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Abstract
This paper studies the distribution of the sequence 2¢(™ over squareful integers n
(we call an integer n > 1 squareful if for any prime p with p|n implies p?|n). We
provide an unconditional asymptotic formula for the discrete mean sum of 2¢(™)
over squareful integers. Additionally, assuming the Strong Riemann hypothesis, we
extract a few more main terms, thereby improving the error term bound.

1. Introduction

Define w(1) = 0, and for n > 1, let w(n) denote the number of distinct prime factors
of n. We call an integer n > 1 squareful if for any prime p with p|n implies p?|n.
Now, we define the arithmetical function f(n) as f(1) =1, and for n > 1,

2«(n) if n is squareful,
f(n) = .
0 otherwise.

Note that f(n) is multiplicative. The L-function attached to the coefficients f(n),
namely

o f(n)
F(S) = Z ns ’ (1)
n=1
has the following Euler product

Fs)=]J0+2p > +2p > +2p7 % + ) (2)
p
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for R(s) > 1, and F(s) converges absolutely and uniformly in R(s) > 1.

The Riemann zeta function is defined by
1
C(s) = Z n?
n>1

for R(s) > 1, which has a meromorphic continuation to the entire complex plane C
by the functional equation

((s) = x()¢(1 = s), (3)
where the conversion factor x(s) behaves, in absolute value, as
i o
| x(s) |~ [¢]2 (4)

for s = o +it, [t| >ty (see [4]).

The Riemann hypothesis is a conjecture that states that all the nontrivial zeros
of the Riemann zeta function ((s) lie on the critical line R(s) = 3. The stronger
version of the Riemann hypothesis states that all the nontrivial zeros of {(s) lie on
the critical line, and each such zero is simple. A region € is said to be a zero-free
region for ((s) if ((s) # 0 for all s € . For the best-known zero-free region we refer
to Theorem 6.1 of [1].

Throughout the paper, € is any small positive constant. The aim here is to

establish the following theorems.

Theorem 1. Let x > 0 be large and € > 0. Then we have unconditionally,

1
1 1 1 1 1 1 3
Z f(n) =Ciz2 logx+Cax? +Csx3 logz+Caa3+0 | 2% exp < ce 08T ,
log log x

n<lz
for some ¢ > 0 and for real constants C1, Ca, Cs and C4, that can be evaluated

explicitly.

Theorem 2. Letx > 0 be large and € > 0. Assuming the strong Riemann hypothesis
namely, all the nontrivial zeros of ((ls) lie on the respective critical lines for | =
2, 3, -+, 14, and each such zero is simple, we have

Z fln) = Clx% log x —&—Cgac% —‘ng(E% log x +C4x%+

n<x
1.
stiva
+ E DL Y1 8 8
K
¢(4p)=0, R(p)=3%,
0<’9(4p):n'<w%
8

1, 1.
T0tiv L Totiv L
+ E (D27,Y1.T10 0 logx +Ds3, 4, x*° 10)
10 10

¢(5p)=0, R(p)=15,

3

0<’%(5p)27; ‘<mﬁ
10
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v L 2

12

+ E (D4, 7y ® 1z (log x)
¢(6p)=0, R(p)=15

)

3

0<|S(6p)=7 1 ‘<mﬁ
12

%‘H’YL = 1 5 1€
+Ds5, 4, T iz ]logx + D, 4, T 12)+O(:L'22 ),
12 12
where C;’s are certain real constants, and D;’s are certain complex constants that
can be evaluated explicitly.

Remark 1. We observe that the main term

ey

gHivL

S = E Dy, 4, z% 8
8

¢(4p)=0, R(p)=5%,
3

0<|S}(4p)='yl <z 1l
8

in Theorem 1, satisfies

91| < 2

> D‘
8
¢(4p)=0, R(p)=%,

3
0<'$(4p):'yl ‘<a:ﬁ
8

Since we expect enough cancellations to happen in the sum S, we are tempted to

make a plausible conjecture that S; = O(z22 7€), but we are not in a position to
establish this assertion. It is also to be noted that, trivially,

ool

35
| S1] <=z max | D1, ~, | |TlogT < max | D1, o,y | |aBsTe
¢(4p)=0, R(p)=%, 8 ¢(4p)=0, R(p)=1, S
0<|S(4p)=71 <z% 0<'S(4p):'yl ‘<zlll
8 8

with 7 = z1r. Observe that
happen with the sums

1, 1,
To YL To YL
Sy = E <D27 vy x'? iologx+Ds ., 10)
10 10

¢(5p)=0, R(p)=15,
0<‘%(5p):’y;
10

< g—g. Similarly, we do expect cancellations to

=

3
<xr1l

and

A A
Ss= 3 (D, e M (oga) + Dy, 2T loga
12 12
¢(50)=0, R(p)=75 )

