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Abstract
Given a finite set A C N, define the sum set

A—FA:{CLi—f—CLj | ai, Qj EA}
and the difference set
A—A:{al——aj | i, @ GA}

The set A is said to be sum-dominant if |[A + A] > |A — A|. Hegarty used a
nontrivial algorithm to find that 8 is the smallest cardinality of a sum-dominant
set. Since then, Nathanson has asked for a human-understandable proof of the
result. However, due to the complexity of the interactions among numbers, it is still
questionable whether such a proof can be written down in full without computers’
help. In this paper, we present a computer-free proof that a sum-dominant set must
have at least 7 elements. We also answer the question raised by the author of the
current paper et al about the smallest sum-dominant set of primes, in terms of its
largest element. Using computers, we find that the smallest sum-dominant set of
primes has 73 as its maximum, smaller than the value found before.

1. Introduction

1.1. Background

Given a finite set A C N, define A + A = {a; + aj|a;,a; € A} and A — A =
{a; —a;|a;,a; € A}. The set A is said to be

o sum-dominant, if |A+ A| > |A — AJ;
e balanced, if |A+ A] = |A — Al; and

o difference-dominant, if |A + A| < |A — A.
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Because addition is commutative while subtraction is not, sum-dominant sets are
very rare. However, it was first proved by Martin and O’Bryant [10] that as n — oo,
the proportion of sum-dominant subsets of {0,1,2,...,n — 1} is bounded below by
a positive constant (about 2 - 10~7), which was latter improved by Zhao [25] to
about 4 - 10~%. The last few years have seen an explosion of papers examining the
properties of sum-dominant sets: see [6, 9, 16, 19, 20, 21] for history and overview,
[7, 11, 12, 17, 23] for explicit constructions, [3, 10, 25] for positive lower bounds
for the percentage of sum-dominant sets, [8, 14] for generalized sum-dominant sets,
and [1, 2, 4, 13, 24] for extensions to other settings.

In response to Nathanson’s question of the smallest sum-dominant set [16],
Hegarty [7] used a clever algorithm to find that a sum-dominant set must have at
least 8 elements. (The computer program was reported to run for about 15 hours.)
However, a human-understandable proof of the result has not been produced be-
cause of the complexity lurking behind the interactions of numbers in addition and
subtraction. Nathanson [15, 18] asked for a human-understandable proof of the
smallest cardinality of a sum-dominant set. Hegarty, through personal communi-
cation, also said that it would be nice to have such a proof written down in full.
This paper proves that a set of cardinality 6 is not sum-dominant without the use
of computers. In combination with [5, Theorem 1], we have a computer-free proof
that a sum-dominant set must have at least 7 elements.

1.2. Notation

We introduce some notation.

o Let A and B be sets. We write A — B to mean the introduction of elements
in A to B. For example, {2} — {4,9,12} means that we introduce the number
2 into the set {4,9,12}.

e We write a,, + --- + a,, for some n < m to mean the sum a,, + apy1 + -+
Ap—1 + Q-

e We use a different notation to write a set, which was first introduced by
Spohn [22]. Given a set S = {my,ma,...,m,}, we arrange its elements in
increasing order and find the differences between two consecutive numbers to
form a sequence. Suppose that m; < mg < --- < m,, then our sequence is
Mg — My, M3 —Ma, Mg — M3, ..., My —Mp_1, and we represent S = (my | ma—
mi,ms — Mo, Mg — M3, ...,My — Mp_1) = (M1lay,...,an—1), where a; =
m;y1 — m;. Finally, any difference in S — S must be equal to at least a sum
a;+---+aj forsome 1 <i < j <n—1. Take S = {3,2, 15, 10, 9}, for example.
We arrange the elements in increasing order to have 2, 3, 9, 10, 15, form a
sequence by looking at the difference between two consecutive numbers: 1, 6,
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1, 5, and write S = (2]1,6,1,5). All information about a set is preserved in
this notation.

