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Abstract

Let A be a nonempty finite set of integers, and let & and 8 be nonnegative integers
such that a + 3 < |A|, where |A| denotes the cardinality of the set A. Let ¥5(A)
denote the set of those integers which can be represented as a sum of a subset of A
with at least « elements and at most |A| — 8 elements. The usual sets of subsums
Y(A) and Xo(A) are special cases of %2 (A) for (a, ) = (1,0) and (a, 8) = (0,0),
respectively. If 3 = 0, then we denote 32 (A) simply by ¥,(A). We establish the
optimal lower bound for the cardinality of $%(A). We also prove inverse theorems
for the set of subsums ¥7(A) which characterize the sets A C Z for which X5 (A)|
achieves the optimal lower bound. These results generalize the various direct and
inverse theorems for X, (A) proved recently by Bhanja and Pandey. Furthermore,
we prove direct and inverse theorems for the subsequence sums 2 (/) in Z for
an arbitrary finite sequence of integers .«/ which generalize the results obtained for
the set of subsums ¥.#(A) and also solve two open problems of Bhanja and Pandey
related to the set of subsums X, (7).

1. Introduction

Throughout the paper, let G denote an additive abelian group, and let |S| denote
the cardinality of the set S C G. For a nonzero integer ¢ and a set S C G, the
dilated set {cs : s € S} is denoted by ¢ x S, and we simply write —S for (—1) * S.
Let A be a nonempty finite subset of G. For nonnegative integers o and § with
a+ 8 < |A|, define

28(4) = {o(B): BC Aand a < |B| < |A| - },

where o(B) denotes the sum of all the elements of the set B. The usual sets
of subsums Y(A) and (A) are special cases of ¥(A) for (a,3) = (1,0) and
(o, B) = (0,0), respectively. If B =0, then X0 (A) is simply denoted by X, (A).
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Estimation of the optimal lower bound for the cardinality of %2 (A) in terms of
a, B and |A] is one of the important problems, called the direct problem. Another
important problem of interest is the characterization of the sets A for which X2 (A)|
achieves the optimal lower bound, called the inverse problem. These problems are
extremely important in additive combinatorics and have many applications in zero-
sum problems (see [3, 4, 9, 14, 15, 16, 23, 25, 26] and the references given therein).

Nathanson [23] proved direct and inverse results for the sumset ¥(A) in the
additive group of integers Z. Balandraud [3] studied the direct problems for X(A)
and Xo(A) in the finite prime field F,,, where p is a prime number. The direct and
inverse problems for X, (A) in Z have been studied recently by Bhanja and Pandey
[5, 6] and by Dwivedi and Mistri [13]. The lower bound for the cardinality of the
set of subsums ¥, (A) in F,, was obtained by Balandraud [4]. For a set A C F,, such
that AN (—A) = (), Balandraud [4] conjectured that

28(4) > min{n A4+ alat1) AB+D) 1}7

2 2 2

unless
A=xx{1,-2,3,...,]|A|}

with 0 # A € Fp, AAED — 5, 4 4 and (o, 8) € {(1,1),(1,2), (2,1)}.

Motivated by this conjecture, we study the direct and inverse problems for ¥.2 (A)
in Z. In Section 2, we study the direct problem and obtain the optimal lower bound
for |22 (A)| considering the following cases:

a) the set A contains only positive integers,

(a)
(b) the set A contains only nonnegative integers including zero,
(c) the set contains both positive and negative integers,

)

(d) the set A contains positive integers, negative integers and zero.

In Section 3, we study the inverse problem for $2 (A). The results in this section
characterize the sets A for which |¥2(A)| achieves the optimal lower bound. In
Section 4, we generalize the definition of the set of subsums X2 (A) to the set of
subseuence sums Y7 (/) for a sequence &/ in G. We also establish several direct
and inverse theorems for ¥ (), which also generalize and solve two open problems
of Bhanja and Pandey [6, Open problems (1) and (2), Section 4] .

We remark that the various known direct and inverse theorems for 3(A), 3y(A)
and X, (A) [23, 5, 6, 13] can be obtained as special cases of the direct and inverse
theorems for ¥8(A) or 8 (&) proved in Section 2, Section 3 and Section 4.

The proofs of the direct and inverse theorems for ¥4 (A) and %2(</) require
several preliminary results (see Subsection 1.1) for the generalized h-fold sumset
defined as follows. Given a nonempty finite set A C G and an ordered |A|-tuple
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r = (r, : a € A) of positive integers associated with the set A, we define the
generalized h-fold sumset h™) A as follows:

A= {Zsaa 1 8q € 72,0 <54 <714, and Z Sq = h}.
a€A acA

If r, = r for each a € A, then h™) A is simply denoted by h(") A. The direct and
inverse problems for A(") A have been studied by Mistri and Pandey [18] in Z and
by Monopoli [22] in F, (see [21] also). Yang and Chen [28] have studied the direct
and inverse problems for the sumset h(") A in Z.

