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Abstract

An exact r-coloring of a set S is a surjective function ¢ : S — {1,2,...,7}. A
rainbow solution to an equation over S is a solution such that all components are a
different color. We prove that every 3-coloring of N with an upper density greater
than (4° —1)/(3-4%) contains a rainbow solution to  —y = z¥. The rainbow number
for an equation in the set S is the smallest integer r such that every exact r-coloring
has a rainbow solution. We compute the rainbow numbers of Z, for the equation
x —y = ¥, where p is prime and k > 2.

1. Introduction

Given a set S, a coloring is a function that assigns a color to each element of
S. While Ramsey theory is the study of the existence of monochromatic subsets,
anti-Ramsey theory is the study of rainbow subsets. A subset X C S is a rainbow
subset if each element in X is assigned a distinct color. For example, in the equation
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x1 + xe = x3, a rainbow solution is a solution {a,b,a + b} in a set, for instance Z
or Z,, such that each of a, b, a + b are assigned a distinct color. A coloring is said
to be rainbow-free for an equation if no rainbow solutions exist. Several papers
have looked at the existence of rainbow-free 3-colorings for linear equations over Z
and Z,, in [2], [8], [9], and [10]. In [14], Zhan studied the existence of rainbow-free
colorings for the equation x — y = 22 over Z with certain density conditions.

The rainbow number of S for eq, denoted rb(S,eq), is the smallest number of
colors such that for every exact rb(S, eq)-coloring of S, there exists a rainbow solu-
tion to eq. Several papers have looked at rainbow numbers over Z,,. For instance,
the authors in [5] looked at anti-van der Waerden numbers over both Z and Z,.
The rainbow numbers of the equation x1 + z2 = kx3 in Z, were studied in [3], and
rainbow numbers of linear equations a,x1 + asxs +asxs = b over Z,, were computed
in [1]. In [7], the authors consider rainbow numbers of z; + x3 = x3 over subsets
[m] x [n] of Z x Z.

In this paper, we generalize the results of Zhan in [14] to classify rainbow-free
3-colorings for the equation x —y = 2* for k > 2. We also compute the rainbow
number of Z, for x —y = 2*.

In Section 2, we establish some preliminary notation and prove results on rainbow
solutions to the equation  —y = z* in a 3-coloring of the natural numbers. The
first result extends Theorem 1 of [14] to equations of the form z —y = 2* for k > 2.
In Section 3 we show the existence of rainbow solutions to the equation x —y = z*
in three-colorings of the natural numbers that satisfy a density condition on the
sizes of the color classes. In Section 4, we consider the modular case. We establish
bounds on the color classes in rainbow-free colorings of Z,. We then establish a
connection between rainbow-free colorings and the function digraph for the function
f(x) = 2* whose edges are of the form (z,2"). Using these digraphs, we compute
the rainbow numbers of Z, for x — y = 2* when k is prime.

2. Rainbow-Free 3-Colorings of  —y = z*¥ in N

In this section, we employ the same approach as Zhan to extend [14] Theorem 1 for
the quadratic equation  —y = 22 to equations of the form z —y = 2, where k > 2.

An exact r-coloring of a set S is a surjective function ¢ : S — [r]. Throughout this
section, let ¢: N — {R, B, G} be an exact 3-coloring of the set of natural numbers.
The coloring induces a partition into three disjoint color classes, which we call R
B, G color classes of red, blue, and green, respectively, where R = {i|c(i) = R}. For
any subset S of N and any n € N, define S(n) = |[n] N S|; hence R(n) = |[n] N R].
We define B(n) and G(n) in a similar way. A rainbow solution in N to the equation
x—y = 2% is a solution (a1, az, a3) so that {c(a1), c(az),c(az)} = {R, G, B}; that is,
each component of the solution has a different color. We say that c is rainbow-free
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for x —y = 2" if there is no rainbow solution to the equation x —y = z* with respect
to c.

A string of length ¢ at position i consists of numbers i, i+ 1,i+2,...,i 4+ —1
where 7,/ € N. A string is monochromatic if it contains only one color. Similarly
a string is bichromatic if it contains exactly two colors. Observe that a color is
dominant if every bichromatic string contains that color. Note that if a dominant
color exists for a 3-coloring it must be unique and nondominant colors cannot be
adjacent. A string is an R-monochromatic string of length ¢ at position i if ¢(i) = R
fori <j<i+f—1andc(i—1), c(i+¥) # R. We similarly define B-monochromatic
strings and G-monochromatic strings.

The following lemmas are direct extensions of [14] to the equation x —y = 2*.
We include their proofs here for completeness.

Lemma 1. Let ¢ : N — [r] be an exact rainbow-free coloring for x —y = 2*. Then
c(1) is dominant.