1.3. Main Results

Theorem 1. A set of cardinality 6 is not sum-dominant.

Remark 1. Combined with [5, Theorem 1], Theorem 1 says that a sum-dominant
set must have at least 7 elements. This is one step closer to the result of Hegarty;
that is, a sum-dominant set must have at least 8 elements.

The interactions of 6 numbers to form the sum set and the difference set are so
complicated that we need a clever division of the problem into cases and reduce the
complexity considerably. We believe that to prove this theorem, case analysis is
inevitable. Therefore, the question is whether the proof can be written down in full
without being too overwhelming. Our main technique is to argue for a lower bound
for the number of pairs of equal positive differences from A — A, which confines
set A to certain structures. The lower bound in turn gives an upper bound for the
number of distinct positive differences given by numbers in A.

For simplicity of notation, we denote our set A = (0|ay,az,as,aq,as) for a; €
N>;. In proving that A is not sum-dominant, we split our proof into two sections
considering whether a; = as or a; # as. In particular, Section 2 provides tools to
eliminate or simplify cases in our proof as well as restricts A to certain structures;
Section 3 and Section 4 consider the two cases a; = as and a; # as, respectively;
Section 5 proves one of our lemmas; Section 6 investigates sum-dominant sets of
primes; finally, Section 7 mentions some open problems for future research.

Our next result is to find the smallest sum-dominant set of primes, in terms of its
largest element. The Green-Tao theorem states that the primes contain arbitrarily
long arithmetic progressions. Chu et al. [4] used this theorem to prove that there are
infinitely many sum-dominant sets of primes. However, sum-dominant sets of primes
are expected to appear much earlier before we see a long arithmetic progression. For
example, the authors found {19, 79,109, 139, 229, 349, 379,439} as a sum-dominant
set of primes [4]. The following theorem answers their question about the smallest
sum-dominant set of primes, in terms of its largest element; equivalently, about how
early in the prime sequence, we see a sum-dominant set.

Theorem 2. The smallest sum-dominant set of primes, in terms of its largest
element, is {3,5,7,13,17,19,23,43,47,53,59,61,67,71,73}. This set is also unique
in the sense that there is no other sum-dominant set with 73 as its largest element.

Lastly, we also have an observation about the minimum number of elements
added to an arithmetic progression to have a sum-dominant set.

Remark 2. Let ¢ be the smallest number of elements to be added to an arithmetic
progression to form a sum-dominant set. Then 3 < ¢ < 4. This is due to two
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previous works. The author of the current paper proved that adding two arbitrary
numbers into an arithmetic progression does not give a sum-dominant set [5]. So,
3 < c. It is also known that A* = {0,2} U {3,7,11,...,4k — 1} U {4k, 4k + 2}
is sum-dominant [17]. Another example is the set {0,1,3} U {7,8,...,17} U {24}.
Hence, ¢ < 4.

2. Important Results

In this section, we provide all necessary tools that help reduce the complexity of
the problem considerably. We use the definition of a symmetric set given in [17]: a
set A is symmetric if there exists a number a such that a — A = A. If so, we say
that the set A is symmetric about a. The following proposition was proved in [17].

Proposition 1. A symmetric set is balanced.

Proof. Let A be a symmetric set about a. We have |[A+ A| = |[A+ (a — A)| =
la+ (A — A)| =|A— A|. Hence, A is balanced. O

Though symmetric sets are not sum-dominant, adding a few numbers into these
sets (in a clever way) can produce sum-dominant sets. Both [7] and [17] provide
examples of such a technique. Note that a set of numbers from an arithmetic
progression is symmetric about the sum of the maximum and the minimum of the
arithmetic progression. For example, the set £ = {3,5,7,9,11} is symmetric about
14. Next, we prove a very useful lemma that establishes an upper bound for the
number of distinct positive differences in A — A.

Lemma 1. Let A be a sum-dominant set with |A| = 6. If there exist my, ma, and
mg € A such that mo — m; = m3 — mo, then A has at most 7 distinct positive
differences.

