#A102 INTEGERS 24 (2024)

ANALOGUES OF ALDER-TYPE PARTITION INEQUALITIES FOR
FIXED PERIMETER PARTITIONS

Ling Chen'
Department of Mathematics and Statistics, St. Louis University, St. Louis,
Missouri
lchen43@slu.edu

Isabelle Hernandez'
Oregon State University, Corvallis, Oregon
hernisab@oregonstate.edu

Zain Shields!
Department of Mathematics, University of California San Diego, San Diego,
California
zshields@ucsd.edu

Holly Swisher!
Department of Mathematics, Oregon State University, Corvallis, Oregon
swisherh@oregonstate.edu

Received: 6/17/24, Revised: 9/9/24, Accepted: 11/10/24, Published: 12/9/24

Abstract

In a 2016 paper, Straub proved an analogue to Euler’s partition identity for parti-
tions with fixed perimeter. Later, Fu and Tang provided a refinement and gener-
alization of Straub’s analogue to d-distinct partitions as well as a result related to
the first Rogers-Ramanujan identity. Motivated by Alder-type partition identities
and their generalizations, we build on work of Fu and Tang to establish generalized
Alder-type partition inequalities in a fixed perimeter setting, and notably, a reverse
Alder-type inequality.

1. Introduction and Statement of Results

Given a positive integer n, a partition 7 of n is a nonincreasing sequence of positive
integers called parts that sum to n. For any positive integer n, p(n) is the number
of partitions of n and p(n | condition) is the number of partitions of n satisfying
the specified condition.
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For any partition m, we let «(m) denote the largest part and A(w) denote the
number of parts. We define the perimeter of a partition to be the largest hook
length of 7, which is also given by a(m) 4+ A(7) — 1. Below are Ferrers diagrams of
two partitions with perimeter 4.

As an analogue to p(n), define r(n) to count the number of partitions with
perimeter n. A fundamental partition theorem of Euler gives that for all positive
integers n,

p(n | distinct parts) = p(n | odd parts). (1)

In 2016, Straub [15] proved the following analogue of (1) for fixed perimeter parti-
tions. Namely, for all positive integers n,

r(n | distinct parts) = r(n | odd parts). (2)

In light of (2) it is natural to further investigate where classical partitions may align
or differ from partitions in terms of perimeter. See [3, 13, 18] for some interesting
recent examples.

In the classical setting, the celebrated Rogers-Ramanujan identities can be viewed
as an extension of Euler’s Theorem through the following partition-theoretic inter-
pretations,

p(n | 2-distinct parts) = p(n | parts = +1 (mod 5)),
p(n | 2-distinct parts > 2) = p(n | parts = +2 (mod 5)).
Relatedly, a theorem of Schur [14] gives that the number of partitions of n into

parts that are 3-distinct is greater than or equal to the number of partitions of n
into parts congruent to +1 modulo 6. Namely,

p(n | 3-distinct parts) > p(n | parts = £1 (mod 6)).
Motivated by these results, Alder [1] considered the following two functions,

qa(n) = p(n | d-distinct parts),
Qa(n) = p(n | parts = +1 (mod d + 3)),
and conjectured that g4(n) > Qg(n) for all positive integers d and n. This conjecture

was proved over the span of several decades by Andrews [4], Yee [20, 21], and Alfes,
Jameson, and Lemke Oliver [2].
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In the style of Alder, Fu and Tang [9] generalized (2) by defining and establishing
generating functions for the functions

ha(n) = r(n | parts are d-distinct),
fa(n) = r(n | parts are = 1 (mod d + 1)),

and proving that for positive integers n and d,
haln) = faln). (3)
Fu and Tang further proved a refinement of (3) for d = 1 by showing that
hi(n | k parts) = fi(n | largest part 2k — 1). (4)

There have been additional recent developments in the study of Alder-type in-
equalities. In 2020, Kang and Park [12] generalized ¢4(n) and Q4(n) by defining

qc(lz) (n) = p(n | parts are d-distinct and > 2),

& (n)

p(n | parts are = £2 (mod d + 3)),

in order to incorporate the second Rogers-Ramanujan identity, which can be stated
as qéz)(n) = é2)(n). Although it does not hold that q((f) (n) > Ql(iz) (n) for all d and
n, Kang and Park [12] introduced the modification

512,—)(71) = p(n | parts are = 2 (mod d + 3) excluding the part d + 1),

and conjectured that qf) (n) > QSIQ’_)(n) for all positive integers d and n. They
proved their conjecture for d = 2" — 2 when r = 1,2 or r > 4.

