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Abstract
For any constant Cy > 0, we construct a set A C N such that one has

1
Z ~ =exp ((C;b + 0(1)> (loglog x)'/? log log log ;v)
neAn<z n

and

—_

1
Z lem(n,m) < Z n

n,meA:nm<x neAn<z

as x — oo, with the growth rate given here optimal up to the dependence on Cj.
This answers in the negative a question of Erd6s and Graham, and also clarifies the
nature of certain “mostly coprime” sets studied by Bergelson and Richter.

1. Introduction

In this paper we resolve (in the negative, and in a near-optimal fashion) a ques-
tion of Erdds and Graham [5] (problem #442 in https://erdosproblems.com).
Our analysis also clarifies the nature of certain “mostly coprime” sets studied by
Bergelson and Richter [1].

We begin with the former question. It is convenient to introduce the iterated
logarithm notation'

Logz := max(logz,1); Log,z = LogLogz; Logsx := LogLogLogx

for z > 0.

DOI: 10.5281/zenodo.14046669
n this paper the iterated logarithm takes precedence over all other operations except

for parentheses, thus for instance Log;/zxLog3x is equal to (Logyz)'/?(Logzx) rather than
(Logy (¢Logzz))'/?).


https://erdosproblems.com

INTEGERS: 24 (2024) 2

Problem 1 (Erdds #442, [5, p.88]). Let A C N be such that

! > 1, (1)

Log,x
82 neA:n<z

as ¢ — 0o. Is it true that

L ) 2)

(ZneA:nSx 5)2 nmEAm<m<z I(TI’II(TL7 m)

as T — 007

Informally, Problem 1 is asking how large a set A can become assuming that the
least common multiples lem(n, m) are unusually large in a certain (exotic) averaged
sense. In view of the well-known identity

nm

3)

lem(n,m) = ————,

( ) ged(n, m)
one can also interpret Problem 1 as studying the largest size of sets A for which
the greatest common divisors ged(n, m) of elements n,m € A are unusually small
on average.

Remark 1. At the opposite extreme, sets with unusually large greatest common
divisors (or unusually small least common multiples) have recently been studied in
[11], [7], as they are relevant to the resolution of the Duffin-Schaeffer conjecture in
[11]. The aforementioned reference [5, p. 87] also states a problem in this context
(problem #441 in https://erdosproblens. com, see also problems B26, E2 in [10]),
regarding the size of the largest set A of integers for which lem(n, m) < z for all
n,m € A, which was subsequently solved rather satisfactorily in [2, 3, 4]; the answer
is 1/92/8 — 2, plus a non-negative error of size O(z'/2Log ™/ %zLog,x) that goes to
infinity (by at least the inverse tower exponential function) for an infinite sequence
of x.

The presence of the Log,x growth rate in Problem 1 was likely motivated by the
example of A being the set of prime numbers, since a straightforward application
of Mertens’ theorem shows that both expressions appearing in this problem are
comparable to 1 for large x in this case (note that lem(py,pa) = pipe for any
distinct primes p1,p2). The potential relevance of this example is also supported

by the easy observation that the maximal value of ) L if the elements of

ncAn<zr n
A are assumed to be pairwise coprime (which is an evident way to prevent (2) from
occurring) is attained when A is the set of prime numbers (together with 1).

Observe that the diagonal expression

1 1
> +)? 2 lem(n, m)

n€Am<z n’/ pmeAn=m<sz
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goes to zero under the hypotheses of this theorem, since lem(n,n) = n. By symme-
try, the conclusion (2) of this problem is then equivalent to

1 1
S U
(EneA:ngm E)Q n,meAn,m<z 1cm(n, m)

Using (3), we can write this as

Z ged(n,m)
n,meAnm<zx nm

— Q.
1
Zn,mGA:n,mSm nm
One can interpret this claim probabilistically: if we let n = n, denote a random
element of {n € A :n <z} drawn with the logarithmic probability distribution