Proof. Let x be the number of pairs of equal positive differences given by the in-
teraction of numbers in A when we take A — A. For example, in our set E above,
11—-7=9-5. So, (11,7) and (9,5) form a pair of equal positive differences. We
need the following two inequalities:

|A+ A
|A— A

[Al(1Al+1)/2, (1)

<
< [Al(JA]-1) + 1. (2)

These inequalities are not hard to prove and were used in [7] and [5]. Inequality
(1) gives |A + A| < 21, while Inequality (2) gives |4 — A| < 31. The equality in
(1) is achieved if the sum of any two numbers is distinct, and the equality in (2)
is achieved if the difference between any two different numbers is distinct. Because
we have x pairs of equal positive differences, we have |A — A| = 31 — 2z (taking into
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account equal negative differences). We find a lower bound for |A + A| by using [5,
Observation 13]. Because ma —m; = mg — mag, we have the pair of equal positive
differences: (mg, my) and (mg, ma). According to [5, Observation 13], this pair does
not give another new pair of equal positive differences. So, the existence of this pair
reduce the maximum number of differences in A — A by exactly 2 while reduces the
maximum number of sums in A+ A by exactly 1. The remaining x — 1 pairs reduces
the maximum number of differences by 2(x — 1) and reduces the maximum number
of sums by at least (x—1)/2. Therefore, |A+A| <21-1—(2—1)/2=20—(z—1)/2.

Because A is sum-dominant,
20— (x—1)/2 > |[A+A| > |[A—A| = 31— 2a.

We have z > 8. Hence, |A — A] <31 —2-8 =15. Because 0 € A — A, the number
of distinct positive differences is at most (15 —1)/2 = 7, as desired. O

Remark 3. In Spohn’s notation, if we write A = (0|a1,as,...,as), then the exis-
tence of m1, mo, and mg as above is equivalent to the existence of 7, j, and k such
that a; +---+a; = a;j41 +- - - +ax. Equivalently, we have an arithmetic progression
of length 3.

Lemma 2. Let A be a sum-dominant set with |A| = 6. Then A — A has at most 8
distinct positive differences.

Proof. Let x be the number of pairs of equal positive differences given by the in-
teraction of numbers in A when we take A — A. From the proof of Lemma 1, we
know that |[A 4+ A| < 21 and |A — A| < 31. By [5, Observation 13], we know that
|A — A| =31 — 2z, while |[A + A| < 21 — 2/2. Because

21 —x/2 > |[A+ Al > |A—A| = 31— 2z,

we have x > 7. Hence, |A — A] <31 —2-7=17. Because 0 € A — A, the number
of distinct positive differences is at most (17 — 1)/2 = 8, as desired. O

Remark 4. If we have numbers that form an arithmetic progression of length 3,
the upper bound for the number of distinct positive differences is reduced by 1 (from
8 to 7). This is a big advantage in reducing the number of cases as we will utilize
this fact latter.

The following proposition will also be used intensively.

Proposition 2. Let |A| =6 and A contains an arithmetic progression of length 4,
then A is not sum-dominant.

The proof follows immediately from [5, Theorem 2]. Finally, we present 15 sets
that are not sum-dominant. Most of our cases are reduced to one of these forms.
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Lemma 3. Let d, a, and b be positive real numbers. The following sets are not
sum-dominant: S1 = (0|d,d,2d,a,b), witha+b = d;Sy = (0|d,d,2d,d,a);Ss =
(0|d,d,2d,a,d); Sy = (0]2d,d,d,a,2d); Ss = (0]a,b,b,a,a); S¢ = (0] a+b, a,a,b, a+
b);S7=(0|a+b,a,a,b,a); Ss = (0]a,2a,a,a,b); Sg = (0|a+b,a,a+b,a,b); S10 =
(0la+b,2a+b,a+b,a,b);S11 = (0|a,b,a,a+b,a); S12=(0]a,b,a+b,a,a);S13 =
(0|2a+b,a,a,b,a); S14 = (0]a+b,a,a,b,2a);S15 = (0|a,a+b,a,b,a).

