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Abstract
A positive integer n is called an almost square of type 2 if it can be factored in two
different ways as n = a1b; = agby with a1, as,b1,bs ~ /n. We are interested in
how short an interval around z, say [z — %, —|—x¢], contains such kinds of integers.
In this note, we improve upon previous upper bounds on ¢ using exponential sum
techniques including recent breakthroughs on Vinogradov’s mean value theorem.

1. Introduction and Main Results

In a series of papers, [3], [4], [5], [6], [7], [8], the author studied short intervals
containing almost squares, which are positive integers n that can be factored as
n = ab with a,b close to y/n. For example, n = 9999 = 99 x 101 is an almost
square. We say that a positive integer n is an almost square of type 2 if it has
two different such factorizations (i.e., n = a1b1 = agbe with a1, a2,b1,be = /n).
For example, n = 99990000 is an almost square of type 2 as n = 99990000 =
9999 x 10000 = 9900 x 10100. More precisely, for 0 < 6 < 1/2 and C' > 0, we make
the following definition.

Definition 1. An integer n is a (6, C)-almost square of type 2 if n = a1by = azby
for some integers as < a1 < by < by in the interval [n1/2 —On? n'/? + Cnf.

Given 0 < 0 < 1/2, we say that ¢ is an admissible exponent if there exist
constants Cy, Dy > 0 such that the interval [z — Dgz®, z+ D9x¢] always contains a
(8, Cp)-almost square of type 2 for all sufficiently large x. Define

9(0) == inf ¢,

where the infimum is over all such admissible exponents. In [3], the author proved
that no such admissible exponent ¢ exists when 0 < 6 < 1/4 and

1-20 < g(6) <min(1—6,2/3), if 1/4<6<1/2. (1)
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Later in [6] and [7], the author improved the upper bound to

5/8, if1/4< 6 <5/16,
17/32, it 5/16 < 6 < 743/2306,
90 =3 19, if 743 /2306 < 6 < 1/3, 2)

1-36/2, if1/3<6<1/2.

The purpose of the current paper is to showcase the usage of exponential sum
techniques to improve some of these upper bounds. Firstly, we obtain the following
theorem to illustrate the basic ideas.

Theorem 1. For 11/34 < 0 < 3/8, we have g(0) < 25/28 — 176/14.

Theorem 1 is based on the classical van der Corput exponential sum estimate:

> e(f(n) < AYON 4 ATVONY? with |f"(z)] < A for x € (N,2N].
N<n<2N

When f"/(z) is monotonic, this was improved nontrivially by Robert [14] to
Z e(f(n)) < AYOSTYIAN brovided N > A7
N<n<2N

This already could lead to improvement to Theorem 1. In [16], Robert and Sargo
considered mean values of exponential sums and proved

1 & ‘ h NAY/S
= e( —f(n) ‘<<6 N¢( = + NAY® £ N3/4) L A=V3 (3)
S (Y A ey

We are going to use a consequence of this to get the following slightly better result.
Theorem 2. For 29/90 < 6 < 3/8, we have g(6) < 67/76 — 450/38 < 1/2.

One can check that 67/76 — 456/38 < 25/28 —170/14 < 1 — 36/2 when 6 < 3/8.
Also, 29/90 < 11/34 < 1/3. Hence, we push a little further on where g(6) < 1/2.
Using recent breakthroughs on Vinogradov’s mean value theorem by Wooley [17]
and Bourgain, Demeter and Guth [2], we obtain the following upper bounds.

Theorem 3. For1/4 <60 <1/2,

5/8, if1/4<6<5/16,
17/32, if5/16 < 0 < 19/59,
1/2, if 19/59 < 6 < 29/90,
9OV =N 67/76 — 450/38,  if 29/90 < 0 < 89/250, )

A7/48 — 350/24, if 89/250 < 6 < 35/94,
79/80 — 590/40, if 35/94 < 6 < 67/174.
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Note that 19/59 = 0.3220..., 29/90 = 0.3222..., 89/250 = 0.356, 35/94 = 0.3723...,
and 67/174 = 0.3850... = s(4). In general, for m > 5, we have the following series
of inequalities:

1 3 1 1 1
g(g) < (]‘ - 4m(m—l)) - (5 ; 2m(m—1_)~_)10’ Zf? —Sm-1 <0 ? 2 = Tms
N - 4(m2Tm+1) - <§ - 2(rngn7m+1))97 Zf 2 7 Tm <6< 3~ Sm
where
2 —z d >+
Tp = —————— and S, = .
T2 —a22 - 1) T3 a2 20— 1)

Moreover, g(0) <1—30/2—(1/2—0)3 for 11/34 <6 < 1/2.

