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Abstract

Recently, Earnest and Haensch established that there are exactly twenty-nine (classes
of) spinor regular primitive positive-definite integral ternary quadratic forms, which
are not regular. In this paper we determine explicit formulas for the representation
numbers of the twenty-seven of these ternary quadratic forms, which are alone in
their spinor genus. For the remaining two spinor regular forms, which are not alone
in their spinor genus, we determine their representation numbers for even positive
integers. As a consequence of our formulas we are able to determine exactly which
positive integers are represented by the twenty-seven ternary quadratic forms alone
in their spinor genus. The integers represented by six of these forms had been found
by Lomadze in 1977 and three of them by Berkovich in 2015, one form of which
had already been treated by Lomadze. Our method is a new approach and quite
different from the methods of said authors.

Lcorresponding author
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1. Introduction, Overview and Notation

In this paper a “form” or a “ternary” or a “ternary form” always means a ternary
quadratic form, which is integral, primitive, and positive-definite. The study of
the representation of positive integers by such forms has its origins in the work of
Legendre, Gauss and Dirichlet, who proved that a positive integer n is represented
by the form 22 + y? + 22 if and only if n is not of the form 4* (8] + 7) for any non-
negative integers k and [. Later, Ramanujan in his work on quaternary quadratic
forms ax?+by?+cz2+dt? that represent all positive integers, found that he needed to
know which positive integers were represented by ternary forms such as z2 + g2+ 222
and 22 + y? + 322 [21]. The integers represented by these and other ternary forms
were determined by Dickson in 1927 [7]. This led Dickson to the concept of a regular
form. Regular ternary forms were studied extensively by Dickson as well as by his
students Jones and Pall [13].

A ternary form is said to be regular if it represents all the integers represented
by its genus. The genus of a form is defined in [22, p. 72]. Due to the work of Jagy,
Kaplansky and Schiemann [11], it is now known that there are (up to equivalence)
at most 913 ternaries which are regular. Jones [12] proved in 1931 that a regular
ternary represents all positive integers except for those that lie in the union of
finitely many progressions {A¥(Bl + C) | k,l = 0,1,2,...}, where A, B and C
are positive integers with C' < B. The excluded progressions for all 913 ternaries
were given explicitly in 2019 by Doyle, Muskat, Pehlivan and Williams [8], where
references to earlier determinations for some regular forms were provided.

In this paper we extend the work in [8] to the determination of the integers
represented by the spinor regular ternaries; that is, those ternaries that represent
all the integers represented by their spinor genus. The concept of a spinor genus is
defined in [22, p. 104]. Earnest and Haensch [9] established in 2019 that there are
exactly 29 such forms that are not regular. These are listed in Table 1.1.

The number in parenthesis after the identification number indicates the position
of the ternary in the original table of Earnest and Haensch [9, p. 214]. Of these
forms, 27 are alone in their spinor genus, and for each of these forms we obtain
explicit formulas for the number of representations of a positive integer by the
form. These 27 spinor regular ternaries are not regular and so are not alone in
their genus. Thus their representation numbers cannot be determined directly from
Siegel’s formula (stated here in Proposition 2.2). Therefore, we take a different
approach. Our approach involves the new concept of “derivability” introduced by
the first and fifth authors in their recent paper [1]. If a ternary form f is derivable
from another ternary form g, then the representation number of f can be given in
terms of the representation number of g. In particular, if g is alone in its genus
its representation number can be determined by means of Siegel’s formula, and
hence a formula for the representation number of f can be deduced. We show
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Identification Number | Form Discriminant = 2"
Al (1) (2,2,5,2,2,0) 64 = 26
A2 (4) (1,4,9,4,0,0) 128 = 27
A3 (5) (2,5,8,4,0,2) 256 = 28
A4 (6) (4,4,5,0,4,0) 256 = 28
A5 (12) (4,9,9,2,4,4) 1024 = 210
A6 (13) (4,5,13,2,0,0) 1024 = 210
AT (14) (5,8,8,0,4,4) 1024 = 210
A8 (17) (4,8,17,0,4,0) 2048 = 211
A9 (19) (9,9,16,8,8,2) 4096 = 212
A10 (20) (4,9,32,0,0,4) 4096 = 212
Al1 (21) (5,13,16,0,0,2) 4096 = 212
A12 (25) (9,17,32,-8,8,6) 16384 = 214
A13 (26) (9,16,36,16,4,8) 16384 = 214
Identification Number | Form Discriminant = 2" - 3°
Bl (2) (3,3,4,0,0,3) 108 =22.33
B2 (3) (3,4,4,4,3,3) 108 =22.33
B3 (7) (1,7,12,0,0,1) 324 =22.3%
B4 (9) (3,7,7,5,3,3) 432 =2%.33
B5 (10) (4,4,9,0,0,4) 432 =2*.33
B6 (11) (3,4,9,0,0,0) 432 =2*.33
B7 (16) (4,9,12,0,0,0) 1728 = 26.33
B8 (18) (4,9,28,0,4,0) 3888 = 24.3°
B9 (23) (9,16,16,16,0,0) 6912 = 28 .33
B10 (24) (13,13,16,-8,8,10) | 6912 = 28 . 33
B11 (27) (9,16,48,0,0,0) 27648 = 210 .33
B12 (28) (9,16,112,16,0,0) 62208 = 28 - 3°
Identification Number | Form Discriminant = 2" - 79
C1 (8) (2,7,8,7,1,0) 343 =17°
C2 (15) (7,8,9,6,7,0) 1372 =22.73
C3 (22) (8,9,25,2,4,8) 5488 = 24 .73
C4 (29) (29,32,36,32,12,24) | 87808 = 28 .73

Table 1.1: Spinor regular positive-definite ternary quadratic forms (a, b, c,d, e, ) =
ax? 4+ by? + cz? + dyz + ezx + fay which are not regular

that the 27 spinor regular ternaries, which are not regular and alone in their spinor
genus, are each derivable from a suitable regular ternary. This is how we determine
explicit formulas for the representation numbers of the 27 spinor regular ternaries
which are not regular and alone in their spinor genus. By examining for which
positive integers n the representation number vanishes, we determine exactly which
integers are not represented by each of the 27 forms. The excluded integers for
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each of the 27 spinor regular ternaries lie in the union of finitely many progressions
{A¥(BI+ C) | k,1 =0,1,2,...}, where A, B, C are positive integers with C' < B,
and one or more exceptional squareclasses. These are given explicitly in Table A.17
of the Appendix.

For the two remaining spinor regular forms which are not alone in their spinor
genus, we determine their representation numbers for even positive integers n by
relating these to the representation numbers of a divisor of n (such as %) by a spinor
regular form which is alone in its spinor genus. We now introduce some notation.

As usual we let N, Ny and Z denote the set of positive integers, non-negative
integers and integers, respectively. The matrix of the ternary quadratic form az? +
by? + cz2? + dyz + ezx + fry is

2a f e
f 26 d
e d 2c
and its discriminant is
1 2 f e
3 [ 2b d|=4abc+def — ad® — be? — cf?.
e d 2c

It is convenient to introduce the following notation. For ¢ € {3,4,7,8} we let

—t
M; = set generated by 1 and primes p such that <> =1.
p

Here (%) is the Legendre symbol modulo p, if p is an odd prime, and the Kronecker
symbol, if p = 2. Thus, we have

M3 = set generated by 1 and primes p =1 (mod 3),

My = set generated by 1 and primes p =1 (mod 4),

M7 = set generated by 1 and primes p =1,2,4 (mod 7), so that 2 € Mz,
Mg = set generated by 1 and primes p = 1,3 (mod 8).

For k € N we set wy, = e2™/k,
The representation number 7(a, b, c,d, e, f;n) of the ternary ax? + by? + c2? +

dyz + ezx + fxy is defined for all n € Ny by
r(a,b,c,d,e, f;n) := card{(z,y,2) € Z* | ax® + by? + cz* + dyz + ezx + fry = n},

so that r(a,b,c,d,e, f;0) = 1. For n ¢ Ny we define r(a, b, c,d, e, f;n) = 0.
We denote by H the complex upper-half plane, namely the set of complex num-
bers w with Im(w) > 0. The complex conjugate of the complex number w is denoted
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by w. For a positive-definite integral quadratic form f = f(x1,...,2,) and w € H
the theta function of f is defined by
O(fiw):= Yy el (1.1)
(T1yeeyxn ) EL™

When f = 22 we write §(w) for 0(f,w), so that

O(w) == Z e2miwa” (1.2)

T=—00

By a classical theorem of Jacobi, we have

1°(2w)
n?(w)n?(4w)’

where n(w) is the Dedekind eta function, which is defined for all w € 3 by

O(w) = w e X, (1.3)

n(w) — 67riw/12 H (1 _ 627rimu)) ) (14)
m=1

If k is a positive integer, we denote the squarefree part of k by sqf(k). When
considering the representability of a positive integer n by a ternary quadratic form
of discriminant A, it is convenient to define the positive squarefree integer n* by

n* = sqf(nA), (1.5)
the positive squarefree integer g by
g := largest positive integer such that g | sqf(n) and (g,2A) =1, (1.6)
and the positive integer h by
h := largest positive integer such that (h,2A) =1 and h? | n. (1.7)

Further we define
I(n) = (0 ) _(—”*)U (-1 ) (1.8)
I1( ()~ () ()

where p runs through all the primes dividing h, v,(h) is the exponent of the largest
power of p dividing h, and for m € N o(m) denotes the sum of divisors of m.
From (1.5) we see that, if 4 | n, then

(g)* =sqf (EA) = sqf(nA) = n*, (1.9)
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and from (1.8) that

n
Z(Z) = i(n). (1.10)
The class number of the imaginary quadratic field Q (\/ —n*) is denoted by h (Q (s/ —n*)) .
We denote the modular group by I', that is,

r.= {(a b) |a,b,c,d€Z,ad—bc—1}‘
c d

Let N be a positive integer. The congruence subgroup I'o(IN) of T is defined by

To(N) = {(i Z) €T |c=0 (mod N)}.
The index of T'g(N) in T is
1
N <1 + > ,

{13
see [15, p. 23]. The space of modular forms of weight k and character x for the
congruence subgroup I'g(NN) is denoted by My (To(N),x). If D = 0,1 (mod 4) we
write xp for the Dirichlet character (g)

In Theorem 2.1 we give the derivability relations showing that the representa-
tion numbers for each of the 27 spinor regular ternaries alone in their spinor genus
can be obtained from those of a regular ternary alone in its genus. The repre-
sentation number of the ternary Am (m=1,2,...,13), Bm (m=1,2,...,12), and Cm
(m=1,2,3,4) is given in Theorem 4.m, 5.m, and 6.m, respectively. The formulas for
the representation numbers all have the same basic form

r(fin) = ky(n)i(n)h (Q (V—n7)),
except on one or more exceptional square classes. The integers not represented by
each of the spinor regular ternaries are given in Table A.17 of the Appendix.

The code to determine the representation numbers of the 29 spinor regular ternar-
ies in Table 1.1 and the 16 regular ternaries in Table A.0 of the Appendix for n up
to 3 -10% was written in C++ and R. The computation times on two Intel Xeon
E5-2683 v4 Broadwell @ 2.1 GHz with 16 cores each ranged from 2 hours (form C4)
to 45 hours (form Al) for spinor-regular ternaries and from 9 hours to 107 hours
for regular ternaries.

2. Derivability Relations

The underlying idea behind our approach to evaluating the representation numbers
of spinor regular ternary quadratic forms is the concept of a ternary quadratic form
f being derivable from another ternary quadratic form g. We now formally define
this concept.
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Definition 2.1. Let f and g be positive-definite integral ternary quadratic forms.
We say that f is derivable from g with reach R if there exist complex numbers
aj,bq,cj; positive integers R and S; integers r; and s; with 0 < r; < s; —1; and
integers k; and d; with d; < 0,d; = 0,1 (mod 4) such that for all w € H

R
w)zZaﬂ(g,w—!— ) Z bab(g; d*w)
j=1

1<d|R

S oo
d; ,
e X (G menne, )
j=1

m=1
m=r; (mod s;)

where the theta function 0(f; w) is defined in (1.1) and ( =L ) is the Legendre-Jacobi-
Kronecker symbol for discriminant d;.

The usefulness of such an identity lies in the fact that it relates the representation
number of f to that of g.

Proposition 2.1. If f and g are positive-definite integral ternary quadratic forms
with f derivable from g as in Definition 2.1, then for all n € N we have

Mm

Za] s gin) + Z bar (g, )+ cje;(n (2.2)
1<d|R j=1
where
0 if 7+ # square,
0 if % = square, \/% Zr; (mod s;),

<djn> kﬂ Zf kﬂ = square, \/> kl = T’j (mod 5])
*y J ’ ’

Proof. We let q := 2™ (w € H) so that |¢| < 1. We have

0(f;w) =>_ r(f;n)g",
n=0

= r(gn)g

n=0
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Z bab(g; d*w) = Z Z bar (97 d2) q",
1<d|R n=0 \1<d|R

and

j=1 m=1
m=r; (mod sj)
S o
d; n o,
=>4 X L
’ ‘ n k
j:l n= ks
n/k;= square ’

Jj=1 n=1

o S
= | e |
n=1 \j=1

Equating coeflicients of ¢" (n € N) in (2.1), we obtain (2.2). Equating the coeffi-
cients of ¢ in (2.1), we see that the a; and by must satisfy

R
IZZCL]‘+ Z bd
j=1

1<d|R
as r(f;0) =r(g;0) = 1. O

In order to determine a formula for the representation number 7(f;n) of a spinor
regular ternary quadratic form f, which is not regular, we seek a regular ternary
quadratic form g, which is alone in its genus, such that f is derivable from g. As g
is alone in its genus, r(g;n) can be given explicitly by means of a special case of a
formula of Siegel (see for example [4, pp. 374-378]). If we can find such a ternary
g, then a formula for r(f;n) follows from Proposition 2.1. Siegel’s formula requires
the concept of a local density, the existence of which was proved by Siegel.

Definition 2.2. Let g be a ternary quadratic form. For n € N and p a prime the
local density d(g,n,p) is defined by

number of solutions of g(z,y,2) =n (mod p?)

t—00 p2t
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Proposition 2.2. (Siegel [4, Appendix B.3, pp. 374-378]) Let g(x,y,2) = ax® +
by? +cz2 +dyz+ezz+ fry be a positive-definite primitive integral ternary quadratic
form, which is alone in its genus. Then for n € N

2my/n
r(gin) = v [1d(g.n.p),
\/abc—}—%def—%(adQ—l—beZ—i—cfQ) »

where the product is taken over all primes p.

When ¢ is a diagonal ternary quadratic form, which is alone in its genus, Lo-
madze [18] has given a formula for r(g;n) (valid for all n € N) using a different
method. In his formulas it is convenient to replace the Dirichlet L-series that occur
by the class number of an appropriate imaginary quadratic field using Dirichlet’s
class number formula. When g is not diagonal, Siegel’s formula can be used in con-
junction with the evaluation of local densities given by Yang [24] to give a formula
for r(g;n). The formulas for the representation numbers of ternary forms alone in
their genus that we require are given in the Appendix (Propositions A.1-A.16).

Theorem 2.1 gives the identities of type (2.1) which show that each of the 27
spinor regular ternaries f which are alone in their spinor genus is derivable from a
regular ternary quadratic form g which is alone in its genus. We require the following
expansions involving the Dedekind eta function n(w) (w € H), which was defined
in (1.4), all of which can be found in or deduced from the work of Koéhler [16],[17].

o)
—4 g
3 2min‘w
Sw)=) |- 17, Cor. 1.4, p. 8
n°(8w) ;<n>ne [,or ,p]
2 2 o
PEOP20) S (=3 o
T oplw) ; ) e [16, Theorem (3), p. 147]
775(2410) = S -3 2win’w
n2(48w) ; — | ne [16, Theorem (2), p. 147]
n=1 (mod 2)
2 2 0o
n° (12w)n*(48w) 1 N
T o(24w) 2 — mnew 116, Th 14
n(24w) 2 ; n ) "e [16, Theorem (3), p. 147]
n=0 (;1od 2)
9 1 00 B A
w — 78 n627mn2w [16,Theorem (4)7 D. 147]
P Ew)n(32w) =\ n
5 00
N (6’[1}) = ;3 2min“w
2(3w) nz;l ( | ne
n=1 (r_nod 2)

_ Z <_3> ne2mintw [16, Theorem (1), p. 147]



INTEGERS: 21 (2021) 10

We now state our derivability relations.

Theorem 2.1. (i) Let f := 22? + 2y* + 52 + 2yz + 2zx (form A1). Then with
g =22 +y? + 422 we have for all w € K

Zag <g,w+ >+9(g;4w)—2773(8w),

where for j € {1,2,...,8}

(_—) j j=1 (mod 2),

( (ﬁ)z) j =2 (mod 4),
(L4 (=1)y/%) i =0 (mod 4).

oo\»—t 0|

(ii) Let f = 2? +4y? + 922 +4yz (form A2). Then with g := x? +y* + 822 we have
for allw e H

Zag (g,w - ) +6(g; 4w) — 21*(16w),

where for j € {1,2,3,4}

@ = {é (‘1_ (_Tl)l) Jj =1 (mod 2),

I é (1 + (_1)j/2) j =0 (mod 2).

(iii) Let f := 222 + 5y? + 822 + dyz + 22y (form A3). Then with g == 2% + y? + 42>
we have for all w € H

w) = Y- a5t (g0 55 )+ Blas160) = P (B) - 2320

where for j € {1,2,...,32}

- (*71)1 j=1 (mod 2),
% —1-2 ﬁ i) 7=2 (mod4),
aj=qL(-1-6 ﬁ i) j=4 (mod 8),
é 1-9 % i) j =8 (mod 16),
& (3+2(=1)7/16)  j =0 (mod 16)

(iv) Let f := 422 + 4y? + 522 + dzx (form A4). Then with g := 2 + y* + 422 we
have for all w € H

b(fi0) = 50 (g0 ) + g0(as0) + 0lgs ) — 750
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(v) Let f := 422 4+9y*+ 922+ 2y2+4zx+4xy (form A5). Then with g := x> +4y>+42>
we have for all w € H

Za] (g,w+ )+9(9;4w)—n3(8w)7

where for j € {1,2,...,8}

((% — (72) ) j =1 (mod 2),
a; = 1716(7) Jj =2 (mod 4),
L(-1)7 /4 j =0 (mod 4).

(vi) Let f := 422 +5y? +132% +2yz (form A6). Then with g := x> +4y? + 522 +4yz
we have for all w € H

o) = =0 (g0 5) + g00arw) +0lgs ) — G (5w,

(vii) Let f := b5z +8y% + 822 +4zx +4xy (form A7). Then with g := 2 +y* + 422
we have for all w € H

1
Za] <g,w + 2) + 6(g; 16w) — 5773(811)) — 213 (32w),

where for j € {1,2,...,32}

(viii) Let f:= 422 + 8y? + 1722 + 4zx (form A8). Then with g := 2% + 2y? + 1622
we have for all w € H

_ n”(16w)
Z“f (30 3) 00400~ oy

where for j € {1,2,3,4}
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(ix) Let f := 922 + 9y? + 1622 + 8yz + 8zx + 22y (form A9). Then with g =
x2 + y? + 422 we have for all w € H

1
1
w) =2 a;f (g’w+ 16) +6(g: 16w) — 5n* (8w) — n*(32w),

where for j € {1,2,...,16}

—36 (;1)2 j =1 (mod 2),
= 3%4 _4“"3(/)\/»—3( )Zf) j =2 (mod 4),
J W12 ( )Z) j =4 (mod 8),
193 (2+3(=1)7%) j =0 (mod 8)

(x) Let f = 42% + 9y? + 3222 + dxy (form A10). Then with g := x° + 8y* + 822 we
have for all w € H

o) = 58 (50 + 3 ) + §0g0) + 0lgi ) = P sw),

(xi) Let f := 522 + 13y + 1622 + 2zy (form A11). Then with g := 2 + y? + 42>
we have for all w € H

}j% (g0 ) + Blgs100) = 320,

where for j € {1,2,...,16}

—L (771) j=1 (mod 2),
(1= (53) v+ (53) ivE) G =2 (mod 4,
j i ﬁ)l j =4 (mod 8),

s (24 3(=1)7/8) Jj =0 (mod 8)

(xii) Let f := 922 + 17y + 3222 — 8yz + 8za + 6xy (form A12). Then with g :=
22 + y? + 422 we have for all w € H

128
1 1
w) = _a;0 <g7 w 128) + 0(g: 64w) — 20 (8w) — 57 (32w) — 27° (128w),
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where for j € {1,2,3,...,128}

_(77 . j=1 (mod 2),
L (—1 9 (;—12) z) j =2 (mod 4),
—.L j =4 (mod 8),
a; =4 £ (3-2 %)z) j =8 (mod 16),
7%)8%2% 2 \f_g( )f) j =16 (mod 32),
a1 (53 (57 Z) § =32 (mod 64),
21 (5+3(—1)7/64) j =0 (mod 64)

(xiii) Let f := 922 + 16y + 3622 + 16yz + 4zx + S8xy (form A13). Then with
g = x% +y* + 422 we have for all w € H

Zaj (g,w + 4> + 6(g; 16w) — in (8w) — n*(32w),

where for j € {1,2,3, ...,64}

s (1 (54) ) gzl(mod?),
f — . —
Al () e
1 (o (=L); j =4 (mod 8)
_ ) 192 i/4 ’
Y (a2 V2 — (22)iv2 =8 (mod 16
256 T\ is)t j =8 (mod 16),
L 473(% i j =16 (mod 32),
21 (-2 +3(-1)7/%?) j =0 (mod 32).

(xiv) Let f := 322 + 3y® + 422 + 3zy (form B1). Then with g := 2% + 3>+ 42% + xy
we have for all w € H

0 Bw)n*(12w) —n°(6w)
Z“ﬂ (g”” > n6w)  rPGuw)

where for j € {1,2,3}
. 5 (3= (52)iv3) 20 (mod3),
1 j =0 (mod 3).