Note that we use 0 as the minimum element, but the minimum can be any number
since sum-dominance is preserved under affine transformations. Because the proof
is tedious and is not the main focus of this paper, we move the proof to Section 5.

3. When a; = a»

Because a; = ag, Lemma 1 says that |[A — A| < 7. If a; = as, then a1 = as = as,
and we have an arithmetic progression of length 4. By Proposition 2, we do not
have a sum-dominant set. We consider a; # as.

Case 1: az = a1 + as. Our distinct positive differences include

ar < a1+ax < ag+az < ay+tag+taz < ap+---+aqg < ay+---+as.

We are allowed to have at most one more positive difference. Let a1 = as = d. It
follows that a3 = 2d. Consider two cases.

Subcase 1.1: a4 = d. We have S5, which is not sum-dominant.

Subcase 1.2: a4 # d. Then the difference as 4+ a3 + a4 = 3d + a4 is another
positive difference, meaning that all other differences must be equal to one of the
following 7 positive differences:

d < 2d < 3d < 4d < 4d+ag < 4d+ a4+ as, 3d + ay.

Indeed, 3d+ a4 is a new difference because 3d < 3d+ a4 < 4d+ a4 but 3d+ay # 4d.
Consider the difference as + as + a4 + a5 = 3d + a4 + as. Either 3d + a4 + a5 = 4d
or 3d + a4 + a5 = 4d + a4. The former gives a4 + a5 = d, while the latter gives
as = d. None of these produces a sum-dominant set because neither S; nor S3 is
sum-dominant.

Case 2: ag # a1 + ao. Because as + a3 > a1 and a; # a3, we have the following
list of 7 distinct differences:

a < a1+ay < ay+ax+az < ay+---+ag < ap+---+as,

az < a2+ as.

Consider the difference as+as+a4. Either as+as+as = a1 +as+as or as+as+as =
a1 + az. The former gives a; = a4, while the latter gives a1 = a3 + a4.
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Case 2.1: a1 = a4. Then as +---+ a5 = a1 + --- + a4, so a; = as. Because
a1 = as = a4 = as, we have a symmetric set, which is not sum-dominant.

Case 2.2: a1 = a3 + a4. Because a1 = as = ag + a4, we have an arithmetic
progression of length 4. By Proposition 2, we do not have a sum-dominant set.

4. When a; # as

The following are distinct positive differences:

a < ay+ay < ay+azx+az < ay+---+ag < a;+---+as,
as. (3>

Case 1. ag + a3 = a1. Because a1 = as + a3, we know, by Lemma 1, that the
number of positive differences is at most 7. Hence, we are allowed to have at most
one more positive difference. We consider as + a3 + a4.

Subcase 1.1. as+asz+aq = a;+as+asz. So, a; = as. Because a1 = as +az = ay,
we have an arithmetic progression of length 4. By Proposition 2, we do not have a
sum-dominant set.

Subcase 1.2. as + a3+ ag = a1 + as. So, a1 = ag + a4. Since a; = as + az, we
have as = a4.

1. Subcase 1.2.1: ay = a3. Since as = a3 = a4, we have an arithmetic progression
of length 4. By Proposition 2, we do not have a sum-dominant set.

2. Subcase 1.2.2: ay # a3. Our 7 distinct positive differences are

ap < ap+ay < artaxtaz < ax+--+ag < a;+---+as,

a2, as.

