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Abstract

Lagrange has shown that the solution of a k-th order linear recurrence relation can
be expressed in terms of the distinct solutions of its characteristic equation and their
multiplicities. This paper shows that such a solution can also be expressed in terms
of just one solution of the characteristic equation and the solution of a (k — 1)-th
order linear recurrence relation. Using this, an explicit solution to an arbitrary
third, and the most general case of an arbitrary fourth, order linear recurrence
relation are obtained.

1. Introduction

The function satisfying a general k-th order linear recurrence relation can be defined
as follows.

Definition 1.1. For 0 <n <k,

wn,k(a07a17'"7ak—l;plap27"'7pk):anﬂ (11)

and forn >k —1,

wn+l,k((107 e A—15P1y - - 7pk) =

P1Wn k(A0 - - -y A—15P15 -3 Dk) + - oo + DkWnt1—kk (G0, - -, Gk—13D1, .-, k). (1.2)

Ifag,...,ak-1,D1,. .., Pk remain constant, wy i (ao, - . ., Gg—1;P1, - - - , Px) Will usu-
ally be written as wy, .
Note that ag,...,ar_1,p1,...,pr can be arbitrary complex numbers.

An explicit formulation for w,,  can be found using the following theorem due
to Lagrange ([5] and [6]). For more recent work see Cull [2] or Elaydi [3].

Theorem 1. If v1,...,7:., the distinct roots of the “characteristic equation”
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L —pe=0, (1.3)

have multiplicities m(1), ..., m(r), (so that >_._, m(i) = k), the general solution of
(1.2) is

= piy*

Wk = c1(n)n +ca(n)yz + ..+ er(n)yy,

where for each i, c;(n) is a polynomial in n of order less than m(i) which can be
determined using (1.1).

In this paper we provide a method of solving the general linear recurrence relation
of Definition 1.1 that requires only one solution of (1.3) and solutions of a (k—1)-th
order linear recurrence relation. More precisely, if values of
Win k—1(ahy ..., Qo3 P1s - -, D)) are tabulated, or easily found for m < n,

Wy (a0, - -, Ak—1;P1,---,Px) can be easily determined. This process can be con-
tinued to give an expression for w,, i in terms of wy, 2(ag, ai; pi, p5) (often called a
Horadam function) for some values of af, ai, p3, p5.

We do this below for kK = 3 and for the most general case of k = 4.

Even when k > 4, and a solution of (1.3) cannot be found explicitly, a good
approximation of the smallest solution of (1.3), found numerically, will give, by this
method, a good approximate expression for wy, j.

In what follows we can assume py, # 0 as wo x(ao, - - -, @k—1;P1, - - -, Pk—1,0) = ao
and, for n > 0,

wn,k(a07 sy A—15P1y - - - 7Pk—1,0) = wn—l,k—l(ala sy A—15P1y - - - 7pk—1)~

2. Representing wyy1,, in Terms of w; 1

The following theorem allows us to represent wy, 1, in terms of w; ;1 for 0 <7 < n.

Theorem 2. If vy is a solution of (1.3), where py, #0 and for 0 <n <k —1,
Ay, = Anp1 — Yan and Py = (70 ¥ Ppot1-5) — ", then

(i) wnt1,k(a0s - .., Gk—1;D1, - -, Pk)

= Wn k100 - - Q95 P15 -+, P_1) T YWn k(05 - -+ QL1515 - -, Pk,
(1) Wn+1,k(A0; - s k=13 P15 - - - s Pk)

=" a4+ 3 Y wn—ik—1(ag, - a3 DY, Ph_y)

forj<n—1and0<j<k.

Proof. Let, for any v # 0, w;k = Wp41,k — YWn,k, then for 0 <n <k —1, let

! /
Ay = Wp k= An+1 — Yan
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and
n

Pry1 = (Zvjpvl+1—j) — "t
=0

The latter gives:
pr=7=p2/Y =3/ = = et /YT A D AR

If v is a solution of (1.3), as px # 0, we have that v # 0, as required above, and
SO Pk = —VPj_1-
Now for n > k — 1,

Wnt1,k = P1Wnk + P2Wn—1k + .- + PeWn—k+1,k

= (P V) wn i+ (Po = YD) W11+« -+ (Pt — VPh—2)Wn—kt2,k — VPlm1 Wkt 1,k
and so,
r / ’
Wy =P Wy T v T P 1 Wy g1 k-