Proof. Without loss of generality, assume ¢(1) is red. It suffices to show that if
c(i) # ¢(i + 1), then either ¢(i) = R or ¢(i + 1) = R. Since (i + 1,4,1) is a solution
to x —y = 2*, either ¢(i) = R or ¢(i + 1) = R. Thus, red is a dominant color, as
desired. O

Throughout the rest of the paper we will assume that R is a dominant color.
Here we establish that that B- or G-monochromatic strings remain monochromatic
after moving j* positions.

Lemma 2. Let ¢ : N — {R,G, B} be rainbow-free for x —y = z* with dominant
color R. If ¢(j) = B, then for any monochromatic string at position i of length ¢ of
color G, the string of position i & j* of length € is monochromatic of color either B

or G.

Proof. Suppose ¢(j) = B and ¢(i) = ¢(i+1) = ... =c(i+£—1) = G. For all
0<h</l—1,(i+h+j*%i+h,j)is asolution to z —y = z*, and so c(i + h +j*) €
{B,G}. As B and G are nondominant colors, the string at position i + j* of length
¢ must be monochromatic of either blue or green. Since (i + h,i + h — j* j) is a

k -k

solution to x —y = 2", a similar argument shows that the strings at position i — j

of length ¢ are monochromatic of color either B or G. O
Lemma 3 ([14]). Suppose some set S C N satisfies li_>m sup(S(n) — nﬁ) = oo for
n (oo}

some integer ng > 2. then there exists a d < ng — 1 such that for any i, there exists
Jj > such that j and j + d are both elements of S.

Lemma 4. Let ¢ : N — {R,G, B} be rainbow-free for x —y = z* such that

lim sup <min{R(n),B(n),Q(n)} - ;) = o0

n—oo
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for some integer ng > 2. Then the length of every nondominant monochromatic
string is bounded above.

Proof. Since the upper density of every color class is finite, there cannot be any
monochromatic strings of infinite length.

Suppose that R is the dominant color in ¢. Let i = min{i € N|c(i) = B}.
Assume, for the sake of contradiction, that there exist G-monochromatic strings of
arbitrary length. Suppose there exists a G-monochromatic string at position j > ig
of length ¢ such that ¢ > k. Without loss of generality, let j be the first green
element in the string so that c(j — 1) = R. Then c(j + ik — 1) = G. It follows that
(j + ik — 1,5 — 1,ip) is a rainbow solution to the equation x —y = z*, which is a
contradiction. Hence, the lengths of nondominant monochromatic strings in ¢ are

bounded above. O

An infinite arithmetic progression with initial term ¢ and common difference d
is monochromatic if ¢(i) = ¢(i + hd) for all h € N. An element j € N has the A-
property if ¢(j) is nondominant and there exists a monochromatic infinite arithmetic
progression of the other nondominant color with common difference j*.

Lemma 5. Let ¢ : N — {R,G, B} be rainbow-free for v —y = z* with dominant
color R. If ¢(j1) = c(j2) # R and ged(j1,j2) = 1, then at most one of j1 and jo has
the A-property.

Proof. Suppose j; and jo satisfy ged(ji1,j2) = 1 and ¢(j1) = ¢(j2) = G. Further-
more, assume by way of contradiction that both j; and jo have the A-property.
Then there exist two B-monochromatic infinite arithmetic progressions, one with
initial term 7; and common difference j¥ and the other with initial term iy and
common difference j5.

Suppose the B-monochromatic string at position 7; has length 3. By Lemma 2,
there exist B-monochromatic strings of length £ at all integers of the form 41 +mj¥
and iy + mj¥ for all non-negative integers m. Since ged(jF,j%5) = 1, there exist
positive integers u1, us such that uljiC —u2j§ =49 —141, and so 7y —|—u1j{C =19 —|—u2j§.
This gives a common value in both arithmetic progressions; call this common value
is = i1 + urjf = io + ugjh.

Consider the B-monochromatic string at position i3 of length ¢;. Since i3 is
part of both B-monochromatic arithmetic progressions, by Lemma 2 there exist
B-monochromatic strings of length ¢; at positions i3 + mj¥ and iz + mj5 for all
non-negative m. Since ged(ji1,j2) = 1, there exist integers v; and vy such that
Ulj{c — ’Ugjé€ =1. Thus, (’Lg + ’Uljf) — (23 +’U2]2k) = 1, SO ig +U1jf =1 +23 +’l)2j§,
and c(iz + v1j¥) = c(iz + v2j%) = B.

Applying Lemma 2 again, there exists a B-monochromatic string of length ¢; at
position i3 +v9j5. Since i3 +v1jF = 1+ 143 + v2j%, there exists a B-monochromatic
string of length £, +1 at 43+v1jF. This process can be repeated to obtain arbitrarily
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long B-monochromatic strings, contradicting Lemma 4. Therefore, j; and js cannot
both have the A-property. O

Again following the approach of [14], we introduce some notation here that will
be used in the following lemma. Define the magnitude function M (u,v,w,i, D) =
1+ ud’f + Udég + wd§, where u,v,w,i € Z and D = (dy,ds,ds). Let m be the length
of the lattice path P = {(ap.1,bp.1), (Gpy, bps)s -+, (pm, bp.m)-

The following theorem gives that when each nondominant color class contains a
pair of relatively prime elements, a rainbow solution must exist.