,

3

0<|S(6p)=71 |<z 1T
12

L

15 T4y 1

+Dg 4,z 12).
1z

So conjecturally, we may have Sy = O(z327¢) and S3 = O(x22+¢), but we are not
in a position to prove them.
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For further related problems of this type, interested readers may consult Chapter
14 of [1].

2. Lemmas

1
27

_ G2(25)¢%(35)C%(T5)¢ ! (85)¢° (125) ¢ (135)¢° (145)
((45)¢?(55)¢?(65)¢5(105)¢0 (1)

where Hq(s) is a Dirichlet series which converges absolutely and uniformly for

R(s) > 1=.

Lemma 1. For R(s) > 5, we have

F(s) Hi(s), ()

Proof. For R(s) > %, we have the Euler product for F(s) as

F(s)=JJ(a+2p > +2p7 % +2p7% +---). (6)
p

If we let X = p~°, then for R(s) > %, we have | X |< 1. To prove the lemma we
split the series 1 +2X2 4+ 2X3 +2X% 4+ ... into the product of polynomials of the
form 1 — X™ or its inverses from m = 2 to m = 14 possibly with some error terms.

By using the Mathematica software, we get

1+2X%+2X°% 42X +2X° + ...
(1-X2) 7% (1+2X% - X* - 2X?)
—(1-X3)7(1-x%)""x
(1—X*—2X5% - 3X0 +2X7 +4X8 +2X% — x10 —2x')
—(1-X3)7?(1-X*) "2 (1 - XY (1 —2X° - 3X°
+2X7 +4X% —4X10 44X 44X M 4+ O(X 1)
—(1-X2) 7 (1-X*) 71— X (1 - X°)2(1 — 3X° 4 2X7
+4X8 —5Xx10 —6x 48X 12 48X —4X 1 4 O(X1P))
—(1=X2) 7 (1= X (1 = XY (1= X%)2(1 — X5)3x
(142X7 +4X% —5X"0 —6X" +5X"2 + 14X +8X ™ + O(X1%))
—(1-X2) 77 (1= X372 (1= XH(1 - XP)2(1 - XO)3(1 — X7)?x
(1+4X8 —5X10 —6Xx" +5X™ 4 14X 45X + O(X1))
—(1-X)T(1=X}) T2 (1= XN (1= X°)2(1 — X031 — X7)~2(1 — X®)~*x
(1-5X"0 —6X'" +5X12 + 14X 45X + O(X1))
—(1-X) 7 (1-X*) (1= XH(1 - X°)2(1 - XO)3(1 — X7)"2(1 — X¥)~*x
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(1— X101 - 6X”+5X”+44XB+5X4+0@W%)

=(1-x)7(1- ) ~ XN - X721 - XOP(1 - XT) 21— x5!
(1-X")°(1 - )ﬂ+5Xu+44XB+5XM+{XXw»
—(1-X)T(1=X}) T2 (1 = X1 - X7)2(1 — X031 — X7)2(1 — X®)~*x
( XlO 5(1 Xll) ( X12) 5(1+14X13+5X14+O(X15))
=(1-X3)7(1- X% 71— XY - X021 - XOP(1 - XT) 721 - X5)ix
( XIO) (1 Xll) ( X12) 5( X13) 14(1+5X14+O(X15))

=(1-X3)77(1-X%) - XN - X921 - X0’ (1 - XT)7H(1 - X%
(1 _ X10)5(1 Xll) ( X12) ( _X13>—14(1 —X14)_5(1 +O(X15) (7)