1/n

P(n:n)ziz o T

; (4)
and let m = m, denote an independent copy of n, then the claim (2) is now
equivalent to the assertion that

Eged(n, m) — oo. (5)
Note that as ged(n,m) > 1, we trivially have
Eged(n,m) > 1 (6)

and so (by reversing the above manipulations) the left-hand side of (2) must be
> 1 for sufficiently large x. Informally, Problem 1 asks whether any set that is
significantly denser than the primes (in a logarithmic sense) must start having large
pairwise greatest common divisors on average. A key advantage of the reformulation
(5) of the problem is that one can now use the standard Gauss identity

ged(n,m) Z o(d (7)

d|ln,m

where ¢ is the Euler totient function, together with the fact that m is an indepen-
dent copy of n, to write the left-hand side of (5) as a weighted sum of squares:

Egcd(n, m) Zqﬁ (8)

Thus, the claim (2) (or (5)) can also be interpreted as an assertion that typical
elements of A do not have unusually few divisors. Note that the trivial lower bound
(6) corresponds to the d = 1 term in the right-hand side of (8).
The defect?
Eged(n,m) — 1 (9)

2We thank Joel Moreira for this observation.
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in the inequality (6) was studied in [1] , where it was denoted as

log log
ETrLEA;mS:cEnEA;nSx@(n’ m)a

and can be viewed as a (weighted) measure of how often two elements of A of size
at most = share a common factor. By (8), this quantity can also be written as

> d(d)P(d]m)”. (10)

d>1

The authors of [1] were particularly interested in obtaining sets A for which the
defect (9) was small (less than e for a given fixed small € > 0), as this allowed for
a useful inequality of Turan—Kubilius type to be available for such sets A, which
had applications to generalizations of the Sarnak conjecture [14]; see in particular
[1, Proposition 2.1] and the surrounding discussion.

In the case where A consists of the primes, one can verify from Mertens’ theorem
that P(d|n) is asymptotic to ﬁggd when d is prime (or equal to 1), and vanishes
otherwise. Hence the sum (8) converges with a “doubly logarithmic amount” of
room to spare; indeed, from another application of Mertens’ theorem we see that
the defect (9) decays like® (1 + o(1))/Logyz. This suggests that the primes are
in fact not the densest set for which (2) fails. For instance, if one instead takes
A to be the set of squarefree numbers with exactly k£ prime factors for any fixed
k > 1, a standard calculation again based on Mertens’ theorem (see also Lemma 1
below) shows that the left-hand side of (1) now grows like (1 + o(1))Logh'a/k!,
but the left-hand side of (2) stays bounded in the limit © — oo (and the defect
(9) decays like (1 + o(1))k?/Logyz). In particular, the answer to Problem 1 is
negative; this result and construction was already implicitly observed in [1] (see
the discussion after [1, Proposition 2.1]), although the authors seem to have been
unaware of Problem 1 . In the remarks after [1, (2.5)], it is also noted that the
situation appears to be significantly worse if one performs natural averaging rather
than logarithmic averaging for these problems, and we do not pursue that variant
of the problem here.

In this paper, we can identify (up to constants) the optimal (logarithmic) growth
rate of A for which (2) stays bounded. We first present a simplified version of the
main theorem.

Theorem 1 (Negative answer to #442). For any Cy > 0, there exists a set A of
natural numbers such that

£ (G ) o

neA:n<x

3In this paper we use the usual asymptotic notation X < Y, Y > X or X = O(Y) to denote
|X| < CY for an absolute constant C, X < Y to denote X < Y <« X, and o(1) to denote a
quantity that goes to zero as  — oo.
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and
2

Z m <y Z % (12)

n,meAnm<z n€A:n<z

as x — oo. Up to the choice of constant Cy, the growth rate in (11) otherwise
optimal for sets that obey (12).