Theorem 1. Let ¢: N — {R,G, B} be a coloring with a dominant color R, satis-
fying the density condition of Lemma 4. Assume that there exist i, i1 € B contains
a pair of integers i, i1 such that ged(i,i1) = 1 and there exist j,j1 € G such that

ged(4,71) = 1. Then ¢ contains a rainbow solution to x —y = z*.

Proof. Assume by contradiction that ¢ is a rainbow-free coloring for  — y = 2*.

Suppose that i, i1 € B with ged(é,41) = 1 and j, j1 € G with ged(4,51) = 1.
According to Lemma 5, at most one of 4 and i; have the A-property, and at most
one of j and j; have the A-property. Without loss of generality, assume that ¢ and
j do not have the A-property. Since ged(i1,4,j) = 1, there exist integers ug, vo,
wo such that ug > 0 and vy, wy < 0 such that ugil + voi® + wej* = —1. Let
D = (i1,1, 7).

Choose iy such that c(iz) # R and i > max{—uvgi*, —wj*} > i. Let ¢ be the
length of the nondominant monochromatic string at position is. Construct a lattice
path as follows: let (g, Bo) = (0,0) and recursively define (a, 8;) by

(at+175t) if C(M(Olt,O,ﬁt,iQ,D)) :G

(apy1, Big1) = {(at,ﬁt +1) if e(M(ay,0,Bt,i2,D)) = B.

By Lemma 2, at each M (ay, 0, By, i2, D) there exists a nondominant monochromatic
string of length ¢. Suppose that «; < ug for all ¢. Then for some t, the string
of B; must increase infinitely many times consecutively, so M (cy,0, 5,12, D) =
iy + aui¥ + B¢j* are all blue for ¢ sufficiently large. This gives an infinitely long
blue monochromatic sequence with common difference of M (41,0, Bi41,2, D) —
M (ay, 0, Bt, iz, D) = j*. Since c(j) = G, this contradicts that j does not have has
the A-property. Therefore, there exists some ¢y such that oy, = ug. Let ¢1 = Sy,
and so we consider the point (as,,Bt,) = (ug,vo) in the ww-plane. By Lemma
2, there exists a monochromatic nondominant string of length ¢/ > ¢ at position
M (ug, 0, q1,i2, D) = is + ugif + q15".

Construct another lattice path in the wv-plane Py as follows. Let (vp, 1, wpy 1) =
(0,¢1). Recursively define (vp, ¢, wp,¢) by
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(UPo,t + 17wP0,t) lf C(M(uOvUPg,tang,t7i27D)) - G

('UP t+1, WP ,t+1) = . .
o (vpy,tswpy,e — 1) if (M (ug, vpyt, wpy 4, i2, D)) = B.

By construction of Py and Lemma 2, there exist monochromatic nondominant
strings of length ¢ at all M (ug,vp, i, wp,t,%2,D). Since ¢ does not have the A-
property, there does not exist an infinite green arithmetic progression with com-
mon difference i*. Therefore, there does not exist ¢ such that for all ¢ > ¢,
(Vpy t4+1, Wpy t+1) = (Vpyt + 1,wp, ). Thus, there must exist g3 — wp integers ¢
such that (vp, 141, Wpyt+1) = (Vpy ., wWpy,+ — 1). Therefore, there exists some point
(VPy,mos WPy,me) O Py where wp,y m, = wo. We terminate Py at this point. Note
that for all 1 < ¢ < mg, we have M (ug,vp, +, Wp, 1,42, D) = ia + ugit + vp, 4i* +
wpo,tjk > 0, since ug, > 0, vp,+ > 0 and iz + wpo,tjk > iy 4+ woj* > 0 by construc-
tion of Py and choice of i5. Then by Lemma 2 and our construction of Py, there
are nondominant strings of length ¢ at each position M (ug,vp, t, wp, i, 42, D) for
1 S t § mo.

We construct another path Py as follows. Let (vps 1, wpy 1) = (0,91). Recursively
define

(Op 1, Wpr pa1) = {(Upé,t —Lwpy ) if o(M(uo,vpyt, wey 02, D)) = G

0 0 (Upé’t,wpé’t-f-].) if C(M(U(L’()Pé’t,wpé’t,ig,D)) = B.
We again use Lemma 2 to conclude that there exists a nondominant string of
length at least ¢’ at all positions of the form M (ug,vp; ¢, wpy+,i2, D) whenever
M (ug,vps ¢, wps ¢, i2, D) > 0 which will be satisfied as long as vps; > vo. Since j
does not have the A-property, at some point m(, we have Upgm, = vo- Terminate
Py at the point (vps s, Wpy my)-

Let P; be the union of Py and Pj. The path P; is connected, since (0,¢;) is on
both paths and has length mq +mg — 1. Define (vp, 1,wp, 1) = (VB my > Wps,m)) SO
that (vp177n0+m/0_1,wp17m0+m6_1) = (UPy,mgs WPy,my)- Define P| to be the path
in the vw-plane satisfying (vp; s, wprs) = (vp ¢ — vo,wp,+ — wo). Note that
(vp; 1, wpy 1) = (0,'1,01367"16 —wo) and (vp; ¢, wpy 1) = (VBy,me — V0, 0).