So, we improve upon (2) by a magnitude of (1/2 — #)3. Unfortunately, this im-
provement tends to 0 as 6 goes to 1/2 and we still cannot beat the 1/4 upper bound
for g(1/2) which is the currently best known bound (see Lemma 1 for example).

Before proceeding, let us make some remarks. From (2), we may assume ¢ < 5/8.
If one can show that the difference between the largest and smallest factors of
n = a1b; = agby satisfies

by —ay < %9097 (5)

then, for n € [x — Dx®,x + Dx?),

C C
nl/QfC’na<b27510§a2<b2§a2+§x9<n1/2+0n0

because as < nl/?

< by and /2 < n < 2z for x sufficiently large. Thus, from now
on, we simply check inequality (5) to find almost squares of type 2.

We will use the following notation. We will use [z] to denote the integer part of
x. The symbols f(z) = O(g(z)), f(z) < g(z) and g(x) > f(x) are equivalent to
|f(z)] < Cg(z) for some constant C > 0. And f(x) < g(x) means that Cy f(z) <
g(xz) < Cyf(x) for some constants 0 < C; < Cs. Finally f(x) = Ox, ., (9(2)),
F(2) <og,one 9(2), g(x) >a,..0, f(x)or g(x) <, ..., f(x) mean that the implicit
constant C' may depend on Aq, ..., Ag.

2. Preliminaries

Lemma 1. For x > 1, one can find o difference of two squares n?> — m? with

n >m > 1 such that |n> —m? — 2| < T¥/x.

Proof. Take k = [\/z] > 1. Then k? < z < (k+1)? which gives 0 < x —k? < 2k+1.
This implies
5<2k+3<(k+2)?—2<4k+4.
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Now, take m = [\/(k + 2)2 — 2] > 2. We have m? < (k +2)? —z < (m + 1)? and

0<(k+22-—m?—z<2m+1<2V4k +4+1<2¢/8Vz+1 <7z
as x > 1. O
We will need to produce small fractional parts of some real-valued function. To

attain this goal, we use the Erdés-Turdn inequality in the following form (see [12,
Corollary 1.2] for example).

Lemma 2. Let x1,x2, -+ ,x5 be a sequence of real numbers. Suppose that M is a
positive integer chosen so that

3l)

J
=1 j=

J
ly)| < 25,
le(xj) - 10

where e(x) = e2™. Then, for every interval [, 8] C [0,1] of length B — o > %—H’
there are at least %J(ﬂ — ) of the numbers x; in the sequence with fractional parts

{z;} € o 5]

Thus, we need some exponential sum estimates. The first one is a classical van der
Corput estimate. See [9] or [15, Theorem 2], for example, where the second paper
contains a nice survey on the latest developments of van der Corput’s method.

Lemma 3. Suppose that f(z) is a real-valued function over the interval [N,2N]
such that its third derivative is continuous and satisfies |f"'(x)| < A. Then

> e(f(n) < AVON 4 ATVONTZ,

N<n<2N
In [16], Robert and Sargos considered mean values of exponential sums
2H
1 h
s=g 2| X mim)
h=H+1 N<n<2N

and proved inequality (3) by Weyl’s shift, van der Corput’s method, multi-variable
partial summation, and Bombieri and Iwaniec’s double large sieve. They applied it
to study lattice points close of curves and we summarize their Corollary 2 as follows.

Lemma 4. Suppose that g(x) is a function with continuous third derviative which
satisfies g"'(x) < A for 1 <z < M. Let

R(g,0) = #{m € {1,2, ... M} : [|g(m)|| < 0},

where ||z|| := min, ez |z — n| stands for the distance from x to the nearest integer.
Then, for any 0 < 4§ < 1/2,

R(g,0) = 2M3 + O (M TN 4 M3/4+) 4+ O(A71/3),
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It is worth mentioning that Huxley’s book [11] contains detailed studies of such
lattice point problems and related exponential sum techniques.

Recently, Wooley [17] and Bourgain, Demeter and Guth [2] made significant
contributions to exponential sums by proving Vinogradov’s mean value theorem.
See [13] for a nice survey on these results. As a consequence, Heath-Brown [10,
Theorem 1] obtained the following new exponential sum estimates.