(xv) Let f := 32% + 4y + 42® + 4yz + 322 + 3zy (form B2). Then with g =
22 + 2y + 222 + yz + zx + xy we have for allw € H

7 (3w)n? (12)
Z“J (9"‘” > n(ow)
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where for j € {1,2,3}
. %(3—(*73)2' 3) j#0 (mod 3),
i j =0 (mod 3).

(xvi) Let f := 2%+ Ty? + 1222 +xy (form B3). Then with g := x* +y* + 1222 + zy
we have for all w € H

n?(Qw)n®(36w) 0’ (T2w)
Z“J (““” )* ni8w) pA(ddw)’

where for j € {1,2,...,9}

[=2]

Li—i —7.3)\/3) j=1,2 (mod 3),
2-i %)\/3) j=3,6 (mod 9),

1
18
2 j =0 (mod 9).

—

8

(xvii) Let f := 4a? + 4y + 922 + 4ay (form B5). Then with g := 1 + 3y* + 922 we
have for all w € H

V2 <7 (%) n (*72) z) j=1 (mod 2),
=94 (1-5(5%)i)  i=2 (mod 1),
L (4+45(-1)774) j =0 (mod 4).

(xviii) Let f := 322 + 4y + 922 (form B6). Then with g := x? + 3y* + 92 we have
for allw e H

L gt dg) o™ (24w) | n?(Bw)n?(12w)
Za] <g’w+ >+29(9’4 ) 2772(4810)+ n(6w) 7

where for j € {1,2,...,8}
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(xix) Let f = 42 + 9y + 1222 (form B7). Then with g := x + 3y* + 922 we have
for allw e H

gy T (24w)
Zaj (g,w+ >+9(g,4 ) 2 (15w)’

where for j € {1,2,...,8}

ﬁ ((%) - (%) z) j =1 (mod 2),
a; = 3%(—12) j =2 (mod 4),
% —1)/ i/4 j =0 (mod 4)

(xx) Let f := 42 +9y? +282%2 +4zx (form BS). Then with g := x> +4y?+42° +4yz
we have for all w € H

ow 1P (3w)n (12w)
Zay (97w+ )+9(979 ) 3 6w

where for j € {1,2,3}
o= (B (G)8) 70 mets
= Jj =0 (mod 3).

(xxi) Let f := 922 + 16y> + 1622 + 16yz (form BY). Then with g := x? + 3y? + 922
we have for all w € H

5 305 (24w) 1 72(3w)n*(12w)
Z“J (0 §) + B0t F i + 5 oy

where for j € {1,2,...,8}

(_72) z) j =1 (mod 2),
y Z) j =2 (mod 4),
(=14 (=1)7/%)  j=0 (mod 4).

(xxii) Let f := 1322 + 13y® + 1622 — 8yz + 8zx + 10xy (form B10). Then with
g = 2%+ 3y% + 922 we have for all w € H

5, 1n°(24w)  17n2*(3w)n?(12w)
Za] <g,w+ )+49(g,4w)—2n2(48w)+2 7 (6w) ,
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where for j € {1,2,...,8}

V2 (— (g) n (*72) z) j=1 (mod 2),
aj =9 & (—2 - (ﬁ) z) j =2 (mod 4),
& (=24 (-1)7/%) j =0 (mod 4)

(xxiii) Let f := 922 +16y? + 11222 + 16yz (form B12). Then with g := 2> + 16y* +
1622 + 16yz we have for all w € H
i\ 7 272(d8w) ' 6 n(6w)

9

where for j € {1,2,3}
= (-1-(=2 i # 0 (mod 3
aj_{3f< (3)65) 20w
5 j =0 (mod 3).
(xxiv) Let f := 202+ Ty?+822+Tyz+zx (form C1). Then with g := x?+y*+222+z2x
we have for all w € H
7 ] o) 7 .
_ . . J) b 2min’w
w)—Za](?(g,w—i—?) Z<n>ne ,
j=1 n=1
where for j € {1,2,3,4,5,6,7}
=(7-(=F j # 0 (mod 7),
{0 20t
3 j =0 (mod 7).

(xxv) Let f:=Tx? + 8y? + 922 + 6yz + Tzx (form C2). Then with g := 2 + 3y* +
322 + 2yz + zx + a2y, we have for all w € H

aj g,w—|— _1 3 = ne2””2w,
24~\'n

where for j € {1,2,3,4,576,7}
. L (7— (—77) i\ﬁ) §#0 (mod 7),
3 j =0 (mod 7).

(xxvi) Let f := 822 + 9y? + 2522 + 2yz + 4zx + 8xy (form C3). Then with g :=
22 + 4y? + 822 + 4yz, we have for all w € H

7 100 7 R
g,w + - = — | ne )
0= fowez) =g 3 () e
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where for j € {1,2,3,4,5,6,7}

a,:{516( —(f)zf) j %0 (mod 7),
J j =0 (mod 7).

N

(xxvii) Let f := 2922 + 32y? + 3622 + 32yz + 1222 + 24xy (form C4). Then with
g = 422 + 5y% 4 2922 4 2yz + 4zx + 4xy we have for all w € H

a; g,w+ _1 3 _—7 nesmnzw,
i 2 n

n=1

where for j € {1,2,3,4,5,6,7}

= {516(7 (77)1\f> j#0 (mod 7),
’ i Jj =0 (mod 7).

We now indicate how we found the identities given in Theorem 2.1. We illustrate
the approach taken by giving the details in the case of the spinor regular ternary
form A1, namely f = f(x,y,2) = 222 + 2y* + 522 + 2yz + 2z2. It follows from
the work of Bateman [2] and Lomadze [18] that the number of representations of a
positive integer n by the simplest ternary x2 + 32 + 22 is given as follows:

where n* and I(n) are defined in (1.5) and (1.8), respectively, and
6 if a =0 (mod 2),

8 if « =0 (mod 2),

( ),9
( ), 9
k(n) = 12 1fa:0§mod 2;,5
( ),9

24 if a =0 (mod 2),
0 if @ =0 (mod 2),
12 if =1 (mod 2),

(mod 8),g # 3,

1

3

1 (mod 4),g # 1,
3

7 (mod 8),

where oo = v»(n) and g is defined in (1.6). The formula (2.3) is obtained from the
formulas of Bateman [2] and Lomadze [18] by replacing the L-series in their formulas
by the class number using Dirichlet’s class number formula. Indeed from the work
of Lomadze [18] we know that a similar formula holds for r(a, b, ¢,0,0,0;n) for any
regular ternary az?+by?+cz? which is alone in its genus. This is probably also true
for non-diagonal ternaries alone in their genus. We computed r(2,2,5,2,2,0;n) for
all n up to 3-10° and found that a similar formula to (2.3) held for all n € N
except for those satisfying (, g) = (0, 1), that is, n = h? (h odd). In that case, the
numerical evidence suggested a formula of the type

r(fin) = r(2,2.5,2,2,0in) = 20(n) — 2 <_hl> .
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If this is the case, the contribution of these n to
O(fiw) =0(2,2,5,2,2,00w) = Y _7(2,2,5,2,2,0;n)e™""
n=0

would involve the term

Tiwn = -1 miwh?
—22( )h€2 =—2hz:1<h)he2 h

h odd
h odd

—4 iwm?
=-2 Z (m) me?™ = —21*(8w).
m=1

The next step was to specify a set of regular ternaries g (each alone in its genus)
to test if f could be derived (in the sense of Definition 2.1 with the last term in
(2.1) equal to —2n3(8w)) from any of the g. We chose the test set to consist of
those regular ternaries alone in their genus having

disc(f)
disc(g)

= perfect square > 1.

Since disc(f) = 25, this meant that disc(g) = 4 or 16 (as no ternary has discriminant
equal to 1) and the test set comprised

{2? +y? + 22 (disc =4), 22 +2y*+ 222 (disc = 16), 2% +y* +42? (disc = 16)}.

For each g in the test set we calculated r(g;n) for n up to 3-10° and then searched for
a divisor (denoted by R) of disc(f) such that there are complex numbers ¢1,...,cg
and by (1 < d | R) such that the coefficient of ¢" (¢ = €*™™) in

R 9] 9] o
Yoy rlgRm+5)d™ 4 Y ba Y rlg ;m)qdzm—2ﬂ;<;)mq

7j=1 m=0 1<d\R m=0

is equal to 7(f;n) for n = 1,2,...,3-10°5. We found with g = 22 + y? + 422 and
R = 8 the values

1
Clzéa 02:17 03207 C4:O7 C5:§7 CGZO7 C7:O7 C8:O7

by =1, by =0, bg = 0.

With these values

(oo}

D¢ > rlgi8m+j)g* ™t

j=1 m=0
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1/2 if n=1 (mod 4
(o s 8>)}r(1,1,4,0,0,0;n)q"

0 otherwwe

p"qg

3
Il

1
S

Ooznl—l—zn 1= 4, % 7, 1 "
Z; W8 : +§ gwg 3 wg +gwg +4)T(9;”)q
- j
=Y a0(g;w+ 3)
j=1
where
) ) —1—3 —141
a1 =05 =—g, A3 =07 =g, lp = —o—, A6 = — o, ay =0, ag = -,
and
o0 5 o0
ba > r(gim)g” ™ =by Yy r(g;m)g"™ = 0(g; dw),
1<d|R m=0 m=0

we are led to the identity of Theorem 2.1(i). We now prove a result that we need
for the proof of Theorem 2.1.

Proposition 2.3. Let R,N € N and let N* = lem(R? N). Let x be a Dirichlet
character with conductor dividing N*/R. Suppose that e; € C (i = 1,..., R) satisfy
the following property:

For all integers 6 satisfying ged(d, N*) = 1 we have e; = e;,

. . (2.4)
where j = 6% (mod R) and j € {1,..., R}.

If f(w) € My, (To(N), x), where k € N, then
R .
;eif <w—|— é) € My, (To(N"), x) -

Proof. Let f(w) € My, (T'o(N), x). Then clearly Zf;l e; f(w+i/R) is holomorphic in
J( and at all the cusps. Now we prove that Zle ei f(w+1i/R) satisfies the requisite

transformation property for all matrices in I'o(N*). Let (?; g) € I'o(N*). Then

we have
ad—pBy=1, N*|v

and

F(27) = x@)0w + 95 w) (2.5)
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Since N* = lem(R?, N), we have
R?*|N*, N|N*.

Thus, R? | v and for i = 1,2,..., R we have

8 — (574—167)62,

)25 - (- )

(a—l—ig ﬁ—zé(ﬁ7+167)

5. EF()(N*)
5%
v §— 10 )

SO

Next we determine

aw + 8
f<’yw+(5 )

f

(Ra+iy)w + RB +id
Ryw + R6

Il
~

Ra+iv)(w+ 6%i/R) + RS — i6(By + i6v/R)
< Ry(w + 6%i/R) + Ry — v0%i >
( (a+iv/R) w+622/R)+B—z5(5v/R+l5v/R2)>

\

(w+ 6%i/R) 4+ 6 — v6%i/R

2.
x (- 7‘“) (w+ 0% /R) + 6 — 70%/R)* <w+5nf>

—x@ e+ as (ws T,

In the second step we used ad — By = 1, in the fourth step we used (2.5), and in
the final step we used the fact that x is a character with conductor dividing N*/R,
which divides v/R. Thus, we have

s (270 8)-Sonom o1 (00)

i=1

= (8w +8)* i e:f (w " ‘SR)
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eif <w+5;i>

= X(O)(rw+ )Y e f (“’ ! 1]%>

=1

R

R
= X(8)(yw +8)F Y

j=1 i=1
j=6%i (mod R)

<.

as ged(0, N*) =1 (so (2.4) holds) and f(w + m) = f(w) for any integer m. Hence,

R .
Z *
Soaif (e 5) € M (o)),
i=1
as asserted. O

Results similar to Proposition 2.3 can be found in [20], where the modularity
of the sum of the terms of the Fourier expansion of a modular form with index
congruent to r modulo ¢ is studied. Further, one can also use [5, Prop. 10.3.18] to
give a statement that is similar to ours.

Proof of Theorem 2.1. (i) The reach of the identity we wish to prove is R = 8. The
ternary quadratic forms involved in the identity are f = 222+ 2y%+522 +2yz + 222
and g = 22 + y% + 422, We define quaternary quadratic forms F and Gg: (where
d?> | R) in terms of f and g, respectively, by introducing a fourth variable u as
follows:

F = f+4 Ru® = 22° + 2y% + 522 + 8u® + 2yz + 22z

and
Gp =g+ (R/d*)u? = 2% + y* + 427 + (8/d*)u?.

The matrix of the quaternary quadratic form F' is

4 0 2 0
04 2 0
M(F) = 2 2 10 O
0 0 0 16

The determinant of M (F) is 2048 = 2! and the inverse of M (F) is

9 1 1
33 33 ~16 U
19 _1
-1 _ 32 32 16
MEP)T=| B2 ] .
16 16 8
1
0 0 0 X

The level of F' (that is the minimal integer N such that NM(F)~! is an integral
matrix with even diagonal entries) is 64 and the character associated to F is

(E40)- ()= ()
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Hence, by [23, Theorem 10.1] we have

0(F;w) € My (To(64), ys) - (2.6)
Similarly, we have
0(Gr;w) € Mz (I'o(32), xs) (2.7)
and
0(Ga; Aw) € My (To(64), ys) - (2.8)

By [5, Proposition 5.9.2] we have

1(8w)n°(16w)

772(32’[1)) € My (I'g(64), x3) - (2.9)

Furthermore, since 0(G1;w) € Ms (T'9(32), xs) it follows from Proposition 2.3 that
1 1 1 4 2 1 3
? 5 1 3 6 ? 7
- ge <G17w+8> + <—8+8> 0 (Gl,w—i— 8) + ge (Gl,w+8>
1 8
+ 49 (G1;w + 8) € My (T'o(64), xs) -

Thus, by (2.6)—(2.9) we have

) 1 1 1 2 )
H(w) = 7§9 (Gl,w+ 8) - (8 + 8) 9 <G1,w+ 8> + ge (Gl,er 8>
1 5 1 4 6 1
—gﬁ (Gl,w+ 8) + (_8 + 8) 0 (Gl,w-i- 8) + ga (Gl,w+ 8)
1 8 n(8w)n®(16w)
“0(Grw+= 4w) — 2 — 4(F;
€M3 (I'o(64), xs) -

We compute the first % Hp‘64 ”T'fl + 1 = 17 coefficients of the g-series expansion of
H(w) and obtain
H(w) = 0+0(¢**).

Thus, by the Sturm theorem [5, Corollary 5.6.14], we deduce that H(w) = 0, and
this gives the identity

) 1 1 2 ) 3
9(F,w) = —§9 <G1,w+8) - (8+8)9(G17w+8> +§9 (Gl,w+8>
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) 5 1 ) 6 ) 7
—§0 (Gl,w—&-s) + (—8+8>9(G1,w+8) +§0 (Gl,w+8)
(8w)n® (16w)

1 8 n
-0 = 0 dw) — 2
+4 (Gl, w + ) + (G4, ’LU) ’172 (32w)

: (2.10)

Next, recalling the definition of §(w) from (1.2) and Jacobi’s theorem from (1.3),
we have

O(F;w) = 0(f;w)60(8w),
0 (Gl;w+ i) =0 (g;w+ i) 0(8w), r=1,2,...,8,

8 8
0(Gias 4w) = 0(g; 4w)f(8w),
Sw)n® (16w 5(16w
ey = 70 iy =7 S0

so dividing both sides of (2.10) by 6(8w), we obtain the identity of Theorem 2.1(i).
The remaining parts of Theorem 2.1 can all be proved in a similar manner. For
the convenience of the reader we summarize the quantities needed in Table 2.1.
The only significant difference in the proofs occurs for the ternaries C1-C4. The
identities in parts (xxiv)-(xxvii) contain the series >0 | (=7) ne?™wn” rather than
an eta quotient for these ternaries. In these four parts we use our final proposition
of this section to determine the modular space to which the function

0(Tw) » (_n?) ne2mivn®

n=1

belongs. O

Proposition 2.4.
0(Tw) » <n) ne®™"™" € My(T'o(196), x1),
n=1

where x1 denotes the trivial character.

Proof. Let

n

Fw) = 6(Tw) i <_7> ne?miun® e 5.

n=1

f(w) is clearly holomorphic on H and at the cusps, see [5, Remark 2.3.22]. Now

we prove the transformation property. Let (: ?) € T'9(196), then by [5, Corol-

lary 2.3.21] we have

(GH)-G)E) QR (e

=
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Form Number Level Sturm Bound Added Term R
Al 64 17 (8/d%)u? 8
A2 128 33 (4/d?)u? 4
A3 1024 257 (32/d?)u? 32
A4 64 17 (4/d?)u? 2
A5 64 17 (8/d?)u? 8
A6 256 65 (2/d?)u? 2
A7 1024 257 (32/d?)u? 32
A8 256 65 (4/d?)u? 4
A9 256 65 (16/d?)u? 16
A10 128 33 (4/d?)u? 2
All 256 65 (8/d*)u? 8
Al12 16384 4097 (128/d*)u® 128
Al3 4096 1025 (64/d?)u? 64

Form Number Level Sturm Bound Added Term R
B1 144 49 (3/d?)u? 3
B2 144 49 (3/d?)u? 3
B3 1296 433 (9/d?)u? 9
B5 576 193 (8/d?)u? 8
B6 1152 385 (8/d?)u? 8
B7 576 193 (8/d?)u? 8
B8 108 37 (9/d?)u? 3
B9 288 97 (8/d?)u? 8
B10 288 97 (8/d?)u? 8
B12 432 145 (9/d?)u? 3

Form Number Level Sturm Bound Added Term R
C1 196 57 (7/d?)u? 7
C2 784 225 (7/d?)u? 7
C3 196 57 (7/d?)u? 7
C4 784 225 (7/d%)u? 7

Table 2.1: Level, Sturm bound and reach R for the 27 spinor regular ternaries alone
in their spinor genus

We now show that

A O - en

As (?; g) € I'p(196) we have

ad—Py=1, 196 |~.
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Then, as 196 = 2272, we deduce that

41v, 49 |y, 246, 746, (v,6) =1.
F)G) =)= )
(3) - {l miimd oL ezt
() mmed (1.
This proves (2.11). Hence, we have

F(25) = Gk 025 0)

Thus

and

SO

for all (i ?) € I'p(196), proving f(w) € M3(T'9(196), x1)- O

3. Two Lemmas

In this section we prove two elementary arithmetic lemmas that will be useful in de-
ducing exactly which integers are represented by a particular spinor regular ternary
quadratic form from its representation number.

Lemma 3.1. (i) If n = 2%h?%, where a € No,h € N and (h,2) = 1, then
-1 -1
vp(h)) _ ( = vp(h)—1 — [ =
(o ()= (5) o (o)) = (5)
plh
if and only if n € 29M?2.
(ii) If n = 2°h%, where a € No,h € N and (h,2) =1, then
-2 —2
vp(h)) _ [ 2 vp(h)—1 — N
(= ()= (5) 2 6)) = (50)
P

if and only if n € 2°MZ.
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(iii) If n = 2*h2, where a € No,h € N and (h,6) = 1, then
-3 -3
vp(h)) _ [ 2 vp(h)—1 — [ —
(o ()= (5)o (o)) = (50)
plh
if and only if n € 2°M3.
(iv) If n =2%h2, where o € No,h € N and (h,14) = 1, then

1) () 3

plh
if and only if n € 29 M3.

Proof. (i) As his odd, we can define positive odd integers hi 4 and hg 4 by

h1,4 = H pyp(h)a h3,4 = H pup(h)7

plh plh
p=1 (mod 4) p=3 (mod 4)

so that

h=hiahsa, n=2%h3,h3,, (h1a,hss)=1,

h174 =1 (I’IlOd 4), h374 = (71)3C (HlOd 4)7
where

x =x(hg ) = Z vp(hs.a).
plhs,a

We have

26

2

plh plhs,a
and
) P AT = (—=1)"hy 4h
h = Troa 14034 = 1,4103.4
Thus

1) (3)26) - ()

plh

vp(hs,a)+1 vp(hs,a) _
) . pvr ) —|—p1’ ) 2
fand only if [] = (=1
1f and only 1 p—1 (—1) 3,4

plhs,a
p (2 )
l/ph3.4

if and only if ] = (-1)".
if and only i 1 (-1)

plhs,a

-1 prrhs, )+l 4 prp(hse)
vp(h) vp(h)—1 _
() () fr0-) =0
I1( ) w11



INTEGERS: 21 (2021) 27

Now
PH1= s (=1 ifvy(hsa) =0,
p—1 {> 1 if vp(hsa) >0,
S0
p+1- =20
H p——pl = (—1)* if and only if v,(hsg4) =0 for all p | hs 4
plhs.a

if and only if hg 4 =1
if and only if n = 2ah§,4
if and only if n € 2*M3.

(ii) As h is odd, we can define positive odd integers h1 g, h3 g hss and hyg by

hl,S = H pup(h)a

plh
p=1 (mod 8)

hsg = H pr

plh
p=5 (mod 8)

h3’8 = H

h7,8 =

pl’p(h),

plh
p=3 (mod 8)

H p"p(h),

plh
p=7 (mod 8)

and xj = x(hjs) == > 5,  Vp(hjs),j =1,3,5,7, so that

_ Coar2 72 12 32
h = hyghsshsshrs, mn=2%hyghjghsgh7 g,

h178 =1 (mOd 8),

1 (mod 8)
hsg =
3 (mod 8)
and
1 (mod 8)
hsg =
5 (mod 8)
We have

plh

11 <g (™) - (;2) - <pup<h>1))

vp(hs,g)+1 o pr(hs,s) )

(hig,hjg) =1 for all i # j,

h7g = (—1)*" (mod 8),

if x5 is even,
if z3 is odd,

if x5 is even,
if x5 is odd.

vp(h7,8)+1 +pup(h7,8) )

= h1ghs g H P

-1
plhs,s P

p+1-—

= hishsshsshrs H

—1
plhs,s p

2
pvp(hs,s)

IT°"
plh,s
p+1-—

2
H pr(h7,8)
p—1

p—1

plh7.s
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and

-2 -2
( ) h= () hi,ghsshs shrs = (—1)%3(—1)*"hy ghs shs shr s.
h hs ghz.s

Thus
11 (U () - <—2> ” <pup<h>—1)> _ (_]12) h
plh p
PH1l-—des p+1l— oty
if and only if H 5 —pl ® H - _i”l s (_1)ac5+m7
plhs,s plhz7,s
PH1- i

if and only if H
plhs,shrs

_ (_1)ZP|h5,8h7,8 Vp(h5,8h7,8).

p—1

Similar to the proof of (i), we have

II

plhs,gh7 s

p+1-—
p—1

2
prr(h5,8h7.8)

— (_1)Zp\ll5~8h7‘8 vp(hs,sh7,s)

if and only if v, (hs shrg) =0 for all p | hs shrs
if and only if hs ghr g =1
if and only if n = 2ah%78h§78

if and only if n € 2*M3.