(Note that a3 < ap since a1 = as + a4.) Because we cannot have a new
difference besides these 7 differences, either as + -+ + a5 = a1 + as + a3 or
as+---+as =aj +---+ayq because ag + - - - + a5 = 2as + az + as > a1 + as.

e If the former, we have a; = a4 + a5. Because a1 = as + az = a4 + as,
we have an arithmetic progression of length 4 and thus, do not have a
sum-dominant set.

e If the latter, we have a; = as. Because as = a4, we have a symmetric
set, which is not sum-dominant.
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Subcase 1.3. as + a3z + a4 is not equal to any difference in our List (3). By
adding as + as + a4 to our list, we have 7 distinct positive differences and this new
list is exhaustive. Consider the difference as. It must be that as3 = as. Consider
a9 + -+ as.

1. Subcase 1.3.1: as + ---+ a5 = a1 + -+ + a4. Equivalently, a; = as. Let
as = ag = d. It follows that a5 = a1 = a2 + as3 = 2d. Our set is of the form
(02d,d, d, a4, 2d), which is Sy, not a sum-dominant set.

2. Subcase 1.3.2: ag + -+ - + a5 = a1 + as + a3. Equivalently, a; = a4 4+ a5. The
fact that a1 = as + a3 = a4 + a5 gives us an arithmetic progression of length
4. Hence, our set is not sum-dominant.

3. Subcase 1.3.3: as + - -+ + a5 = a1 + az. Equivalently, a1 = a3 + a4 + a5. So,
a4+ as = ay —az = as. The fact that ao = a3 = a4+ a5 gives us an arithmetic
progression of length 4. Hence, our set is not sum-dominant.

Case 2. ag +az # a;.

Subcase 2.1. as+as = a1 +as. Equivalently, a; = a3. There are two possibilities
for as + as + a4 because a1 + -+ a4 > as + asz + ag > ai + as.

1. Subcase 2.1.1. as+ a3+ a4 = a1 + as + a3. Equivalently, a; = a4. Because
a1 = az, we know that a3 = a4. We thus have at most 7 distinct positive
differences. Consider the difference as + --- + a5. We know that either as +
-o+4a5 =a1+---+aq or as+---+as is a new difference. If the former, we have
a1 = as, which implies that ag = a4 = a5, giving us an arithmetic progression
of length 4. Hence, we do not have a sum-dominant set. We consider the case
where as + - - - + a5 is a new difference. All of the positive differences are

a < a1+ay < ay+ax+az < ay+---+ag < ap+---+as,

ax < ag+---+as.
Consider ag+ay4. The only two possible values for az+a4 are a; +as and as. If
the former, we have a; = a2 = a3 = a4, which does not give a sum-dominant

set by [5, Lemma 8|. If the latter, we have a3 + a4 = ag, which gives us Sg,
not a sum-dominant set.

2. Subcase 2.1.2. as+az+ay is anew difference. Our set of positive differences
contains

a < ay+ay < ay+ax+az < ay+---+ag < ay+---+as,

az < a2+ as+ ay.

We consider three possibilities for ag + - - - + as.
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® as+---+a5 = aj; +as+as. Equivalently, a; = a4+ as. Because a1 = as,
we have a3 = a4 + a5. Hence, the above list of differences is exhaustive.
Consider as + a4. Either asz + a4 = a1 + as or as + a4 = as. Neither of
these is a sum-dominant set because neither Sy nor Sig is sum-dominant.
® as+ -+ a5 =ay + -+ aq. Equivalently, a; = as. Consider ag + aq4.
There are four possibilities.
If az 4+ a4 = as, we arrive at Sis.
If az + a4 = a1 + a2, we have as = a4 and thus, a symmetric set, which
is not sum-dominant.
If a3 + a4 = a1 + as + a3, then as + a3 = a4 because a; = az. We arrive
at Sll'
If ag + a4 is a new difference, then we have exactly 8 distinct differences
by Lemma 2. Consider a3z + a4 + a5. To have 8 distinct differences,
the only possibility is that as 4+ a4 + a5 = a1 + a2 + az; equivalently,
a1 + as = a4 + as. Because a; = as, it follows that as = a4. So, we have
a symmetric set, which is not sum-dominant.