Finally, construct a path P, defined as follows. Let (vp,1,wp, 1) = (0,0). Re-
cursively define (vp, ¢, wp,+) by

(Upg,t + 17wP2,t) lf C(M(O7UP2,t7 wPQ,t’ i?v D)) = G

(UP 41, WP ,t+1) = . .
2 2 (’UPz,t,UIPZ)t—Fl) if C(M(O,Upz)t,’u}p%t,l%D)) = B.

Again by Lemma 2, there exists a monochromatic nondominant string of length at
least ¢’ at all positions of the form M (0,vp, ¢, wp, +, %2, D).

As Figure 1 illustrates, by construction of P{ and P», there must be a point of in-
tersection of the two paths, say (v, w(,) with v, w( > 0. Consider the corresponding
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Py

(0, wpy my — wo)

(vo, ”UJP(;.gm(,> <?7()= “’(J>
(v +vo, wh + wo) ¢ "
0, ¢

Py

> U
<UP0,m,0 — o, O>

°
< )Py,mo>s Iw()>

Figure 1: Paths Py, P{, and P

point (v{ + vg, wj + wp) on P; which corresponds to magnitude
M (ug, v} + v, wy + Wwo, iz, D) = iz + ugit + vi® + voi® 4+ whHi* + we*.

On P, the point (v}, w)) corresponds to magnitude M (0, v}, wh,ig, D) = iz +vjik +
w)j*. Subtracting the two magnitudes gives uyi¥ +voi* +wqj* = —1 by choice of ug,
vo, wo. Therefore, M (ug, vj+vo, w)+wo, iz, D) and M (0, v), wy, i, D) are adjacent,
positive, and each has a nondominant string of length at least £ in the nondominant
color. Thus, a string of length at least £’ + 1 exists at M (ug, v{ + vo, wf + wo, i2, D),
which allows us to generate arbitrarily long nondominant monochromatic strings,
contradicting Lemma 4. Thus, we conclude that ¢ contains a rainbow solution to
r—y =2z [

3. A Density Condition for Rainbow- Free Colorings over N

Using Theorem 1, we show that 3-colorings of N satisfying a certain density condi-
tion contain rainbow solutions to  —y = z*. When k = 2, the upper density is %
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as in [14].
We use the following generalization of the Frobenius coin problem in the proof
of Lemma 6.

Theorem 2. Suppose two integers i and j satisfy gcd(i,j) = k. Then there exists
an integer ng such that all numbers greater than ng divisible by k can be written in
the form wi + vj for non-negative integers u and v.

In the following lemma, we use the stronger density condition to generalize [14,
Lemma 7].

Lemma 6. Let ¢ : N — {R,G, B} be rainbow-free for x —y = z* such that

Jim sup (min{R(n), B(n),G(n)} — 2= 1) —

n—00 3 ° 48

where s = L%J and R is the dominant color. Then both B and G must contain a

pair of relatively prime integers.

Proof. Suppose B and G contain no pairs of consecutive integers. Since R is a
dominant color, for all i, ¢(i) = R or ¢(i + 1) = R. Then for all n, |R(n)| > n/2
and so

liminf(R(n) — (4° = 1)/(3-4°%)) > liminf(n/2 — (4° — 1)/(3 - 4%)) > 0.

n—oo n—oo

Therefore,
lim sup(min{B(n),G(n)} — (4* = 1)/(3-4%)) <0,

n—oo
a contradiction. Therefore, there exists an ¢ such that ¢ and 4 + 1 must be in B or
G. Without loss of generality, suppose ¢ and 7+ 1 are in B. Then B contains a pair
of relatively prime integers.

Assume G does not have a pair of relatively prime integers. Let d be the minimum
difference between any two elements in G. Since (4° — 1)/(3 - 4%) > 1/4, G satisfies
the conditions of Lemma 3 with ng = 4, so we have that d < 3. Therefore, there
exists a j such that j, j+d € G.

