 (mod 3);
|M (s3.p, Zp)| = { (D3P 4 (p—1), ifp=1 (mod 3).

Proof. From Definition 3 and Lemma 1, we have

p—1, ifp#1l (mod 3);
p—gl, ifp=1 (mod 3).

Thus, the corollary follows directly from Theorem 4. O
Motivated by Theorem 3, we introduce the following definition.

Definition 4. For an integer k and a prime p, let f(k,p) denote the minimal
number such that for any ¢ > f(k,p) we have M(sg p, Zp) = 0.

Theorem 5. For a positive integer k and a prime p,
flp.k) =2y +1.

Proof. From the proof of Theorem 4, it follows that the s ,-zero free sequences are
of the form

[a]* [ug]®® - - [uy]*v [o1] 7 [v2) 72 - - - [y ]
such that (u1,us,...,uy), (v1,v2,...,0) € Yip, uf = ub = ... = u’; (mod p),
vf = vk =+ =0F (mod p), where u; # v; for 1 <i,j <rand ar+as+---+ay, =

Br+Be+--+B,=p—1

This implies that there is no sj ,-zero free sequence of more than 2y elements,
thus f(k,p) < 2y+1. On the other hand, since y < p—1, it follows that f(k,p) > 2y.
This concludes the proof of the theorem. U

3. On the Cardinality of E(2,Z,) N M (sk,Zp)

For a given prime p and a positive integer k, our interest is to measure how much
is sy p relaxed. In the following section, we will provide an answer to this question.

Theorem 6. Let the decomposition of k into power of primes be k = nglp?i,

where p; are distinct primes and o; are positive integers for i =1,2,...,t. Then
t Exp(p,pi o)
i—1 P -1
|E(2,Z,) N M (sg, Zp)| = (g) . (1 iy ps ) .
P
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Proof. Let m(p, k) denote the number of sequences [u]P~![v]P~1 € E(2,Z,) such
that ©* mod p = v* mod p for some u,v € [1,p— 1] where u # v. Such a sequence
contains an sy-zero subsequence of length p. Thus, in order to prove Theorem 6, it

is sufficient to prove that
Ezp(p,pioi) _

Indeed, given a € [1,p — 1], let N(p, k,a) be defined as the number of solutions
y satisfying the congruence y* = a (mod p). Consider the congruence z* = a
(mod p). If a(P—1)/gcd(k,p—1) =

(mod p), then N(p, k,a) = ged(k,p — 1), or else
N(p, k,a) = 0. Therefore,

mio) =3 (M) = et - 1) -1)- 25

This implies that the equation (4) is equivalent to

t

ged(k,p—1) = pra;p(p,pi,ai)) (5)
i=1
which has been proved in Lemma 1. Therefore the theorem follows. O

Next, as promised, we will introduce a measurement to indicate how much is sy, ;,
relaxed. It is a number r € (0,1]. The closer r = r(sk, Z,) is to 1, the closer s,
is to being an EGZ polynomial. Furthermore, r = 1 if and only if s, is an EGZ
polynomial.

Definition 5. Given a positive integer k and a prime p, we define

[B(2,2,) 0 M(s,Z,)| _ |B(2,2,) 0 M(sy, Z,)|

|E(2,Zy)] B (%)

r(sk, Lp) =

With this definition, Theorem 4 can be presented in the following form.

Theorem 7. Let the decomposition of k into power of primes be k = Hlepf“",
where p; are distinct primes and oy are positive integers for 1 =1,2,...,t. Then

Ht pEIP(%Pmai) 1

i=117%

r(sg,Zyp) =1 —
(sk, Zp) )

Theorem 8. Let p be a prime and let k be a positive integer. Then the power sum

polynomial sy p, is an EGZ polynomial if and only if ged(k,p— 1) = 1.

Proof. The power sum polynomial s, ,, is an EGZ polynomial if and only if (s, Z,) =
1. And, by Theorem 7 and (5), r(sg,Z,) = 1 if and only if ged(k,p—1)=1. O
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Remark 1. Since by [13, p. 351] the monomial z* is a permutation of polynomial
of Z, if and only if ged(k,p — 1) = 1, it follows from [7] that the EGZ power sum
polynomials in Theorem 8 are already known EGZ polynomials.

Corollary 2. If k is prime and p is also a prime, then
[ 1-(k-1)/p, ifp=1 (mod k)
r(sk,Zp)—{ 1, ifpZ1 (mod k).

Corollary 3. If k is a positive integer such that k = 2q where ¢ Z 1,2 (mod k)
and q is a prime, then
r(sk, Zp) =1 —(1/p).
Hence
liminfr(sgp, Z,) =0, limsup(sgp,Z,) =1
where k is a positive integer and p is a prime.

Corollary 4. The only k for which the power sum polynomials sy, is an EGZ
polynomial for every prime p is k = 1.

We conclude with a problem.

Problem 1. Is the set {sx, : k a positive integer and p a prime} dense in [0, 1]?
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