By substituting X = p~* in the above expression, by (6) we then get
(?(25)¢*(35)¢%(7s)¢" (85)¢° (125) ¢ (135)¢° (14s)

P e cEemsets) e
where Hi(s) converges absolutely and uniformly for R(s) > {&. O
Lemma 2. For R(s) > 3, we have
_ (%(25)¢%(3s)
F(s) = (1) Hsy(s), (8)
where Ha(s) converges absolutely and uniformly for R(s) > %
Proof. From Lemma 1, we can write
_ G(25)¢%(3s)
F(S) - <(48) H2(8)7
vhere C(T5)¢1 (85)C7(125)¢ 4 (135) P (145)
H = H
) = G Es sl )
which converges absolutely and uniformly for R(s) > 2. 0O

Remark 2. In the proofs of Theorems 1 and 2, we use either Lemma 1 or Lemma
2 suitably.

Lemma 3. Let x > 0 be large. Then under the assumption of the strong Riemann
hypothesis for various zeta functions ((ls) appearing in F(s) proved in Lemma 1
(1 =2, 3,4,---, 14), we have the following residues corresponding to the poles
arising from F(s) :

Reb F(s )— =Cy22 logz + Caz?, (9)

2
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Res F(s) =Csat log + Cya?, (10)
s=1 s
xs 1 1
Res F(s)— =Csa7 logz + Cox7, (11)
s=z S
Res F(s)x— =Cy2% (log x)® 4 ngé(log r)? + Cox® log  + Ciox?, (12)
s=3 S
Res F(s)m— =Cyy272 (logz)* + - + Craz™ log z + C159€ﬁ, (13)
5= 112 &
x® 1 13 1 L
Res F(s)— =Cixz18(logx)™> + - -+ Cosx13 log x + Co9x 13, (14)
s=% s
S 1 i 1
Res F(s):i =D1 -, 25" 5 (15)
s=%+i’y% S
S 1 . 1 .
Res F(S)£ :D27 - x10+17% lng +D37 . $10+1’Y%’ (16)
s o i

x H+iva H+iva
Res  F(s)— =Dy ., 2 '3 (logz)’ +Ds, ., 2 12 logz
S 12 12

L
+Dg, o, &, (17)
12

where % + 1, Tlo +rL and % + 7L are the coordinates of the simple zeros of

(4s), ¢(5s) and ((6s) on the lines R(s) = g, R(s) = 15 and R(s) = 5 respectively,

and the C;’s, and D;’s are constants that can be evaluated explicitly.

Proof. By Lemma 1, for £(s) > %, we have

(2(25)¢%(35)¢%(75)¢* (85)¢° (125)¢ M (135)¢° (145)

PO = weeaewcamen) ek 1
where Hi(s) converges absolutely and uniformly for R(s) > {&.
Let
Fy(s) o CONCENCEICBIBICE M)

((45)¢?(55)¢?(65)¢5(105)¢0(115)

which is analytic at s = 1, and hence, F(s) = ¢?(2s)Fi(s) has a pole of order 2 at

s = % Therefore,

S

Res F(s)%s _ (Fl(s)””s); es (s - ;) (25) + Iy (;) % es ¢*(25)

—1 —1
s=3 S s=3

1
2

::Clx% logx + Cox2,

where C; and Cs are some constants that can be evaluated explicitly. Similarly, the
equalities from (10) to (14) can be proved.
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Now, for any simple zero % + i1 of (4s) lying on the critical line R(s) = £, we
have that
2(25)¢%(35)C%(75)C*(85)¢C?(125) 14 (135)¢P (145
By = CACEICTIEICUC AN W) 0 o
(2(55)¢3(65)¢>(10s)¢0(11s)
is analytic at s = % + i’yé and hence, F(s) = F(Q( %) has a simple pole at % + i’y%.
Therefore,
x?® 1 xé+w%
Res F(s)—=F|=-+iv: - Res ——
s=g+ivy () 5 2 (8 Wé) é%—w% s=%tivy C(4s)
= Dl, " x%‘f”ﬂ’%’
8
where Dy, ,, is some constant which can be evaluated explicitly.
8
Similarly, for any simple zero 11—0+i7T1() of ¢(5s) lying on the critical line (s) = 1—10,
we have that
2(25)¢%(35)C%(75)C*(85)¢C?(125)¢14(135) P (145
Py o= CICEICTIEICUBIA N M), o)
((45)¢(65)¢?(10s)¢(11s)
is analytic at s = 1—10 + v and hence, F(s) = 53((52)) has a pole of order 2 at