So we have proved

/ ’ r /
Wn e = wn,k*1<a0’ PR3 S TRRE 7pk71)

and for j <n+land 0<j<k-—1,

wn+1,k(a07"'7ak71;p1a"'7pk>
/ /W / .
:wn.,k—l(aOv"'aakflaplw"»pkfl)+’ywn,k(a07"'7a7€—1ap17"'7p7€)
n—j
_ n—j+1 § : 7 ! / oo /
=7 Y a; + Yy wn—i,k:—l(a07 ceey Q93P - apkfl)'
=0

O

Remark. Any solution 7 of (1.3), repeated or not, real or complex, can be used to
give the result in (i) or (ii). If the values of wy, x—1 have been tabulated and such a
v is at hand, wy, ; can be evaluated much more easily than by Lagrange’s method
(i.e., Theorem 1 above).

The following theorem gives a further connection between pq, ..., pr and
/ /
b1y Pr—1-

Theorem 3. If v is a solution of (1.3), where py, # 0, then the other solutions of

(1.3) are those of

el pla? o —pl =0 (2.1)

where pi = p1 —v,0h = P2 + D1V, D1 = Pk—1 + Py_o7 and pj_, = —pi/7-
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Proof. If py = p1 — 7,y = P2 + P17, -+ Phy = Ph—1 + Py and pi_y = —pi/7,
where + is a solution of (1.3),

k k

B

—1 /k—2 /
=Pt = = Pe),s

= (-
so the remaining solutions of (1.3) are the solutions of (2.1). O

In Section 4 we will use Theorem 2 to give explicit general formulas for w413
and for the most general case of wy41.4. First we need some properties of wy, 2.

3. Sums Involving Horadam Functions

In Section 4 we require Lemma 1 below and for that we require the following explicit
formulas for wy, 2. (Proofs can be found in Horadam [4] and Bunder [1].)

Theorem 4. (i) If p? # —4pa, a = (p1++/p? + 4p2)/2 and 3 = (p1—/p? + 4p2)/2,

a; —aoB\ , (01— apx\ .,
a—3 )a _( a—p )5'
(ii) Wy 2(ao, ar; p1, —pi/4) = nay(p1/2)" "' — (n — 1)ao(p1/2)".

The definitions of o and 3 above will also be used below.

wn,2(a07a1;plap2) = (

Lemma 1. (i) If v # a,v # B and n > 2,

—9 -~
<« (7" (pra1 + p2ao) + 7" prar — Ywpi12 — Pawn 2
Z’Y Wn—i,2 = R — .
i—0 VT — P17y — P2

(i) fy=a# B ory=0+#a, andn >2,

n—2 _ _ - B
Z ’}/Lwn—iﬂ = n(w>7n + ary (pl 7) o Wn+1,2 .
i=0 2y = 2v—p; 2v —py

(i) If y=a=0#0 andn > 2,

n—2

Z ’Yiwn_m =(n-1) (2wn+172/p1 + al(p1/2)”*1>/2,
i=0

Proof. Case 1. p? # —4ps (i.e., a # 3). By Theorem 4(i),

n—2 n—2

Z’an_ig = Z (%),}ﬂ'a"—i _ (%)7iﬁn_i-

=0 =0
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(i) If vy # a and v # 3,

1

St =M (T - () ()

_ 7" (a1 — aoB)a?(y — B) — (a1 — apa) B (v — @) — (a1 — agf)a™ " (y — B)
(= B) (v —a)(y—B)

(a1 — apa) 3" (y — @) y™(pray + p2ao) + 9" p2ar — VW12 — P2Wn 2

(a=p)(v—a)(y - p) V2 =Py D2
(i) Ify=a # 0, then B =p; —vyand a — 8 = 2y —py. If v = 0 # «, then
a=p; —vand a—F=p; — 2. In either case:

n—2 n—2 .
i al—ao(pl—v)) n (al—aov>( v )l n
Wp_j2 = (— — P —
;7 2 ; 2y —p 7 2y —p1 /\p1 — 7 (P1=7)
= -y =) () (T,
2v —p1 2y —p1 2y—m
a1—ao(p1—7)> n (a1—ao(p1—7)> n+l <a1—ao(p1—7) n
=n(— N\ + = )7 (p1 —
2y —-m (2y —p1)? (27 —p1)? ( )
ai — ap”y ) 2 _n—1 ( aiy — ap?y ) n+1
- P11 =) + pP1—7
(G =pp) =) @y —p) Y
_ n(al — ao(p1 — 7)) n Waytp a1y (pr— )
2y —m 2y —pm 2y —m