Lemma 5. Let m > 3 be an integer. Suppose that f(x) : [0, N] — R has continuous
derivatives of order up to m on (0, N). Suppose further that

0< A < f™(2) < AN, x € (0,N).
Then

2
vnﬁ(rnfl) )

1 —
S e(f(m) oame NG 4 N7HOT 4 NTROT A,
n<N

3. Basic Strategy and Proof of Theorem 1

First, let us consider integers of the form d(d + 1)(e — k)(e + k) € [z, z + %] with
d = [x°] for some 0 < a < 1/2. By Lemma 1, one can find a difference of two
squares e? — k2 such that

€T €T

1/4—a/2
dd+ 1)’ < (d(d+1

1/4
‘ez—kQ— )) Lz

with e < /g0ty < 2127 and k < Vaam < z'/4=2/2  This implies

|z — d(d+1)(e — k)(e + k)| < x/4F39/2,
Observe that n = d(d + 1)(e — k)(e + k) has two different factorizations,
n=ldle+k)]-[(d+1)(e—Fk)] =[dle—Fk)]-[(d+1)(e+k),
and the difference between the largest and smallest factors is
(d+1)(e+k)—d(e—k) =e+2dk + k < xt/?7 4 gl/4Fe/2,

Pick « =1/6. Then 0 =1/2—a =1/4+a/2 =1/3 and ¢ = 1/4 + 3a/2 = 1/2.
Hence, we find a (1/3, C)-almost square of type 2, namely n = d(d+1)(e—k)(e+k),
in the interval [z — Dx'/2 x + Dx'/?]. This gives g(1/3) < 1/2.

Proof. Now, instead of fixing d = [z%], we allow d to vary over an interval (z®, 2z%].
Define

T xt/? 1 11 3
F = — — L2 (= 4 2 ...
(d) dd+1)  d Q+1/aez " (d 2 T3P )
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One can easily check that, for i = 1,2, 3, the i-th derivative
21/2

Od) =< (—1)
F (d) - ( 1) x(1+i)a

for d € (z*,22*]. We apply Lemma 3 with f(z) = —IF(x) and get
Z Z e(lF(d))’ < M/631/124+a/3 4 1r5/6,7a/6-1/12
1M defze,227]
which is less than x®/10 provided
M < g*/T114 and M < g/10-e/5, (6)

We need both exponents in (6) to be positive to ensure the existence of M. So, we
require 1/8 < o < 1/2. Consequently, by Lemma 2,

5 x 1
- < — - < e—-— —
(& F(d) ( 1) e

for some positive integers d € (z®,2z%] and e. Thus,

2 T o pA/T-11a/T
d(d+1)

by choosing M = [cz**/7=1/14] for some small enough ¢ > 0. We need o < 4/11

to ensure that the exponent 4/7 — 11a/7 is positive. With k = [, /e? — m], we
have

62—I</‘2—7d(da:L 0 < k< 2?71 op g —d(d+1)(e—k)(e+ k)| < o/ THIT/14,

Recall the two different factorizations n = [d(e + k)] - [(d + 1)(e — k)] = [d(e — k)] -
[(d 4 1)(e + k)]. The difference between the largest and smallest factors is

(d+1)(e+k) —d(e—k) = e+ 2dk + k < /27 4 g2/T+3a/14, (7)
Since our goal is to obtain a result with ¢ < 1/2, this forces

2 1o 1 <3
VI T

In the range 1/8 < o < 3/17, the first upper bound in (7) dominates. Thus, with

11 <0 1 < 3 d ¢ 2 n 17« 25 170

_— = - — —_ 1 = — —_—— = —

34 2 “Tgy ° 774 8
there is a (6, C)-almost square of type 2 in the interval [z — Dx® x + Dx?]. This
gives Theorem 1. O
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4. Proof of Theorem 2

Proof. Again, we consider the function

T zl/? 1 11 3
F(d) = = =gV (o 4 ...
D=\gazn~ 7 aryaz * (G-se*se )

for d € (x%,2z%]. Let M = [2®] and g(m) = F(m + M) + 25. One can check that
g"(m) < 2?74 = A when 1 <m < M. For 1/8 < a < 8/45 and € > 0, set

1
r12a/19-3/38—¢"

5=
One can check that
MIFEAB/10 Np3/4e and AY3 <, MLT9/25
when 1/8 < a < 8/45. By Lemma 4,
#{me{l,2,..M}:n—3§ <g(m) <n-+J for some integer n > 0} >, M > 0.

Hence, there are some integers d € (z®,2z%] and e such that e —3J < F(d) < e—4.
Since e < F(d) < z'/?~*, we have

T _
o2 = p!1/19-31a/19+¢

d(d+1)

Note that 11/19 — 31« /19 is positive when a < 8/45. With k = [, /e? — d(%ﬂ)], we

have .
2 12 11/38—31a/38+€/2
kE*— —— k <
e d(d+ 1) KKkLcx

or
‘.’E _ d(d+ 1)(6 _ k)(6+k)| <. x11/38+45a/38+6/2.