Later, Duncan, Khunger, Swisher, and Tamura [7] proved Kang and Park’s con-
jecture for d > 62 using combinatorial and g-series techniques, and Sturman and
Swisher [16, 17] proved all remaining cases except d = 3, 4,5 using asymptotic tech-
niques. Duncan, Khunger, Swisher, and Tamura also defined the generalizations

q((ia) (n) = p(n | parts are d-distinct and > a),
)

Further work was done by Inagaki and Tamura [10] generalizing techniques to
higher values of a. Armstrong, Ducasse, Meyer, and Swisher [5] also investigated
general shifts of both a and d. Kang and Kim [11] compared qfia)(n) and ng)(n)
along with the variations allowing the parameters of each term to vary independently
and discovered results about general inequalities based on a, d, and n.

p(n | parts = +a (mod d + 3)).

Here, we investigate further analogues of Alder-type inequalities in the fixed
perimeter setting with regard to additional recent developments in this area.



INTEGERS: 24 (2024) 4

1.1. Results

As an attempt to investigate further Alder-type analogues in a fixed perimeter
setting, we introduce the parameter a to the functions hg(n) and fy(n). For positive
integers n, a, d, define

hfia) (n) = r(n | parts are d-distinct and > a), (5)
;a) (n) = r(n | parts are = a (mod d + 1)), (6)

and define the refinements

i (@, ) = h$ (a, A, n)

= r(n | parts are d-distinct and > a with largest part o and A parts),

137 (@,0) = 1 (0, A,m)
= r(n | parts are = a (mod d + 1) with largest part o and X\ parts).

The functions hga) (n) and fc(la)(n) generalize hg(n) and fg4(n) in the same way
that ql(f)(n) and Q((f) (n) generalize g4(n) and Q4(n). However, fc(la) (n) is not a direct
analogue of Q((f) (n). As we are interested in exploring a more direct analogue of

Ela)(n) we are led to make the following definition. For positive integers n,a, d,
define
éfia) (n) = r(n | parts are = +a (mod d + 3)), (7

and the refinement

057 (0 2) = £ (e A, )
= r(n | parts are = +a (mod d + 3)with largest part o and A parts).

We further define Lgla)(n) to be the set of partitions counted by Zéla)(n).

Our first result is the following generalization of (3) and (4).
Theorem 1. For positive integers d, n, and 1 < a < d+ 1,
hy (n) = £ (n).

Moreover, the number of partitions counted by h&a) (n) with A parts equals the number
of partitions counted by fda) (n) with largest part a + (d 4+ 1)(A — 1), namely,

B (a,N) = f{a+ (d+1)(A—1),0 —a—dA—1) +1).

Our next result is a reverse Alder-type analogue which more closely aligns with
the ¢4(n) and Qg4(n) functions but with the inequality reversed.
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d+3

Theorem 2. For positive integers d, n, and a < 5=,

h9(n) < 659 (n).

Lastly, we observe some shift inequalities for hga)(n) and E&a) (n).

Proposition 1. For positive integers d, n, and a,

R () < n(? (n),
R (n) < b (n),
h$ (n) < h$Y (n+ 1),

d+3

and for positive integers d, n, and a < %=,

9y < 69 (n + 1),
) () < €8 (n).

We note that the inequalities for hgl) (n) given in Proposition 1 are direct ana-
logues of properties of q((ia) (n). The fact that hfia)(n) =f da) (n) extends these results
to f (ga)(n) as well. However, corresponding inequalities? do not hold for gla)(n) and
in fact can all fail at the same time (for example when d = 6, a = 2, n = 18). Thus
the inequalities given for K&a)(n) in Proposition 1 are unique to the fixed perimeter
setting.