First consider d = 2. Since j and j + 2 are not relatively prime, ged(j, j +2) = 2.
There exists a B-monochromatic string at position ¢ of length ¢ > 2. By Theorem
2, there exists an integer ng such that all integers greater than ng that are divisible
by ged(5%, (j + 2)¥) = 2* can be expressed in the form j*u + (j + 2)*v for some
non-negative integers u and v. Hence, all integers greater than ¢ + ng that are
congruent to i mod 2* can be expressed in the form i + j¥u 4+ (5 + 2)¥v, and so
there exist B-monochromatic strings at positions i + j* and i + (j + 2)* of length
at least 2 by Lemma 2. By induction, for any non-negative v and v, there exist B-
monochromatic strings at i 4+ j%u + (j + 2)¥v of length at least 2. Thus, at some n;,
there exists a blue string at of length at least 2 at all integers of the form n; +2*m.
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Consider a string of length 2* at position n; + 2¥m. By our assumption c(n; +
2km) = ¢(ny + 2*m + 1) = B. By Lemma 1, c¢(ny + 2"m + 2) # G and c(ny +
2F(m)+2% —1) # G. Since d = 2, every green element is followed by a red element,
S0

IG N [ng +2Fm,ny +28(m 4+ 1) = 1]} < |[RN [n1 4+ 28m,ny +28(m +1) — 1]} - 1.

4 =2 —L. Thus, by the density condition for m

When £ is even, one has that 3,4_51 =53

sufficiently large, we have that

2k 1
G N [ng+28m, g +28(m + 1) — 1]} > T
E k 28 —1
RN [ny+2%m,ny +2%(m+1) — 1]} > +1,
A k 2k —1
B [ny+2%m, ny + 25 (m + 1) = 1} >——,
a contradiction. When £ is odd, 4;% = 2;_;,62. By a similar argument we get a

contradiction here.

Now suppose d = 3. Since j and j + 3 are not relatively prime, ged(j,j +3) = 3.
There is a monochromatic blue string of length 2 at position i. By Corollary 2,
there exists an integer no such that all integers greater than ny that are divisible
by ged (5%, (j + 3)¥) = 3% can be expressed in the form j*¥u + (j + 3)*v. As above,
there is an integer ng such that there exists a blue string of length at least 2 at all
numbers of the form ng + 3¥m. Since every green element is followed by at least
two red elements since d = 3, the density condition on each color class cannot hold,
a contradiction.

Therefore, there exists a relatively prime pair of integers colored green. O

Theorem 3. Let s = |k/2|. Every exact 3-coloring of the set of natural numbers
with the upper density of each color class greater than (4° —1)/(3 - 4°%) contains a

rainbow solution to x —y = 2.

Proof. Suppose that there is a rainbow-free 3-coloring ¢ of N for the equation
r —y = 2" satisfying the density condition above. By Lemma 1, there exists a
dominant color, say red. Since red is dominant, by Lemma 6, B and G each contain
a pair of relatively prime integers. By Theorem 1, ¢ contains a rainbow-solution, a
contradiction. O

4. Rainbow Numbers of Z,, for x — y = z*

Using the results in the previous sections on rainbow colorings over Z, we compute

k

rainbow numbers for x —y = 2% over Z,,.
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Note rainbow-free 3-coloring of Z,, yield rainbow-free 3-coloring of N.

Lemma 7. If¢: Z, — {R,G, B} is rainbow-free for x —y = z¥, then the coloring
¢:N = {R,G, B} given by c¢(i) = ¢(i mod n) where i = j mod n is rainbow-free
forxz —y=zF.

The following lemma is used to find pairs of relatively prime pairs in N in non-
dominant colors. The proof in [14] does not depend on the equation.

Lemma 8 ([14]). Let ¢ : Z, — {R,G,B} be an exact 3-coloring of Z,, and let
c¢:N—= {R,G, B} be defined by c(i) = ¢(¢ mod n). If two integers iy and iy in N
satisfy ged(|in — i2|,n) = 1, then there exists a pair of relatively prime integers ji
and ja where c(iy) = c(j1), c(iz) = c(j2), and [iy —iz| = [j1 — jal-

The following theorem generalizes [14, Theorem 14].

Theorem 4. Let n be odd and let r1 be the smallest prime factor of n. Let ¢ : Z, —
{R, G, B} be an exact 3-coloring of Z,, with corresponding color classes R,B,G. If
¢ is rainbow-free for ¥ —y = z*, then min{|R|, |B|, |G|} < Z.

<o
Proof. Define ¢ : N — {R,G, B} by ¢(i) =¢(i mod n). By Lemma 7, ¢ is rainbow-
free for x —y = 2.
B’. By Lemma 1, there exists a dominant color, say R. Suppose by contradiction
that min{|R|,|B|, |G|} > &. Since limsup,, (B’(n') - "—/> = 00, there exists

T1 T1

Denote the corresponding color classes of ¢ as R’, G’, and

an 77 and k1 < r; — 1 such that i1, i1 + k; € B’ by Lemma 3. By Lemma 8,
there exists a pair of relatively prime integers ji, jo where ¢(j1) = ¢(i1) = B and
c(jo) = c(i1 + k1) = B. Similarly there exists a pair of relatively prime integers in

G. By Theorem 1, ¢ is not rainbow-free for & — y = 2*, a contradiction. O

For primes, we immediately get the following corollary.