=+ iy, Therefore,

/
S S 1 1
Res F(s)% = (Fg(S)I) ) Res (s — = iy ) (5a)

W8 T 2
S*%"!‘Z'Y% S 10_,'_1-7% TOJ”’YTIO 10 C ( )
1 PR 1
+F3 | —+iyL )] T——— Res ——
10 0 ) s +iys s=dtive C2(5s)
+iy
:=Do, 7% T4 logx + D3, 7% 10 %’

where Dy 1 and D3 4 are some constants that can be evaluated explicitly.

Similarly, the equality (17) can be proved. This completes the proof of this lemma.
O

Lemma 4 ([4, 5]). For any § < o <1, and T-sufficiently large, we have

/ (o 4 i)t dt < T(logT)! (22)

uniformly.
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Lemma 5 ([1]). There is a constant C > 0 such that

% < (logT)*3(loglog T)'/? (23)

C
(log T)2/3(log log T')/3’

in the region o > 1 — To<t<T.

Lemma 6 ([1]). There is a constant C* > 0 such that ((s) # 0 for o > 1 —

C*
=, |[t| = to.
(log T')2/3(loglog T)1/3 1= o

Lemma 7 ([1, 3]). We have N(T) <« TlogT, where N(T) is the number of zeros
of ¢(s) in the region {s=oc+it:0<0oc<1,0<t<T}.

Lemma 8 ([4]). The Riemann hypothesis implies that

((o +it) = O(|t[) (24)
for % <o <1 andlt| >ty, and
1 €
CEE)) = O(|t[%) (25)

for 3 <o <1 and |t| > to.

3. Proof of Theorem 1

We are now ready to prove Theorem 1.

Proof of Theorem 1. By Lemma 2, for R(s) > %, we have

¢*(25)¢%(39)
((4s)

where Hj(s) converges absolutely and uniformly for R(s) > 1.
By applying Perron’s formula (see [2]) to Equation (26), we get

VORI SIERT

n<x n<x
n is squareful

1 1 : 1 1

1 3T 1ogz HT s 3t ez (] 2

_ T o) Sas o [ T loga)” )
271 L4l T S T

log x

F(s) = Hj(s), (26)

where 1 < T < z is a parameter to be chosen later.
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We move the line of integration to R(s) =  — o T)Q/S_(lcog g 7173 where ¢ = C*

as in Lemma 6. Define g(T) := (logT)?/?(loglog T)/3. Then, in the rectangle
. L1 1 - 1 c - 1 c - 1 1 -

formed by the vertices 5 + sz T i, 7 — g+ i, 7 — 5T iT, 5+ sz — iT,

and % + loéx + 4T, we note that F(s) has two poles, one at s = % of order 2 and

another at s = % of order 2.
Hence, by Cauchy’s residue theorem and Lemma 3, we get

Z f(n) :C'lac% log x + ng% + ng% logx + C4:r%
n<x

c____

1 1= +T i gen T 3+ 1ogs HiT x5
+ G + + F(s)—ds
T 1__c__yr %+ 1__;T 1__c +iT S

17 g(T Tog @ 17 9(D)

+0 (méﬂ’é:‘(logw)?)

T

::Clx% logx + ngzz% + ng% logx + C4as%

Tt (] 2
+11+12+13+0<5HT(°“)>. (27)

The vertical line integration I; contributes in absolute value (by using the func-
tional equation (Equation (3)) for {(s), the approximation (Equation (4)) for x(s),
and Lemmas 4 and 5):

v |2 (3 ey +20t) ¢ (3 - sy +3it) | pi-atm
I <</ 2" 9™ 17 9 z gt
+

e t
7 ¢ (1- sty +4it)
vl (4= 2 +2ut) ¢ (8- % +3it)
<zi AT 4 i / “ 2 i iy dt
10 C(l—%—&-élit)t

ttdt

T 1 2 3 3¢
2 . 2 . 1

C<;+g(2;)2it)