In other words, the optimal rate of growth of » _,. % in order to avoid the

conclusion (2) of Problem 1 is not < Logyx < exp(Logsx) as stated in that problem,
but is instead exp(O(LogéﬂxLog?,a:)).

In fact, we prove a more precise statement. Let Cy > 0 be a fixed parameter;
this quantity could be either larger, smaller, or equal to 1, but we recommend that
the reader focus on the Cy = 1 case on a first reading. For any natural number
k > Co, let z, = mk,c, denote the real number zy = expexp(k?/CZ) (so that

k= COLogé/zgck)7 and for any xy < z < xp41, so that

2 12 2
P loge < XD _ K +O<k>7

G3 G —a \&
let ¢(x) = ¢, () denote the quantity
h(z)®
=1+ 13
vle) =14 s (13)
with h(z) = he,(x) defined by
k2
h(z) = Logyx — Vo?) +1 (14)
0

(so in particular h(zgs1) < k/CZ for large k), and let F(x) = Fg,(z) denote the
quantity

k2k072k

F(x) = z/;(:c)To.

Thus, F' and 1 are piecewise quadratic left-continuous functions of Logyx, defined

(15)

for x large enough, and h is similarly piecewise linear in Logy,z. Observe that on
the interval xp, < x < x4 for large k, both ¥ and h increase from hma;—m,j P(x) =

lim, .+ h(z) = 1 to ¥(xpy1) < h(zpe1) < k/CZ, and as a consequence F is

“continuous up to constants” in the sense that

k (k- 1)2(k—1)00—2(k—1) kaC«O—Qk .
Flxp) < — = = lim F(x 16

for sufficiently large k. For technical reasons (that mainly concern the case when
Cp is small) it will be important to observe that ¢ is “flat” for some distance to the
right of x, and specifically that

Y(x) <1 (17)
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whenever z, < 2 < x4 with h(z) < k'/2/Cy and k large; in particular we have
F(z) < F(xy) (18)

in the same regime. This is the main reason why we select a quadratic form (13) as
the first factor in the right-hand side of (15), rather than the more natural linear
form h(z). From Stirling’s formula (and the fact that k =< COLog%/Qx) one can
easily establish the asymptotic

F(z) = exp ( <g° + 0(1)> Logs/ 2xL0g3x) (19)

as x — oo (we allow the decay rates o(1) here and in the sequel to depend on Cj),
although the o(1) error is somewhat oscillatory.
We then show the following result.

Theorem 2 (Main theorem). Let Cy > 0 be a fized constant.

(i) There exists a set A of natural numbers such that

neAn<z
for sufficiently large x, whose defect (9) obeys the bound
Eged(n, m) — 1 < exp(e?*C2) — 1+ o(1) (21)
as x — oo.

(i) Conversely, if x is sufficiently large, and A is a set of natural numbers for
which

Eged(n,m) — 1 < C2 (22)
holds for that choice of x, then

>

neA:n<z

< exp((Co + 0(1))L0g;/2xLog3w)). (23)

3=

It is easy to see that Theorem 1 follows from Theorem 2 combined with (19).

In the small defect regime Cy ~ 0, Theorem 2 provides a reasonably tight bound:
for small 0 < & < 1, by setting Cy = %logl/Q(l + &%) = £ 4+ O(¢*), Theorem 2(i)
permits us to construct sets A in which the defect (9) is bounded by &2 + o(1) and

Z % = exp (<2ie +0() + 0(1)> L0g§/2$L0g3x>

neA:n<z
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while for any set A with this defect bound, Theorem 2(ii) provides the upper bound

>

neA:n<zx

1
~=exp ((5 +0(1)) Logé/QxLogg)x) .