(iii) The proof is similar to that of (i), except that

hisz:= H pr™ and  hg g = H pr
plh plh
p=1 (mod 3) p=2 (mod 3)

are used in place of h; 4 and hg 4.

(iv) The proof is similar to the previous parts using

heri= [ p*™, r=1,2,34,56.
plh
p=r (mod 7)

O

Lemma 3.2. Let h € N satisfy (h,6) = 1. Let A,B,C € R satisfy A > C >0 and
B > 0. Let m € Ny satisfy
B

A-C

2m >
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Then

- B (o () - ()0 () > c2on

plh

Proof. As (h,6) =1, we can define positive integers hq 3 and ho 3 as in the proof of
Lemma 3.1 (iii) so that h = hy 3ho 3. We have

_ vp(ha,3)+1 vp(ha,3) _
I (7 () = (22) o (o1) ) =g [T L brre 22
P ’ p—1

plh plh2,3

Hence, we obtain

o) (2)el) - L 2
plh

plha,3

As 2™ > L we have A2™ — B > C2™. Thus

A-C
A2™ — B -3
J— vp(h)\ _ [ 2 vp(h)—1 m
i () = (5) (o)) > 2
plh
from which the asserted inequality follows. O

4. Spinor Regular Ternaries with Discriminant 2"

The thirteen spinor regular positive-definite ternary quadratic forms f = f(x,y, 2)
which are not regular and have discriminant A = 2" for some r € N are those with
identification numbers A1-A13 in Table 1.1. We determine their representation
numbers in this section.

When considering the representation of n € N by f(z,vy, z), we use the integers
a = va(n), and g, h and n*, which are defined uniquely in terms of n by (1.6), (1.7)
and (1.5), respectively. We have

n = 2%gh?, (4.1)
where
a €Ny, g,heN, gsquarefree, (gh,2)=1, (4.2)
and
a—2[a/2 I
=, ws

We now state and prove formulas for the representation numbers of the forms
A1-A13. All of these formulas involve the quantities defined in (4.1)—(4.3), as well
as I(n), which is defined in (1.8). We begin with A1l.



INTEGERS: 21 (2021) 30

Theorem 4.1. Let f denote the form A1, that is, f = 222 +2y% + 522 + 2yz + 2zx.
If (a,9) # (0,1), we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table 4.1.

«@ g k¢(n)

0 g=1(mod 4),g#1 4

g =3 (mod 4) 0

1 g =1 (mod 4) 4

g =3 (mod 4) 0

2 g=1 1
g=1 (mod 4),g #1 8

g =3 (mod 4) 0

3 4
even >4 | g=1 6
g=1(mod 4),g#1 12

g= 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 5 12

Table 4.1: Values of k¢ (n)

If (o, g) = (0, 1), we have

r(fin) = 2i(n) — 2 (_hl> h.

Proof. Recall for k € N we set wy, = €27/ 50 that wg = %(1—}—2)\/5 By Theorem 2.1
(i) and Proposition 2.1, we obtain for all n € N

r(fin) = s(n)r(1,1,4,0,0,0;n) + r (1, 1,4,0,0,0: g) +t(n),

141 1 . 1 -1+ 1
wgf gzw§n+7w§niiw§n+ + 6n Z

i ™
3 3 3 Wy +§w8 +
if n=0,3 (mod 4) or n =6 (mod 8),

if n=1 (mod 4),
if n =2 (mod 8),

= o= O 00| .
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% if a=0,g =1 (mod 4),
0 ifa=0,9=3(mod4),

=<1 ifozzl,gzl(rnodéjl)7
0 ifa=1,g=3 (mod4),
0 ifa>2,

and
Hn) = -2 (;i) vn if n = odd square _ -2 (%1) h ifa= 9,9 =1,

0 otherwise 0 otherwise.

By Table 1.1 we have A = 26 so that r = 6 is even and thus by (4.3) n* = 2072*/2lg,
If 4 | n, we have (%)* =n* and I(n/4) = I(n) by (1.9) and (1.10).
By Proposition A.1 we have

r(1,1,4,0,0,0;n) = k(n)l(n)h(Q(v/—n*)),

where

4 ifa=0,9g=1,
8 ifa=0,g=1 (mod4),g+#1,
0 ifa=0,9g=23(mod4),
4 ifa=1,

k(n) = 6 %fa(even)Z?,g:L
12 if a (even) >2,g =1 (mod 4),g # 1,
8 if a (even) > 2,9 =3,
24 if o (even) > 2,9 =3 (mod 8),g # 3,
0 ifa(even)>2,9g="7 (mod 8),
12 if a (odd) > 3.

Also by Proposition A.1 we have

r(1,1,4,0,0,0;n/4) = k(n/4)l(n/4)h (Q ( - (Z)))
= k(n/4)l(n)h(Q(v=n")),
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where
0 ifa=0,1,
4 ifa=2¢g=1,
8 ifa=2,g=1(mod4),g+#1,
0 if a =2,9 =3 (mod 4),
4 if « =3,
k(n/4) =46  if a (even) > 4,9 =1,
12 if a (even) > 4,9 =1 (mod 4),g # 1,
8 if a (even) > 4,9 = 3,
24 if a (even) > 4,9 =3 (mod 8),g # 3,
0 ifa(even) > 4,9 =7 (mod 8),
12 ifa (odd) > 5.
Thus, we have
3-4+0=2 ifao=0,9=1,
%-84—0:4 ifa=0,g=1 (mod4),g# 1,
0-0+40=0 if a =0,9 =3 (mod 4),
1-44+0=4 ifa=1,9g=1 (mod 4),
0-4+0=0 ifa=1,9g =3 (mod 4),
0-6+4=4 ifa=2¢g=1,
0-124+8=38 ifa=2,g=1 (mod 4),g # 1,
s(n)k(n) +k(n/4) =40-(8,24,0)+0=0 ifa=2,9=3 (mod 4),
0-124+4=4 if a =3,
0-6+6=6 if a (even) > 4,9 =1,
0-12+12 =12 if a (even) >4,g=1 (mod 4),g # 1,
0-8+8=8 if a (even) > 4,9 =3,
0-24424=24 if a (even) > 4,9 =3 (mod 8),g # 3,
0-0+40=0 if a (even) > 4,g =7 (mod 8),
0-124+12=12 if a (odd) > 5,
_[2 if (0, 9) = (0,1),
"~ | kf(n) (of Table 4.1)  if (o, g) # (0,1
Hence, we obtain
r(fin) = (s(n)k(n) + k(n/4)) 1(n)L(Q(V~n)) + t(n)
_ {m(n)h(@w—T*)) —2(H) b if (a.9) = (0,1),
kg (n)1(n)R(Q(v=n%)) if (a, 9) # (0,1).
The proof is completed by noting that when (a,g) = (0,1) we have n* = 1 so

h(Q(v=n¥)) = h(Q(V-1)) = 1. 0
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Theorem 4.1 enables us to determine the positive integers n that are not rep-
resented by f by determining those n such that r(f;n) = 0. For those n with
(a,9) # (0,1) these integers follow from Table 4.1. For those with («a,g) = (0,1)
these n are given by I(n) — (_Tl) h = 0 and can be determined by means of
Lemma 3.1. We carry out the details and the positive integers not represented
by f=(2,2,5,2,2,0) are given in Table A.17. These integers were first determined
by Lomadze [19, Corollary 2, p. 141].

If (v, g) # (0,1), we deduce from Theorem 4.1 that r(f;n) = 0 occurs precisely
when « and g satisfy

a=0,g=3 (mod 8), or
a=1,g=3 (mod 4), or
a=2,g=3 (mod 8), or
a (even) > 0, g =7 (mod 8),

that is, when n = 8143, 8146, 321 +12, 4%(81+7) for some k, [ € Ny. If (o, g) = (0, 1)
by Theorem 4.1 and Lemma 3.1 (i) we have

-1
r(f;n) =0 if and only if [(n) = (h) h if and only if n € M}

Hence, n is represented by f if and only if n does not belong to any of the progres-
sions 81 + 3,81 + 6,320 4 12,4%(81 +7) (k,l € Ng), M?2.

Since the method of finding the positive integers not represented by each of the
27 spinor regular forms alone in their spinor genus is in principle the same, we only
give the details for a few of the forms and leave the remainder to the reader. For
seven of these forms Lemma 3.2 is used. The non-represented positive integers are
listed in Table A.17. Next, we give the representation number r(f;n) when f is the
form A2.

Theorem 4.2. Let f denote the form A2, that is, f = x? + 4y? + 922 + dyz. If
(a,9) # (1,1), we have

r(fin) = kp(n)l(n)h(Q(V—=n*)),

where the values of k¢(n) are given in Table 4.2.
If (o, g) = (1,1), we have

r(f;n) = 2l(n) — 2 (‘h> h.
Proof. By Theorem 2.1 (ii) and Proposition 2.1, we obtain for all n € N

r(fin) = s(n)r(1,1,8,0,0,0;n) +r (1, 1,8,0,0,0: %) +t(n),
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« g k¢ (n)

0 g=1 (mod 4) 2

g =3 (mod 4) 0

1 g=1(mod4),g#1 4

g =3 (mod 4) 0

2 g =1 (mod 4) 4

g =3 (mod 4) 0

3 g=1 4
g=1(mod4),g#1 8

g =3 (mod 4) 0

4 4
odd >5 | g=1 6
g=1(mod4),g#1 12

g= 8

g =3 (mod 8),g #3 24

g =7 (mod 8) 0

even > 6 12

Table 4.2: Values of k¢(n)

U8 8 8 8 4 10 ifn=0,3 (mod 4),

ifa=0,g=1 (mod 4) or a =1,

Il
——
O =

otherwise,

and

2< _1) n/2 if n =2 x odd square,

t(n) = V/n/2
0 otherwise,
25 R ifa=1g=1,
o otherwise.

34

Appealing to Proposition A.2 for the formula for r(1,1,8,0,0,0;n), we obtain The-

orem 4.2.

O

From Theorem 4.2 using Lemma 3.1 we determine exactly which positive integers
are not represented by the form A2. These are given in Table A.17. Next, we

determine the representation number r(f;n) when f is the form A3.
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Theorem 4.3. Let f denote the form A3, that is, f = 222 + 5y% + 822 + 4yz + 2xv.

If (a,9) # (0,1),(2,1), we have
r(fin) = ky(n)l(n)h(Q(V=n")),

where the values of k¢(n) are given in Table 4.3.

o g ky(n)

0 g=1(mod 4),g#1 2

g =3 (mod 4) 0

1 g =1 (mod 4) 2

g =3 (mod 4) 0

2 g=1 (mod 4),g #1 4

g =3 (mod 4) 0

3 g =1 (mod 4) 4

g =3 (mod 4) 0

4 g=1 1
g=1(mod 4),g#1 8

g =3 (mod 4) 0

5 4
even >6 | g=1 6
g=1 (mod 4),g #1 12

g=3 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 7 12

Table 4.3: Values of k;(n)

If (a,9) = (0,1), we have

If (o, g) = (2,1), we have

r(fin) = 21(n) — 2 (‘hl) h

Proof. By Theorem 2.1 (iii) and Proposition 2.1, we obtain for all n € N
r(f;n) = s(n)r(1,1,4,0,0,0;n) +r (1, 1,4,0,0,0; %) + t(n),

where

32 ]
s(n) = ajwly
j=1
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and the a; are given by

36

_(—7_1)& j=1,3,5...,31,
-+ -4 ﬁ i j=2,6,10,...,30,
o =)t ()i i=a12.2028
-4 -k % i j=8,24,
3 J =16,
% j =32,
and
—(\7—%)\/5 if n = odd square,
t(n) = —2( _711/4> n/4 if n =4 x odd square,

otherwise.

A short calculation using

W32=%\/2+\/2+\/§+%\/2—\/2+\/§

yields
1 ifn=1 (mod 4),
s(n) = % ?fnz?(modé%),
3 if n=4 (mod 16) or n =8 (mod 32),
0 otherwise,
1 ifa=0,g=1 (mod 4),
)3 ifa=1,g=1 (mod 4),
B % ifa=2,¢g=1(mod4) ora=3,9g=
0  otherwise.
Also
—(F)h i (ag)=(01),
0 otherwise.

Appealing to Proposition A.1 for the formula for r(1, 1,4, 0,0,

orem 4.3.

1 (mod 4),

0;n), we obtain The-
O
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The positive integers not represented by the form A3 are given in Table A.17.
Next, we determine the representation number r(f;n) when f is the form A4.

Theorem 4.4. Let f denote the form A4, that is, f = 4z + 4y® + 522 + 4zx. If
(c,g) # (0,1), we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table 4.4.

«@ g k¢(n)

0 g=1(mod 4),g#1 2

g =3 (mod 4) 0

1 0

2 g=1 4
g=1 (mod 4),g #1 8

g =3 (mod 4) 0

3 4
even >4 | g=1 6
g=1 (mod 4),g#1 12

g= 8

g =3 (mod 8),g#3 24

g =7 (mod 8) 0

odd > 5 12

Table 4.4: Values of ks (n)

If (a,g) = (0,1), we have

r(fin) = I(n) — <_hl> h.

Proof. By Theorem 2.1 (iv) and Proposition 2.1, we obtain for all n € N

r(f;n) =s(n)r(1,1,4,0,0,0;n) +r (1, 1,4,0,0,0; %) + t(n),

where
1 1 0 ifn even 0 ifa>1
= ——(—1 n_|_,: — i S}
s() =—g=1) {}1 ifnodd} {}1 if =0,
and

() = {— (;—%)\/ﬁ ifnzoddsquare}:{—(_hl)h ifa=0,9g=1,

0 otherwise 0 otherwise.
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Appealing to Proposition A.1 for the formula for (1, 1,4, 0,0, 0;n), we obtain The-
orem 4.4. O

The positive integers which are not represented by the form A4 are given in
Table A.17. They were first determined by Lomadze [19, Corollary 2, p. 144].
Next, we determine the representation number r(f;n) when f is the form A5.

Theorem 4.5. Let f denote the form A5, that is, f = 4x% + 9y% + 922 + 2yz +
dzx + 4xy. If (o, g) # (0,1), we have

r(fin) = kg (m)l(n)h(Q(V-n%)),

where the values of ky(n) are given in Table 4.5.

« g k¢(n)
0 g=1 (mod 8),g #1 2
g =3,5,7 (mod 8) 0

1 0
2 g=1 2
g=1 (mod 4),g #1 4

g =3 (mod 4) 0

3 0
even >4 | g=1 6
g=1(mod 4),g#1 12

g= 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 5 12

Table 4.5: Values of kf(n)

If (o, g) = (0,1), we have

-1
r(f;n) =1(n) — <> h.
h
Proof. By Theorem 2.1 (v) and Proposition 2.1, we obtain for all n € N

r(fin) = s(n)r(1,4,4,0,0,0;n) + r (1,4,4,0,0, 0; g) +t(n),

otherwise otherwise,

(n) {; ifn=1 (modS)} {é ifa=0,9=1 (mod 8),
s(n) = =
0
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and

() = {— (\7—%)\/5 ifnzoddsquare}_{(‘hl)h ifa=0,g=1,

0 otherwise o otherwise.

Appealing to Proposition A.3 for the formula for r(1,4,4,0,0,0;n), we obtain The-
orem 4.5. O

The positive integers not represented by the ternary quadratic form A5 are given
in Table A.17. They were first determined by Lomadze [19, Corollary 2, p. 146].
Next, we determine the representation number r(f;n) when f is the form A6.

Theorem 4.6. Let f denote the form A6, that is, f = 4x% + 5y% + 1322 + 2yz. If
(a,g) # (0,1), we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table 4.6.

«@ g ky(n)

0 g=1 (mod 4),g #1 1

g =3 (mod 4) 0

1 0

2 g=1 2
g=1 (mod 4),g #1 4

g =3 (mod 4) 0

3 g=1 (mod 4) 0

g =3 (mod 4) 4

4 g=1 1
g=1 (mod 4),g#1 8

g =3 (mod 4) 0

5 4
even >6 | g=1 6
g=1 (mod 4),g #1 12

g=3 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 7 12

Table 4.6: Values of k¢ (n)
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If (o, g) = (0,1), we have

r(fim) = 3ln) — (‘hl> h.

Proof. By Theorem 2.1 (vi) and Proposition 2.1, we obtain for all n € N

r(fin) = s(n)r(1,4,5,4,0,0;n) +r (1,4, 5,4,0,0; %) +t(n),

where
1 n 1 0 ifn even 0 ifa>1,
st) = (-1 42 =40 _ 0 ez
8 7 ifnodd ;7 ifa=0,
and
Hn) = -1 (_—i)\/ﬁ if n = odd square _ —1(5H)h ifa=0,g=1,
0 otherwise 0 otherwise.

Appealing to Proposition A.4 for the formula for r(1,4,5,4,0,0;n), we obtain The-
orem 4.6. O

The positive integers not represented by the form A6 are listed in Table A.17.
Next, we determine the representation number r(f;n) when f is the form A7.

Theorem 4.7. Let f denote the form A7, that is, f = bax? +8y? + 822 + 4zx + 4xy.
If (a,9) # (0, 1), (2,1), we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table 4.7.

e g k¢(n)
0 g=1(mod 4),g#1 1
g =3 (mod 4) 0
1 0
2 g=1 (mod 4),g #1 4
g =3 (mod 4) 0
3 g=1 (mod 4) 4
g =3 (mod 4) 0
4 g=1 1
g=1 (mod 4),9g #1 8
g =3 (mod 4) 0
5 4
Continued on next page
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« g k¢(n)
even >6 | g=1 6
g=1 (mod 4),g #1 12

g=3 8

g =3 (mod 8),g#3 24

g =7 (mod 8) 0

odd > 7 12

Table 4.7: Values of ks (n)

If (a,g9) = (0,1), we have

r(fin) = %l(n) — % (_hl> h.
If (o, g) = (2,1), we have

r(fin) = 2i(n) — 2 (_hl> h.

Proof. By Theorem 2.1 (vii) and Proposition 2.1, we obtain for all n € N

r(fin) = s(n)r(1,1,4,0,0,0;n) +r (1, 1,4,0,0,0; %) +t(n),
where
$ ifn=1 (mod4),
s(n) =4 % ifn=4 (mod 16) or n = 8 (mod 32),
0 otherwise,
i ifa=0,g=1 (mod 4),
= % ifa=2,g=1 (mod 4) ora =3,9g =1 (mod 4),
0 otherwise,
and
—% :/—%) Vn if n = odd square,
t - — —1 1 =
(n) 2 n/4> Vvn/4 if n =4 x odd square,
0 otherwise,
CLEDE fa=09=1,
=¢-2(57)h ifa=2g=1,
0 otherwise.

Appealing to Proposition A.1 for the formula for (1, 1,4, 0,0, 0;n), we obtain The-
orem 4.7. O
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The positive integers not represented by the form A7 are given in Table A.17.

Next, we determine the representation number r(f;n) when f is the form AS.

Theorem 4.8. Let f denote the form AS, that is, f = 42 + 8y? + 1722 + dzx. If

(o, 9) # (0,1), we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table 4.8.

«@ g k¢(n)
0 g=1 (mod 8),g #1 1
g =3,5,7 (mod 8) 0

1 0
2 g=1,3 (mod 8) 2
g=>5,7 (mod 8) 0

3 g=1 2
g=1(mod 8),g #1 4
g=3 4
g=3 (mod 8),g #3 12

g =>5,7 (mod 8) 0

4 2
5 g=1 2
g=1 (mod 4),9g #1 4

g= 8
g=3 (mod 8),g #3 24

g =7 (mod 8) 0

6 4
odd>7 | g=1 6
g=1 (mod 4),g #1 12

g= 8
g=3 (mod 8),g #3 24

g =7 (mod 8) 0

even > 8 12

Table 4.8: Values of ks (n)

If (o, g) = (0,1), we have
2

r(fin) =1(n) — (‘h) h.

Proof. By Theorem 2.1 (viii) and Proposition 2.1, we obtain for all n € N

r(fin) = s(n)r(1,2,16,0,0,0;1) + r (1, 2.16,0,0, 0; %) +t(n),
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where
i 1 i 1 L ifn=1 (mod 4)
— 221 Yroan - 2 B
s(n) 8Z 8( ) 8( )"+ 8 { otherwise,
_ 1 ifa=0,g=1 (mod 4),
0  otherwise,
and
Hn) —(_—i)\/ﬁ if n = odd square —(53)h ifa=0,g9=1,
n)= =
0 otherwise 0 otherwise.

Appealing to Proposition A.5 for the formula for r(1,2,16,0,0,0;n), we obtain
Theorem 4.8. O]

The positive integers not represented by the form A8 are given in Table A.17.
They were first determined by Lomadze [19, Corollary 2, p. 150]. Next, we determine
the representation number r(f;n) when f is the form A9.

Theorem 4.9. Let f denote the form A9, that is, f = 922 + 9y? + 1622 + 8yz +
8zx + 2xy. If (a,g) # (0,1),(2,1), we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table 4.9.

« g k¢(n)

0 g=1 (mod 8),g #1 1
g=3,5,7 (mod 8) 0

1 0

2 g=1 (mod 4),9g #1 2

g =3 (mod 4) 0

3 0

4 g=1 4
g=1 (mod 4),g #1 8

g =3 (mod 4) 0

5 4
even >6 | g=1 6
g=1 (mod 4),g #1 12

g=3 8

g =3 (mod 8),g#3 24

g =7 (mod 8) 0

odd > 7 12

Table 4.9: Values of ks (n)
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If (o, g) = (0,1), we have

If (a,g9) = (2,1), we have

r(fin) = U(n) — <_hl> h.