2T,
sup /
1< <7 \J1y
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10
2T1 3 4 H
<4 - +3zt) dt| 1,7t
g(T
<<xA11 7 +x4 5D (logT)z/j(loglogT)l/3
1
logT \3 4rp—1
de | ——— T(logT)*T
exp{ c<10glogT> } (log 7)
1
1 3, logT \3
1791 (loglog T)'/3 (log T 4o | ——
<z (og 0gT)"*(log 1) ¢ loglogT
1
1__ec logT \3
17 g(T) 4 _ 2
<z exp {( +€)c (log logT> } (28)

for some small € > 0.

The horizontal line portions Iy and I3 contribute in absolute value (by using the

functional equation (Equation (3)) for ((s), the approximation (Equation (4)) for
x(s), and Lemma 5) a total of

+1OgT+ZT 2 9 2 3
|+ <10 [ CR)CEs) 2 ‘
=gt +iT ¢(4s) S
1 1 .
T 5t 1ez HiT
<<¥ s [X*(25)¢3(1 = 25)¢(1 — 3s)a°ds|
1~ 90 HiT
st ioss
<<@ /2 O 23 —20) P2 (1-(1-20))+ 2 (1-30) 40 g
T Jj FIe)
T) [2tmess i
<<%/ 11%7i O'do_
15D
St oes o
<<g(T)T%/ : <3i4> N
Faco T3

<108 1) log o T)l/sTé{xém;zTémm

1 c _ 7,14 c
+ x? (logT)2/3(loglogT)1/3 T 613 (log T)2/3 (log log T)1/3 }

Note that, for T > x%, we have

2|+ 13| < 2 T DRt D T2 TS G m A G 117 (log T)*3(loglog T)'/3.

(29)
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Therefore, for T > 23, from Equations (27), (28), and (29), we get

Z f(n) :clx% log x + Cgaz% + ng% log x + C4m%

n<x
1 1 1
1 . logT \?3 22 e (log x)?
i 9 5 I ot =S
+O<x exp{(4+e)c<loglogT> }>+O< T .
(30)

@Q

1
Finally, by making our choice T' = z7 (log ) exp {—ce (lolgofgo‘;m) ’ }7 we obtain

, 1 5
Z f(n) = Ciw? logzzs—&-ngc%—i—C?,x§ loggc—i—ngzé—&—O (:c}i exp {ce (ng> }) ,
loglog x

n<x

for some real constants Cy, Cs, Cs, C4 that can be evaluated explicitly. This proves
Theorem 1. O

4. Proof of Theorem 2
Proof of Theorem 2. By Lemma 1, for R(s) > %, we have

(2(25)¢%(35)¢2(75)¢* (85)¢° (125)¢ M (135)¢° (145)
((45)¢?(55)¢?(65)¢5(105)¢0 (1)

where Hi(s) converges absolutely and uniformly for R(s) > {&.
By applying Perron’s formula (see [2]) to Equation (31), we get

I SR

F(s) = Hi(s), (31)

n<zc n<z
n is squareful
1 1 . 1 1
1 §+m+’bT .TS xg"rm 10 T 2
- F(s)Zds+0 x> (log 2)° 7
2m 34k —iT S T
where 1 <T < x is a parameter to be chosen later.

Here, we move the line of integration to R(s) = & + oz llog;c' Then, in the
rectangle R formed by the vertices % + loéw + 1T, ﬁ + @ + T, i + m —
iT, % + 10;1; — T, and % + 10;75 + iT, we note that F(s) has poles at the points
8:%0forder2,s:%oforder2,s:%oforder?,s:éoforderél,s:%
of order 5, s = of order 14, a simple pole at each s = é + iyé, a pole of