In particular, we see that the right-hand side of [1, Proposition 2.1] can only exhibit a
decay of o(1) for sets B with the growth rate Y-, 5., .. = < exp(o(Logémeog?’az)),
and that this upper bound cannot be improved. The example already noted in [1]
of the set of products of k primes for fixed & morally corresponds to the Cy =
k/Logé/ %z case of the theorem, although strictly speaking Theorem 2 does not
apply in this regime, since we require Cy to be independent of z. In the large Cy
regime, there is an exponential gap in constants between (i) and (ii); we suspect
that the bounds in (i) are closer to the truth, but we do not pursue this matter in
this paper.

1.1. Methods of Proof

For simplicity we restrict attention in this informal discussion to the case Cy =< 1,
avoiding some technical difficulties that emerge in the case of small Cj.

We first discuss Theorem 2(ii). From the form (10) of the defect (9), we see
from the hypotheses that for a typical prime p, the probability that p divides n
(or m) has to be somewhat small. By linearity of expectation, this will imply that
the expected number w(n) of prime factors of n will be much smaller than the
number Log,x predicted by the Hardy-Ramanujan (or Erdés—Kac) law; in fact, a
simple application of Cauchy—Schwarz and Mertens’ theorem reveals that it is of
size at most (Cp + 0(1))L0g§/ ®2. However, standard arguments from the anatomy
of integers show that the set of numbers with this few prime factors obey the bound
(23). The rigorous proof of (ii) will largely follow these lines, though it also invokes
Jensen’s inequality at one point to handle the fact that w(n) is only controlled in
expectation, rather than uniformly.

For the proof of Theorem 2(i), it is natural in view of the proof of (ii) (as well as
the aforementioned analysis of the set of numbers with k& prime factors for a fixed
k) to look at the set of numbers n with at most COLogé/
essentially works, except for a number of technical complications arising from the
fact that the quantity CoLogé/ ’nis usually not an integer, leading to the left-hand
sides of (20), (21) experiencing some unwanted “discontinuous” behavior whenever

’n prime factors. This

COLogé %2 crosses an integer value, if the set A is not chosen carefully. Nevertheless,
the author was able to modify this construction to reduce the discontinuities to
acceptable levels, though at the cost of introducing the somewhat unusual growth
function (15). The case when Cj is small presented particular challenges in this
regard, being one of the primary reasons for the complexity of the construction. A
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simplified* version of the construction, which has a shorter proof but only applies
for a single large range of x rather than in the asymptotic limit x — oo, is given in
Proposition 1 below.

2. Proof of Theorem 2

We begin with Theorem 2(ii), which is easier to prove, and also helps motivate the
construction for (i).

Proof of Theorem 2(ii). We may of course assume that the set {n € 4 :n < x}
is non-empty, as the claim is trivial otherwise. By (10), the hypothesis (22) is
equivalent to

> 6(d)B(d)? < C3. (24)

d>1

Specializing d to be prime, we conclude in particular that®

> (p—1P(pln)* < C3.

p<z

By Cauchy—Schwarz and Mertens’ theorem, we conclude that

1/2
1
S Poln)<Co | Y ——| < (Co+o(1)Logy x. (25)
p<w p<w p
Thus, if w(n) = Zp‘n 1 denotes the number of prime factors of n, we see from

linearity of expectation that
Ew(n) < (Co + 0(1))L0g;/2x.
By Jensen’s inequality, this implies that
E exp(—w(n)Logsz) > exp(—(Cyh + o(l))Log;/QxLogga?).

Unwinding the probabilistic notation and rearranging, we obtain

>

n<x;n€A n<x;n€A

exp(—w(n)Logsx)

< exp((Co + o(1))Logy *aLogzz) - .

3=

4See also the first version of the paper, available at https://arxiv.org/abs/2407.04226v1,
which handled the asymptotic limit © — oo but only in the special case Cyp = 1, leading to
an argument intermediate in complexity between the proof of Theorem 2(i) and the proof of
Proposition 1.