Corollary 1. Let p be prime. Let¢: Z, — {R,G, B} be an exact 3-coloring of Z,
with corresponding color classes R,B,G. If ¢ is rainbow-free for x —y = 2F, then

min{|R|v |B|7 |g‘} =1

For the remainder of the section, we determine the structure of 3-colorings of Z,
that are rainbow-free for  — y = z* for p an odd prime.

When p is prime and a # 0, the set 0,a*,2a*,..., (p — 1)a* forms a complete
residue system for Z,. We generalize the notion of a dominant color to this complete

k consists of

residue system. We say that a a® string of length ¢ at position ia
numbers ia®, (i+1)a”, ..., (i+£—1)a*, where i, £ € Z,. An a*-string is bichromatic
if it contains exactly two colors. A color is a*-dominant if every bichromatic string
contains that color. As with dominant colors, if an a*-dominant color exists for a 3-
coloring it must be unique for the complete residue system 0, a*,2a", ..., (p—1)a*.

Here we generalize Lemma 1 to a*-dominant colors.
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Lemma 9. Ifc:Z, — {R,G, B} is an evact rainbow-free 3-coloring for x—y = z*,
then c(a) is a®-dominant.

Proof. Without loss of generality, assume c¢(a) = R. It suffices to show that if
c(ia®) # c((i+1)a¥), then either c(ia*) = R or ¢((i+ 1)a*) = R. Since c is
rainbow-free for # —y = 2* and ((i + 1)a",ia"
get the desired conclusion. O

,a) is a solution to z — y = 2, we

Lemma 10. Ifc:Z, — {R,G, B} is an ezact rainbow-free 3-coloring for x—y = 2k

then c(a) = ¢(—a).

Proof. Let a # 0. If k is even, a* = (—a)*. By Lemma 9, c(a) is a*- dominant and
c(—a) is a*-dominant. Since a®-dominant colors are unique, c(a) = c(—a). Now

consider k odd. Note that if R is an a*-dominant color for 0, a*,2a*,. .., (p —1)a¥,
it is also (—a)*-dominant for 0, (—a)¥,..., (p — 1)a*, since the latter is the former
in reverse. Since dominant colors are unique, c¢(a) = ¢(—a). O

The following corollary follows immediately from Corollary 1 and Lemma 10.

Corollary 2. Let c:Z, — {R,G, B} be an exact rainbow-free coloring for x —y =
2k, If ¢(0) = B, then B = {0}. That is, 0 is the only element in its color class.

To finalize our classification of rainbow-free 3-colorings for  —y = z* over

Z,, we consider the associated digraph from powers modulo p. For any function
f:Zy — Zy,, we construct a digraph that has the elements of Z,, as vertices and
a directed edge (a,bd) if and only if f(a) =b mod m.

In some cases, the digraph associated to a function f(x) gives additional structure
on rainbow-free colorings for the equation x —y = f(x). If ¢ is a coloring of Z,, and
D a component of G, let ¢(D) = {c(a)|la € D}. A component D is monochromatic
if |e(D)] = 1.

Lemma 11. Let G be a digraph associated to a function f(x) on Z, and let D be
a component of G. Let ¢ : Z, — [t] be a rainbow-free exact t-coloring of Z,, for the
equation x —y = f(x). Suppose that ¢(0) & ¢(D). Then D is monochromatic.

Proof. Suppose that D is not monochromatic. Then there exists two adjacent ver-
tices @ and f(a) in D such that c(a) # c((f(a)). Since ¢(0) & ¢(D), (f(a),0,a) is a
rainbow solution to x —y = f(x). O

Throughout the rest of the section let G’; be the digraph associated to the func-
tion f(z) = #* mod p. The structure of such digraphs has been well-studied in [4],
[6], [11], [12], and [13]. For example, when k = 2 and p = 10, we have the digraph
as shown in Figure 2.

We use digraphs to classify exact 3-colorings of Z, that are rainbow-free for

r—y =2z
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2

Figure 2: Function digraph for f(x) = z* over Z1;

Theorem 5. Let c: Z, — {R,G, B} be an exact 3-coloring. Then c is rainbow-free
for x —y = 2* if and only if the following hold:

1. 0 is the only element in its color class

2. every component of G’; is monochromatic

3. c¢(a) = c(—a) for all a € Zy.
Proof. Suppose c is rainbow-free for 2 —y = z*. Then by Corollary 2, 0 is in its
own color class. By Lemma 11 and since 0 is not in any other component, every
component of G is monochromatic. By Lemma 10, ¢(a) = ¢(—a) for all a € Z,.