Case 2. p? = —4py (ie., a = 3= p;/2). By Theorem 4(ii),

n—2 n—2
Yo Awnmip =Y Alarln = i)(p1/2)" 7 = (n— i = Dao(p1/2)" )
=0 =0

n—2

= (p1/2)""" Y ((nar — (n = 1)aop1/2)(2v/p1)" = (a1 — aop1/2)i(2v/p1)").
1=0
(i) If v # p1/2,

;%’wn—m = (p1/2)(nax — (n — 1)agp1/2) (7”—:/__(]]:;;)”_1)_

27" —(n—1)pr /29" + (p1/2)”*1>
(v —p1/2)?

~(p1/2)™((n + 1)ay —nagp1 /2 — narp1/2 + (n — Dao(p1/2)?)

(v —p1/2)?

(a1 — aop1/2)p1/2<(n —
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_ (7”(p1a1 + p2ag) + 7" p2a1 — YWnq12 — pan,z)
Y2 —p1y — P2
(iii) If v = p1/2,

n—2 n—2
Y A wamip = (p1/2)" Y (nay = (n = Lagp1/2) — (a1 — agp1/2)i]
=0 =0

= (p1/2)" (n — 1)(nar — (n — Vaop1/2) — (a1 — agp1/2)(n — 2)(n — 1)/2]
= (n=1)((n+2)a1(p:1/2)" " = nao(p1/2)")/2
= (n—1) (2wn+1,2/p1 +ai(py /2)n—1)) /2. 0

Note that (i) and (ii) also hold if v = 0.

4. The Third Order Recurrence

The following theorem allows us to represent wy; 3 in terms of wy41,2 and wy, 2.

Theorem 5. If v is a solution of v — p1y? — pay — p3 = 0, then,

ap = a1 —"ag, 0} = ag —yay,py = p1—7,py = —p3/7, & = (PL + /PP +4ph)/2,
B = (py — /PP +4ph)/2 and

(i) if v # o' and v # 3,

wn+1,3(a0,al,a2§p1,p2’p3)) =
Y (ag — arph — agph) — Ywni1,2(ah, ai; P, ph) — Phwn 2(ah, ai; ph, ph)
72 =iy — Y
(ii) ify =o' # 3 ory=p #d,

wn+1,3(a0,a1,az%phpz,ps) =

7" (n(ay —ap(py — 7)) +az —ai1(py — 7)) — wny1,2(ag, ay; Py, py)
2y —p}

(iii) if y =o' = 3 (i.e., p1 = 3v,p2 = =32 and p3 = 73),
wn+1,3(a07a17az;phpzaps) =

n—1/2w, ap, a’ v, ph _
<pl1/2)n—1a2+ . ( +1,2( ;), 1; P15 P5) +d(p)/2)" 1).
1

Proof. By Theorem 2(ii), with k = 3 and j = 2, for n > 1,

n—2

. _ n—1 E : 7 / /AW /
wn+1,3(a07 ai, a27p17p27p3) =7 as + Y wn*i,?(am a17p1ﬂp2)7
i=0
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where + is a solution of v3 — p1y2 — pay — p3 = 0,a, = a1 —yag, a} = as —yay,py =
p1— 7 and py = —p3/y = p2 +p17y — 7%
(i) By Lemma 1(i), if v # o and v # (',
W 11,3(a0, a1, a2; p1, P2, p3)) =" Lag+
V" (a1ph + apph) + 9" aiph — YWwni1,2(ag, a4; Y, Ph) — Phwn,2(ah, af; Y p)
Rt S

Now a} = as — ya; and aj, = a1 — yag give the result.
(i) fy=a' #£0 orv= 0" # o, Lemma 1(ii) gives the result.
(iii) If y = o/ = B’ (i.e. v=p)/2=p1/3, p}? = —4p} so that p, = —3+? and
p3 = 7°), Lemma 1(iii) gives the result. O

Example 1. ag =0,a; = 1,a2 = 2,p; = p2 = 1, p3 = 2. In this case v = 2 satisfies
73 —4%2 —y—2 =0, and then gives a) = 1,a} = 0,p} =ph = —1, &/ = (=1 ++/3i)/2
and 3" = (—1 — /3i)/2. So by Theorem 5(i),

wn3(0,1,2;1,1,2) = (3.2" — 2w, 2(1,0; -1, -1) + wy—12(1,0,—1,—-1))/7.