5All sums over p are understood to be over primes. This specialization to primes is inefficient
in the large Cp regime, and appears to be the main cause for the exponential gap between upper
and lower bounds in this case.
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If we crudely drop the constraint n € A on the right-hand side, one can bound that
expression by the Euler product

exp((Co + o(1))Logy *wLogsa) [ | (1 +O <W>)

p<z

which we can bound in turn by

exp(—Logz)

exp | (Co+ 0(1))L0g;/2xLog3x +0 Z .

p<z
By Mertens’ theorem, the sum inside the O() notation is bounded, thus we obtain
(23) as required. O

Now we turn to Theorem 2(i). Given a set P of primes and a natural number &,
let P¥l denote the set of all products py ...pg of k distinct primes in P, and then
write PISEl = g2 cn P to be the collection of products of at most k distinct
primes in P. We have the following basic calculation, that describes the logarithmic
growth rate of PI=F when k is not too large.

Lemma 1 (Logarithmic growth rate). Let P be a set of primes, and let k > 0 be
an integer. If © > 1 is such that

k<c Y = (26)

peP:p<lz p

for a sufficiently small absolute constant ¢ > 0, then
k

1 1 1 1
Z e Z el Z = (27)

nePklin<lz nePIskln<zx pEP:p<zx

This lemma can be compared with [6, Lemma 2.1], which in our notation essen-
tially® asserts the bound

Z % < exp Z ! (28)

nelUy, PFlin<z pEP:p<z p

without the need for a hypothesis such as (26). Combining (27) with (28), we thus
see that if n is drawn randomly from {n € [J;o, P*! : n < 2} using the logarithmic
probability distribution (4), then the lower tail distribution of w(n) behaves like the

6Strictly speaking, the result of [6, Lemma 2.1] gives slightly sharper bounds, but also permits
the primes pi1,...,px € P to be repeated; however, it is not difficult to adapt the proof of that
lemma to achieve (28), basically by restricting attention to squarefree numbers.
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1
pEP:p<z p°
of the Sathé-Selberg formula [15], [16]. Results similar to Lemma 1 are available

for natural density’, and can in fact be extended to the regime where the small
constant ¢ is replaced by 1 + o(1); see [8, 9], as well as [12, Theorem 5.4.2] for a
joint version involving multiple disjoint sets Pi,...,Pp,. On the other hand, for
very large k the asymptotics deviate from the naive Poisson model; see [13] and [6]
for some relevant calculations.

In our applications of Lemma 1, the hypothesis (26) will be automatically satis-
fied, as the left-hand side will be comparable to COLogé/ %z and the right-hand side
comparable to Logyz, with = assumed to be large.

lower tail of a Poisson random variable with parameter in the spirit

Proof of Lemma 1. The case k = 0 is trivial, so we may assume k& > 1, which by
(26) forces z to be larger than any specified absolute constant.

The right-hand side of (27) increases at least geometrically in k thanks to (26), so
by the triangle inequality it suffices to establish the bound for P*!, or equivalently

that
—k

> %’ Zl = 1. (29)

nePkl:n<x pEP:p<z p

We argue probabilistically. Let pi,...,px be random elements of {p € P :p <
x}, chosen independently with distribution

1/2%‘
P(p; =pi) = =1~
ZpeP:pr P

Then each n € P is attained by the random variable p; ...ps with probability

k! 1
n pEP:p<x p

only if all the p; are distinct. Thus the bound (29) is equivalent to

—k
(Z 1) . Conversely, pi ...ps will produce an element of P¥! if and

P(p;...px <z and pq,. .., px distinet) < 1. (30)

The upper bound is trivial, so we focus on the lower bound. By the union bound,
the probability that p1,..., px are not distinct is at most

Z P(Di = Pj)-

1<i<j<k
But by construction we have
D pePip< = 1
P(p; = pj) = R < D 1)2
(Zpepzp<m %) pEP:pST p