1

13

order 2 at each s = 1—10 +iy1 and a pole of order 3 at each s = 1—12 + iy1, where
10 12

i+ V1, &=+ v and L+ 71 are the coordinates of the zeros of ((4s), ((5s)
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and ((6s) on the lines R(s) = &, R(s) = 15 and R(s) = {5 respectively, such that

vl Py | Py I<T.
Hence, by Cauchy’s residue theorem, we get

ﬁ"ﬁ Tog llog T +iT ﬁ“r Tog llog T —iT %+ loé T +iT IS
> f(n + + F(s)~—ds
27TZ 1 1 T %+ loé ——iT 1 1 T S

n<x 14+log log 14+log log z

bk (log a)?
S ) +O<3MT<0gx>>

RN (log a:)2>

. (32)

st
=J) + Jo + J3 + ZP:E{EE F(s)~-+0 (
where in the right-hand side sum, p runs over all the poles of F(s) inside the
rectangle R.
The vertical line integration J; contributes in absolute value (by using the func-
tional equation (Equation (3)) for ((s), the approximation (Equation (4)) for x(s),
and Equations (24) and (25)):

ﬁ"’_log llogm-"_iT :I;S
F(s)—ds

—iT S

J1 K

1 1
14 T ogloga

141
<<.’L‘ 14 log log @

. . 1, 1
s (b + s +20) € (& + i +at) b b |
2 4 N\ 25 5 L\ 3 (3 6 ~
10 <(7+logz )C (ﬁ+logr+5Zt>C (7+logz+61t)
< ptitigioss 4 piitogioss T2(3— 1~ woaters ) T2(5— 15— wateas ) x
T~ (3%~ ators ) ~2(3 15— oators ) —3(3— %~ oators ) x
2 2 —1441
/T ¢ (7 - loga: - QZt) ¢ (14 logz - 3“’) t ‘ dt
5 2 3
10 C<7_ log x —4’Lt>C ( logm _5”)4 (7_ logz _GZt)
< TitToglogs 4 g1t ogtoss T7 T rogtoss 191 (log T)
< Tt Toglegs T'7 T Toatons TO2€, (33)

Now, to find the contributions coming from the horizontal line portions Jg and J3
_|_

in absolute value, (to see more clearly) we divide the interval L 7T

loglog;’ 2 10g1:|

. . . - |l 1 1 1
into the union of the following six intervals: L 1T Toglogz: 12 + 1o logac],

1 1 1
|:12 + loglogm’ 10 + loglogm:| |:1O + loglogz’ 8 + loglogr:| |:§ + loglogz’ 6 + loglogz:|’

|: +loglogz’4+log10gx:| and [4+ +
tional equation (Equation (3)) for ((s), the approximation (Equation (4)) for x(s),

Then, by using the func-

log log z’ 2 log T
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and Equations (24) and (25), we get

3+ ez HiT e
72+ 1] <to| [ F(s) S ds
1+ egisgs TiT )
5+ ogiegs TiT o+ ogiegs TiT §+ ogisgs HiT §+t orisgs HT
< +f +f v
71+ Togtogz Ti7T 15+ Togtogz +i7T Totmatez tiT Y 3+ opbgs TiT

i+ ogtoss T 3+ e il
+ + x
&+ togtogs +iT 1+ togtogs T

C2(20 + 2iT)C2(3J + 3iT)
(4o + 4iT)(2(50 + 52'T)§3(6a + 6iT)
xaT2(1—5U)—(%—40)—2(%—50)—3(%—60)—14—515

‘,EUT71+416d0_

< max

1 1 1 1
ﬁ+loglogz So-SﬁJ’»log log

+ max $0T2(1—50’)—(%—40)—2(%—50’)—1+51€

T+ ez <0< 5+ orises

+ max x0T2(1—5¢7)—(%—40)—1+515
5t oeees S0t t oras

+ max $0T2(1_50)_1+516

#+ Toglogz SOS5+ ogiogs

xaTQ(%—QJ)—l—&-Sle

+ max
é+loglloga: Sagi+logllogx
4 max LITOT—1+516
It o S0<3+ s
< max xo’T—2+220’+516
Tt s <0< ts+ ez
4 max xaT—%+4o+5le

1, 1 1, 1
75 T oglozw <o< 70t oglog =

+ max xa'T%—60+51€
1 1 1 1
ﬁ+ Toglog = SU§§+ Tog log =

4 max .,L,UTI—100+51€

1 1 1 1
5§ T ogiosw SU§6+log

Tog =

4 max $UT—4G’+516

1 1 1 1
6t oglog = SU§4+1oglogz

+ max T 1Fote
1 1 1 1
i+ oglosw §‘7§§+1ogz

1 1 22 22 1 1 1 4 4
<<xﬁ+ Toglog x T_2+ﬁ+ Tog log = +51e —+ :L‘ﬁ-"_ Toglog « T_§+ﬁ+ Tog log = +51e