We now outline the rest of the paper. In Section 2, we extend Fu and Tang’s
findings to include the parameter a and establish generating functions for h((la)(n)
and fL(ia) (n). In Sections 3 and 4 we prove Theorems 1 and 2, respectively. In
Section 5 we prove Proposition 1. Then, in Section 6, we conclude with a brief
discussion on some remaining questions.

2. Generating Functions

Observe that for any partition of perimeter n, its largest part a (or colloquially, its
arm length), its number of parts A (its leg length), and perimeter n are related by

n=a+A—1,

and thus any two of these parameters will determine the other. We will switch
between parameter variables for convenience, i.e., rewriting hgla)(a, ANa+Ad—1)=

RS (n — X +1,A,n).

2A result of Xia [19, Thm. 1] does give that Q((il)(n) > Q((f)(n) however.
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For any positive integer d, Fu and Tang [9, Thm. 2.15] obtained the following
generating functions for hél)(oz7 A) and f;l)(oz, A),

(1) (1 ) o, A _at+A—1 xryq
Hy (29,9 Zzh (@, A)z%y’q = dygd+1)’ (8)
a=0 A=0 1 — (xq + z%yq™*tt)
(1)(1, Z Z 1) a, A at+r—1 __ xryq
=S 1—(yg + 2™ 1q?tt)

We begin by reviewing their proof of this result. Associate to each partition a
word in {E, N} corresponding to its Ferrers diagram in the following way. Starting
at the lower left corner, move along the lower and right outer boundary of the
Ferrers diagram until arriving at the upper right corner. For each step, catalog a
move to the right with an E (east) and a move up with an N (north). For example,
the partition 2 +2 + 1

is interpreted as the word ENENN.

As x is keeping track of the largest part, each E will contribute an x. Similarly,
y is keeping track of the number of parts, so each N will contribute a y. We have
q keeping track of the perimeter o + A — 1. Since every partition’s word must start
with an F and end with an N, which together will account for only one square of the
perimeter, each generating function will have an zyq in the numerator. For the rest
of the perimeter, each F and each N will contribute one ¢q. Together, we have that
the first and last F/, N contribute zyq, whereas each intermediate E contributes a
xq, and each intermediate N contributes a yq.

When restricting to d-distinct parts, £ movements are unrestricted, but any N
must be followed by at least d copies of E. Thus for each intermediate character
we may choose either zq or x%yq?*!, which yields Equation (8). Similarly, when
restricting to parts congruent to 1 modulo d + 1, it is N movements that are unre-
stricted, and any F movements after the first must be done in increments of d + 1.
Thus at each intermediate character we may choose either yq or x4+t1¢9+1, which
yields Equation (9).

Both of these proofs for Equations (8) and (9) can be easily modified to account
for a as in Equations (5) and (6). Namely, in each case, whether parts are > a or
parts are = a (mod d + 1), we must start with a copies of E and conclude with an
N, which contributes z%yq® in the numerator instead of xyq. Then the choices for
each intermediate character are the same as in the a = 1 case. From this we obtain
the following generating functions for h((ia) (a, A) and fc(la) (a, \),



INTEGERS: 24 (2024) 7

(a) <a) o, A adtA—1 _ zyq”
(z,9,q h (o, N)x%yq = , (10)
Fi(z,y.q E E fda) (, Ny g At = Tyi . ()
? _ d+1 ,d+1
== 1— (yg + adtigdth)

We observe that setting = y = 1 in Equations (10) and (11) immediately shows

that
Z h(a) Z fd ,
n=1

q + q
which gives
h (n) = 157 (n), (12)

the first statement in Theorem 1.

3. Refinement Formulas and Duality for hl” (n) and £{*)(n)

In this section we will prove the remainder of Theorem 1. Expanding the generating
functions in Equations (10) and (11) will lead us to refinement formulas for fixed
arm and leg lengths in terms of binomial coefficients. The following lemmas will be
used in the proof of the duality part of Theorem 1.