® as + - -+ + as is a new difference. Counsider a3 + a4. Note that az + a4 ¢
{az2,a1 + as} because we have 8 distinct positive differences. Indeed, the
only possibility is that as+a4 = a1 +a2+as. So, a1 +as = ay. However,
because a; = ag, we have as + a3 = a4, which contradicts that A — A
has 8 positive differences.

Subcase 2.2. as + a3 # aj + as. Equivalently, a; # a3. The following are distinct
positive differences:

ap < a1+ax < artaxtaz < ap+---+ag < ap+---+as,

az < ag+as.

1. Subcase 2.2.1. a3 = a;+as. The above list contains all positive differences.
It must be that as + a3 + a4 = a1 + as + a3. So, a1 = a4. We also have
as + -+ a5 =ay +---+ aq. Hence, a; = a5. We arrive at Si2, which is not
sum-dominant.

2. Subcase 2.2.2. a3 = ao. The above list contains all positive differences.
There are three possibilities for as + az + a4.

® as + a3z + ag = a1 + as + az. Equivalently, a; = a4. It follows that
as+---4+as5=ai+---+ayg. So, a; = as. We arrive at Ss.

® as +asz+as = ay + as. So, a; = as + a4. The difference as + - - - + as
is either equal to a; 4+ as + ag or a; + - - - + a4. If the former, we obtain

a1 = a4+ as and arrive at S7. If the latter, we obtain a; = a5 and arrive
at SG-
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® a9 + as + aq4 = ay. There are three possibilities for as + - - - + as.

If as + -+ + a5 = a1 + ao, then we have a1 = a3 + a4 + a5. We arrive at

S13.
If ag +---+ a5 = a1 + as + a3, then we have a; = a4 + as. We arrive at
514.
If ao +---4+as = a1 + -+ + aq, then a1 = as. So, we have a3 =

as + a3 + a4 = as and thus, have an arithmetic progression of length 4.
Our set is not sum-dominant.

3. Subcase 2.2.3. ag is a new difference. The exhaustive list of positive differ-
ences is

ai, a1 +az, a1 +az +az, ay +---+ag, ap +--- +as,
az, az + as,

as.
There are three possibilities for as + as + a4. We analyze each possibility.

® as+az+as = a;. Then we can have at most 7 positive differences, which
is a contradiction.

® ay+as+aqg =ay; +as. So, a; = a3z + a4. There are two possibilities for
as + -+ as.
Ifas+---+a5 =a;+---+ay, then a; = as, implying that a5 = az + a4.
Then we have at most 7 positive differences, a contradiction.
If as +---4+as5 = a1 +as +as, then a; = a4 +as. Consider ay. There are
three possibilities for ay4. If a4 = a9, then because a1 = a3 + a4, we have
a1 = as + az. So, we have at most 7 positive differences, a contradiction.
If ay = a3 or a4 = as + a3, we again have at most 7 positive differences,
a contradiction.

e ay + a3z + ay4 = a1 + az + az. Equivalently, a; = a4. It follows that
as+asz+aq+as = ay +as + a3+ ayg. Equivalently, a; = a5. So, a4 = as,
implying that we have at most 7 distinct differences, a contradiction.

5. Proof of Lemma 3

We first prove that 57 is not sum-dominant. Note that (0]|d,d,2d) represents the
set K ={0,d,2d,4d} and |K — K| — |K + K| = 1. In particular,

K+ K
K-K

{0, d, 2d, 3d, 4d, 5d, 6d, 8d},
{0, £d, £2d, £:3d, +4d}.
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With {4d + a} — K, we have at most 5 new sums. However, the set of new
positive differences is {a, a + 2d, a + 3d, a +4d}. (These are new differences because
0 < a < d.) Denote {4d + a} UK = K;y. Then |K7 — K| — |K1 + K1] > (|K —
K|—|K+ K|)+(2-4—5) =4. Finally, {4d+ a + b} — K; gives at least one new
positive difference, which is 4d + a + b itself and gives at most 6 new sums. Hence,
|S1 —S1| — |S1 +Sl‘ > (|K1 —K1| — ‘K1 +K1‘)+(2—6) >442—6=0. Hence,
51 is not sum-dominant.