Given (previously tabulated) wg2(1,0;—1,—1) = —1,w32(1,0;—1,—1) = 1 and
wa,2(1,0; —1,—1) = 0, we have w3 3(0,1,2;1,1,2) = 3 and w4 3(0,1,2;1,1,2) = 7.

If we had chosen v = (—1++/3i)/2 or (—1—+/3i)/2 we would need Theorem 5(ii)
and require messier arithmetic. The standard method, which uses all three values
of v requires even messier arithmetic.

Example 2. ap = 1,a1 = 2,a2 = 3,p1 = 1,p2 = 8,p3 = —12. In this case v = 2

and —3 satisfy 7> — 42 — 8y + 12 = 0. With v = 2, we have aj, = 0,a} = —1,p} =
—1,ph =6,0/ =2 =+ and ' = —3. So by Theorem 5(ii),

wn3(1,2,3;1,8,—12) = [(10 — n)2" ! — w, 2(0, —1;—1,6)]/5

and (previously tabulated) wg2(0, —1;—1,6) = 1, w3 2(0,—1;—1,6) = —7 and
wa2(0,—1;—1,—6) = 13 give wy 5(1,2,3:1,8,—12) = 7 and wy3(1,2,3;1,8, —12) =
7.

Example 3. a9 = 1,a1 = 2,a2 = 3,p1 = 6,p2 = —12,p3 = 8. In this case v = 2
satisfies 72 — 692 + 12y — 8 = 0 and gives a, = 0,a} = —1,p} = 4, p) = —4 and
o/ = [ =~ = 2. So by Theorem 5(iii),

wn3(1,2,3;6,—-12,8) = 3.2" 2 + (n — 2)(w, 2(0, —1;4, —4) — 2" 1) /4

and (previously tabulated) ws 2(0, —1;4,—4) = —12 and w4 2(0, —1;4, —4) = —32
imply ws 3(1,2,3;6,—12,8) = 2 and w4 3(1,2,3;6,—12,8) = —8.
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5. The Fourth Order Recurrence

By Theorem 2(ii), we can express Wp41.4(ao, a1, a2, as; p1,p2,ps,pa) in terms of
6, a solution of a quartic equation, and a sum from ¢ = 0 to i = n — 2 of
8wy 3(af, al, ab; pl, ph, ph). We can express each wy,_; 3, by Theorem 5, in terms
of v, a solution of a cubic equation, and terms w,,—; 2(ag, af; pY, p4y) and can then
perform the summation using Lemma 1. Altogether there are 14 cases to consider,
depending on which of 8, v, o/ = (p{++/p{? + 4p5)/2 and 3" = (p—/P{* + 4p4) /2
are equal to each other. We will solve “the statistically most likely” case where all
of these are different.

Theorem 6. If
(a) § is a solution of §* — p1d® — p2d? — p3d —ps = 0, ay, = a; — dag, a} =
az — day, ay=az —das, p| =p1 =0, ph=p2 +pyd and py = —ps/5;
(b) v is a solution of v3 —piv? —phy —ph =0, af = a} —vaf, a} = ah—~ay, p| =
PL— " Py = —p5/7,
(¢) &' = (P + VP{* +4p5)/2 and " = (p{ — /P + 4p5) /2,
and
(d) 6 #v,0#a",6#8", v#a" and v # ",
then

. _ n—1 /! " ", 1 /! /1 en—2 I
Wn1,4(a0, a1, a2, az; p1,p2,p3,pa) =90 az+[(P2/5)wn,2(a0aa1»P1aP2)—P25 ap