Proof. We recall that wyg = e2™/16 = % (\/2 +V2+ i\/2 - \/i) By Theorem 2.1

(ix) and Proposition 2.1, we obtain for all n € N
r(fin) = s(m)r(1,1,4,0,0,0:m) + 7 (1,1,4,0,0,0: 1) + t(n),
where

—1 n n n n i n n n n

s(n) = % (wis +wis +wis +wig") + % (wis +wig +wig" +wig")
1 , o , .
35 (—4 +3v2— 32\/5) Wi + 31 (—4 —3V2— 32\/5) W0

1 1
+ 2 (—4-3v2+3v2) wif" + = (—4+3v2+3iv2) witr

1 5
— (2 = 3i)wit + @(2 + 3i)widt — — W +

—_
O =
[\

if n =1 (mod 8)
if n=4 (mod 16) » =

if a=0,9g =1 (mod 8),
ifa=2,9g=1 (mod 4),

O o= ol
O o= ool

otherwise otherwise,
and

_l’_
—% if n = odd square,
tn) =4 — ( —1 ) n/4 if n =4 x odd square,

0 otherwise,

—
S

~—
B

—3(7)h fa=0,g=1,
=q—(F)r ifa=2,9=1,
0 otherwise.

Appealing to Proposition A.1 for the formula for r(1,1,4,0,0,0;n), we obtain The-
orem 4.9. O

The positive integers not represented by the spinor regular ternary form A9 are
given in Table A.17. Next, we determine the representation number 7(f;n) when f
is the form A10.



INTEGERS: 21 (2021) 45

Theorem 4.10. Let f denote the form A10, that is, f = 4z + 9y? + 3222 + 4xy.
If (,9) # (0,1), we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table 4.10.

o g ky(n)

0 g=1 (mod 8),g #1 1

g =3,5,7 (mod 8) 0

1 0

2 g=1 2
g=1 (mod 8),g #1 4
g=3,5,7 (mod 8) 0

3 0

4 =1 2
g=1 (mod 4),g #1 4

g= 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

5 4
even >6 | g=1 6
g=1 (mod 4),g #1 12

g= 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 7 12

Table 4.10: Values of ky(n)

If (a,g) = (0,1), we have

r(fin) = %l(n) — % (‘;) h.

Proof. By Theorem 2.1 (x) and Proposition 2.1, we obtain for all n € N

r(fin) = s(n)r(1,8,8,0,0,0;n) +r (1, 8,8,0,0,0: %) +t(n),

(n) 1( 1)"-1-1 if n is even 0 ifa>1,
s\n)=——_— —_ = =
8 8 % if nis odd % if a =
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and

t(n)—{_é(\/%)\/ﬁ ifnzoddsquare}_{%(_hl)h ifa=0,9g=1,

0 if n # odd square ~\o otherwise.

Appealing to Proposition A.6 for the formula for r(1,8,8,0,0,0;n), we obtain The-
orem 4.10. O

The positive integers not represented by the spinor regular ternary form A10 are
given in Table A.17. Next, we determine the representation number 7(f;n) when f
is the form A11.

Theorem 4.11. Let f denote the form A11, that is, f = 52% + 13y? + 1622 + 2xy.
If (a,9) # (2,1), we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table 4.11.

«@ g ky(n)

0 g=1,3,7 (mod 8) 0

g =5 (mod 8) 1

1 0

2 g=1(mod 4),g#1 2

g =3 (mod 4) 0

3 0

4 g=1 1
g=1 (mod 4),g #1 8

g =3 (mod 4) 0

) 4
even >6 | g=1 6
g=1(mod4),g#1 12

g=3 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 7 12

Table 4.11: Values of ks (n)

If (a,g9) = (2,1), we have
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Proof. By Theorem 2.1 (xi) and Proposition 2.1, we obtain for all n € N

r(f;n) =s(n)r(1,1,4,0,0,0;n) + r (1, 1,4,0,0,0; E) + t(n),

16
where
—1 n n n n { n n n n
s(n) = 9% (wis +wig +wif +wig") + % (Wit +wif +wig" +wig")
1 ) n L ; n
35 (—4 —3V2 4 31\@) B+ 25 (—4 +3V2+ 3zx/§> WO
1 . 1 .
35 (—4+3v2-3v2) wif" + =i (~4-3v2-3iv2) witr
192 107 192 10192710 T 192
and
Y s U VAT T N
tn) = (\/ﬁ/2> 5 if n =4 x odd square,
0 otherwise.
Using
(—1)"/84 if n =0 (mod 8),
Wi +wig +wis +wie = (=1)N/84;  if n =4 (mod 8),
0 if n Z 0 (mod 4),
(—1)7/84 if n =0 (mod 8),
Wi+ wlE Fwip" Fwig” = { (=1 /84 if p =4 (mod ),
0 if n # 0 (mod 4),
2n 6n 10n 14n (_1)n/44 ifn=0 (mOd 4)’
+ Wi +wig" +wig" =
16 T Ie TR TG 0 if 7% 0 (mod 4),

10n 14n

( )
wi (2 — (=1)("=Y/224) if n =1 (mod 2),
wig +wif —wig" —wig" = E ;

Wi (24 (-1)(=D/22))  ifn =

2(=1)"/2 ifn=0 (mod 2),
0 if n=1 (mod 2),

4n 12n
Wie T Wi =

0 if n =0 (mod 2),
2i" ifn=1 (mod 2),

4n 12n
Wig — Wi =

2n 6mn 10n 14n __
Wig —Wig — Wig T Wig = {
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we obtain
0 if n=0,1,2,3,6,7 (mod 8),
s(n) = ﬁ (1 + (_1)(7174)/8) if n =4 (mod 8),
i if n=>5 (mod 8).
Also

0 otherwise.

t(n) = { (F)h if (a,9) = (2,1),

Appealing to Proposition A.1 for the formula for r(1,1,4,0,0,0;n), we obtain The-
orem 4.11. O

The positive integers not represented by the spinor regular ternary form A1l are
given in Table A.17. Next, we determine the representation number 7(f;n) when f
is the form A12.

Theorem 4.12. Let f denote the form A12, that is, f = 922+ 17y? + 3222 —Syz +
8zx + 6zy. If (o, g) # (0,1),(2,1),(4,1), we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table 4.12.

a g kp(n)
0 g=1(mod 8),9g #1 3
g=3,5,7 (mod 8) 0

1 0
2 g=1(mod 4),g#1 1
g =3 (mod 4) 0

3 0
4 g=1 (mod 4),g #1 4
g =3 (mod 4) 0

5 g =1 (mod 4) 4
g =3 (mod 4) 0

6 g=1 4
g=1 (mod 4),g #1 8

g =3 (mod 4) 0

7 4
even >8 | g=1 6
g=1(mod 4),g#1 12

= 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 9 12

Table 4.12: Values of kf(n)
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If (a, g) = (0,1), we have
r(fim) = gln) — (‘1> h.
IF (ag) = (2,1), we have
r(fin) = %l(n) _1 (‘1> .
IF (arg) = (4,1), we have

r(f;n) = 2l(n) — 2 (—}:) h.

Proof. By Theorem 2.1 (xii) and Proposition 2.1, we obtain for all n € N

n

r(fin) = s(n)r(1,1,4,0,0,0;n) +r (17 1,4,0,0,0; 64) +t(n),

where
; 127 1 1 126
_ Jjn in
s(n) = “3%1 J; <]> Wigg — 334 ; Wiag
7=1 (mod 2) j=2 (mod 4)
; 126 1 ' 1 124 .
Jmn n
~ 192 Z:: (j/?) “i2s ~ 3q7 ; Wi2g
j=2 (mod 4) j=4 (mod 8)
1 120 ; 120 1
Jjn B jn
+ 198 Z “i28 T 799 Z <]/8> Wiag
7=8 =8
j=8 (mod 16) j=8 (mod 16)
112 112
1 ) V2 2 )
rm L b Y ()
384 =6 256 =6 j/16
j=16 (mod 32) j=16 (mod 32)
. 112
2 -2 in ) ” "
~ 256 Z <]/16) wigg + 331 (wisg + wisy)

j=16
j=16 (mod 32)

i 32n 96n 1 n 1
198 (wisg — wivg) + @(*1) + 18
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and

if n = odd square,

_1 — ; —
o) = 5 (\/m) n/4 if n =4 x odd square,
_ -1 e
2 (m> /n/16  if n =16 x odd square,
0 otherwise,
-1 () h fa=0,g9=1,
_ )5 (F)h ifa=29=1,
—2(%)/1 ifa=4,9g=1,
0 otherwise.

Making use of the results

£ ().
=1 J
j=1 (mod 2)

126

2

=2
j=2 (mod 4)

126

> w]

Jj=2
j=2 (mod 4)

12

jn
Wigg =

Jn o _
Wi2g =

8 —

W128

Jj=
j=4 (mod 8)

12

W12

Jj=
j=8 (mod 16)

120

>

Jj=8
j=8 (mod 16)
112

2
2

4
4
0
8
3/8 “i

W12
j—16
j=16 (mod 32)

112

>

=16
j=16 (mod 32)

8
8
8
8

(57a)

{

St
b
b
w=
b
St

(_

0

(_

0

1)(n_32)/6464i

1)"/3232  if n =0 (mod 32),

if n Z 0 (mod 32),

1 (n—16)/3232i

—1)*/1616  if n =0 (mod 16),
if n # 0 (mod 16),
—1)*/88 if n=0 (mod 8),

if n # 0 (mod 8),

—1)("=4/88; if n =4 (mod 8),
if n # 4 (mod 8),
—1)**4  if n =0 (mod 4),

if n# 0 (mod 4),

—1)("=1/29y/2  if n =1 (mod 2),

if n =0 (mod 2),

if n =32 (mod 64),
if n # 32 (mod 64),

if n =16 (mod 32),
if n # 16 (mod 32),

50
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=16
j=16 (mod 32)

32n 96n

—1)™/22
wisg +wizg = 1"+ = {( )

, o 0
¢ ( %Sgl - wi)gg) = Z(’L b - Z3n) = {(1)(n+1)/22

we obtain

S g g

|
S e gl 5

112 9 i
Z e | Wi2s =
j/16

2v/2i  ifn=1,3 (mod 8),
—2v2i  if n="5,7 (mod 8),
0 if n £ 1 (mod 2),

if n =0 (mod 2),
0 if n=1 (mod 2),

if n =0 (mod 2),
if n=1 (mod 2),

if n =1 (mod 8),

if n =4 (mod 16),

if n = 16,32,80 (mod 128),
otherwise,

ifa=0,9g=1 (mod 8),
ifa=2,9g=1 (mod 4),
ifa=4,5,g=1 (mod 4),

otherwise.

51

Appealing to Proposition A.1 for the formula for r(1,1,4,0,0,0;n), we obtain The-

orem 4.12.

O

The positive integers not represented by the spinor regular form A12 follow from
Theorem 4.12 and are listed in Table A.17. They were obtained by Berkovich [3,
Theorem 4.7] in a different way. Next, we determine the representation number

r(f;n) when f is the form A13.

Theorem 4.13. Let f denote the form A13, that is, f = 922 +16y%+362%+16yz+

dzx + 8xy. If (o, g) # (0,1),(2,1),

we have

r(fin) = kp(n)l(n)h(Q(V—=n*)),

where the values of ky(n) are given in Table 4.13.

If (o, g) = (0,1), we have

If (a,9) = (2,1), we have
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o g kg(n)

0 =1 (mod 8),9 # 1 i

g =3,5,7 (mod 8) 0

1 0

2 g=1(mod8),g#1 2

g =3,5,7 (mod 8) 0

3 0

4 g=1 2
g=1(mod4),g#1 4

g =3 (mod 4) 0

5 0
even > 6 | g=1 6
g=1(mod4),g#1 12

g=3 8

g =3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 7 12

Table 4.13: Values of kf(n)

Proof. By Theorem 2.1 (xiii) and Proposition 2.1, we obtain for all n € N

r(f;n) = s(n)r(1,1,4,0,0,0;n) +r (1, 1,4,0,0,0; %) +t(n),

where
63 63
1 ; 1 -1 ;
- Jn _ _ Jn
7=1 (mod 2) j=1 (mod 2)
P2 (2 V(22
384 j2) 7 s o ij2) "%
j=2 (mod 4) j=2 (mod 4)
60 . 60
1 ; 1 -1 ;
Jn Jn
% X it X (Gp)en
j=4 j=4
j=4 (mod 8) j=4 (mod 8)
56 56
1 4 V2 2 ,
Jn jn
X e 2 ()
j=8 (mod 16) j=8 (mod 16)

. 56
V2 —2 jn 1 16n 48n
~ 956 Z <]/8) Wy — 192 (wes"™ +wes")

j=8 (mod 16)

52
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? . ) 1
~ o (et — ") — g + 5
and
-1 (\_/—717) Vn if n = odd square,
t(n) = q — ( _1/4) n/4 if n =4 x odd square,
n
0 otherwise,
-1 (F)h ifa=0,g=1,
=¢—(7)h ifa=2g=1,
0 otherwise.
Making use of the results
& : (—1)"/3232  if n =0 (mod 32)
> udi= s |
= 0 if n # 0 (mod 32),
j=1 (mod 2)
& <1> in {(—1)(”16)/323% if n.= 16 (mod 32),
— | Wgq = .
= J 0 if n # 16 (mod 32),
7=1 (mod 2)
62 ) 8v2  if n = 4,28 (mod 32),
> <J/2) & =14 —8V/2 ifn=12,20 (mod 32),
=2 ifnid 5 0 if n £ 4 (mod 8),
62 ) 8/2i if n = 4,12 (mod 32),
> (W) Wit =< —8v2i if n.= 20,28 (mod 32),
j52ﬂ£r=nid 5 0 if n #4 (mod 8),
60 n e
Z Wil = (—=1)*/88 if n. =0 (mod 8),
o 0 if n 20 (mod 8),
j=4 (mod 8)
% (-1) it~ (—=1)(=/88; if n =4 (mod 8),
o J/4 0 if n # 4 (mod 8),
j=4 (mod 8)
56 .
Z Wi — (=1)"*4  if n =0 (mod 4),
pr 0 if n £ 0 (mod 4),

j=8 (mod 16)

53
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56 2v2  ifn=1,7 (mod 8),

2 .
> <j/8) Wiy {2\/5 if n=3,5 (mod 8),
izs (j;fd 16) 0 if n =0 (mod 2),
56 » 2/2i if n=1,3 (mod 8),
Z (]/8) wiy =< =2v2i  if n=5,7 (mod 8),
=8 (J;Sd 16) 0 if n =0 (mod 2),
16n 48n -n -3n (_1)n/22 ifn=0 (mOd 2)7
—+ = —+ =
Wor e =T {0 if n=1 (mod 2),
. n n o 3n 0 if n =0 (mod 2),
el - ) = - ) = {

(=1)(»*+D/2if p =1 (mod 2),
we obtain

& ifn=1 (mod 8),
: if n =4 (mod 32),
—% if n=16,32 (mod 64),
0 otherwise,
& ifa=0,9=1 (mod 8),
K ifa=2,9g=1 (mod 8),
-3 ifa=4,9g=1 (mod4)ora=5,
0 otherwise.

Appealing to Proposition A.1 for the formula for r(1,1,4,0,0,0;n), we obtain The-
orem 4.13. O

The positive integers not represented by the spinor regular form A13 follow from
Theorem 4.13 and are given in Table A.17. They were obtained by Berkovich [3,
Theorem 4.5] in a different way.

5. Spinor Regular Ternaries with Discriminant 27 - 3°

The twelve spinor regular positive-definite ternary quadratic forms f = f(z,y, z)
which are not regular and have discriminant A = 2" - 3° for some r, s € N (with r
even) are those with identification numbers B1-B12 in Table 1.1. For those forms
which are alone in their spinor genus, that is, all except B4 and B11, we determine
their representation numbers for all n € N. For B4 and B11 we determine their
representation numbers for all even n € N.
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When considering the representation of n € N by f(x,vy, z), we use the integers
a = va(n), B = v3(n), as well as g, h and n*, which are defined uniquely in terms
of n by (1.6), (1.7) and (1.5), respectively. We have

n = 23712, (5.1)
where
a,8 €Ny, g,h€N, gsquarefree, (gh,6) =1, (5.2)
and
2a—2[a/2]36—2[5/2]g if s is even
o o ’ (5.3)
20—2[a/236+1-2[(B+1)/2l ¢ if 5 is odd.

We now state and prove formulas for the representation numbers of the forms
B1-B12. All of these formulas involve the quantities defined in (5.1)—(5.3) as well
as [(n), which is defined in (1.8). We begin with B1.

Theorem 5.1. Let f denote the form BI, that is, f = 322 + 3y® + 422 + 3xy. If
(o, B,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table 5.1.

af ] g | ks (n)
a(even) f3(even)
a=0,=0|g=1 (mod 24),9g # 1 9
g =>5,11,17,23 (mod 24) 0
g="7,13,19 (mod 24) 3
a=0,>2|g= 6
g=1,17 (mod 24),9 # 1 18
g=>5,7,11,13,19,23 (mod 24) 6
a>2 0= g=1 (mod 24),g #1 9.2%/2 — 6
g =5,11,17,23 (mod 24) 0
g =7,19 (mod 24) 3.29/2 -3
g =13 (mod 24) 3.20/2
022’522 g = 3'2a2+1_4
g=1,17 (mod 24),g # 1 9.20/2+1 _ 12
g =5,13 (mod 24) 3.20/2+1
g ="7,11,19,23 (mod 24) 3.20/2+1 _g
Continued on next page
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o, 8 | g | kg(n)
a(even) B(odd)
a=0,0>1|g=1 6
g=1,7,13 (mod 24),9 # 1 12
g =>5,11,17,23 (mod 24) 0
g =19 (mod 24) 36
a>2,>1]¢g=1 3.20/2%1 _¢
g=1,13 (mod 24),g # 1 3.20/2+2 _ 12
g =>5,11,17,23 (mod 24) 0
g =T (mod 24) 3.20/2+2
g =19 (mod 24) 9.20/242 _ 24
a(odd) 8 (even)
a=1,6>0 0
a>3,=0|g=1 (mod 6) 0
g =5 (mod 6) 3.20-1)/2 _3
a>353>2 3.20@tD/2 _g
a(odd) (odd)
a=1,>1 0
a>3,>1]g=1 (mod 6) 0
g=>5 (mod 6) 3.20@+3)/2 12

Table 5.1: Values of kf(n)

If (o, 8,9) = (0,0,1), we have

-3

r(fin) =3l(n) — 3 (h> h.

If (o, 8,9) = (2k,0,1), where k € N, we have

r(fin) = (322 = i) + 22

-3
i ) I

Proof. By Theorem 2.1 (xiv) and Proposition 2.1, we obtain for all n € N

where

s(n) =

L

|

r(f;n) =s(n)r(1,1,4,0,0,1;n) + t(n),

12
if n =1 (mod 3),
if n =2 (mod 3),
if n =0 (mod 3),

= O ol

(3—i\/§)w§+%<3+i\/§>w§"+l

2

56
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if « =0 (mod 2),8=0,9=1 (mod 3)
ora=1 (mod 2),8=0,9g=2 (mod 3),
=40 ifa=0(mod?2),3=0,g=2 (mod 3)
or =1 (mod 2),8=0,9g =1 (mod 3),
1 ifg>1,

N

and

3( 3) n  if n = odd square,

=
t(n) = (7%) Vn if n = even square,
0 otherwise,
=3(52)h it (@, 8,9) = (0,0,1),
=25 (52)h if (o, B,9) = (2k,0,1) (k €N),
0 otherwise.

o7

Appealing to Proposition A.7 for the formula for r(1,1,4,0,0,1;n), we obtain The-

orem 5.1.

O

The positive integers not represented by the spinor regular form B1 follow from
Theorem 5.1 using Lemmas 3.1 and 3.2. We give the details of the proof as we are

using Lemma 3.2 for the first time.
We define the conditions V, W, X, Y, Z by

Vi a=1,

W: a=0 (mod2),5=0,9g=>5 (mod 6),

X: a=1(mod?2),aa>3,=0,9g =1 (mod 6),

Y: a=0(mod2),8=1 (mod 2),g =5 (mod 6),

Z: a=1(mod2),a >3 =1 (mod 2),g =1 (mod 6).

Then we have

n = 41 + 2 if and only if V' holds,

n=3l+2,n # 4l + 2 if and only if W or X holds,

n = 9%(91 4+ 6),n # 41 + 2 if and only if Y or Z holds.
If (o, B, g) # (2k,0,1) for all k € Ny, by Theorem 5.1, we have

r(f;n) =0 if and only if kf(n) =0
if and only if V, W, XY or Z holds
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if and only if n = 31 + 2,41 + 2,9%(91 + 6).

If (a, B,9) = (0,0,1), by Theorem 5.1 and Lemma 3.1 (ii), we have
-3
r(f;n) =0 if and only if [(n) = (h) h if and only if n € M3.

, = (2k,0,1) for some k € N, by Theorem 5.1 and Lemma 3.2 (with
A=3, 2,C=1and m= § > 1), we have

r(fin) = (3272 = i) 4 2002 (

a/2 a/2p
2/2h>h>2 h—2%/%h = 0.

This completes the proof that n is not represented by Bl if and only if n belongs
to at least one of the progressions 31 + 2,41+ 2,9%(91 +6) (k,l € Ng), M2, as stated
in Table A.17. Next, we determine the representation number r(f;n) when f is the
form B2.