Now suppose that 0 is the only element in its color class, every component of G’;
is monochromatic, and c(a) = ¢(—a) for all a € Z,,. We show that c is rainbow-free.
Let (a1, ag, az) be a rainbow solution to z—y = z*. Then one of aq, as, as is 0, since
0 is the only element in its color class. If ag = 0 then a; = a9, contradicting that a;

and as are distinct colors. If as =0, a; = a’?f, so there is a directed edge (asz,a1) in
the digraph G*, a contradiction, since the components of GZ are monochromatic.

p’
Finally, suppose that a; = 0. Then —ay = a%. There is a directed edge (a3, —az), so
c(as) = ¢(—a2) = c¢(az), a contradiction. Thus, the coloring c¢ is rainbow-free. [

As repeated iteration of f(z) = z¥ leads to cycles, G’; has the following property.

Lemma 12 ([11]). Let G’; be the digraph associated to the function f(x) = z¥modp,
where p is prime. Every component of G’; contains exactly one cycle.

The following theorem determines the number of components in the digraph G’;.
In [11], Lucheta, Miller, and Reiter consider digraphs whose vertices include only
nonzero residues. We restate the theorems here for digraphs whose vertices are the
elements of Z,.
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Theorem 6 ([11]). Let p be an odd prime. Let p — 1 = wt, where t is the largest
factor of p — 1 relatively prime to k. Let ¢ # 0 be a nonzero verter of G’;. The
verter a is a cycle vertex of G’; if and only if ord, alt.

It follows as in [11, Corollary 16] that there are precisely ¢ 4+ 1 vertices in cycles.

Let p and ¢t be as in Theorem 6. Then G’; has exactly 2 components if and only
if t = 1. Using the proposition, the prime factorizations of & and p — 1 determine
the number of components of G’;

Proposition 1. Let k be even. Ifk = 2%0¢7"q5” ... q;", q; prime for1 <i < {, a; >
1, then the digraph G’; has two components if and only if p—1 = 2/30qflqg2 e qu
where B; > 0.

Proof. As a result of [11, Corollary 16], the number of cycle vertices in G’; is the ¢
as in the statement of Theorem 6. It follows from that theorem that t = 1 if and
onlyif p—1= 2ﬂ0q1’81q§2 ...qeﬂg.

Suppose ¢ > 1. The digraph G’; has at least 3 cycle vertices. Since 0¥ = 0 and
1% =1, there are at least 2 cycles of length 1, so there must be at least one vertex
on a different cycle. Thus, G’; has more than 2 components.

If t = 1, the only cycles are the length 1 cycles formed by 0 and 1 so G’; has two
components. O

Proposition 2. Let k > 3 be odd and let k = ¢7"¢5”...q)*, q; > 2 prime for
1<i< V¥ o >1. The digraph G’; has exactly three components if and only if
p—1= 2q11q§2 ...qf‘“’ where B; > 0.

Proof. It follows from [11, Corollary 16] that the number of cycle vertices in G}
is ¢, as in the statement of Theorem 6. We see that t = 2 if and only if p — 1 =
2(]11(]252 ...qfé where 3; > 0.

Suppose t > 2. By Theorem 6, G’; has at least 4 cycle vertices. Since 0F = 0,
(—=1)* = —1, and 1¥ = 1, there are at least 3 cycles of length 1, so there must be at
least one vertex on a different cycle. Thus, G’; has more than 3 components.

If t = 2, the only cycles are the length 1 cycles formed by 0, 1, and —1 so G’; has
three components. O

When £ is odd, —a may not be in the same component as a, but the components
are symmetric.

When an even digraph has at least three components in Z,, we can give a
rainbow-free 3-coloring of Z, by coloring the component with 0 using one color,
the component with 1 a second color, and coloring everything else a third color.
For instance, in the digraph in Figure 2, the coloring ¢(0) = R, ¢(1) = ¢(10) = B,
and ¢(2) = ... = ¢(9) = G gives a rainbow-free coloring of Z; for x —y = 22.

We now compute the rainbow number when k is even.
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Theorem 7. Suppose k = 2%¢{"¢5* ... q;", q; prime for 1 <i < {, a; > 1. Then
we have

th(Zy,w —y = 2*) = {3 ifp—1=2%q";" .. qf" where §; 20,
4 otherwise.

Proof. Let k = 2%¢q{"¢5?...q;", ¢; prime for 1 <i < ¢, o; > 1. Suppose p — 1 =
260 qlﬁ1 q§2 e qf‘z. By Corollary 1, the digraph G’; has exactly two components. Let
¢:Zy, — {R,G,B} be an exact 3-coloring. Since the components of G’; are not
monochromatic, by Theorem 5, ¢ contains a rainbow solution to 2 —y = z*. Thus,
th(Zy,x —y = 2F) = 3.

Now suppose p — 1 # QBOqflqg’" e qfe. By Corollary 1, the digraph G’; has at
least 3 components. Define a 3-coloring ¢ : Z,, — {R, G, B} as follows:

R ifa=0,
c(a) = ¢ B if a is in the same component as 1,
G otherwise.