The classical h-fold sumset hA and the restricted h-fold sumset h A are special
cases of this sumset for » = h and r = 1, respectively. These sumsets have been
studied extensively in the literature (see [1, 2, 8, 10, 11, 12, 24, 27] and the references
given therein).

Facts 1. The following facts allow us to consider the sumset $7(A) only for the
pairs (a, 8) satisfying 1 <a < |A]—1and 0 < 8 <|4|—1.
(i) Tt is easy to see that X2 (A) = oA if a+ 3 = |A|. Since the direct and inverse

theorems are well known for the restricted h-fold sumset in Z [23], we always
assume that a+ < |A|—1,andso 0 < a<|A|—1and 0 < B < |A| - 1.

(i) It is easy to verify that X5 (A) = o(A) — £5(A), and thus [S5(A)| = [£5(A)].

(i) Furthermore, X5 (A4) = X7(A) if 0 € £/ (A), and B (A4) = 27(A) U {0} if
0¢ Elﬁ (A). Therefore, we consider only positive values of a.

Since in the definition of the sumset h(™ A, the relative order of the elements of
the set A is taken into consideration, from now onwards, while using the sumset
h(*) A in a statement or in a proof, we will assume that the order of the elements in
the set A is fixed.

1.1. Notation and Preliminary Results

Here we fix some notation which will be used throughout the paper. For integers
a and b, where a < b, we denote the interval of integers {n € Z : a < n < b} by

v
[a,b]. For a function f, we take Z f(@) = 0, whenever u and v are integers such
that u > v. o
With slight deviation from the notation used by Yang and Chen [28], we use the
following notation as in Dwivedi and Mistri [13]. Given positive integers h and k,
and an ordered k-tuple ¥ = (rg,71,...,rx—1) of positive integers, let u = pu(r, h) be
the largest integer and 1 = 7(r, h) be the least integers such that

p—1

k—1
ergh and Z r; < h,

=0 j=n+1
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respectively. Now define

pol k—1
(5:5(f',h):h—27“j and 0 = 0(¥,h) =h — er.
=0 J=nt1
Furthermore, define
k—1 ﬂ—l
L(x, h) = ( > - Zﬂ“g‘) +n0 —pd + 1.
J=n+1 j=0

A k-term arithmetic progression in Z is a set of the form {a,a+d,...,a+ (k—1)d}
for some integer a and a nonzero integer d. We will require the direct and inverse
theorems for A A due to Yang and Chen [28] to prove the direct and inverse
theorems for ¥2(A) and %8(7). For the sake of completeness, we state these
results here.

Theorem 2 ([28]). Let A = {aog,a1,...,ax_1} be a set of integers with ag < a1 <

-+ < ag—1, where k is a positive integer. Let ¥ = (rg,71,...,7x—1) be an ordered
k—1

k-tuple of positive integers, and h be an integer satisfying 2 < h < er. Then
j=0

WD Al > L(F, h).
This lower bound is best possible.

Theorem 3 ([28]). Let k > 5 be an integer. Let T = (rq,...,rx—1) be an ordered
k-tuple of positive integers, and let h be an integer satisfying

k—1
2<h<y -2
j=0

If A is a set of k integers, then
|h®A| = L(F, h)
if and only if A is a k-term arithmetic progression.

Theorem 4 ([28]). Let A = {ao,a1,a2} be a set of integers with ag < a1 < asg
and T = (rg,71,72) be an ordered 3-tuple of positive integers. Suppose that h is an
integer with 2 < h <rg+nry+re —2. Then

(i) for ri =1, we have |h™) A| = L(¥, h);

(i) for r1 > 2, we have |hF)A| = L(¥,h) if and only if A is a 3-term arithmetic
pProgression.
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Theorem 5 ([28]). Let A = {ag,a1,a2,a3} be a set of integers with ag < a3 <
as < ag and T = (rg,r1,72,73) be an ordered 4-tuple of positive integers. Suppose
that h is an integer with 2 < h <rqg+711 4+ 712+ 73 — 2. Then

(i) for ri =1y = 1, we have |hWA| = L(¥, h) if and only if ay — ap = a3 — as;

(ii) for r1 > 2 or o > 2, we have |hW® A| = L(¥,h) if and only if A is a 4-term
arithmetic progression.

To prove some inverse theorems for the set of subsums ¥, (A), Dwivedi and Mistri
[13] expressed this subsums as a certain generalized h-fold sumset. We extend this
idea to the set of subsums Y2 (A), and also for the set of subsequence sums %7 (27)
for a sequence &7 (see Section 4). The following lemmas which can be proved easily
by simple set-theoretic arguments are crucial for the proof of direct and inverse
theorems for $2(A).