Theorem 5.2. Let f denote the form B2, that is, f = 322 + 4y% + 422 + dyz +
3zx + 3zy. If (o, B,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—=n*)),

where the values of k¢(n) are given in Table 5.2.

af | g | ky(n)
a(even) f3(even)
a=0,=0|g=1 (mod 24),9g # 1 3
g =>5,11,17,23 (mod 24) 0
g=17,13,19 (mod 24) 1
a=0,>2|g= 2
g=1,17 (mod 24),g9 # 1 6
g=>5,7,11,13,19,23 (mod 24) 2
a>2=0|¢g=1 (mod 24),g #1 15.29/2 6
g=5,11,17,23 (mod 24) 0
957 19 (mod 24) 5.24/2 3
g =13 (mod 24) 5.29/2
0422,522 g = 5.2a2+174
g=1,17 (mod 24),g # 1 15 - 20/2+1 _ 192
g =>5,13 (mod 24) 5. 20/2+1
g =17,11,19,23 (mod 24) 5.20/2+1 _g

Continued on next page
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o, 8 | g | kg(n)
a(even) B(odd)
a=0,3>1]g=1 2
g=1,7,13 (mod 24),9 # 1 4
g =5,11,17,23 (mod 24) 0
g =19 (mod 24) 12
a>28>1|g=1 5.20/2%L _¢g
g=1,13 (mod 24),g # 1 5.20/242 _ 19
g =5,11,17,23 (mod 24) 0
g =T (mod 24) 5.20/2+2
g =19 (mod 24) 15-20/2+2 24
a(odd) 8 (even)
a>1,=0| g=1 (mod 6) 0
g =5 (mod 6) 5.2(e-1/2 _3
a>1,8>2 5.9o@t)/2 _g
a(odd) B(odd)
a>1,>1]g=1 (mod 6) 0
g =>5 (mod 6) 5.2(0+3)/2 12

Table 5.2: Values of kf(n)

If (@, 8,9) = (0,0,1), we have
r(fin)=1(n) — <h3> h.

If (o, B,9) = (2k,0,1), where k € N, we have

r(fin) = (5-2%/2 = 2)i(n) — (z;ih) 2°/°h.

Proof. By Theorem 2.1 (xv) and Proposition 2.1, we obtain for all n € N
r(fin) =s(n)r(1,2,2,1,1,1;n) + t(n),

where

1 1 1
s(n) = — (3—i\/§>w§+ﬁ <3+i\/§)w§"+§
1 ifn=1 (mod 3),
0 ifn=2 (mod 3),
1

if n =0 (mod 3),

I
— e

59
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L ifa=0(mod?2),3=0,g=1 (mod 3)
ora =1 (mod 2),8=0,9=2 (mod 3),
=40 ifa=0(mod?2),3=0,g=2 (mod 3)
ora =1 (mod 2),8=0,g =1 (mod 3),
1 ifg>1,

and

t(n) = {_ (\_7737) vn i n = square,

0 otherwise,

_[-(G) 2 if (a,8,9) = (2k,0,1) (k € No),
0 otherwise.

Appealing to Proposition A.8 for the formula for 7(1,2,2,1,1,1;n), we obtain The-
orem 5.2. O

The positive integers not represented by the spinor regular form B2 are given in
Table A.17. They follow from Theorem 5.2 using Lemmas 3.1 and 3.2 similarly to
the proof for the form B1. Next, we determine the representation number r(f;n)
when f is the form B3.

Theorem 5.3. Let f denote the form B3, that is, f = x2 + Ty? + 1222 + zy. If
(o, B,9) # (2k,1,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—=n*)),

where the values of k¢(n) are given in Table 5.3.

af |

g
a(even) f3(even)

a=0,3=0]g=1 2
g=1,7,13 (mod 24),9 # 1 4
g =>5,11,17,23 (mod 24) 0
g =19 (mod 24) 12
6
12
0

a=0,>22|g=1
g=1,7,13 (mod 24),9 # 1
g =5,11,17,23 (mod 24)

g =19 (mod 24) 36
a>2=0]g=1 2021 9

g=1,13 (mod 24),g # 1 20/2+2 _ 4

g =>5,11,17,23 (mod 24) 0

g =T (mod 24) 20/ 242

g =19 (mod 24) 3.20/242 8

Continued on next page
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a,p g ky(n)
a>2>2|g=1 3.20/2%1 _g
g=1,13 (mod 24),g # 1 3.20/242 _ 12
g =5,11,17,23 (mod 24) 0
g =7 (mod 24) 3. 20/242
g =19 (mod 24) 9.20/2+2 _ 94
a(even) B(odd)
a=0,=1]¢g=1 (mod 24),g # 1 9
g =5,11,17,23 (mod 24) 0
g =7,13,19 (mod 24) 3
a=0,>3 | g=1 6
g=1,17 (mod 24),g # 1 18
g=5,7,11,13,19,23 (mod 24) 6
a>2 8= g=1 (mod 24),9 # 1 9.2%/2 _ ¢
g =5,11,17,23 (mod 24) 0
g =7,19 (mod 24) 3.29/2 -3
g =13 (mod 24) 3.20/2
a>2,>3|g=1 3.20/2+1 ¢y
g=1,17 (mod 24),g # 1 9.20/2+1 _ 19
g =>5,13 (mod 24) 3.20/2+1
g =7,11,19,23 (mod 24) 3.20/241 _ 6
a(odd) 8 (even)
a=1,6>0 0
a>3,6=0|g=1 (mod 6) 0
g =5 (mod 6) 2a+3)/2 4
a>3,>2| g=1 (mod 6) 0
g =5 (mod 6) 3.2(+3)/2 _ 13
a(odd) S (odd)
a=1,>1 0
a>3,=1|g=1 (mod 6) 0
g =5 (mod 6) 3.2(e-1/2 _3
a>3,>3 3.920FD/Z _g

Table 5.3: Values of kz(n)

If (o, 8,9) = (0,1,1), we have

r(fin) = 3i(n) — 3 (‘f) .

If (o, B,9) = (2k,1,1), where k € N, we have

r(fin) = (3-2%/2 = 2)l(n) + 2°/2 <

-3
2a/2h> h
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Proof. By Theorem 2.1 (xvi) and Proposition 2.1, we obtain for all n € N

r(fin) =s(n)r(1,1,12,0,0,1;n) + ¢(n),

where
s(n):—< —zxf) (w{}—f—wé”—i—wg")—i——(?)—i—zxf)( "4 Wi + Wi
36 36
. s 3n .
18 (2 V3) i + 18 (2 +iv3)uf T
and
-3 (\/%) n/3 if n = 3 x odd square,
t(n) = < 3/3) n/3 if n = 3 x even square,
0 if n # 3 X square.
As
w am o [308® i n =0 (mod 3),
0 if n 0 (mod 3),
and
" g — 3w2n/d if n =0 (mod 3),
’ 2 7o if n 20 (mod 3),
we deduce
% if n=1,4,7 (mod 9),
s(n) = i ?fnz?)(mod 9),
1 ifn=0 (mod9),
0 ifn=2,56,8(mod?9),
3 ifa=0(mod2),8=0,9=1 (mod 3)
ora=1 (mod 2),8=0,9g=2 (mod 3),
_ i ifa=0(mod2),8=1,9=1 (mod 3)
ora=1(mod 2),8=1,9g =2 (mod 3),
1 ifg>2,
0 otherwise,
and

3(52)h i (B,9) = (0,1,1),
t(n) = (%) 2°h i (a, B,9) = (2k,1,1) (k €N),
0 otherwise.
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Appealing to Proposition A.9 for the formula for r(1,1,12,0,0,1;n), we obtain
Theorem 5.3. O

The positive integers not represented by the spinor regular form B3 are given
in Table A.17. They follow from Theorem 5.3 using Lemmas 3.1 and 3.2. Next,
we consider the representation number 7(f;n) when f is the form B4. This spinor
regular form is not alone in its spinor genus. We are only able to evaluate r(f;n)
for even values of n € N.

Theorem 5.4. Let f denote the form B, that is, f = 32 + Ty? + 72% + 5yz +
3zx + 3xy. Suppose that n € N is even so that o > 1. If (a, 8,9) # (2k,0,1) for all
k € N then

r(fin) = kg(n)l(n)h(Q(v—n")),
where the values of k¢(n) are given in Table 5.4.
If (a, B,9) = (2,0,1), then

r(fin) = 31(n) — 3 (f’) h.

If (o, 8,9) = (2k,0,1), where k > 2, then

i) = @227 = i) - 2227 (G

Proof. We have

0 (mod 4) ifx =y =2z (mod 2),

327 4+ Ty + 72° + byz + 322 + 3wy =
Y Y Y 1 (mod 2)  otherwise,

0
r(f;n) =0if n =2 (mod 4).

Now suppose that n = 0 (mod 4) so that any solution (x,y,2) € Z3 of n = 32% +
Ty? 4 722 + byz + 3za + 3wy satisfies z = y = 2 (mod 2), so that 2 (z+y), 2 (z +2),
and % (y + 2) are all integers. Let

A= {(g;,y,z) c73 | n= 3x2+7y2+722+5yz+3zx+3xy}

and n
B:= {(a@y,z) €73 | Vi 322 + 3y + 422 +3xy}.

The mapping A : A — B defined by

Nap2) = (Gl =3+ 2 =500+ 2))
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a,f | g | ky(n)
a(even) S(even)
a=2,=0 | g=1(mod24),g+#1 9
g =5,11,17,23 (mod 24) 0
g =17,13,19 (mod 24) 3
a=2,>2 | g=1 6
g=1,17 (mod 24),g # 1 18
g=5,7,11,13,19,23 (mod 24) 6
a>4,8= g=1(mod24),g#1 9.20/2=1 ¢
g =5,11,17,23 (mod 24) 0
g =7,19 (mod 24) 3.20/2-1 _3
g =13 (mod 24) 3.20/2-1
a>4,8>2 | g=1 3.20/2 _ 4
g=1,17 (mod 24),g # 1 9.29/2 12
g =5,13 (mod 24) 3.20/2
g =7,11,19,23 (mod 24) 3.29/2 _6
a(even) ((odd)
a=2,>1 |g=1 6
g=1,7,13 (mod 24),g9 # 1 12
g =5,11,17,23 (mod 24) 0
g =19 (mod 24) 36
a>4,0>1 g=1 3.29/2 _¢
g=1,13 (mod 24),g # 1 3.20/241 _ 12
g =5,11,17,23 (mod 24) 0
g =7 (mod 24) 3.20/2+1
g =19 (mod 24) 9.20/241 _ 24
a(odd) S(even)
a=1,3,8>0 0
a>56=0 | g=1(mod 6) 0
g =5 (mod 6) 3.2(e=3)/2 _3
a>502>2 3.9(-1)/2 _§4
a(odd) B(odd)
a=1,38>1 0
a>508>1 g =1 (mod 6) 0
g =5 (mod 6) 3.2(@+D/2 _ 13

Table 5.4: Values of kf(n)

is a bijection. Thus
r(f;n) =card A=card B=r (373,4,0,0,3; g)

and the theorem follows from Theorem 5.1.
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We determine the even positive integers which are not represented by f. Asn € N
is even we have n = 0 (mod 4) or n = 2 (mod 4). If n = 0 (mod 4), appealing to
Table A.17 for the positive integers not represented by the form 3z2+3y%+422+3zy,
we have

r(f;n) =0 if and only if r(3,3,4,0,0,3;n/4) =0
if and only if n/4 = 314 2,41 4 2,9%(91 4 6) for some k,I € Ny or
n/4 € Mj.

If n = 2 (mod 4) we have r(f;n) = 0. Thus n is represented by 3x2 + 7y? +
722 4 Byz + 3zx + 3zy if and only if n does not belong to any of the progressions
4l + 2,121 + 8,161 + 8,4 - 9¥(91 + 6),4M2. Next, we determine the representation
number r(f;n) when f is the form B5.

Theorem 5.5. Let f denote the form B5, that is, f = 42 + 4y® + 922 + 4xy. If
(o, B,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table 5.5.

af | g | kg (n)
a(even) f3(even)
a=0,=01] g=1 (mod 12),g # 1 3
g=>5,7,11 (mod 12) 0
a=0,>2]g=1 2
g=1,5(mod 12),9 # 1 6
g=7,11 (mod 12) 0
a>28=0]g=1 (mod 24),g# 1 9.29/2 _ ¢
g =5,11,17,23 (mod 24) 0
g=1, 9(m0d24) 3.20/2 -3
g =13 (mod 24) 3.20/2
a>28>2g=1 3.20/2+1 ¢4
g=1,17 (mod 24),g #1 | 9-2%/2t1 _12
g =5,13 (mod 24) 3.20/2+1
g=7,11,19,23 (mod 24) | 3-2%/2t1 _¢
a(even) B(odd)
a=0,>11]g=1,511 (mod 12) 0
g =7 (mod 12) 12
a>2,>1|g=1 3.20/2+1 _ ¢
g=1,13 (mod 24),g #1 | 3.29/2%+2 12
g=>5,11,17,23 (mod 24) 0
g=T (mod 24) 3. 20/2+2
g =19 (mod 24) 9.20/242 _ 24
Continued on next page
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. g | ky(n)
a(odd) f(even)
a=1,06>0 0
a>3,6=0]g=1 (mod 6) 0
g =5 (mod 6) 3.2(=1/2 3
a>3,6>2 3.20tD/2 _g
a(odd) (odd)
a=1,>1 0
a>3,>11] g=1 (mod 6) 0
g =5 (mod 6) 3.20+3)/2 12

Table 5.5: Values of k¢ (n)

If (o, 8,9) = (2k,0,1), where k € Ny, we have

-3
. _ Loa/2 _ oa/2
r(fin)=(3-2 2)l(n) —2 (20‘/2h> h.
Proof. By Theorem 2.1 (xvii) and Proposition 2.1 we have for all n € N

1
r(fin) = s(m)r(1,3,9,0,0,05m) + 57 (1,3,9,0,0,0; g) +t(n),

2
where
s(n) = L (f\/iJr Z\@) wg + i(4 — 5i)wd" + L (\@Jr Z\/i) wir — iw‘l"
64 8132 8 7 64 8 3278
1 . 5n 1 - 6n 1 . n 9
MG (\@ “/5) W (BT + g ( vz “@)“’8 T3
1 ifn=0,1,4 (mod 8),
=42 ifn=>5 (mod 8),
0 ifn=2/36,7 (mod 8),
1 ifa=0,8even, g =1 (mod 8)
or a =0, odd, g =3 (mod 8)
_ ora> 2,
B 3 ifa=0,8even, g =5 (mod 8)
or =0, 0dd, g =7 (mod 8),
0  otherwise,
and

t(n) = {_ (:7%) Vv if n = square,

0 otherwise.
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Appealing to Proposition A.10 for the formula for r(1,3,9,0,0,0;n), we obtain
Theorem 5.5. O

From Theorem 5.5 we deduce which positive integers are not represented by the
spinor regular ternary form B5. These integers are given in Table A.17. As this
determination is a little more complicated we give the details.

Suppose (a, 8,9) # (2k,0,1) for all k € Ng. Then by Theorem 5.5 we see that

r(fin) =0 <= ks(n) =0

=
Q
I
-
s>

odd) > 1, g =5 (mod 6) or
N) a(odd) >3, 8 (odd) > 1, g =1 (mod 6).

( )

(B) a=0,8=0,g=5 (mod 6) or

(C) a=0,8 (even) >2, g =3 (mod 4) or
(D) «(even) >2,=0,g=>5 (mod 6) or
(E) a=0,6(odd)>1,g=1 (mod4) or
(F) a=0,p(odd) >1,g=5 (mod 6) or
(G) «a (even) > 2, B (odd) > 1, g =5 (mod 6) or
(H) a=1,=0,g=1 (mod 6) or

(I) a=1, 6 (even) >2, g=1 (mod 6) or
(J) a=1, 5 (even) >0, g =5 (mod 6) or
(K) «a(odd)>3,8=0,g=1 (mod 6) or
(L) a=1,p8(odd) >1,g=1 (mod 6) or
(

(

Now

(B)U(D)U(H)U(K) <= « (even) > 0,8=0,9 =5 (mod 6) or
a (odd) > 1,8=0,9g =1 (mod 6)
< n=3+2,
HUDUNHUL)U(M) <= a=1
<= n=4l+2,
(A)U(C)U(E) <= a =0, (even) > 0,9 = 3 (mod 4) or
a=0,5 (odd) >1,g=1 (mod 4)
<~ n=4l+3,
(F)U(G)U(L)U(N) < «a (even) > 0,8 (odd) > 1,9 =5 (mod 6) or
a (odd) > 1,8 (odd) > 1,9 =1 (mod 6)
> n=9%91+6).
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Thus, for (a, 8, g) # (2k,0,1) we have
r(f;n) = 0 if and only if n = 31 + 2,41 + 2,41 4+ 3 or 9%(91 + 6).
Now suppose («, 3, g) = (2k,0,1) for some k € Ny. If k£ = 0, then by Theorem 5.5

we have

r(fin) = I(n) — (‘f) h.

So, by Lemma 3.1 (iii) we deduce that

r(f;n) =0 if and only if [(n) = (h3> h if and only if n € M3.

If k£ > 1, then by Theorem 5.5 and Lemma 3.2 (with m = $21,A=3,B=2C=
1) we see that

2a/2],
> (3-2%/2 —2)i(n) — 2%/%h > 0.

r(f;n) = (3-2%/2 = 2)i(n) 2a/2< =3 >h

This completes the proof that n is not represented by f if and only if n belongs to
at least one of the progressions 31+ 2,41+ 2,41+ 3,9%(91+6) (k,l € Ng), M2. Next,
we determine the representation number r(f;n) when f is the form B6.

Theorem 5.6. Let f denote the form B6, that is, f = 3x?+4y>+922. If (o, B, g) #
(2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table 5.6.

af | g | ky(n)
a(even) f3(even)
a=0,=0|g=1 (mod 24),9g #1 3
g=5,11,17,23 (mod 24) 0
g=17,13,19 (mod 24) 1
a=0,>2]g=1 2
g=1,17 (mod 24),g9 # 1 6
g=>5,7,11,13,19,23 (mod 24) 2
a>2.0= g=1 (mod 24),g9 # 1 9.2%/2 —¢
g =5,11,17,23 (mod 24) 0
g =7,19 (mod 24) 3.29/2 -3
g =13 (mod 24) 3.20/2
a>2,>2|g=1 3.90/2+T _ 4
g=1,17 (mod 24),g # 1 9.20/2+1 _ 12
g = 5,13 (mod 24) 3.9a/2+1
g ="7,11,19,23 (mod 24) 3.20/2+1 _g
Continued on next page
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o, 8 | g | kg(n)
a(even) B(odd)
a=0>1]g=1 2
g=1,7,13 (mod 24),9 # 1 4
g =>5,11,17,23 (mod 24) 0
g =19 (mod 24) 12
a>28>1|g=1 3.20/2%1 _¢
g=1,13 (mod 24),g # 1 3.20/2+2 _ 12
g =5,11,17,23 (mod 24) 0
g =T (mod 24) 3.20/2+2
g =19 (mod 24) 9.20/242 _ 24
a(odd) 8 (even)
a=1,6>0 0
a>3,=0|g=1 (mod 6) 0
g =5 (mod 6) 3.20-1)/2 _3
a>353>2 3.20@tD/2 _g
a(odd) (odd)
a=1,>1 0
a>3,>1]g=1 (mod 6) 0
g=>5 (mod 6) 3.20@+3)/2 12

Table 5.6: Values of kf(n)

If (o, 8,9) = (0,0,1), we have

rifim =i - (32) n

If (o, 8,9) = (2k,0,1), where k € N, we have

r(fin) = (322 = Di(n) + 272 (5 Y

Proof. By Theorem 2.1 (xviii) and Proposition 2.1 we have for all n € N
1
r(fin) = s(n)r(1,3,9,0,0,0:n) + 37 (1,379,0,0,0; g) +t(n),

where
s(n) = — (\@ - zx/i) B (4R (7\@ - Z\/i) W — L an
S32 ® 64 8 3278
1

6
‘ S| . 1 , 15
+— (—\/§+ zﬂ) Wi+ (4 - 5i)wd™ + 6l (\/§+ zx@) wgm + 5

69
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1 ifn=0,1,4 (mod 8),
_J4 ifn=5(mod 8),
0 ifn=2,6 (mod 8),
1 ifn=23,7 (mod 8),
% if a=0,8even, g =1 (mod 8)
or a =0, odd, g =3 (mod 8)
or a > 2,
B 1 ifa=0,8even, g =5 (mod 8)
B or a =0, o0dd, g =7 (mod 8),
0 fa=1,
if a =0,8 even, g =3 (mod 4)
ora=0,80dd, g =1 (mod 4),

and

—(=2)+n if n=odd square,
t(n) = (i) vn if n = even square,
0 otherwise,
— ()b if (@ B.9) = (0,0,1),
) 2

=S (52) 2% if (0, B,9) = (2k,0,1) (k € N),
0 otherwise.

Appealing to Proposition A.10 for the formula for r(1,3,9,0,0,0;n), we obtain
Theorem 5.6. O

From Theorem 5.6 we can determine the positive integers not represented by
the form B6 exactly as we did for the form B1l. These integers are given in Ta-
ble A.17. They have been given previously by Lomadze [19, Corollary 2, p. 1506]
and Berkovich [3, Theorem 4.2]. Next, we determine the representation number
r(f;n) when f is the form B7.