Lemma 1. Fix positive integers d, a, o, and A such that a < d+1. Then hfia) (o, \)
is nonzero if and only if a« > a+ d(A — 1), and in that case,

}ﬁRmA%:(a—a—g:fo—U)

Proof. Expanding Equation (10) via geometric series and the binomial theorem, we
obtain

zyq* i d, d+1yj
=x%q" Y (xq+ayq™ )
_ d d+1
1— (zq + zlyq™™) =

co 7 .
J —1)i+j+a, i i+j+a
_ ZZ (Z>$(d 1)i+j+ Yy +1qd +ita (13)

Given fixed a, A\ we wish to find the coefficient of z%y*¢®T*~1. The coefficient of
y” in Equation (13) is

= J (d—1)(A=1)+j+a, d(A—1)+j+a
3 <A J 1);0 g .

J=A—
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Thus when j = o —a — (d — 1)(A — 1), we get the desired coefficient of z®y*¢g*+*~1

in Equation (13), namely,

<a —a- (/\d_—ll)(A - 1)>'

We note that the hypothesis a > a 4+ d(\ — 1) is equivalent to the requirement that
j=a—a—-(d-1)(A=1)>X-1. O

We next use a similar analysis on féa)(a, A).

Lemma 2. Fix positive integers d, a, o, and A such that a < d+1. Then féa) (o, A)
is nonzero if and only if « > a and a = a (mod d + 1), and in that case,

a—a +)\71
P = (T,

Proof. Expanding Equation (11) via geometric series and the binomial theorem
gives

zyq® i d+1, d+1vj
=2%q" Y (yg+azg" )
1_ di1gd+1

(yq + xd+igd+l) ‘

I
o

J

_ ZZ (Z)x(d-&-l)j—(d—i—l)i-}-ayi—i—lq(d+1)j—dz’+a. (14)

§=0 i=0

The coefficient of y* in Equation (14) is

Z (J) z(d‘l’l)j*(d‘l’l)()\f1)+aq(d+1)j7d(>\71)+a'
joaon N
Thus when (d+1)j = n—a+d(A—1), we get the desired coefficient of z®y*g>+*~1

in Equation (14), namely,
ST tA-1 .
A—1

We note that the hypothesis @ > a is equivalent to the requirement that j =

%‘lg’\_l) > X — 1. Moreover for a partition to be counted by f(ga)(a,)\) it is

required that & = a (mod d + 1). Thus the top entry of the binomial coefficient is

a nonnegative integer when f(ga)(oz, A) is nonzero. O
We now prove Theorem 1.

Proof of Theorem 1. First, we have already shown the first statement, that hga) (n) =

(g“) (n), in Equation (12). Thus we next consider the refinements of h((i“)(n) and
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éa)(n) in terms of arm length « (or equivalently leg length A). Since n = a4+ —1,
it follows that 1 < a < n if and only if 1 < A < n. Thus we have

h$ (n Zh( (n—a+1) = h{’(n—A+1,)),

a=1

fda Z an—a—l—l):Zfda)(n—)\—l—l,)\).
A=1

However, not all terms in these sums are nonzero. In particular, using Lemma
1, we see that h((;)(oz, A) # 0 when a +d(A — 1) < a < n, which is equivalent

to A < LZI_Q + 1. Moreover, from Lemma 2 we have that féa)(a,)\) # 0 when

a<a<nand a =a (mod d+ 1), which is equivalent to « = a+ (d+1)(k — 1) for

integers 1 <k < |47 ] + 1. Namely,
Lo+t
h (n) = RS (n — A +1,1), (15)
A=1
Larr )
f2m) = > £ (an—a+1) Z £ (a+k(d+1), n—a—k(d+1)+1). (16)

ala<ln
a=a (mod d+1)

Thus we see that we have the same number of terms in each sum. We will now
show that in fact these sums are merely permutations of each other. Using the fact
that (g) = (AfB), we see from Lemma 2 that

o’ —a N — a’'—a +N -1
éa)(a/’)\/) — ( d+1 + ) _ ( d+1 e ) (17)

A =1 d+1

Given (o, \) withn=a+ A — 1, setting o’ =a+ (d+1)(A—1) and N =a —a —
d(A—1)+1 gives that &/ + X' —1 = a+ A — 1, so the pair (a,\) and (o/,\) will
yield the same perimeter n. From Equation (17) we obtain

P = (T IRTY) Sapa,

which gives the desired duality. O

Example 1. As an example of the duality expressed in Theorem 1, Figure 1 displays
the fixed perimeter correspondence between h(12) (9) and fl(g)(Q). On the left, we
show possible perimeters for partitions counted by h§2) (9), followed to the right by
possible perimeters for partitions counted by f1(2)(9). Leg lengths in the same row
have the same number of associated partitions indicated on the right.
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.
e o e o o o o o o : 1 partition
.
)
“ I ° 6 partitions
. .
.