"We are indebted to the anonymous referee for this remark and references.
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so by (26) the probability of the pi,...,pr not being distinct is at most O(c?).
Next, the event p; ... pr > = can be written as Zle log p; > log x, so by Markov’s
inequality and linearity of expectation the probability of this event is at most

L
Z]Elogpi.
log x P

But by construction and Mertens’ theorem we have

Zpep:pgx logp/p log x
EpGP:pSz 1/]) Zpepngx 1/p

so by (26) the probability of the event p;...pr > z is at most O(c). Thus the
left-hand side of (30) is 1 — O(c?) — O(c), and the claim follows for ¢ small enough.
O

As a quick application of this lemma, we can establish a “baby” version of Theo-
rem 2(ii), in which we only control the behavior at a single large range of x, rather
than all large x.

Elogp; =

Proposition 1 (Baby version of theorem). Let Cy > 0 be a fized constant, let k be
a natural number that is sufficiently large depending on Cy. Then there exists a set
A of natural numbers (depending on k and Cy) such that the bound

£ (@ o)) w

neA:n<zx

and the bound (21) both hold in the range
1/2
CoLogy' "z = (14 o(1))k, (32)
where the o(1) notation is now with respect to the limit k — oo.

Proof. We set A := PI=F where P is the set of all primes. From Lemma 1 and
Mertens’ theorem we have

1 1 X
> ~ = ELoggx (33)
neAn<z :

where the claim (31) then follows readily from Stirling’s formula and (32).
It remains to establish (21). By (33) and (7) (or (8)), and bounding ¢(d) by d,
it suffices to show that

2

Z d Z % < (exp(e?C2) — 1+ o(1)) (kll)zLoggkx. (34)

1<d<z neA:n<z;dln
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Observe that in order for d to contribute to the above sum, it must be the product
of ¢ primes for some 1 < ¢ < k, in which case n is of the form n = dm for some
m € PIEF=4. We can thus upper bound the left-hand side of (34) by

3 2
1 1
> 2 g > ow
=1 dePpPld.d<zx mePISk—l:m<a/d
Applying Lemma 1 and Mertens’ theorem, we can upper bound this quantity by

1 2k—2¢ 1
((k—é)!)2L0g2 DY d

dePld:d<x

<

o~
HM»
L

and by a further application of Lemma 1 and Mertens’ theorem, we can bound this
expression in turn by

k
<L Ao
Note that
JANAN
-1 N ¢
J<£ J<l
so we can bound the preceding expression by
k(e2k2
k*/Log, :v)
< k' 2 EZ a
=1

Using the Taylor expansion of the exponential function, we can bound this by

1
(k') (exp(e’k*/Logyz) — 1) .
which gives (21) thanks to (32). O

Now we return to establishing the full strength of Theorem 2(ii), using a more
complicated version of the above construction. Define® A to be the set of all numbers
n which are square-free, lie in the range z < n < x4 for some k > Cy, and are
of one of the following two forms:

(i) n is the product of at most k primes in the range [1, z].

8This construction was arrived at after a lengthy trial and error process, centered around trying
to construct a set A where a typical element n had about CoLog;/Qn prime factors. In particular,
the author experimented extensively with several possible probabilistic constructions for the set
A to deal with the technical issue of C’oLog;mn not being an integer, but to the author’s surprise,
such constructions turned out to be inferior to the deterministic construction provided here.
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(i) m is the product of at most k primes in the range [1, xi(”)], times one prime in
the range (xg, Zx+1], where the exponent £(y) € (0, 1] for any (real) parameter

Tk <Yy < T4 is defined by the formula

(y) = (h”(y)))k/cg . (36)

($k+1

The exponent () is related to the unusual form of the piecewise quadratic function
(13), and is needed for technical reasons to smooth out a “discontinuity” at z; when
Cy is small; we recommend that the reader ignore this exponent for a first® reading.
The exponent €(n) is quite small when n is close to z, and increases steadily to 1
when n reaches 1 1; thus the effect of this exponent is to damp out case (ii) in the
former regime, but not in the latter.