1 1 1_6 6 1 1 1_6 6
+ xﬁ—‘rloglogmTE_TO_loglogm—i_sle + x§+1oglogmT§_§_1oglogx+515

1, 1 _10_ _ 10 .5 1,1 _10__ 10 _§
+ 1‘8+loglogm 1"'1 8 loglogmaﬁ»dl6 + x6+10g10g1~ Tl 6 loglogav:Jr‘)l6

1 1 4 4 1 1 4 4
+ 1'§+log loga:T_g_loglogac+51€ + wZ""loglong_Z_loglogm""516
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+ x%-‘rlo;w 1451

1 1 1 22 1 1 1 4
<<xﬁ+1oglogz T_€+1oglogz+51€ + :L'TOJ'_loglogz T_E—"_log Togw TOle

1 1 1 6 1 1 1 6
—+ xﬁ+loglogz 7—"7ﬁ7loglt:)g:n“’>51E —+ x§+loglogmTiziloglogz+51€

i, 1 1 __ 10 i, 1 2 _ 10
+x8+loglong 1 10g10gm+51€+x6+10g10ng 3 loglogm+51€

1 1 2 4 1 1 4
+ $E+loglogw 1—’757l()gl()g‘y."‘rg)l6 _|_ ./EZJrloglogy;1—'717l()g‘l()g‘y,"‘r‘rll6

+ x%-"_loéw T~ 1+51e

1 1 1 22 1 1 1 4
<<xﬁ+1oglogz T7€+1oglogz+51€ + xﬁ+1oglogz T7ﬁ+1og Togz TOL€

+51e +51e

141 1 __ 6 1y 1 _2__ 4
_|_ xTs loglong 4 loglogx _|_ xre6 loglong 3 loglogax

+ pEtess - 1+51e

Note that, for T > x%, we have
| Jo| + | J3] < 22t ew P iTELe (34)
Therefore, for T > z71, from Equations (32), (33), (34), and Lemma 3, we get

Z f(n) zclx% log x + ng% + ng% logx + C4x% + C5m% logx + C@!E%
n<x
+ Cras (logz)3 + Csa® (logz)? + Cox® log x + Cioa®
1
12

+ CnalUT12 (logz)* 4+ - + Cl4xT12 log z + Cy5xT
+ Cioxs (logz)® + -+ + Cos2 13 log  + Caoz 13

iy
+ D, x® 8
DR
¢(4p)=0, R(p)=3,
0<|S(p)=7y |<T
R R
+ Z <D2771x1° T logx + Dy, o, & ’Y%)
10 10
¢(5p)=0, R(p)=15,
O<'%(5p):’7% <T
L
75+
+ Z (D4, S, 22 s (log r)?
12
¢(6p)=0, R(p)=1;,
O<'3(6p):'y% <T

1 ; 1 ;
=tiv L =tiv L
+Ds5 o,z ‘1zlogz+Dg 4, 12>
12

i

1 1 4 22 1, 1
+0 (xﬁ"‘loglogmT7+1oglogm+526) +0 (x§+1ogm T*1+515> . (35)
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1

Finally, by making our choice T' = i1, we obtain

Z f(n) :clx% log x + Cgac% + C3J}% log z + C4x%—|—

n<x
1L
Elaalt
+ E Dy, 5, 2% 8
8
¢(4p)=0, R(p)=%,
0<’%(4p)=n <zl
8
To+Hiv L To+ivT L
+ Z Do, W%x 10 log x + Ds, WTIOJZ 10
¢(5p)=0, R(p)=15,
O<‘%(5p):'yi <z%
10
L
1z L
+ E (D4’ 5, a2 (log z)?
12
¢(6p)=0, R(p)=15,
0<’%(6p)=’yi <acl%
12
1 1,
T35t 1 T H7 L =
+Ds5 4, " ‘izlogx+Dg o, v 12)—!—0(:1:??“).
12 12
This proves Theorem 2. [
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