Since k is even, (a,a”) and (—a,a*) are edges in GE. Thus, a and —a are in
the same component for all a. Since each component is monochromatic, 0 is in its
own color class, and ¢(a) = ¢(—a) for all a, it follows by Theorem 5 that ¢ does not
contain a rainbow-solution to & —y = z*. Thus, tb(Zy,x —y = k) > 4.

Suppose ¢ : Z, — {R,B,G,Y} is an exact 4-coloring. Suppose that 0 is red.
Define an exact 3-coloring ¢ : Z, — {B,G,Y} by combining the color class that
contains 0 with another color class. Since 0 is not in its own color class in ¢,
by Theorem 5, ¢ contains a rainbow solution to  —y = 2*
also contains a rainbow solution and so every exact 4-coloring contains a rainbow
solution. Thus, tb(Z,,z —y = z¥) < 4. O

. By construction, c

It follows that the rainbow number of Z, for x —y = 2% is 3 if and only if p is a
Fermat prime.

When an odd digraph has at least three components in Z,, we can give a rainbow-
free 3-coloring of Z, by coloring the component with 0 using one color, the com-
ponents containing 1 and p — 1 with a second color, and coloring everything else a
third color.

Theorem 8. Suppose k = ¢i'""q5* ...q;", ¢ > 3 prime for 1 <i < {, oy > 1, with
k>3. Then

3 ifp—1:2q11q52...qf[ where B; > 0,
4  otherwise.

rb(ZPax —Yy= Zk) = {



INTEGERS: 24 (2024) 15

Proof. Let k= q{"q5*...q;", ¢; prime for 1 <i </ and a; > 1.

Suppose p — 1 = 2q1’31q§2...q5‘ where ; > 0. By Corollary 2, the digraph
G’; has 3 components. Since 1 and —1 are both cycle vertices in G’;, 1 and —1
are in distinct components. Let ¢ : Z, — {R,G, B} be an exact 3-coloring. If
the components are monochromatic, each component must be a distinct color. In
particular, ¢(1) # ¢(—1), so Theorem 5 shows that there exists a rainbow solution
tox—y = 2k
is a rainbow solution to z — y = 2*. Thus, rb(Z,,x —y = z¥) = 3.

Now suppose p — 1 # 2qf1q§2 ...q?’f. By Corollary 2, the digraph G’; has at
least 4 components and 1 and —1 are in distinct components. Define a 3-coloring
¢:Z, —{R,G, B} as follows:

in ¢. Otherwise, the components are not chromatic, and again there

R ifa=0,
c(a) =< B if a is in the same component as 1 or -1,
G otherwise.

Suppose that (a,a’) is an edge in the component containing 1. Then (—a, —a")
is an edge in the component containing —1. Thus, c¢(a) = ¢(—a) for all a € Z,.
Furthermore, each component is monochromatic, and 0 is in its own color class. It
follows by Theorem 5 that ¢ does not contain a rainbow-solution to z —y = z*.
Thus, 1b(Z,,z —y = 2*) > 4.

Let ¢: Z, =+ {R, B,G,Y} be an exact 4-coloring. Suppose that ¢(0) = R. Define
an exact 3-coloring ¢ : Z, — {R,B,G} by combining the red and yellow color
classes. That is, ¢(i) = ¢(i) if ¢(i) € {R,B,G}, and ¢(i) = R if ¢(i) = Y. Since
0 is not in its own color class in ¢, according to Theorem 5, ¢ contains a rainbow
solution to x —y = z*.

By construction, ¢ also contains a rainbow solution. Therefore, we conclude that
every exact 4-coloring contains a rainbow solution, and thus, rb(Z,, z —y = z¥) < 4.

Hence, we have shown that rb(Z,,z —y = 2*) = 4. O

5. Conclusion

The technique of using graphs to study rainbow numbers could be applied to other
families of equations when we know that 0 is the only element in its color class in
every rainbow-free 3-coloring of Z,,.

For example, consider the equation ajxy + aszs + azzrs = 0. If we take the
union of the three digraphs obtained by setting each z; = 0, we get digraphs

f(z;) = —aj/a;zj. The associated graph has exactly 2 components precisely
when [(dy,dy,...,ds)| = p— 1, where d; = —aga;’, dy = —aza;’, d3 = —aja;
dy = —a3a51, ds = —alagl, and dg = —agagl, recovering the result of [8, Corollary

).
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We can extend these concepts to equations of the form z — y = mz*. Many
of the results in Section 2 can be generalized to this equation. By investigating
k we can determine the rainbow numbers for
this equation over Z,. Through a similar approach, we conjecture that the rainbow

numbers rb(Z,, z —y = 2*) and tb(Z,,z + y = z*) are equal.

the function digraphs for f(z) = ma

Lastly, when n is composite, it would be intriguing to compute the rainbow
numbers for x —y = z* in Z,. Considerable knowledge exists about function
digraphs G*. The presence of nonlinearity complicates the computation of the
rainbow number for Z,, when p and ¢ are prime compared to the linear equations
case explored in [1].
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