We now prove Theorem 2(ii).

Proof of Theorem 2(ii). We first establish Equation (20). We may assume that
xp < x < gy for some large natural number k (in particular, much larger than

Cy); we then have
]{12
Logyx = 7] +h(z)—1

with 1 < h(z) < k/C2. We record the convenient asymptotic

(Logyxi + O(1))?, (Logyz + O(1)) = ((1 +0 (i)) kQ/cg)j = k¥Cy¥ (37)

for any j = O(k); this asymptotic will combine particularly well with Lemma 1 and
Mertens’ theorem. Note that

LongZ(x) = Logyxy + loge(z)

- 5 (1 g los (h<h()>)> (38)

2 log k
- (1-o(F))

k
(Logozi™ + O(1))* = <1 + L og (hh(f”))» K2k Oy 2k

and hence

& (1 (39)
h(z) 2k ~—2k
= ———k“"CH ",
h(xkﬂ) 0

9n the case Cp < 1, one can replace e(n) by 1 and ¢(z) in (13) by h(z), leading to some
simplifications in the analysis below, with the case Cy = 1 being particularly clean notationally;
we refer the reader to the previous version of the paper at https://arxiv.org/abs/2407.04226v1
for details.
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The same argument also gives

(mexr)(—h(m)/?))

h(z)

L € 1 kx 2k ~—2k 4
(Lot o) = My, (10

as well as

1—0/k
e(z) k—¢ h(z) ) 2(k—¢) ~—2(k—0)
Log,x +0O(1 = k C,
(Lo + 01 = (A2 ;

log k))e h(x) 2(k—0) y—2(k—0)
—(1+0 K*00 (41)
( ( k h($k+1) 0

M) oty r—2(k—0)
= (1+o0(1))" k**=0¢
(1-+ 0(1) G0
for any 0 < ¢ < k.
Observe (from the non-decreasing nature of ¢ on (zy,z]) that any n € A with

n < x either lies in 795}?, or else is the product of a prime in (zj,z] and an element

of P[;Zk}, where z = z(z) = xi(m), and P<, denotes the set of primes up to y for
any given real y. Hence we may upper bound the left-hand side of (20) by

I R DS IO

nep[g,,:j:nﬁx nep[ik]:ngz Tk <p<w

Applying Lemma 1, Mertens’ theorem, and (37), (39), (14) this is bounded by

kK2RCy 2k h(x)
< X (1 + e (h(z)+ O(l))) < F(x)

as required, thanks to (15).

Now we turn to the lower bound. One contribution to this sum comes from
<k-—1]

those numbers of the form pm for z;_1/, <p < xi/Q a prime and m € Pl “(or1/2)
Tp—1

with m < x,lé/ 2
fashion. Note that the product pm uniquely determines both p and m. By Lemma 1,
Mertens’ theorem, and (37), (39), and also noting that h(zy_1/2) < h(zy) < k/Cg,
this contribution is asymptotically at least

, where we extend the sequence xj to fractional k in the obvious

(k _ 1)2(1@71)00—2(1%1) Z 1 (k . l)g(k,l)CO—Q(k—n < L

(=) e (] &+ ow)

Tp—1/2<PST)
2k v—2k

_ kTG,

k!
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(cf. (16)). By (15), (18), this handles the case when h(z) < k'/2/Cy, so we may
now assume that h(x) > k'/2/Cy, then by (15) we have

h(z)? k*Cy?*
h(l’k+1) k! '
In this case we consider a different contribution to the left-hand side of (20), namely
from those numbers of the form pm for z/<P((@)/2) < p < \/z and m € 73[5;]

Flz) = (42)

with m < \/x, where 2’ = xZ(Il/eXP(hy(m)m). By Lemma 1, Mertens’ theorem, and
(40), this contribution is
h(z) k*Cy2* 1 h(z) E**Cy2*
> | > - = O (h(z) — O(1)),
h(zk+1) k! p o h(@rg1) k!