Next, we prove that S is not sum-dominant. If @ = d or a = 2d, it is an
easy check that Ss is not sum-dominant. Because the set (0|d, d, 2d, d) is not sum-
dominant, it suffices to show that adding 5d + a to the set gives at least as many
differences as sums. We proceed by considering two cases.

e Case 1. a < dord < a< 2d. The set of new positive differences is {a,a +
d,a + 3d,a + 4d,a + 5d}, while there are at most 6 new sums. We are done.

e Case 2. a > 2d. Then a+ 3d, a + 4d, a + 5d are new differences because they
are all greater than 5d. Hence, the number of new differences is at least 6,
while there are at most 6 new sums. We are done.

We have shown that S5 is not sum-dominant.

We prove that Ss3 is not sum-dominant. It is easily checked that if a = d or
a = 2d, we do not have a sum-dominant set. We proceed by considering three
cases.

e Case 1. a < d. The proof follows exactly the proof that S; is not sum-
dominant.

e Case 2. d < a < 2d. We have {a + 4d,a + 5d} — K gives at most 11 new
sums. Because |K — K| — |K + K| = 1, it suffices to show that there are at
least 5 new positive differences. Indeed, new differences include a + d, a + 2d,
a+ 3d, a + 4d, and a + 5d. We are done.

e Case 3. a > 2d. We have {a + 4d,a + 5d} — K gives at most 11 new sums.
Because |K — K| — |K + K| = 1, it suffices to show that there are at least 5
new positive differences. New differences include a + 2d, a + 3d, a + 4d, and
a + 5d because each of these is greater than 4d. If a + d # 4d, we have a new
difference and we are done. If a +d = 4d, then a = 3d. It can be checked that
S3 is not sum-dominant.

Therefore, S3 is not sum-dominant.

Let K4 = (0]2d,d,d) = {0, 2d,3d, 4d}. It is easy to check that |K4 — K4| — | K4 +
Ky =3. If a=d or a=2d, it is also easily checked that S, is not sum-dominant.
Because {4d + a,6d + a} — K4 gives at most 11 new sums. It suffices to show that
the number of new differences is at least 8. We consider two following cases.
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e Case 1. a<dord< a< 2d. The set of new positive differences includes a,
a+d, a+2d, a+ 3d, and a + 4d. We are done.

e Case 2. a > 2d. The set of new positive differences includes a + 2d, a + 3d,
a + 4d, and a + 6d. We are done.

Hence, S, is not sum-dominant.

We prove that S5 is not sum-dominant. Denote K5 = S5\{3a+2b}. The set of all
possible differences in K5 — K5 is D5 = {a,a+b,a+ 2b,2a+ 2b,b, 2b}. It is an easy
check that if either 2a € D5 or 2a+b € Ds, then we do not have a sum-dominant set.
To illustrate, we give an example. Suppose that 2a = a + 2b. Equivalently, a = 2b.
We have S5 = (0]2b,b,b,2b,2b) = {0,2b, 3b,4b, 6b,8b}. Because {0,2,3,4,6,8} is
not sum-dominant, S5 is not sum-dominant. Suppose that {2a,2a + b} N D5 = (.
Adding 3a + 2b to K5 gives us three new positive differences {2a,2a + b, 3a + 2b}.
Because the number of new sums is at most 6, we know that S5 is not sum-dominant.

We prove Sg is not sum-dominant. Denote K¢ = Sg\{4a + 3b}. The set of all
possible differences in K¢ — K¢ is Dg = {a +b,2a + b, 3a + b, 3a + 2b,a,2a,b}. Tt is
an easy check that if {a + 2b,2a + 2b} N Dg # (), we do not have a sum-dominant
set. Suppose that {a + 2b,2a + 2b} N Dg = . Adding 4a + 3b to Kg gives us three
new positive differences {a+ 2b, 2a 4 2b, 4a + 3b} while at most 6 new sums. Hence,
Sg is not sum-dominant.