The difference between the largest and smallest factors of n = [d(e+k)]-[(d+1)(e—
k)] = [d(e — k)] - [(d 4+ 1)(e + k)] satisfies
(d+ 1)(€+k) _ d(e_ k) — €+2dk+k <<6 xl/?—a +x11/38+70¢/38+€/2 <<e xl/Q—O{
when 1/8 < a < 8/45 — €/2. Thus, with
29, ¢ ! 3 11 450 e 67 450 ¢
38 38 2 76 38 2

there is a (0, C.)-almost square of type 2 in the interval [x — D.x?®, x + D.x?]. This
gives Theorem 2 as € can be arbitrarily small. O
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5. Proof of Theorem 3

Proof. First, we note that the first three inequalities of (4) basically follow from (2).
The slightly smaller lower limit 15/19 = 0.3220... for the third inequality (instead of
743/2306 = 0.3222... in (2)) is due to the new exponent pair (13/84 + ¢,55/84 + ¢),
obtained by Bourgain [1] using a decoupling technique. One can simply input this
pair into the proof of Theorem 3(v) in [6] and get 15/19. The fourth inequality
follows from Theorem 2.

To go beyond 8 < 3/8 or to improve upon g(6), we apply Lemma 5. Recall that

_ T _oap(l 1 3
Fd) =\aasn =" (i 556 )

and d € (z%,2z%] for some 0 < o < 1/4. Let
m! l'/?

N - [1,06]7 )\m = 277L+1 : N(m+1)

, and A =2°™,

Then the derivative condition in Lemma 5 is satisfied with f(u) = l[F(u+ N) for
sufficiently large. Hence,

S| ewr)

<M defze,22%]

(m41)
Kime <M1+m<"1tfl> g TA- w0 4 prp(=mmen )
_ 2 _ 1 1 5 .
+ MR g e +m2<m71>)a)m,

which is less than 2*/10 when

(m4+lo 1 e o . 1-2a
M <<m,e rm2—m+1  2(mZ-—m+1) 7]\4 <<m,e . m(m—1) , and M <<m7e xrm3-—m2-2

—€

(8)
Notice that the first two bounds in (8) are the same when « = % Thus,
we make the following change of variable

m? —m 1 1

= ith — <n< .
Az T M 2(m2+m) — = 2(m2 —1)

9)

For n > 0, the second upper bound in (8) is the smallest and we pick

1 n _
M — |:C€./I; 2(7n37'mQ—1)+7”(""*1) €i|

for some small enough constant ¢, > 0. By Lemma 2,

1
—%gF(d): _ L e =

¢ dd+1) =" M
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for some positive integers d € [z, 22%] and e < 2'/2~*. Thus,

1 m2—m+1 m2—m+1
e2 — x - £ = 22 2(m3-—m2-1)  m(m-1) 77+5.
dd+1) M
. _ 2 _ xr
Then, with k = [, /e 7d(d+1)], we have

2 2
m2—m+1 m?—m+1 €
n+3

x 1_ -~
— < k < {1;‘4 4(m3—m2-1) 2m(m-—1)
d(d+1) | ‘

’62—]4;2—

or
3m2-3m-1 | 3m?2-3m—1__ ¢
|z —d(d+1)(e—k)(e+ k)| < x%+4<m37m271>+ Zm(m-1) 1173 (10)
So, the difference between the largest and smallest factors of n = [d(e + k)] - [(d +
1)(e—k)] =[d(e—k)] - [(d+ 1)(e + k)] satisfies

(d+1)(e+k) —d(e—k) =e+2dk+k

m2—m m2—m—1 m2—m—1

1___ _m7-m 1 £
<<e'132 2(m3—m2—1) 77+$4+4(m3—m2—1)+2mr(7n—1)77+2_ (11)

When m > 4, the first bound in (11) dominates by n < m in (9).
For 1 < 0, the first upper bound in (8) is the smallest and we pick