10 partitions

4 partitions

Figure 1: Counting partitions with perimeter 9 by arm and leg length.

4. A Reverse Alder-Type Analogue

Motivated by the Alder-Andrews theorem and generalizations which compare q((f) (n)

and Q((f) (n), here we compare their direct analogues h((f) (n) and él(ia) (n) in the fixed
perimeter setting.

4.1. Degenerate Case

When d is odd and a = %, then there is only one congruence class available for
parts in partitions counted by Zfia) (n). Thus in this special case we obtain a direct
Alder-type analogue.

Proposition 2. For positive integers n,d with d odd,
d+3 dt3
By () > 67 (),

Proof. Since d is odd, we have by definition and Theorem 1 that

d+3 ( d«g!} )

() (52)
> (n) = fd+2 (n) = hd+2 (n). (18)
. (4£3) == . .
Moreover, by definition we see that h;.% "(n) < hy * "(n) since partitions that are
(d + 2)-distinct are also d-distinct. O
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4.2. Nondegenerate Cases

When a < d—'53, f((ia)(oz, A) counts partitions with parts coming from two different
classes modulo d + 3. In this subsection we will prove Theorem 2. But first we

establish a preliminary inequality and a refinement formula for Egla)(a, A).

Lemma 3. Let d,a,n be positive integers with a < d—f and n > a. Then,

=3l <[ )
o= a5 ] = 5]

Proof. Since d > 1 and n — a > 0 it follows that (d + 3)(n — a) < 2(d + 1)(n — a),

and so
1 /n—a n—a
- < —,
s () = i

which gives the first inequality.

For the second, we first consider when n < d+3 —a. In this case LZI;‘J =0, s0it

suffices to show that | 575 | = 0. Since 2a+1 > 3, our assumption that n < d+3—a

implies that n < d+ a + 1, and thus L?H_—lll =0.

Now let n > d + 3 — a. Since |z] <z and z <y implies |z] < |y], it suffices to

show that )
n—a n—+a
- 1)< . 1
2(d+1+)_d+3 (19)

d+3
2

If d = 1, then the assumption a < forces a = 1, and we obtain directly that
both sides equal 2. When d > 2, the inequality in Equation (19) is equivalent to
2(d+1)(n+a)>(d+3)(n—a+d+1),or

o (d+1)(d+3)—a(3d+5)
"= d—1

. (20)

Since a > 1, writing d4+3 = (3d+5)—(d—1) shows that a((3d+5)—(d—1)) > 2(d+3),
and further writing 2(d+3) = (d+ 1)(d + 3) — (d — 1)(d + 3), yields

(d+1)(d+3) — a(3d+5)

d —a>
+3—a> o1

Thus our assumption n > d + 3 — a guarantees Equation (20) and thus Equation
(19) is satisfied. O

We next prove a refinement formula for Z((ia) (ar, A) in terms of binomial coefficients
akin to Lemmas 1 and 2.
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Lemma 4. Fiz positive integers d, a, o, and \ such that a < %. Then ﬁt(ia) (a, \)

is nonzero if and only if « > a and a = £a (mod d + 3), and in that case,

(2(’5}1§)+A—1> if o =a (mod d+3),

o A-1
(7 (a, ) = 2oty 1 4 2
< d+?3\—1 ) if « = —a (mod d + 3).