Theorem 5.7. Let f denote the form B7, that is, f = 4x? + 9y% + 1222, If
(o, B8,9) # (0,0,1), we have

r(fin) = kp(n)l(n)h(Q(V—=n*)),

where the values of k¢(n) are given in Table 5.7.
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af g kg(n)
a(even) B(even)
a=0,=0|g=1 (mod 24),9g #1 3
g=>5,7,11,17,19,23 (mod 24) 0
g = 13 (mod 24) 1
a=0,>2]¢g=1 2
g=1,17 (mod 24),9 # 1 6
g = 5,13 (mod 24) 2
g =17,11,19,23 (mod 24) 0
a>2’62 g:1 2a2+1_2
g=1 (mod 24),g #1 3.20/241 _¢
g =>5,11,17,23 (mod 24) 0
g ="17,19 (mod 24) 20/2+1 _ 3
g =13 (mod 24) 20/2+1
a>2>2]g=1 20/2F2 _ 4
g=1,17 (mod 24),g # 1 3.20/2+2 _ 12
g =>5,13 (mod 24) 20/ 242
g ="7,11,19,23 (mod 24) 20/2+2 _ ¢
a(even) B(odd)
a=06>1]g=1,511,13,17,23 (mod 24) 0
g =7 (mod 24) 4
g =19 (mod 24) 12
a>23>1]g=1 20/2+2 _ ¢
g=1,13 (mod 24),g # 1 20/243 _ 19
g=5,11,17,23 (mod 24) 0
g =T (mod 24) 20/ 243
g =19 (mod 24) 3.20/243 24
a(odd) 8 (even)
a=1,8>0 0
a>36=0]g=1 (mod 6) 0
g =5 (mod 6) 2lat)/2 _ 3
a>3,6>2 232 _ g
a(odd) B(odd)
a=1,>1 0
a>3,>1]g=1 (mod 6) 0
g =>5 (mod 6) 2(a45)/2 _ 12

Table 5.7: Values of ks (n)

If (e, 8, 9) = (0,0,1), we have

r(fin) = I(n) — (f) h.
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Proof. By Theorem 2.1 (xix) and Proposition 2.1, we deduce

r(fin) = s(n)r(1,3,9,0,0,0;n) + 1 (1, 3,9,0,0,0; %) +t(n),
where
V2,0 3y, V2 3 V2
$(n) = g (1= )l = g™ = G (L ies” — gows” — (1=
3i N V2 3
oo M2y il
+ 32 + 64( + ) it 32
and
Hn) = - (\_/—%) vnif n = odd square,
0 otherwise.
Now
2
of —uf —uf vl =2 (3) VA
—2
W W — Wi — Wit =2 (n) V2,
—4
Wi — WS =" — (=) =2 () i, and  wi" = (=1)",
n
S0

s(n) = ‘6/45 < >\[—f2(n?>i 5 §;2<n>¢_332(—1)”+

if n =0 (mod 2),
( ) (%)) if n =1 (mod 2),

(B+3(5)+
if n =1 (mod 8),
if n =5 (mod 8),

if n =0 (mod 2) or n =3 (mod 4),

if a =0, even, g =1 (mod 8)
or « =0, odd, g =3 (mod 8),
if a=0,8 even, g =5 (mod 8)
or a =0, odd, g =7 (mod 8),
otherwise.

[ RN a‘,_. o

—(52)h  if (o, 8,9) = (0,0,1),

0 otherwise.

I
(e N =

i)

wgn
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Appealing to Proposition A.10 for the formula for r(1,3,9,0,0,0;n), we obtain
Theorem 5.7. O

From Theorem 5.7 using Lemma 3.1(iii), we deduce which positive integers are
not represented by the spinor regular ternary form B7. They were first obtained by
Lomadze [19, Corollary 2, p. 161], and are given in Table A.17. Next, we determine
the representation number r(f;n) when f is the form BS.

Theorem 5.8. Let f denote the form BS, that is, f = 42 + 9y? + 2822 + 4zx. If
(o, B,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table 5.8.

o, | g ky(n)
a(even) B(even)
a=0,=01] g=1 (mod 12),g # 1 1
g=5,7,11 (mod 12) 0
a=0,>2]g=1 2
g=1,5 (mod12)g7él 6
g =7,11 (mod 12) 0
a>2 8= g=1 (mod 24),g #1 3.29/2 2
g =5,11,17,23 (mod 24) 0
g=17,19 (mod 24) 20/2 _ 1
g =13 (mod 24) 20/2
a>2,>2|g=1 3.20/2+1 ¢4
g=1,17 (mod 24),g #1 | 9-2%/2t1 _12
g =5,13 (mod 24) 3. 20/241
g=7,11,19,23 (mod 24) | 3.2%/2+1 _¢
a(even) B(odd)
a=0,=1 0
a=0,>3]g=1,5,11 (mod 12) 0
g =7 (mod 12) 12
a>208=1 0
a>2,>3|g=1 3-20/2+1 g
g=1,13 (mod 24),g #1 | 3.29/2%+2 _12
=5,11,17,23 (mod 24) 0
g =7 (mod 24) 3.20/242
g =19 (mod 24) 9.20/2+2 _ 24
Continued on next page
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. g | ky(n)
a(odd) f(even)
a=1,3>0 0
a>3,6=0]g=1 (mod 6) 0
g =5 (mod 6) ola=1)/2 _q
a>3,6>2 3.20tD/2 _g
a(odd) (odd)
a=1,>1 0
a>3,0=1 0
a>3,>3 | g=1 (mod 6) 0
g =5 (mod 6) 3.2(0H3)/2 12

Table 5.8: Values of ks (n)
If (aaﬂag) - (0;07 1), we have

3
If (o, 8,9) = (2k,0,1), where k € N, we have

-3
r(fin) = (2"‘/2 - ;) I(n) + é2“/2 (2a/2h> h.

Proof. By Theorem 2.1 (xx) and Proposition 2.1 we have for all n € N

rifim = gt = 3 (32 ) 1

Mﬂn):SUQML$4AJL&n)+r(L&4AJL&%)+tm%

74

where
sm%=i(—l—n@)whwi(—L+n@)ﬁ"+3;:3;@W”+w%””+1)
36 536 18 18 \"7® 3
_ + ifn=1 (mod 3),
0 ifn=0,2 (mod 3),
& ifa (even) >0,8=0,9g =1 (mod 3)
= or @ (odd) >1,8=0,9 =2 (mod 3),
0 otherwise,
and
Hn) = f% (‘—2) Vno o if n = square,
0 otherwise,

1 (z2)25n  if (a,8,9) = (2k,0,1) (k € Ny),
0 otherwise.
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Appealing to Proposition A.11 for the formula for r(1,4,4,4,0,0;n), we obtain
Theorem 5.8. O

From Theorem 5.8 we deduce using Lemmas 3.1(iii) and 3.2 which positive inte-
gers are not represented by the spinor regular ternary form B8. These integers are
given in Table A.17. Next, we determine the representation number 7(f;n) when f
is the form B9.

Theorem 5.9. Let f denote the form B9, that is, f = 922 + 16y? + 1622 + 16yz.
If (o, 8,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table 5.9.

ap | g | kg(n)
a(even) B(even)
a=0,=0|g=1 (mod 24),g # 1 3
g=>5,7,11,13,17,19,23 (mod 24) 0
a=0,>22]g=1 2
g=1,17 (mod 24),g # 1 6
g=>5,7,11,13,19,23 (mod 24) 0
a>2,08= g=1 (mod 24),g #1 9.2¢/2-1 ¢
g =>5,11,17,23 (mod 24) 0
g ="7,19 (mod 24) 3.20/2-1 _3
g =13 (mod 24) 3.20/2-1
a>28>2|g=1 3.2%4/2 4
g=1,17 (mod 24),g # 1 9.29/2 _ 12
g = 5,13 (mod 24) 3.20/2
g =17,11,19,23 (mod 24) 3.29/2 6
a(even) B(odd)
a=0,>11]¢g=1,5711,13,17,23 (mod 24) 0
g =19 (mod 24) 12
a>2>1|g=1 3-29/%2 _¢
g=1,13 (mod 24),g # 1 3.20/241 _ 12
g =>5,11,17,23 (mod 24) 0
g =7 (mod 24) 3.920/241
g =19 (mod 24) 9.20/241 _ 24
a(odd) B (even)
a=1,8>0 0
a>3,=0]g=1 (mod 6) 0
g =>5 (mod 6) 3.2(@=3)/2 _3
a>3,0>2 3.9(-10)/2 _¢
Continued on next page
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o, 3 | g | kg(n)
a(odd) B(odd)
a=1,>1 0
a>36>1]g=1 (mod 6) 0
g =>5 (mod 6) 3-200+1)/2 12

Table 5.9: Values of ks (n)

If (0, B,9) = (0,0,1), we have
r(fin) =1(n) — <_h3> h.
If (o, 8,9) = (2k,0,1), where k € N, we have
r(fin) = (3 Lgo/2-1 2) I(n) + 20/2~1 (2;;) h.

Proof. By Theorem 2.1 (xxi) and Proposition 2.1 we have for all n € N

5
r(f;n) = s(n)r(1,3,9,0,0,0;n) + r (1,3, 9,0,0,0: ﬁ) +i(n),

4 4
where
V2—-iv2 1 V2 —iV2 4 1,
s(n) =~ + (_16 - 16> IR TR S R
—V2+iV2 1 24 iy/2
4 ngn == 2 wgn + ng”
32 16 ' 16 32
1 n n n
= = (wg” FwdF) g BnE ) T ”))
1 1
-1 (1 +a)i™ + (1 — 1)) — g(—1)”
1 (=)D if =1 (mod 4)
~ 16 |0 otherwise
1 ]2 if n=0,3 (mod 4) }( 1y
16 | -2 ifn=1,2 (mod4) 8

if n =1 (mod 8),
if n=2,3,5,6,7 (mod 8),
if n=0,4 (mod 8),
z if «=0,8 even, g =1 (mod 8)
or « =0, odd, g =3 (mod 8),
if a > 2,

0 otherwise,

76
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and

vn if n = odd square,

i (i Vv/n  if n = even square,

0 otherwise,

(F2)h if (a, 8,9) = (0,0, 1),
otherwise.

Appealing to Proposition A.10 for the formula for r(1,3,9,0,0,0;n), we obtain
Theorem 5.9. O

From Theorem 5.9 we deduce using Lemmas 3.1(iii) and 3.2 the positive inte-
gers n not represented by the spinor regular form B9. These integers are listed in
Table A.17. As the proof is more complex we give the details.

Suppose that («, 8,9) # (2k,0,1) for all k € Nyg. Then by Theorem 5.9 we have
r(f;n) =0 if and only if kf(n) = 0.

(A) If a =0 and =0, then

kg(n) = 0 if and only if (A1) g =1 (mod 3),¢9 = 3 (mod 4) or
(A2) g =1 (mod 3),g =5 (mod 8) or
(A3) g =2 (mod 3),g9 =3 (mod 4) or
(A4) g =2 (mod 3),g =1 (mod 8) or
(A5) g =2 (mod 3),g =5 (mod 8)

(B) If « =0 and § (odd) > 1, then

kg(n) =0 if and only if (B1) g =1 (mod 3),g =1 (mod 4) or
(B2) g =1 (mod 3),g =7 (mod 8) or
(B3) g =2 (mod 3),g =1 (mod 4) or
(B4) g =2 (mod 3),g =3 (mod 8) or
(B5) g =2 (mod 3),g =7 (mod 8)
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(D) If « = 1 and B = 0, then ky(n) = 0. We split this case into 2 subcases as
follows:
(D1) g =1 (mod 3),
(D2) g =2 (mod 3).

(E) If « =1 and 8 (odd) > 1, then k¢(n
as follows:

~—

= 0. We split this case into 2 subcases
(E1) g =1 (mod 3),
(E2) g =2 (mod 3).

(F) If o =1 and S (even) > 2, then ky(n) = 0.
(G) If « =2 and § =0, then

k¢(n) =0 if and only if (G1) g =1 (mod 3),¢9 = 3 (mod 4) or
(G2) g =2 (mod 3),g =1 (mod 4) or
(G3) g =2 (mod 3),g =3 (mod 4).

(H) If « =2 and 8 (odd) > 1, then

kg(n) = 0 if and only if (H1) g =1 (mod 3),g =1 (mod 4) or
(H2) g =2 (mod 3),g =1 (mod 4) or
(H3) g =2 (mod 3),g =3 (mod 4).

(I) If « =2 and S (even) > 2, then

k¢(n) = 0 if and only if g = 3 (mod 4).

(J) If « =3 and B = 0, then kf(n) = 0. We split this case into 2 subcases as
follows:

g =1 (mod 3),
g =2 (mod 3).
(K) If « =3 and 3 (odd) > 1, then k¢(n) = 0. We split this case into 2 subcases
as follows:
(K1)
(K2)

1 (mod 3),
2 (mod 3).

g
g
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(L) If =3 and 8 (even) > 2, then k¢(n) = 0.
(M) If o (even) > 4 and 8 = 0, then

kg(n) =0 if and only if g = 2 (mod 3).

(N) If « (even) > 4 and 8 (odd) > 1, then

k¢(n) = 0 if and only if g = 2 (mod 3).

(O) If o (even) > 4 and S (even) > 2, then ky(n) # 0.
(P) If & (odd) > 5 and 5 = 0, then

k¢(n) =0 if and only if g =1 (mod 3).

(Q) If a (odd) > 5 and § (odd) > 1, then

kr(n) =0 if and only if g =1 (mod 3).

(R) If a (0dd) > 5 and 8 (even) > 2, then ks(n) # 0.
Now

n=3l4+2<= «a (even) > 0,8 =0,9 =2 (mod 3) or
a (odd) >1,8=0,g =1 (mod 3)
<= one of (A3), (44), (45), (D1),(G2),(G3), (J1), (M), (P) holds,
n=4+2<a=1
<= one of (D1),(D2), (E1), (E2), (F) holds,
n=4+3<= a=0,0 (even) > 0,9 =3 (mod 4) or
a=0,6(odd) > 1,9 =1 (mod 4)
<= one of (A1), (43), (B1), (B3),(C1) holds,
n=8l+5<= a=0,0 (even) > 0,9 =5 (mod 8) or
a=0,8(odd) >1,g =7 (mod 8)
<= one of (A2), (45), (B2), (B5), (C2) holds,
n=100+8 <= a=3
<= one of (J1), (J2), (K1), (K2),(L) holds,
n=16l+12<= a=2,0 (odd) > 1,9 =1 (mod 4) or
a=2,0 (even) > 0,9 = 3 (mod 4)
<= one of (G1),(G3),(H1),(H2),(I) holds,
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n=9%9146) < a (even) > 0,8 (odd) > 1,9 = 2 (mod 3) or
a (odd) > 1,5 (odd) > 1,g =1 (mod 3)
<= one of (B3), (B4), (B5), (E1),(H2),(H3), (K1), (N),(Q) holds.

Thus, when («, 8, g) # (2k,0,1) (k € Np), we have

ky(n) = 0 <= one of 33 cases (A1) — (45), (B1) — (B5), (C1), (C2),(D1), (D2),
(E1), (E2), (F), (G1) = (G3), (H1) — (H3),(I), (J1),(J2), (K1),
(K2), (1), (M), (N), (P), (Q) holds
= =30 +2,41+ 2,41 + 3,8 + 5,160 + 8, 16 + 12 or 9%(91 + 6).

If (v, B, 9) = (0,0,1), then by Theorem 5.9 and Lemma 3.1 (iii) we have
r(f;n) =0 if and only if [(n) = (h3> h if and only if n € M3.

If (o, B,9) = (2,0,1), then by Theorem 5.9 and Lemma 3.1 (iii) we have

r(fin)=1(n) — (f) h =0 if and only if n € 4M3.

(2k,0,1) for some k € N\ {1}, we have by Theorem 5.9 and Lemma 3.2

= )
(withA=3B=2C=fm=%=k>2)

rifim = (52072 = 2) i)+ 522 (g )

3 1
> (2 a2 _ Toa/2 )
> (22 2) l(n) 22 h>0

This completes the proof that the integers n belonging to at least one of the pro-
gressions 31 + 2,41+ 2,41+ 3,80+ 5,161 + 8,161 + 12,9%(91 + 4) (k,l € Ng), M2, 4M?2
are precisely those not represented by the form B9. Next, we determine the repre-
sentation number r(f;n) when f is the form B10.

Theorem 5.10. Let f denote the form B10, that is, f = 1322 + 13y® + 1622 —
8yz + 8zx + 10zxy. If (o, B,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table 5.10.



INTEGERS: 21 (2021)
ap | g ky(n)
a(even) B(even)
a=0,=0]g=1,57,11,17,19,23 (mod 24),g # 1 0
g = 13 (mod 24) 1
a=0,>2]9g=1,7,11,17,19,23 (mod 24) 0
g =5,13 (mod 24) 2
a>2,=0]g=1 (mod 24),g #1 9.20/2=1 ¢
g =5,11,17,23 (mod 24) 0
g =7,19 (mod 24) 3.20/271 3
g =13 (mod 24) 3.20/271
a>2>2]g=1 3-2072 4
g=1,17 (mod 24),g # 1 9.29/2 _ 12
g =5,13 (mod 24) 3.20/2
g =7,11,19,23 (mod 24) 3.29/2 _¢
a(even) B(odd)
a=0,>1]g=1,511,13,17,19,23 (mod 24) 0
g =7 (mod 24) 4
a>26>1]g=1 3.2972 _6
g=1,13 (mod 24),g # 1 3.20/2+1 _ 12
g =5,11,17,23 (mod 24) 0
g =7 (mod 24) 3. 20/2+1
g =19 (mod 24) 9.20/241 _ 24
a(odd) 8 (even)
a=1,>0 0
a>3,=0]g=1 (mod 6) 0
g =5 (mod 6) 3.2(e=3)/2 _3
a>3,6>2 3.20-D/2 _g
a(odd) B(odd)
a=1,>1 0
a>3,>1]g=1 (mod 6) 0
g=>5 (mod 6) 3.2(+1)/2 _ 12

Table 5.10: Values of ky(n)

If (o, 8,9) = (0,0,1), we have

r(fin) = I(n) — (‘f) h.

If (o, B,9) = (2k,0,1), where k € N, we have

r(fin) = (3207271 = 2) () 4 20727 (

i )

81
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Proof. By Theorem 2.1 (xxii) and Proposition 2.1 we have for all n € N

5
r(fin) = s(m)r(1,3,9,0,0,0:m) + v (1,3, 9,0,0,0; g) +t(n),

where
1 3
—_ 2n _ ; 3n 4n
s =51 ( VEFivE)uf + 32( 2= 0ws" + g (ﬁ“ﬁ>” 32
1 1
9 — (=2 —
"5 (va-ive)utr 32( + s +64( V2o ivR)ult - o
1/ is | 3(n+3) 5(n+3) 7(n+3) 1 o 3
—32( + wyg +w +w )+32((2 0)i" + (=2 +14)i°")
3 1
2y - =
32( ) 32
1 (=1)(n+3)/44 if p =1 (mod 4)
32 |0 otherwise
—4  ifn=0 (mod 4)
+i 2 ifn=1 (mod 4) -1 ifn=0 (mod 2)
32 |4 if n =2 (mod 4) & ifn=1 (mod 2)
-2 ifn=3 (mod 4)
0 ifn=1,2,3,6,7 (mod 8),
=41 if n=>5 (mod 8),
-1 ifn=0,4 (mod 8),
1 if a=0,8 (even) > 0,9 =5 (mod 8)
B ora=0,5 (odd) > 1,9 =7 (mod 8),
-1 ifax>2,
0 otherwise,
and

V/n  if n = even square,

.y
—~
3
N—
I
—N
N =
—
|
Sl
~

0 otherwise,
_J3(GE) 2" i (a,8,9) = (2k,0,1) (k € N),
0 otherwise.

Appealing to Proposition A.10 for the formula for r(1,3,9,0,0,0;n), we obtain
Theorem 5.10. O

The positive integers not represented by the spinor regular ternary form B10
can be deduced from Theorem 5.10 in a similar manner to those for B9 using
Lemmas 3.1(iii) and 3.2. They are given in Table A.17.
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We now consider the representation number r(f;n) when f is the form B11. This
spinor regular form is not alone in its spinor genus. We are only able to evaluate

r(f;n) for even values of n € N.

Theorem 5.11. Let f denote the form B11, that is, f = 922 +16y%+4822. Suppose

that n € N is even, so that o > 1. If (o, B, 9) # (2,0,1), then

r(fin) = kg (m)l(n)h(Q(V-n%)),

where the values of ky(n) are given in Table 5.11.

@, f | g kg(n)
a(even) B(even)
a=23=0 | g=1(mod24),g#1 3
g=5,7,11,17,19,23 (mod 24) 0
g =13 (mod 24) 1
a=2,>2 | g=1 2
g=1,17 (mod 24),9 # 1 6
g =5,13 (mod 24) 2
g =7,11,19,23 (mod 24) 0
a>4,0= g=1 20/2 _ 9
g=1 (mod 24),g # 1 3.20/2 6
g =5,11,17,23 (mod 24) 0
g ="7,19 (mod 24) 20/2 3
g =13 (mod 24) 20/2
a>4,6>2 [g=1 20241 _ 4
g=1,17 (mod 24),g # 1 3.20/2+1 _ 12
g =5,13 (mod 24) 20/2+1
g=7,11,19,23 (mod 24) 20/2+1 _ ¢
a(even) B(odd)
a=23>1 | g=1,511 (mod 12) 0
g =17 (mod 24) 4
g =19 (mod 24) 12
a>4,6>1 g=1 9a/2+1 _ g
g=1(mod 12),g # 1 20/2+2 _ 19
g =5 (mod 6) 0
g =T (mod 24) 20/242
g =19 (mod 24) 3.20/242 94
a(odd) B (even)
a=1,3,>0 0
a>506=0 | g=1 (mod 6) 0
g =5 (mod 6) 2la=1)/2 _3
a>503>2 20atD)/2 _ ¢
Continued on next page
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@, f | g kg(n)
a(odd) B(odd)
a=1373>1 0
a>5p>1 | g=1 (mod 6) 0
g=>5 (mod 6) 2(at+3)/2 12

Table 5.11: Values of ky(n)

If (a, B,9) = (2,0,1), we have
-3
r(fin) =1n)— (- | h.
h
Proof. If a =1 or 3, it is clear that r(f;n) = 0. If @ = 2, it is easy to show that
n
r(fin) =7 (4,9,12,0,0,0: %)

and the formulas in these cases follow from Theorem 5.7. If a > 4, again it is
straightforward to show that

n
i) = (1,3,9,0,0,0;, 1)
r(fin) T( 16
and the formulas in these cases follow from Proposition A.10 in the Appendix. [

We determine the even positive integers n which are not represented by f. If
n = 2 (mod 4), it is clear that n = 922 + 16y? + 4822 is insolvable in integers
r,y,z as 912 + 16y% + 4822 = 22 = 0,1 (mod 4). Thus, we may suppose that
n =0 (mod 4). Then n = 922 + 16y% + 4822 is solvable in integers z,y, z if and
only if 7 = 4y% 4+ 9u? + 1222 is solvable in integers y, u, z, that is, if and only if n/4
is represented by the form B7. This occurs if and only if n/4 does not belong to
any of the progressions 31 + 2,4l + 2,41 + 3,9%(91 + 6), M2. Hence n = 0 (mod 2)
is represented by 922 + 1632 + 4822 if and only if n does not belong to any of the
progressions 41 + 2, 121 + 8,161 + 8,161 + 12,4 - 9%(9] + 6),4M?2. Next, we determine
the representation number r(f;n) when f is the form B12.