2V e (h(2) /D) <p< /T

which is acceptable by (42) and the hypothesis h(x) > k'/2/Cy. This completes the
proof of (20) in all cases.

Now we establish (21); this is a calculation similar to that used to esablish
Proposition 1, but with more technicalities. We again may assume that z; < z <
z41 for some large natural number k. By (20) and (7) (or (8)), and bounding ¢(d)
by d, it suffices to show that

2

> d > % < (exp(e?C2) — 14 o(1))F(z)2. (43)

1<d<z n€Amm<z;dln

Observe that in order for the inner sum to be non-zero, the natural number 1 <
d < x must be one of the following two forms:

(i) d is the product of £ primes in the range [1, xy] for some 1 < ¢ < k.

(ii) d is the product of £ primes in the range [1, ] for some 0 < ¢ < k, times one
prime p in the range (zx, Zxt1].

First suppose we are in case (i). Then the numbers n that contribute to the inner

[<k—{]

sum of (43) are of the form dm, where m either lies in P , or is an element of

<z
735]672] times a prime in (zy, z], where we recall z := mi(m). We conclude the upper
bound

11 1
> n<ua > m

n
neA:n<z;dln mep[ggzljc—z];mgz
1 1
+ > I+ 3 -
m
mEPKk €] xp<p<zx
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and hence by Lemma 1, Mertens’ theorem, (37), and (41),

1 1(1+0(1) op—op - —2n+2 h(z)
Y =< &Wk k=2t og2krat (1 + m(h(ac) + O(1))> .

neA:n<z;d|n
From (13) we have
h(h(x))(h(x) +0(1) = ¢ ().
Th+41

The total contribution of case (i) to (43) is thus

1+

" (1 +0(1))
< b(z 22 + o( k4k (ortany Z

— )2 (44)
(=1 dePng d<z

1
-

We can estimate the inner sum using Lemma 1, Mertens’ theorem, and (37), to
obtain the bound

k
< V(x QZ +0 k4k 20 Ak2L,

Using (35) as in the proof of Proposition 1, we can bound the preceding expression
using (15) by
o (2012 ¢
< F(z)QZ (6 CO Zo(l)) )
=1
Performing the ¢ summation, we obtain the desired bound of O((exp(e?C3) — 1 +
o(1))F(2)?).

Now suppose we are in case (ii), which will be a lower order term (but only
because of the “flatness” properties of ¢ near x). Then the numbers n that con-
tribute to the inner sum of (43) are of the form dm where m lies in P[<k é], S0
that

3=

1 1
> L<al X .

neA:n<z;dln mep[gzk—@];mgw

and hence by Lemma 1, Mertens’ theorem, and (41)

Z l<< 1 h(z) (1+4o0(1))* j20k—0)

neAm<z;dln d h(zgs1) (k—20)!

The total contribution of case (ii) to (43) is thus

2 k
+01) (k@) 1
< (i) X (@ > G
L<p

l= deP[éLk [d<z

’EM—‘
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By Mertens’ theorem, and Lemma 1, Mertens’ theorem, and (37), this is bounded

by

hz) Ve~ (1+01)" o
<060+ 00 (75 ) 30

h($k+1 =0
From (13) we have
N 2 N\ 32
(h(z) + O(1)) <h(h:c(k+)1)) T (1 + f%)
5 \ 2
= (@p+1)” 2 (2)?
o(1h(x)?);

from this and (35) we may bound the preceding expression by

<<o<¢<x>2 . ("’203““)“).

(k1)? = 0

Performing the ¢ sum and using (15), we obtain a bound of o(F(z)?). Combining

this with the case (i) analysis, and the claim (21) follows.
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