Proof. We can interpret this as a combinatorial problem. The number of ways to
choose r elements from a set of size k allowing repetitions is (k+;'_1) (a stars and

bars problem, see [8]). The function é&a) (cr, A) counts the number of partitions into
exactly A parts from the set {x € N | 2 = +a (mod d + 3)} such that the largest
part is a.. Since the part « is already known, that means we must count the number
of ways to choose the other A — 1 parts. Moreover, since « is the largest part, these
parts must be chosen from S = {1 <z < a |z = +a (mod d + 3)}. Thus we have

that S|+ A 2
a + -
efjl)(a,x):( N )

The cardinality of S depends on o modulo d + 3. In particular,

S={1<a+{d+3)k<alkeZ} U{l1<—a+([d+3)k<a|kecZ}

In the first subset, 0 < k < LZ;‘;J and in the second 1 < k < LZI‘;J, o)

+
2(9%2) ifa =—a (modd+ 3),

|S|_{2(3§)+1 ifa=a (modd+3),

which gives us our desired result. We note that it is clear from the definition that
Efia) (a, \) is nonzero precisely when « is an allowable part. O
Remark 1. We observe that this method will also give an alternate proof of Lemma
2. In that setting we wish to count the partitions with perimeter o+ \ — 1, largest
part «, and parts coming from the set S = {1 < a+(d+ 1)k < a |k € Z} =

{1<at@+1k<alo<k< g} Thus

(a) IS+ A=2) (gt Al
d (aa/\)_( )\_1 - )\_1 .

We now consider the refinement of Ega) (n) in terms of arm length « (or leg length
A), as in the proof of Theorem 1. Since n = a+ A — 1, it follows that 1 < o < n if
and only if 1 < A < n. We have

n

é&a)(n) = Zﬂgl)(a,n —a+1)= Zﬁfia)(n —A+1,A),
A=1

a=1
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but not all terms in these sums are nonzero. From Lemma 4, we see that Ega) (o, A) #
0 when a < a < n and @ = +a (mod d + 3), which is equivalent to « satisfying
either

a=a+(d+3)k for 0<k < B;;‘:J

or

a=—-a+ (d+3)k, for 1<k < {n—i—aJ.

d+3

Namely, for n > a,

g&a)(n) = Z fgla)(a,n—a—i-l) + Z ffia)(a,n—a—i—l)
a<la<n ala<ln
a=a (mod d+3) a=—a (mod d+3)
75 ]
= Y (a+(d+3)kn—a—(d+3)k+1)

k=0

L5t
+ 9 (—a+ (d+3)k,n+a—(d+3)k+1). (21)

k=1

Remark 2. Let a < d—";’ and n > a. We observe from Equation (21) that there are

a total of | 575 | + LZI;J + 1 possible arm lengths for partitions counted by ffia) (n).

Moreover, from Equation (16) we know there are |

n—a

d+1J + 1 possible arm lengths for
partitions counted by fda) (n). It follows that the number of possible arm lengths
for partitions counted by Eéla)(n) is equal to the sum of the number of possible arm

lengths for partitions counted by fg(li)z(n) and fédfggfa)(n), respectively.

We are now able to prove Theorem 2, which gives a reverse Alder-type inequality
for fixed perimeter partitions in the nondegenerate case. It is useful to note that
for positive integers x,y, z with z > y,

(m—xl—!z)! _ (sz) <xjjzl> (xzzir1> (x;—!y)!’

and thus it follows that % < @, and

()60

Proof of Theorem 2. We first observe that by definition, partitions counted by E((ia) (n)
and hfia) (n) must have parts of size at least a. Thus, when n < a we have that
69 (n) = B (n) = 0.

For the remainder of the proof we assume n > a. Since d+1 > d—;S foralld > 1,
using Theorem 1 it suffices to show that é((f)(n) > féa) (n) instead.
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Applying Lemma 4 to Equation (21), we obtain

LaTs L5 ]
(a) B n—a—kd—k n+a—kd—k—-1
ta (n) = kz:;) (n—a—kzd—?)k: + k; nta—kd—sk ) )

Similarly, applying Lemma 2 to Equation (16) gives that for n > a,

Lot
(a) o n—a—kd
=3 <n—a—kd—k)'

k=0

We split this into two sums based on whether & is odd or even (and then reindex
by k). Using the fact that {0,1,..., N} contains 5] 4+ 1 evens and [ ¥F] odds,
we obtain for n > a,