1 (m+l)n
M = |:CE$2(WS*M2*1)+M2*m+1 E}

for some small enough constant ¢, > 0. Here, one can check that the exponent is
positive by —2(; < nin (9). By Lemma 2,

m2+4+m)
T 1
< = — < —
< F(d) Vdd+1) = M

€ [z*,22°] and e < 2'/27, Thus,

e —

=~ Ele

for some positive integers

2 2
T e 1 _m2omt1  m242
62 _ - = 2 2m3-m2-1) mZ-m+1 nte

dd+1) M

Then, with k = [, /e2 — ﬁ], we have

‘eQ—k’z—

2 2
m m—+41 m 2 €
+ + n+<

x 1_ _
— k< xt 4(m3—m2-1) 2(m2—m+1)
dd+1) ‘ ¢

or l_,’_ 3m2—3m—1 37n274m+2 77+£

|z —d(d+1)(e —k)(e + k)| € x® 4mF-mZ—1) T2mZ—m+1) 172, (12)
So, the difference between the largest and smallest factors of n = [d(e + k)] - [(d +
1)(e — k)] = [d(e — k)] - [(d+ 1)(e + k)] satisfies

(d+1)(e+k)—dle—k)=e+2dk+k

m2—m 1 m2—m—1 + m2—2m

1I___ _m7-m 1 £
KLex? 2mP-mIoD) n+x4+4(m,3—m,2—1) 2(771,2—m+1)n+2' (13)
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When 1 < 0, one can check that the first upper bound in (13) dominates. Summa-
rizing from (9), (10) and (12), we have the admissible exponents

1 3m2—3m—1 3m2—-3m—1 € : 1
d) _ 4 + 4(m3—m?2-1) + 2m(m—1) n+ 27 if 0 < n< 2(m2-1)° (14)

= 1 + 3m2—3m—1 + 3m>2—4m+2 + £ if — 1 <n<0

4 4(m3—m?2-1) 2(777,27m+1)77 2 2(m2+m) — n=yv.

Based on (11) and (13), we set
1 m? —m

9 == _ . 15
2 2md—m2—1) (15)

Substituting (15) into (14) (with the help of Mathematica), we obtain

¢:(1‘La%iﬂ>—(%‘za%iiﬂe+§ (16)

1 2—m 1 1
when 5 — 55—y — speey <0< 3

A e R (R (17)

and

2 2(m?—-m+1) 2
when § — o <9< Lo gomiom oy oL One can check that
1 m? —m 1 Py (m—1)>~(m—1)

2mP—m2—1) 2m?—1) "2 2((m—1)3—(m—1)2—1)

and

1 (m+1)2—(m+1)

2 2(m+1P-(m+1)2-1)

IN

for m > 4. Consequently, with

x? —x
T =
T2 —a22 1)
we have
(1 - 47n(r1rl—1)) N (% N 2m(71n—1))0’ if % —Tm-1 <0< % —Tm,
g(0) < _ m — (-l Y, iflor, <6< i-
A(mZ—m+1) 2 T m2—mr1))? UL TTm SV S5 = Tmpl
(18)
by (16) and (17) as € can be arbitrarily small. Replacing m by m + 1,
(1 - 4(m21+m)) o (% o 2(m21+m))0’ if % —Tm <0< % — Tm41,
9(9)§ N m+1 (3 m+2 )0 TR <p<l_
I(m2+mt1) 2 T am2tmrn) Lo T Tmt1 SV T'm+2-
(19)
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Notice that the second bound in (18) and the first bound in (19) share the same
range of 6. So, we decide which bound is smaller and use it accordingly. One can
show that

(1’ZG?%%{Iﬁ>*<;*§G£%%%IB>

S@‘Z@#ﬁ%ﬂ‘(%‘ﬂﬁgﬁaw

when ,
€<1_ m-+m
2 2mP4+m242m-—1)

IN

1
5 — Ter].

Therefore, for m > 4,

g(e) < (]. - ‘4(m211nm+1)) _3(% - 2(1m21+1111+1)7)9’ lf % —Tm < 6 < % — Sm,
N (1 - 4(m2+m)) - (5 - 2(m2+m))0’ if 3~ Sm <6< 2 = T'm+1,
(20)
where
o 22+
U@ a4 20— 1)
Combining (18), (19) and (20), we have
(9) < { 47/48 = 356/20 i£11/30.<0 < 35/94,
IS\ 79/80 — 590/40  if 35/94 < 6 < 67/174,
and
g(a) < (1 - 4m(n11—1)) o (% ; 2m(1}n—1_)i_)197 if % —Sm-1 <0 ? % —T'm,
= m m :
- ) — G~ )l - rm <0< 5—sm

for m > 5. This gives the rest of Theorem 3 except for the last part. From (18), we

0030 gt )=o)

2m(ri ) 2 (2((77517z l)i)—(ngn—ll)?— 1))2 = (% - ")2

for1/2—rp—1 <0 <1/2—r, and m > 4. The last statement of Theorem 3 follows
as the union of the intervals Uy, >4[1/2 — ry—1,1/2 — 7] equals [11/34,1/2). O

have

as
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