720" =" (ay —alpt —agpl) /(6 =) = (v+ph /66" (pYaf +p5ag) +6" " phal
—6wn1,2(af, al; P}, p3) — phwn 2 (af, af; pY, p5)]/ (82 — P16 — pi)1/(v* — Py — pY).
Proof. By Theorem 2(ii), with ¥ =4 and j =2, for n > 1,

n—2
wn+174(a()7a17a27a3;p17p27p3) = 5n—1a2 + Z §iwn7i,3(a63 0/1, a/27p/11p/27pé)
i=0
where § is a solution of §* — p16% — pad? — p3d —ps = 0, a), = a; — dag, a) =
az —day, ay = az —daz, py =p1 — 06, ph = pa + pid and ps = —p4/0.
By Theorem 5(i), if 7y is a solution of 42 —p|y? —phy—ps = 0, aff = a} —vaf, af =
ay —yay, pY =py —ypy = —ps/v,7 # " and v # 7,
wn—i,S(a67 a',17 a',27p,17pl27pg) =

o1 o /1

(V" (ay—aip) —aops ) —ywn—i2(ag, ai; pY, ps ) —pywn—i-1,2(ag, ai’; Y, p3)/ (V2 =Pl y—p5).
So,
Wn1,4(a0, a1, a2, a3; p1,p2,p3) =

/! /! /!

8" tag + [(pYy /0)wn 2(af, af's P, py) — Py 6™ *wr 2(ag, al; pY, ph)
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"D (/) (ah — arp! — agps) — (v+p5 /6) Zéwn i2(ag,afsp )]/ (v* =Py —p3).

Now if v # 0,0 # «” and ¢ # 3", using Lemma 1(i),

/! -2 I
25” a

Wnt1,4(a0, a1, az,a3;p1,p2,p3) = 6" ‘az + [(ph /8)wn 2(ag, al; pi, pb) — 1

i uswi uswi

20" =" (ah — atp — agps) /(6 — ) — (v + P /8)[8" (9T aY + phag)—

Swny1,2(ag,al; i, py)+6" " pyal —pYwn 2(ad, af's pY, pi)]/ (62 —pi 5 —p3)] /(v — DYy —15).
O

6. The Lengyel-Marques Functions

Special cases of w,, ;, are the functions T, (k) studied by Lengyel and Marques in [7]
and [8]. These are given by:

Definition 6.1. T, (k) = w,x(0,1,...,1;1,1,...,1).
By Theorem 2 we have:

Theorem 7. If v is a solution of ¥ =~*"1 4 . 441,

. k—1_ _
(’L) Tn(k):wnfl,k71(171_71"'71_7;1_771+7_727"'>W,\/—_11 —’Yk 1)+
'YTn—l(k)
k—1
(”) Tn(k) = 7”714’2? 02’711'071 1—i,k— 1(1 1- 7751777177714»777257 77,1_17
k—1
7).

We can use Theorem 5(i) and Theorem 4 to give T,,(3) in terms of Horadam
functions.

Theorem 8. If7 is a solution of v3 = y?+~y+1, o/ = (1—y++/(5—37)(1 +7))/2
and 3" = (1 —v—+/(6-37)(1+7))/2,

T.(3) ="' + (1 =29 )wn2(1,1 =y 1 =7, 14+ —=¥)/(By+ 1) (v — 1)
—wni12(1, 1 =71 =% 14+7 =79 /(By+1)(y - 1))
_(an 1-2y-a)A-v-4) ,
= (v + iy ") /(Y + 1)y~ 1).
_((1 — 2y =)0 -y )
(' =)
Proof. With ag = 0,a; = as = p1 = p2 = p3 = 1, and v a solution of v3 = 42 4+~+1,

we have pi =1 -7, ph = 1+ —17% o = (1 =7+ /(5-37)(1+7))/2 and

Br=1-7=v6-37)1+79))/2

") /((3y + Dy = 1).
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Asvy# —1orb5/3, o # (. Alsoy = o or 3 is inconsistent with v3 = 2 +~+1,
so we can use Theorem 5(i) to give:

T.(3) =" —qwn2(L,1 = %1 =71+ =79)]/BGy+1)(y - 1)

—[(1+7 =P wp—12(L,1 =51 =5, 14+9 = )]/(By+ 1)(y = 1))
="+ A= 29w (L1 =71 =7, 14y =)/ (By+ 1)y~ 1)
—wpi12(L, 1=y 1=y, 147 =) /(By+1)(y - 1))

= (e B2 =) sy 4 1) - 1)
(e
= #)

8") /(3 + Dy = 1). O

As in these representations of T, (k), v is irrational, they do not help to solve the
problem of finding the highest power of two that divides T}, (k), which is the main
topic of [7] and [8].
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