Theorem 5.12. Let f denote the form B12, that is, f = 922 +16y% + 11222+ 16yz.
If (o, 8,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—=n*)),

where the values of k¢(n) are given in Table 5.12.
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@, f | g kg(n)
a(even) B(even)
a=0,=0|g=1 (mod 24),g #1 1
g=5,7,11,13,17,19,23 (mod 24) 0
a=0,>2]g=1 2
g=1,17 (mod 24),9 # 1 6
g=5,7,11,13,19,23 (mod 24) 0
a>2=0|g=1 (mod 24),g #1 3.20/2=1 9
g =>5,11,17,23 (mod 24) 0
g="17,19 (mod 24) 20/2=1 1
g = 13 (mod 24) 20/2-1
a>2p8>2]¢g=1 3.24/2 4
g=1,17 (mod 24),g9 # 1 9.29/2 _ 12
g =>5,13 (mod 24) 3.20/2
g =17,11,19,23 (mod 24) 3.20/2 _¢
a(even) B(odd)
a=0p=1 0
a=0,>3]¢g=1,57,11,13,17,23 (mod 24) 0
g =19 (mod 24) 12
a2236:]— 0
a>2,3>3]g=1 32972 _ 6
g=1,13 (mod 24),g # 1 3.20/2+1 _ 12
g =5,11,17,23 (mod 24) 0
g =T (mod 24) 3.20/2+1
g =19 (mod 24) 9.20/2+1 24
a(odd) B (even)
a=1,>0 0
a>3=0]g=1 (mod 6) 0
g =5 (mod 6) 2a=3)/2 _q
a>353>2 3.20-D/2 _g
a(odd) B (odd)
a=1,>1 0
a>3,=1 0
a>36>3]g=1 (mod 6) 0
g =5 (mod 6) 3. 200t1)/2 12

Table 5.12: Values of ky(n)

If (aaﬂag) = (05071); we have

r(fin) = %l(n) -3 (h> h.

85
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If (o, B,9) = (2k,0,1), where k € N, we have

2 1 -3
. _ a/2—-1 _ 2 “oa/2-1
r(fin) = (2 3>l(n)+32 <2a/2h) h.

Proof. By Theorem 2.1 (xxiii) and Proposition 2.1, we obtain for all n € N

r(fin) = s(n)r(1,16,16, 16,0,0; 1) + r (1, 16,16, 16, 0, 0; %) +t(n),

where
s(n) = — L 172\[)(@ L ( 1+Z\[) i((,L;"J”ZJrch(”'s_Q)+1)
36 3736 TR T g\ 3
L =1 (mod 3) & ifa (even) >0,8=0,9 =1 (mod 3)
{8 1fn_02(m0d3)} or a (odd) > 1,8 =0,9 =2 (mod 3),
0  otherwise,

and

3 (_—i) vn if n = odd square,
% (LE’L) NG if n = even square,
0 otherwise,

—3(F)n  if (@, 8.9) =(0,0,1),
=S L(z2) 2% if (a,B,9) = (2k,0,1) (k € N),
0 otherwise.

Appealing to Proposition A.12 for the formula for r(1, 16,16, 16,0, 0;n), we obtain
Theorem 5.12. O

The positive integers which are not represented by the spinor regular form B12
can be deduced from Theorem 5.12 using Lemmas 3.1 and 3.2 in a manner similar
to that for the form B9. They are given in Table A.17.

6. Spinor Regular Ternaries with Discriminant 2" . 7°

The four spinor regular positive-definite ternary quadratic forms f = f(x,y,2)
which are not regular and have discriminant A = 2" - 7% for some r,s € Ny (with
r even and s = 3) are those with identification numbers C1-C4 in Table 1.1. We
determine their representation numbers in this section.

When considering the representation of n € N by f(z,y,z) we use the integers
a = va(n), v = v7(n), as well as g, h and n*, which are defined uniquely in terms
of n by (1.6), (1.7) and (1.5), respectively. We have

n = 2%77gh?, (6.1)
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where
a,y €Ny, g,h €N, gsquarefree, (gh,14) =1, (6.2)

and

n* = 20— 2a/Agy+1-2(r+1)/2) o (6.3)

We now state and prove formulas for the representation numbers of the forms
C1-C4. All of these formulas involve the quantities defined in (6.1)-(6.3) as well as
I(n), which is defined in (1.8). We begin with C1.

Theorem 6.1. Let f denote the form C1, that is, f = 2% + Ty? + 822 + Tyz + zx.
If (a,7,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table 6.1.

ay ] g | k(n)
a(even) ~y(even)
a>0,y=0] g=1 (mod 8),g=1,2,4 (mod 7),g # 1 20/2
g=3,5,6 (mod 7) 0
g =3 (mod 4),g =1,2,4 (mod 7) 20/2 — 1
=5 (mod 8),g =1,2,4 (mod 7) 3-20/2 -1
a>0,7>2 | g=1 (mod 8) Q0/2+2
g =3 (mod 4) 20/242 _ 9
g=>5 (mod 8 3.20/242 4
a(even) v (odd)
a>0,y>1|g=1 204/2+2 _ 9
g=1(mod 4),g=1,2,4 (mod 7),g#1 | 2°/2t3 _4
g=3,5,6 (mod 7 0
g =3 (mod 8),g=1,2,4 (mod 7) 3.20/243 _ g
g=7 (mod 8),g =1,2,4 (mod 7) Qa/2+3
a(odd) ~(even)
a>1,y=0|g=1,2,4 (mod 7) 2le=D/z _ 1
g=3,5,6 (mod 7) 0
a>1,v>2 2(+3)/2 _ 9
a(odd) v(odd)
a>1,y>1|g=1,2,4 (mod 7) 20 +5)/2 _ 4
g=3,5,6 (mod 7) 0

Table 6.1: Values of k¢(n)
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If (a,7,9) = (2k,0,1), where k € Ny, we have

r(fin) = 2021 (n) — 2072 (}:) h

Proof. By Theorem 2.1 (xxiv) and Proposition 2.1 we have
r(fin) =s(n)r(1,1,2,0,1,0;n) + t(n),

where
1 1
s(n):%(7—i\ﬁ> (W} 4+ w?" +wi™) + 6(7—1—2\[)( +w§”+w$”)+z
1 ifn=1,2,4 (mod 7) 1 ify=0,9=1,2,4 (mod 7),
=40 ifn=3,56 (modT7) 0 ify=0,9=3,56 (modT7),
1 ifn=0 (mod?7) 1 ify>1,
and
Hn) = - (\7—%) v/n if n = square,
0 otherwise,
_ =G 2% it (@7, 9) = (2k,0,1) (k € No),
0 otherwise.

Appealing to Proposition A.13 for the formula for r(1,1,2,0,1,0;n), we obtain
Theorem 6.1. O

From Theorem 6.1, and making use of Lemma 3.1(iv), we obtain the positive
integers not represented by the spinor regular form C1. These integers are given in
Table A.17. We give the details of the proof.

We begin by recalling that (gh,14) = 1 so that h? = 1,2,4 (mod 7). Also
28 =1,2,4 (mod 7),k € Ng. If (o, 7, g) # (2k,0,1) for any k € Ny, by Theorem 6.1

we have

odd) >1,7v=0,9=3,5,6 (mod 7) or

a (odd) > 1,7 (odd) > 1,9 = 3,5,6 (mod 7)
<= ~v=0,g=3,5,6 (mod 7) or

~ (odd) > 1,9 =3,5,6 (mod 7)
<= n="T1+3,7+57+6 or

n = 49% (491 + 21),49% (491 + 35), 49% (491 + 42).
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If (a,7,9) =

we obtain
r(f;n) =0 if and only if

if and only if

if and only if
if and only if
if and only if

29/2](n) — 20/2 (_7> h=0
h
-7
In)={—)h
m=(7)
n € 2“M?

n € 228 M3
n € M?.
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(2k,0,1) for some k € Ny, then by Theorem 6.1 and Lemma 3.1 (iv)

This completes the determination of the integers n not represented by f. Next, we
determine the representation number r(f;n) when f is the form C2.

Theorem 6.2. Let f denote the form C2, that is, f = T2 +8y? +92% 4 6yz + Tzx.

If (a,v,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table 6.2.

ay | [ k()
a(even) «y(even)
a=0,y=0|¢g=1,3,7 (mod 8),g =1,2,4 (mod 7),g # 1 %
g=3,5,6 (mod 7) 0
g="5 (mod 8),g=1,2,4 (mod 7) 3
a=0,v>2 g:137(mod8) 2
=5 (mod 8) 6
a>2vy=0 gEl(m0d8),g51,2,4(m0d7),g;£1 20/2-1
g =3,5,6 (mod 7) 0
g =3 (mod 4),g=1,2,4 (mod 7) 20/2-1 _ 1
g=5 (mod 8),g=1,2,4 (mod 7) 3.20/271 1
a>2,7>2| g=1(mod8) 20/2+1
g =3 (mod 4) 20/2+1 _ 9
g =5 (mod 8) 3.20/241 4
a(even) v (odd)
a=0y>1]g=1 2
9g=1,5,7 (mod 8),g=1,2,4 (mod 7),g # 1 4
g=3,5,6 (mod 7) 0
g =3 (mod 8),g=1,2,4 (mod 7) 12
Continued on next page
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i 9 ky(n)
a>2~v>1]g=1 20/2+1 _ 9

g=1 (mod 4),g=1,2,4 (mod 7),g # 1 20/2+2 _ 4
g=3,5,6 (mod 7) 0
g =3 (mod 8),g=1,2,4 (mod 7) 3.9a/2+2 _ g
g="7 (mod 8),g=1,2,4 (mod 7) 20/2+2
a(odd) ~(even)
a=1,7v>0 0
a>3,v=0|g=1,2,4 (mod 7) 2(@*3)/2_%
g =3,5,6 (mod 7) 0
a>3,7>2 ola+1)/2 _ 9
a(odd) v(odd)
a=1,v>1 0
a>3,7v>1]g=1,2,4 (mod 7) o(at3)/2 _ 4
g =3,5,6 (mod 7) 0

Table 6.2: Values of k¢ (n)

If (a,v,9) = (2k,0,1), where k € Ny, we have

r(fin) = 20271 (n) — 20/271 <_7> h.

h
Proof. By Theorem 2.1 (xxv) and Proposition 2.1 we have

r(f;n) =s(n)r(1,3,3,2,1,1;n) + t(n),

where
s(n):i(7—i\ﬁ) (W} 4+ w2 + wi™) —|—i 7—1—@\[ ( —l—w5”—|—w6")—i—1
1 ifn=1,2,4 (mod 7) 1 if7y=0,9=1,24 (mod 7),
=<0 ifn=3,506 (mod?7) 0 1f7—Og_356(mod7)
1 ifn=0 (mod7) 1 ify>1,
and
Hn) = —% (_—ZL) vn  if n = square,
0 otherwise,
_ -5 (F) 2 if (a,v,9) = (2k,0,1) (k € No),
0 otherwise.

Appealing to Proposition A.14 for the formula for r(1,3,3,2,1,1;n), we obtain

Theorem 6.2.
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From Theorem 6.2, and making use of Lemma 3.1(iv), we obtain the positive
integers not represented by the spinor regular form C2. These are listed in Ta-
ble A.17. Next, we determine the representation number r(f;n) when f is the form

C3.

Theorem 6.3. Let f denote the form C83, that is, f = 822 + 9y% + 2522 + 2yz +
dzx + 8xy. If (o, v,9) # (2k,0,1) for all k € Ny, we have

r(fin) = kp(n)l(n)h(Q(V—=n*)),

where the values of k¢(n) are given in Table 6.3.

ay ] g | k()
a(even) fy(even)
a=0,v=0|g=1(mod 4),g=1,2 (mod?)g;ﬁl z
gEl(mod4),g_356(mod7) 0
g =3 (mod 4)
a=0,vy>2| g=1 (mod 4) 2
g =3 (mod 4) 0
a>2~v=0]g=1 (mod8),g=1,2,4 (mod 7),g # 1 20/2-1
g=3,56 (mod 7 0
g =3 (mod 4),g=1,2,4 (mod 7) 20/2-1 1
g=>5 (mod 8),g =1,2,4 (mod 7) 3.20/2-1 1
a>2~v>2| g=1 (mod 8) 20/2+1
g =3 (mod 4) 20/2+1 _ 9
g =5 (mod 8) 3.20/241 ¢y
a(even) v (odd)
=1 (mod 4),g=1,2,4 (mod 7) or
a=0,y21 g;:a,é,es(m())dg?) ( : 0
g=3 (mod 4),g=1,2,4 (mod 7) 4
a>2~v>1|g=1 9a/2+1 _ 9
g=1(mod 4),g=1,2,4 (mod 7),g#1 | 2°/2t2_4
9 =3,5,6 (mod 7) 0
g =3 (mod 8),g =1,2,4 (mod 7) 3.20/242 8
g=7 (mod 8),g =1,2,4 (mod 7) 201/2+2
a(odd) 'y(even)
a=1,v>0 0
a>3,7y=0]|¢g=1,2,4 (mod 7) 2(a=3)/2 _
g=3,5,6 (mod 7) 0
a>3,v>2 2(+1)/2 _ 9
Continued on next page
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ay ] g | ks(n)
a(odd) v(odd)
a=1v2>1 0
a>37>1|g=1,2,4 (mod 7) 2lat+d)/2 4
g=3,5,6 (mod 7) 0

Table 6.3: Values of k¢ (n)

If (a,7,9) = (2k,0,1), where k € Ny, we have

r(fin) = 22271 (n) — 20/271 <h7> h.

Proof. By Theorem 2.1 (xxvi) and Proposition 2.1 we have for all n € N
r(fin) = s(n)r(1,4,8,4,0,0;n) + t(n),

where
1 1
s(n):— —z\[ w7—|—w7 + wi™) +56 (7—1—2\[)( +w§”+w$”)+1
% ifn=1,2,4 (mod 7) i ify=0,g=1,2,4 (mod 7),
=40 ifn=3,56 (modT7) 0 ify=0,9=3,56 (modT7),
1 ifn=0 (mod7) 1 ify2>1,
and
H(n) = % 77 n  if n = square,
0 otherwise,
L) 2 (ayy.9) = (2K,0,1) (k € No),
0 otherwise.

Appealing to Proposition A.15 for the formula for r(1,4,8,4,0,0;n), we obtain
Theorem 6.3. O

From Theorem 6.3 making use of Lemma 3.1(iv), we deduce which positive inte-
gers are not represented by the spinor regular ternary form C3. These are given in
Table A.17. Finally, we determine the representation number r(f;n) when f is the
form CA4.

Theorem 6.4. Let f denote the form C4, that is, f = 2922 +32y? + 3622 + 32yz +
12zx + 24xy. If (a,7,9) # (2k,0,1) for all k € N, we have

r(fin) = kf(n)l(n)h(Q(v—n*)),

where the values of ky(n) are given in Table 6.4.
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a,y | g ky(n)
a(even) ~y(even)
=1,3,7 (mod 8),g =1,2,4 (mod 7) or
a=0,7=0 gz3,5,6gmod7gg ( : 0
g=5 (mod 8),g=1,2,4 (mod 7) i
a=0,v>2 | g=1,3,7 (mod 8) 0
g =5 (mod 8) 2
a=2,7y=0 | g=1(mod4),g=1,2,4 (mod 7),g # 1 1
g=1 (mod 4),g =3,5,6 (mod 7) or 0
g =3 (mod 4)
a=2,v>2 | g=1 (mod 4) 2
g =3 (mod 4) 0
a>4,y= g=1 (mod 8),g=1,2,4 (mod 7),g # 1 20/2=2
g=3,5,6 (mod 7 0
g=3 (mod 4),g=1,2,4 (mod 7) 20/272 1
g=>5 (mod 8),g=1,2,4 (mod 7) 3.20/2-2
a>4,7>2 | g=1 (mod8) 20/2
g =3 (mod 4) 20/2 2
g =5 (mod 8) 3.20/2 4
a(even) v (odd)
=1,5,7 (mod 8),g =1,2,4 (mod 7) or
a=0y21 §53,5,65m0d7;g ( : 0
g =3 (mod 8),g=1,2,4 (mod 7) 4
=1 (mod4),g=1,2,4 (mod 7) or
a=27y21 5537(5,6(mc))dg7) ( ) 0
g =3 (mod 4),g =1,2,4 (mod 7) 4
a>4,v7>1 g=1 9a/2 _ 9
g=1 (mod 4),g=1,2,4 (mod 7),g # 1 20/2+1 4
g=3,5,6 (mod 7) 0
g=3 (mod 8),g=1,2,4 (mod 7) 3.20/241 _ g
g=7 (mod 8),g=1,2,4 (mod 7) 20/2+1
a(odd) ~(even)
a=1,3,7v>0 0
a>5~y=0 | g=1,2,4 (mod 7) 2(a=5)/2 _ 1
g =3,5,6 (mod 7) 0
a>5y>2 20e=1)/2 _9

Continued on next page

93



INTEGERS: 21 (2021) 94

a,y | g [ ky(n)
a(odd) v(odd)
a=1,3,v>1 0
a>5~v>1 | g=1,2,4 (mod 7) 2lat1)/2 4
g=3,5,6 (mod 7) 0

Table 6.4: Values of kf(n)

If (a,7,9) = (2k,0,1), where k € N, we have

F(fim) = 2/2-2(n) — 20/2-2 (‘J) h

Proof. By Theorem 2.1 (xxvii) and Proposition 2.1 we have for all n € N

r(f;n) = s(n)r(4,5,29,2,4,4;n) + t(n),

where
1 . 4n 1 5n 6n 1
s(n):%(7—2\ﬁ) (W} 4+ w2 + w?™) —|—— 7—1—2\[ ( "+ W™ +wy )+Z
1 ifn=1,2,4 (mod 7) i ify=0,9=1,2,4 (mod 7),
=<0 ifn=3,506 (mod?7) 0 1f7—Og_356(mod7)
1 ifn=0(mod7) 1 ify>1,

Hn) = %(\/ﬂ%) n/4 if n =4 x square,

0 otherwise,
_ (77) 20272 if o (even) > 2,7y = 0,9 = 1,
0 otherwise.

If v > 1 then s(n) =1 and ¢(n) = 0, so r(f;n) =1r(4,5,29,2,4,4;n) and the result
follows from Proposition A.16. If « > 0,7 = 0,9 = 3,5,6 (mod 7), we have s(n) =0
and t(n) =0,s0 r(f;n) =0.ff & > 0,7y =0,9 = 1,2,4 (mod 7), we have s(n) = %
and

=7\ 9a/2-2 i — _
Hn) = (h)2 h if a (even) >2,v=0,9 =1,
0 otherwise,

SO

1
T(f7 n) = Zr(4a 57 29a 27 47 47 TL)
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- (_77) 20272 if o (even) > 2,7y = 0,9 = 1,
0 ifa=0,y=0,9=1,2,4 (mod 7) or

+
a (odd) >1,vy=0,g=1,2,4 (mod 7) or
a (even) > 2,7y =0,9g=1,2,4 (mod 7),g # 1,
and the result follows from Proposition A.16. O

From Theorem 6.4 making use of Lemma 3.1(iv), we deduce which positive inte-

gers are not represented by the spinor regular ternary form C4. These are listed in
Table A.17.

7. Concluding Remarks

It would be interesting to extend Theorems 5.4 and 5.11 to all positive integers
n. Almost certainly coefficients of more complicated cusp forms are required. For
related work on representation numbers of ternary quadratic forms the reader should
consult [6], [10], [14], [19] and [23].
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A. Appendix

In this appendix we give formulas for the number of representations of n by the
ternary quadratic forms listed in Table A.0. These formulas are given in Proposi-
tions A.1-A.16. The fourth column of Table A.0 indicates the theorems in which
these representation numbers are used in their proofs. In Propositions A.1-A.6 the
quantities «, g, h and n* are defined in (4.1)—(4.3). In Propositions A.7-A.12 the
quantities «, 8, g, h and n* are defined in (5.1)—(5.3). In Propositions A.13-A.16 the
quantities «, v, g, h and n* are defined in (6.1)—(6.3). For all Propositions A.1-A.16
the integer I(n) is defined in (1.8).

Proposition | Regular Form Disc Theorem(s)
Al 22 4+ y? + 427 24 4.1,3,4,79,11-13
A2 2% + 9% + 822 2° 4.2
A3 22 4 4y? + 422 26 4.5
A4 2?2 4+ 4y? + 522 + 4y2 26 4.6
A5 22 + 2y% + 1622 27 4.8
A6 2% + 8y + 822 28 4.10
AT 22 +y? +422 +ay 22.3 5.1
A8 2?2 4+ 202 + 222 +yz + zx + 2y 22.3 5.2
A9 22 +y? + 1222 4+ xy 22. 32 5.3
A.10 2%+ 3y% + 922 22. 33 5.5-7,9-11
A1l 22 4+ 4y? + 422 + dyz 24.3 5.8
A12 22 + 16y> + 1622 + 16yz 28.3 5.12
A3 2?2 +y? +222 + 22 7 6.1
A4 2% 4+ 3y + 322 + 2z + 2z + 1Y 22.7 6.2
A.15 2?2 4+ 4y? + 822 + 4yz 2.7 6.3
A.16 42 4 5y? + 2922 4+ 2yz + 4z + 4wy | 287 6.4

Table A.0: Regular positive-definite ternary quadratic forms used in proofs of
Theorems 4.1-6.4

Proposition A.1l. (Lomadze [18, Theorem 4, p. 149]) (A1,A3,A4,A7,A9,A11-
A13) Let f = 2 +y? + 422, We have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of k¢(n) are given in Table A.1.

o g ky(n)
0 g=1 4
g=1(mod 4),g #1 8
g =3 (mod 4) 0
Continued on next page
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« g k¢(n)

1 4
even >2 | g=1 6
g=1 (mod 4),g #1 12

g=3 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 3 12

Table A.1: Values of kf(n)

Proposition A.2. (Lomadze [18, Theorem 7, p. 150]) (A2) Let f = 22 + 1y +8z2.
We have
r(fin) = ke (m)l(n)h(Q(V-n%)),

where the values of k¢(n) are given in Table A.2.