We prove S7 is not sum-dominant. Denote K7 = S7\{4a + 2b}. Adding 4a + 2b
to K7 gives us at most two possible new sums {7a + 3b, 7a + 4b}. Because 4a + 2b
is a new difference, S7 is not sum-dominant.

We prove that Ss is not sum-dominant. Denote Kg = Sg\{4a + b}. We have
Ks — Ks = Dg = {0,a,2a,3a,4a,5a}. If {b,a + b,2a + b} N Dg # 0, Sg is not
sum-dominant. If otherwise, 4a + b — Kg gives at least 3 new positive differences
while at most 6 new sums. Hence, Sy is not sum-dominant.

The proof that S; for 9 < i < 15 are not sum-dominant is similar to the proof
that S5 is not sum-dominant. So, we omit the proof.

6. The Smallest Sum-dominant Set of Primes

The Green-Tao theorem guarantees that there are infinitely many sum-dominant
sets of primes; that is, sum-dominant sets can be constructed using long arith-
metic progressions of primes. However, sum-dominant sets are expected to ap-
pear much earlier in the prime sequence. Chu et al. constructed the set P =
{19,79, 109, 139, 229, 349, 379, 439} using the Hardy-Littlewood k-tuple conjecture
[4]. We summarize the idea of the construction below.

An m-tuple (by,bo,...,by) is said to be admissible if for all integers k > 2,
{b1,b2, ..., b} does not cover all values modulo k. Clearly, we only need to check
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for all values of k£ between 2 and m. An integer n matches the tuple if by + n,bs +
n,...,by, +n are all primes. The Hardy-Littlewood conjecture implies that every
admissible m-tuple is matched by infinitely many integers.

We apply this construction to Ag and Aj; [7] to find new sum-dominant sets that
appear earlier in the prime sequence. In particular,

1245 = {0, 24, 48,96, 108, 120, 180, 204, 228}
is an admissible 9-tuple. A quick search shows that
A =103 + 1245 = {103, 127,151,199, 211, 223, 283, 307, 331}

is a set of primes. Because sum-dominance is preserved under affine transformation,
103 + 12Ag is also sum-dominant. Similarly,

Al =23+ 64y, = {23,47,59,71,89, 107, 137, 149, 173}

is sum-dominant. Both A§ and A}, are smaller than the previous set P in terms of
the largest element.

We can do better with computers’ help. We run an algorithm to find all sum-
dominant subsets of {3,5,...,109} (all primes from 3 to 109). We find 2725 sets
with

{3,5,7,13,17,19, 23,43, 47,53, 59, 61, 67, 71, 73}

being the uniquely smallest. We exclude 2 from our original set of primes because if
a set S of primes containing 2 is sum-dominant, then S\{2} is also sum-dominant.
(The reason is that adding 2 to a set of odd primes gives at least 7 more differences
than sums.) This reduces our running time by a half. Because all of our 2725 sets
have their sum sets larger than their difference sets by at most 4, adding 2 to any
of these sets does not give a sum-dominant set.

7. Future Work

We end with two questions for future research.

e [s there a human-understandable proof that a set of cardinality 7 is not sum-
dominant? Let A be a set of cardinality 7. Then |A+ A| < 7-8/2 = 28, while
|A—A| <7-6+1=43. Using the same argument in the proof of Lemma 2,
we know that A — A has at least 11 pairs of equal positive differences. Hence,
A — A has at most 21 distinct differences; equivalently, A — A has at most
10 distinct positive differences. This bound is not good enough and requires
us to consider a lot more cases than when we have only 8 distinct positive
differences. Hence, it is unknown whether a human-understandable proof can
be written down in full.
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e What is the minimum number of elements to be added to an arithmetic pro-

gression to form a sum-dominant set?
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