(a) _ n—a— 2kd
fa~(n) = (na?kd?k

Lzl 5z +1]]

n—a—(2k—1)d
" ; (n—a—(Qk—l)d_(Qk_1)>- (24)

From Lemma 3, we see that the first and second sums in Equation (24) contain no
more terms than the first and second sums in Equation (23), respectively. Thus we
can compare each of the summands in Equation (24) directly to their counterparts
in Equation (23). For the first sum, setting z = 2k, y = n — a — 2kd — 2k, and
z =n —a— kd — 3k in Equation (22) gives the desired inequality. For the second
sum, setting x =2k —1,y=n—a— (2k—1)d— (2k—1),and z =n+a — kd — 3k
in Equation (22) gives the desired inequality.

O

Remark 3. We note that Theorem 2 can be proven by other comparisons of bino-
mial coefficients as well (see [6, Second pf. of Thm. 1.7]?).

5. Shift Inequalies
We now prove the shift inequalities for hgla)(n) and E((ia) (n) in Proposition 1.

Proof of Proposition 1. The inequalities for h((ia)(n) follow directly in the same way
as the corresponding inequalities for qc(la) (n). Namely, the first two are given by

natural inclusions of the partitions counted by hglﬂ)(n) and hfﬁgl(n) into those

3Note that [6, First pf. of Thm. 1.7] contains an error that is corrected in this paper.
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counted by h((ia) (n). The third is achieved by an injection from the partitions counted
by h((ia) (n) into those counted by hgl) (n + 1) by increasing the largest part of any

partition counted by hfia) (n) by 1

The inequalities for fgla)(n) do not have direct analogues for Ela)(n). To show

(fia) (n) < Egl)(n + 1), we define an injection on partitions counted by é&a)(n) by
adding a part of size a. This increases the perimeter by exactly 1, and thus results
in a partition counted by Z{(;) (n+1).

To show 61(121( ) < Egl) (n), we first observe from Equation (23) that

|nte |
—a—kd—k nta—kd—k—1
é(a) n a
Ld“ nea—kd—ok\ R kd—ok 1
f&i’l()—z( )+ > ( )
Pt n—a—kd— 4k — n+a—kd— 4k

Given the shape of the terms, and since clearly |%7¢| < [47¢] and || <

ZIZJ, we can directly compare terms using Equation (22). Namely, letting = = 2k,

y=n—a—kd—4k, and z = n — a — kd — 3k, Equation (22) yields that
n—a—kd—k S n—a—kd—2k
n—a—kd—3k) ~ \n—a—kd—4k)’
And letting z =2k — 1, y = n+a — kd — 4k, and z = n + a — kd — 3k, Equation
(22) yields that
n+a—kd—k—1 S n+a—kd—2k—1
n+a—kd—3k )~ n+a—kd—4k )’

Thus €57, (n) < 65 (n). m

6. Conclusion and Further Questions

It would be interesting to further investigate the various ways that partitions with
perimeter n align with and differ from classical partitions of n. For example, one
could explore the result of Xia [19] in the fixed perimeter setting. Or to what
extent shift equalities in a fail. Computational evidence suggests that for a given

a, fl(ia)(n) < Egaﬂ)(n) for all but finite n.
Furthermore, Kang and Kim [11] have compared asymptotics of q((ia)(n) with a

generalized version of an)(n) given by

Ela,b) (n) = p(n | parts = a or b (mod d + 3)).
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They showed that there is a specific tipping point My such that when d + 3 > My,
q((ia)(n) - g”b) (n) grows to oo, and that when d+3 < My, ff’b) (n) —qéa) (n) grows
to oo. In light of this result, we define an analogous generalization of Egl) (n). For
positive integers a, b, d, and n,

g&a,b)(n) = r(n | with parts = a,b (mod d + 3))
_I.fj n—q—kd—k +|‘§J n—b—kd—%k—-1
- n—a—kd— 3k ~ \n-b—kd-3k )

k=0

It would be interesting to explore E&a’b) (n) in the context of Kang and Kim [11].
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