«@ g k¢(n)

0 g=1 (mod 4) 4

g =3 (mod 4) 0

1 =1 1
g=1 (mod 4),9g #1 8

g =3 (mod 4) 0

2 4
odd >3 | g=1 6
g=1 (mod 4),g #1 12

g= 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

even > 4 12

Table A.2: Values of kf(n)

Proposition A.3. (Lomadze [18, Theorem 28, p. 158]) (A5) Let f = x> +4y*+422.
We have
r(fin) =k (m)l(n)h(Q(V-n%)),

where the values of ky(n) are given in Table A.3.

o g ky(n)
0 g=1 2
g=1(mod 4),g #1 4
g =3 (mod 4) 0
Continued on next page
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« g k¢(n)

1 0
even >2 | g=1 6
g=1 (mod 4),g #1 12

g=3 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 3 12

Table A.3: Values of kf(n)

Proposition A.4. (A6) Let f = 2 + 4y? + 52% + 4yz. We have
r(fin) = kf(n)l(n)h(Q(v—n%)),

where the values of ky(n) are given in Table A.4.

« g k¢(n)

0 g=1 2
g=1 (mod 4),g #1 4

g =3 (mod 4) 0

1 g =1 (mod 4) 0

g =3 (mod 4) 4

2 g=1 1
g=1(mod 4),g#1 8

g =3 (mod 4) 0

3 4
even >4 | g=1 6
g=1 (mod 4),g #1 12

g=3 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

odd > 5 12

Table A.4: Values of ky(n)

Proposition A.5. (Lomadze [18, Theorem 19, p. 155]) (A8) Let f = 2 + 2y* +
1622. We have

r(fin) = kg (m)l(n)(Q(V-n%)),
where the values of k¢(n) are given in Table A.5.
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odd>5 | g=1

g:
9= (mOd 8),97&3
g =7 (mod 8)

« g kg(n)
0 g=1,3 (mod 8) 2
g =>5,7 (mod 8) 0

1 g=1 2
g=1 (mod 8),g #1 4

g =5 (mod 8) 0

g=3 4

g=3 (mod 8),g#3 12

g =7 (mod 8) 0

2 2
3 g=1 2
g=1 (mod 4),g #1 4

g=3 8

g=3 (mod 8),g #3 24

g =7 (mod 8) 0

4 4
6

12

8

24

0

12

even > 6

Table A.5: Values of kf(n)

Proposition A.6. (Lomadze [18, Theorem 43, p. 164]) (A10) Let f = x® + 8y* +
822, We have
r(fin) = ke (m)l(n)h(Q(V-n%)),

where the values of ky(n) are given in Table A.6.

o g ky(n)
0 g=1 2
g=1(mod 8),g #1 4
g=3,5,7 (mod 8) 0
1 0
2 g=1 2
g=1 (mod 4),g #1 4
g=3 8
g=3 (mod 8),g#3 24
g =7 (mod 8) 0
3 4
even >4 | g=1 6
Continued on next page
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« g kg(n)
g=1 (mod 4),g #1 12
g=3 8
g=3 (mod 8),g #3 24
g =7 (mod 8) 0
odd > 5 12

Table A.6: Values of ky(n)

Proposition A.7. (B1) Let f = 2% + y? + 42% + xy. We have

r(fin) = kp()l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table A.7.

o, | g | ky(n)
a(even) B(even)
a=0,>0|g=1 6
g=1 (mod 8),g #1 18
g=3,5,7 (mod 8) 6
a>26>0]g=1 3.20/2F1 4
g=1 (mod 8),g #1 9.20/2+1 _ 12
g =5 (mod 8) 3.20/2+1
g =3 (mod 4) 3.20/241 _ ¢
a(even) B(odd)
a=0,>1]g=1 6
g=1,7,13 (mod 24),g # 1 12
g =5 (mod 6) 0
g =19 (mod 24) 36
a>2,>1]g=1 3.20/2%1 ¢
g=1,13 (mod 24),g # 1 3.20/242 _ 12
g =5 (mod 6) 0
g =7 (mod 24) 3.20/2+2
g =19 (mod 24) 9.20/242 _ 24
a(odd) B (even)
a>1,8>0| | 3.20FD/2 ¢
a(odd) B (odd)
a>1,>1]g=1 (mod 6) 0
g =>5 (mod 6) 3-200+3)/2 12

Table A.7: Values of ky(n)
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Proposition A.8. (B2) Let f = 2% + 2y + 22 + yz + za + xy. We have

r(fin) = kg (m)l(n)h(Q(V-n%)),

where the values of ky(n) are given in Table A.8.

o, 3 | g | ky(n)
a(even) B(even)
a=0,>0|g=1 2
g=1 (mod 8),g #1 6
g=3,5,7 (mod 8) 2
a>2,8>0]g=1 520727
g=1(mod 8),g #1 15 - 29/2+1 _ 12
g =5 (mod 8) 5. 20/2+1
g =3 (mod 4) 5.20/241 _ ¢
a(even) B(odd)
a=0,>1|g=1 2
g=1,7,13 (mod 24), ¢ # 1 4
g =5 (mod 6) 0
g =19 (mod 24) 12
a>2p>1]g=1 5.20/2+1 ¢
g=1,13 (mod 24),g # 1 5.20/242 _ 12
g =5 (mod 6) 0
g =7 (mod 24) 5.20/242
g =19 (mod 24) 15-20/242 94
a(odd) B (even)
a>1,8>0| | 5.20FD/2 ¢
a(odd) B (odd)
a>1,>1] g=1 (mod 6) 0
g =5 (mod 6) 5-2(a+3)/2 12

Table A.8: Values of ky(n)

Proposition A.9. (B3) Let f = 2% + y? + 122 + xy. We have

r(fin) = kp()l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table A.9.

Continued on next page

o, 3 \ g | kg(n)
a(even) B(even)
a=0,>0|g= 6
g=1,7,13 (mod 24),9 # 1 12

102
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o, g kg(n)
g =5 (mod 6) 0
g =19 (mod 24) 36
a>2,>0|g=1 3.20/2%1 _¢g
g=1,13 (mod 24),g # 1 3.20/242 _ 12
g =5 (mod 6) 0
g =T (mod 24) 3.20/2+2
g =19 (mod 24) 9.20/242 _ 24
a(even) B(odd)
a=0>1]g=1 6
g=1 (mod 8),g #1 18
g=3,5,7 (mod 8) 6
a>2,3>1]g=1 3.20/241 4
g=1,17 (mod 24),g # 1 9.20/2+1 _ 12
g =5,13 (mod 24) 3.20/2+1
g =17,11,19,23 (mod 24) 3.20/241 _g
a(odd) B (even)
a>1,>0] g=1 (mod 6) 0
g =>5 (mod 6) 3.200+3)/2 12
a(odd) B(odd)
a>1,>1 | 3.20FD/2 ¢

Table A.9: Values of ky(n)

103

Proposition A.10. (Lomadze [18, Theorem 23, p. 156]) (B5,B6,B7,B9,B10,B11)

Let f = 22 + 3y + 922

We have

r(fin) = kg (m)l(n)h(Q(V-n%)),

where the values of ky(n) are given in Table A.10.

B | g ky(n)
a(even) B(even)
a>0,=0]¢g=1 20/2+2 9
g=1 (mod 24),g9 # 1 3.20/2+2 _¢
g =>5,11,17,23 (mod 24) 0
g ="17,19 (mod 24) 20/242 _ 3
g =13 (mod 24) 20/2+2
a>0,>2|g=1 20/243 _ 4
g=1 (mod 8),g #1 3.20/243 _ 12
g =5 (mod 8) 20/2+3
g =3 (mod 4) 20/243 _ 6
Continued on next page
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o, p | g kg(n)
a(even) B(odd)
a>0,8>1]g=1 20/2+3 _ ¢
g=1,13 (mod 24),g #1 | 22/>** 12
g =5 (mod 6) 0
g =7 (mod 24) 20/2+4
g =19 (mod 24) 3.20/244 24
a(odd) 3 (even)
a>1,=0|g=1 (mod 6) 0
g =5 (mod 6) 2(a+3)/2 _ 3
a>1,>2 204572 _ ¢
a(odd) B (odd)
a>1,>1] g=1 (mod 6) 0
g =5 (mod 6) 2(a+7/2 _ 12

Table A.10: Values of k¢(n)

Proposition A.11. (BS) Let f = 22 + 4y? + 422 + 4yz. We have

r(fin) = kp(n)l(n)h(Q(V—-n*)),

where the values of ky(n) are given in Table A.11.

o, f | g ky(n)
a(even) B(even)
a>0,>0]g=1 3.20/241 _ ¢y

g=1 (mod 8),g #1 9.20/241 _ 19
g=>5 (mod 8) 3. 20/2+1
g =3 (mod 4) 3.20/241 ¢
a(even) B(odd)
a>0,3>1]g=1 3.20/241 ¢
g=1,13 (mod 24),g #1 | 3-2%/2¥2 _12
g =5 (mod 6) 0
g =T (mod 24) 3.20/242
g =19 (mod 24) 9.20/242 _ 24
a(odd) 8 (even)
a>1,8>0 | | 3.20etD2_¢
a(odd) B(odd)
a>1,>1] g=1 (mod 6) 0
g =5 (mod 6) 3.20+3)/2 12

Table A.11: Values of k¢(n)
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Proposition A.12. (B12) Let f = 2? + 16y + 1622 + 16yz. We have

r(fin) = kg (m)l(n)h(Q(V-n%)),

where the values of kf(n) are given in Table A.12.

B | g ky(n)
a(even) B(even)
a=0,0>0]g=1 2
g=1 (mod 8),g #1 6
g =3,5,7 (mod 8) 0
a>2,5>0]g=1 3.20/2 4
g=1(mod 8),g #1 9.24/2 _12
g=>5 (mod 8) 3.20/2
g =3 (mod 4) 3.29/2 6
a(even) B(odd)
a=0,8>1]g=1,5,7,11,13,17,23 (mod 24) 0
g =19 (mod 24) 12
a>2p8>1g=1 3.2077 ¢
g=1,13 (mod 24),g # 1 3.20/241 _ 19
g =5 (mod 6) 0
g =7 (mod 24) 3.20/2+1
g =19 (mod 24) 9.20/2+1 _ 24
a(odd) B (even)
a=1,6>0 0
a>3,8>0 3.92(@-1)/2 _¢g
a(odd) B (odd)
a=1,8>1 0
a>3,8>1]g=1 (mod 6) 0
g =5 (mod 6) 3.2(+D/2 _ 19

Proposition A.13.

Table A.12: Values of k¢(n)

(C1) Let f = 2 +y* + 222 + zx. We have

r(fin) = ks (m)l(n)h(Q(V-n%)),

where the values of ky(n) are given in Table A.13.

Continued on next page

a,y g kp(n)
a(even) ~y(even)
a>0,7>01| g=1 (mod 8) 20/2+2
=3 (mod 4) 20/2+2 _ 9
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a,y g ky(n)
g =5 (mod 8) 3.29/2%2 ¢y
a(even) v (odd)
a>0,y>1|g=1 9a/2+2 _ 9
g=1(mod 4),g=1,2,4 (mod 7),g#1 | 2°/2t3 _4
g =3,5,6 (mod 7) 0
g =3 (mod 8),g=1,2,4 (mod 7) 3.20/243 _ g
g=7 (mod 8),g =1,2,4 (mod 7) Qa/2+3
a(odd) y(even)
a>1,v>0 | | 20eF9/2 _ 9
a(odd) v(odd)
a>1,y>1|g=1,2,4 (mod 7) 2(+5)/2 _ 4
g=3,5,6 (mod 7) 0
Table A.13: Values of ky(n)
Proposition A.14. (C2) Let f = 2 + 3y* + 322 + 2yz + zx + xy. We have
r(fin) = kf(n)l(n)h(Q(V—n¥)),
where the values of ky(n) are given in Table A.14.
ay ] 9 | ks(n)
a(even) ~y(even)
a=0,7y>01|¢g=1,3,7 (mod 8) 2
g =5 (mod 8) 6
a>2,7>01| g=1 (mod 8) 20/2+1
g =3 (mod 4) 20/2+1 _ 9
g =5 (mod 8) 3.20/2+1 _y
a(even) v (odd)
a=0y>21|g=1 2
g=1,5,7 (mod 8),g=1,2,4 (mod 7),g # 1 4
g=3,5,6 (mod 7) 0
g =3 (mod 8),g=1,2,4 (mod 7) 12
a>2,y>1|g=1 2a/2+1 _ 9
g=1 (mod 4),g =1,2,4 (mod 7),g # 1 20/242 _ 4
g=3,5,6 (mod 7) 0
g =3 (mod 8),g=1,2,4 (mod 7) 3.20/242 8
g=7T (mod 8),g=1,2,4 (mod 7) 20/242
a(odd) ~(even)
a>1,7>0 | | 2(efD/2_9
Continued on next page
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ay ] g | k()
a(odd) v(odd)
a>1,y>1|g=1,2,4 (mod 7) 20+3)/2 _ 4
g=3,5,6 (mod 7) 0

Table A.14: Values of k¢(n)

Proposition A.15. (C3) Let f = x? + 4y* + 82% + 4yz. We have
r(f;n) = ky(n)l(n)h(Q(V—n*)),

where the values of ky(n) are given in Table A.15.

ay ] g [ k(n)
a(even) v (even)
a>0,7>01| g=1 (mod 8) 20/2+1
g =3 (mod 4) 20/241 _ 9
g =5 (mod 8) 3.20/2+1 ¢4
a(even) v (odd)
a>0y>1]g=1 20/2+1L _ 9
g=1 (mod4),g=1,2,4 (mod 7),g #1 | 2%/22 4
9=3,5,6 (mod 7) 0
g=3 (mod 8),g=1,2,4 (mod 7) 3.20/242 8
g=T7 (mod 8),g=1,2,4 (mod 7) 20/2+2
a(odd) ~(even)
a>1,v>0 | 2(afD/2_9
a(odd) v(odd)
a>1,y>1|g=1,2,4 (mod 7) 20+3)/2 _ 4
g=3,5,6 (mod 7) 0

Table A.15: Values of k¢ (n)

Proposition A.16. (C}) Let f = 42? + 5y? + 2922 + 2yz + 4zx + dwy. We have
r(f;n) = ky(n)l(n)h(Q(V—n*)),

where the values of ky(n) are given in Table A.16.

a7y | g [ k()
a(even) v (even)
a=0,vy>0 =1,3,7 (mod 8) 0
=5 (mod 8) 2
Continued on next page
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a7 g ky(n)
a>2,v>0 | g=1 (mod 8) 20/2
g =3 (mod 4) 20/2 2
g =>5 (mod 8) 3-20/2 4
a(even) v (odd)
=1,5,7 (mod 8),g =1,2,4 (mod 7) or
a=0,y21 553,5,6Emod7§g ( ) 0
g =3 (mod 8),g=1,2,4 (mod 7) 4
=1 (mod4),g=1,2,4 (mod 7) or
a=27y21 5537(5,6(m())dg7) ( : 0
g=3(mod 4),g=1,2,4 (mod 7) 4
a>4,v>1 | g=1 20/2 2
g=1(mod 4),g=1,2,4 (mod 7),g # 1 20/241 _ 4
g=3,5,6 (mod 7) 0
g =3 (mod 8),g =1,2,4 (mod 7) 3.20/241 8
g=7 (mod 8),g =1,2,4 (mod 7) 20/2+1
a(odd) ~(even)
a=13~v>0 0
a>5v>0 20@=1)/2 _9
a(odd) v(odd)
a=13~v>1 0
a>5~v>1 [ g=1,2,4 (mod 7) 20+D)/2 _ 4
g=3,5,6 (mod 7) 0

Table A.16: Values of ky(n)

Propositions A.1, A.2, A.3, A5 and A.6 can be deduced from (2.3) using re-

sults in [1].
for r(a,b,¢,0,0,0;n))

r(1,1,2;n)
2r(1,1,2;n)
r(1,1,2;n/4)
0

r(1,1,8n) =

and

2r(1,1,1;2n)
r(1,1,1;2n)

r(1,1,2;n) = {

For example, from Appendix B of [1] we have (writing r(a,b, c;n)

if n=1 (mod 4),
if n =2 (mod 8),
if n =0 (mod 4),
if n=23,6,7 (mod 8),

if n=1 (mod 2),
if n =0 (mod 2),
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SO

r(1,1,1;2n) if n=1 (mod 4),
(1,1,1;2n) if n =2 (mod 8),

r(1,1,1;n/2) if n=0 (mod 4),

0 if n =3,6,7 (mod 8),

r(1,1,8n) =

and Proposition A.2 follows from (2.3).

In Table A.17 we list the positive integers not represented by the twenty-seven
spinor regular positive-definite ternary quadratic forms A1-A13, B1-B3, B5-B10,
B12 and C1-C4, which are alone in their spinor genus. In addition, the table gives
the even positive integers not represented by the two spinor regular forms B4 and
B11, which are not alone in their spinor genus.

\ no. \ (a,b,c,d,e, f) \ non-represented integers \
Al |(2,2,5,2,2,0) 81+ 3,80 + 6,321 + 12,4F (81 + 7)(k,l € Ny), M?
41 4 3,161 + 6,161 + 12,641 + 24,
AZ 1 (1,4,9,400) 4k (161 + 14)(k, 1 € No), 2M2
81+ 3,81 + 6,32 + 12, 32] + 24, 128] + 48,
4%(81 + 7)(k,1 € Ng), M2, 4M?
A +2,80 + 3,320 + 12,
4%(81 + 7)(k,1 € Ng), M2
4+ 2,81 13,80 + 5,160 + 8,320 + 12,
4% (81 + 7)(k, 1 € No), M2
4+ 2.8 + 3,321 + 8,320 1 12, 128] + 48,
4581+ 7)(k, 1 € No), M2
412,80 + 3,320 + 12,320 1 24,1281 1 48,
4% (81 + 7)(k,1 € Ng), M2, 4M?2
41+ 3,81+ 2,81 + 5,161 + 6, 321 4 20, 32] + 28,
641 + 40, 45 (161 + 14) (k, 1 € No), M2
A1 12,811 3,80 + 5,160 + 8,320 + 12,128 + 48,
4581+ 7)(k, 1 € No), M2, 4M3
41+ 2,80 + 3,81+ 5, 161 + 8,321 1 12,321 1 20,
4% (81 + 7)(k,1 € Ny), M2
4+ 2,81+ 1,80 + 3,161 1 8,320 + 12, 1281 7 48,
4581+ 7)(k, 1 € Ny), 4M2
AT+ 2,81+ 3,80 + 5,160 + 8,320 + 12, 1281 + 48,
A12 | (9,17,32,-8,8,6) 1281 + 96, 5121 + 192, 4% (8 + 7)(k, 1 € Ny),
M2, 4MZ,16 M}
41+ 2,81 1 3,80 + 5,161 + 8,321 + 12,321 + 20,
641 + 32, 1281 + 48, 45 (81 + 7)(k, | € No), M2, AM?
Bl | (3,3.4,0,0,3) 31+ 2,41+ 2,059 + 6)(k, 1 € No), M2
B2 | (3.4,4,4,33) 31+ 2,9%(91 + 6)(k,1 € Np), M2
Continued on next page

A3 | (2,5,8,4,0,2)

Ad | (4,4,5,0,4,0)

A5 | (4,9,9,2,4,4)

A6 | (4,5,13,2,0,0)

A7 | (5,88,0,4,4)

A8 | (4,8,17,0,4,0)

A9 |(9,9,16,8,8,2)

A10 | (4,9,32,0,0,4)

All | (5,13,16,0,0,2)

A13 | (9,16,36,16,4,8)
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] no. \ (a,b,e,d,e, f) \ non-represented integers ‘
B3 [ (1,7,12,0,0,1) 41+ 2,91+ 6,9%(31 + 2)(k,l € Ng), 3M3
B4* | (3,7,7,5,3.3) 41+ 2,120+ 8,161 + 8,4 - 9F(91 + 6)(k, I € Ny), 4M?2
B5 | (4,4,9,0,0,4) 31+ 2,41 + 2,41+ 3,9%(91 + 6)(k,l € Ng), M2
B6 | (3,4,9,0,0,0) 314 2,41 +2,9%(91 + 6)(k,1 € Ny), M3
B7 |(4,9,12,0,0,0) 314 2,41 + 2,41 + 3,9%(91 + 6)(k, | € Ng), M2
B8 |(4,9,28,0,4,0) 31+ 2,41+ 2,41 + 3,91+ 3,9%(91 + 6)(k, 1 € Ny), M3
31+2,41+ 2,41 + 3,8+ 5,161 + 8,161 + 12,
B9 | (9,16,16,16,0,0) 9%(91 + 6)(k, 1 € No), M2, 4M2
31 +2,41+ 2,41 + 3,80 + 1,161 + 8,161 + 12,
B10 | (13,13,16,-8,8,10) 98 (91 + 6)(k. 1 € Noj, M2, M2
41+ 2,120 + 8,161 + 8,161 + 12
* ’ ) 9 )
B | (9,16,48,0,0,0) 4-9%(91 +6)(k,1 € Ng),4M?2
31+2,41+ 2,41 + 3,81+ 5,91 + 3,161 + 8,
BI2 | (9,16,112,16,0.0) | 45,09 gk(91 4+ 6)(k, 1 € No), M2, AM2
71+ 3,71+ 5,71 + 6,497 (491 + 21),
Cl | 2787.1,0) 49% (491 + 35), 49F (491 + 42) (k, | € No), M2
442,71+ 3,71+ 5,71 + 6,495 (491 + 21),
C2 | (7.89,6,7.0) 49F (491 + 35), 49F (491 + 42) (k, | € No), M2
40+ 2,40+ 3,71+ 3,71 + 5,71 + 6,49% (49 + 21),
C3 | (89:25,24,8) A9F (491 + 35), 49F (491 + 42) (k, | € No), M2
40+ 2,41+ 3,71+ 3,71+ 5,71+ 6,80 + 1,161 + 8,
C4 | (29,32,36,32,12,24) | 161 + 12,497 (491 + 21),49% (491 + 35),
49% (491 4 42)(k,1 € Ng), M2

Table A.17: Positive integers not represented by spinor regular positive-definite
ternary quadratic forms (a,b,c,d, e, f) = ax® + by? + cz® + dyz + ezx + fry which
are not regular (*: Only positive even integers, which are not represented)