Lemma 1. Let A = {ay,...,ar} be a nonempty finite subset of G with 0 ¢ A,
where k is a positive integer. Let a and B be integers such that 0 < o < k — 1,
0<B8<k—1,,anda+ 8 <k—1. Let Ay = {ag,a1,...,ar} C G, where ag = 0,
and lett = (k—a—p,1,...,1). Then

——

k times
Sa(d) = (k— 5) Ao.

Lemma 2. Let A = {ag,a1,...,ax—1} be a nonempty finite subset of G with ag = 0,
where k is a positive integer. Let o and B be integers such that 1 < a < k,
0<p<k-—1,anda+pB<k. Lear=(k—a—-0+1,1,...,1). Then

——

k—1 times
S8(A) = (k- ) A.

Let 7 : [1,k] — [1, k] be a permutation, where k is a positive integer. Following
the notation in [13], for a set A = {aj,as,...,ax} and an ordered k-tuple ¥ =
(r1,7r2,...,7) of positive integers, we write

Ar ={ar(1), Ar2)s - An(k) }

and
f'ﬂ— = (’I“Tr(l), 7"71.(2), [N 7rw(k))-

Note that the order of the elements in the set A is assumed to be fixed in the
definition of h(*) A. In the proofs, sometimes we will require to consider the elements
of the set A in a different order. In that situation, we will need the following obvious
lemma to apply the above results.
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Lemma 3 ([13]). Let A = {a1,as2,...,ar} be an ordered nonempty finite subset
of G, where k is a positive integer. Let T = (r1,r9,...,7r) an ordered k-tuple of
positive integers. Let h > 2 be an integer, and let w be a permutation of [1,k]. Then

REA=hEDA

2. Direct Theorems for Subsums X7 (A)
Theorem 6. Let k > 2 be an integer. Let o and 3 be integers such that
1<a<k—-10<p<k—1l,anda+p5<k—1.

If A is a set of k positive integers, then

Z6(4)] > k(k; D _ OM; D _ 5(ﬂ2+ DY (2.1)

If A is a set of k nonnegative integers and 0 € A, then

|E§(A)| > k(kQ_ 1) _ a(a2— 1) _ ﬂ(ﬁQ_ 1) +1. (22)

The lower bounds in (2.1) and (2.2) are best possible.

We remark that Theorem 6 is a special case of a result of Bhanja [7, Theorem 6
and Corollary 7]. But the proof presented here is original and the idea of the proof
enables us to prove some new direct theorems.

Proof of Theorem 6. First assume that A is a set of k > 2 positive integers. Let
A={ay,...,a;}, and let Ag = {ag,a1,...,ax}, where ag = 0. Let

F=(ro,r1,..,7%),
where ro =k —a—pfand ry =r, =--- =71 = 1. Then Lemma 1 implies that
Z5(A) = (k- B)P Ay

It is easy to see that 4 = o+ 1 and n = 3. Therefore,

(e

§=(k=B)=> ri=(k-0—(k-5=0

and
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Hence

k «@
L(r,kﬁ)(Z ]erjrj>+0 0+1
j=B+1 3=0
k a
=<Z j—Zj)H
j=6+1  j=1
_k(E+1)  a(at1) ﬂ(ﬂ+1)+1
2 2 2

Therefore, it follows from Theorem 2 that

k(k+1) ala+1) B(B+1)
2 2 2

We can see that the lower bound in (2.1) is best possible by taking the set A = [1, k],
where k > 2. This proves the first part of the theorem.
Now assume that A is a set of & > 2 nonnegative integers with 0 € A. Let

128(A) = |(k - B) P Ag| > L(x,k — B) = +1.

A ={ag,a1,...,a5—1}, where 0 =ap < a1 < -+ < ag_1. Let T = (ro,r1,...,76—1),
where ro =k —a—fF+1andry =19 =--- =r,_1 = 1. It follows from Lemma 2
that

Zo(4) = (k= )" A
It is easy to see that p = « and n = 8 — 1. Therefore,

a—1 k—
§=(k=p)=Y rj=0and = (k—p)— Z
7=0 j=8

Hence

a—1

k—1
L(t, k— ) = (erj—zj'rj> +0-0+1
=8 §=0
k—1 a—1
= (Z] - Z]) +1
Jj=B Jj=1

_k(k-1) a(a-1) B(B-1)
=~ 3 ~ 3 Tt

Therefore, it follows from Theorem 2 that

k(k—=1) ala=1) pB-1)

B = (k- A4 = L.k - ) = HEZD el -0,

We can see that the lower bound in (2.2) is best possible by taking the set A =
[0,k — 1], where k > 2. This proves the second part of the theorem and completes
the proof. O
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Theorem 7. Let A be a finite set containing p positive integers and n megative
integers, where 1 < n < p. Let k = p+n, and let o and B be integers such that
1<a<k—1,0<pB<k—1,anda+B<k—1. Then

IS5(A)] > L(a, B, A), (2.3)
where L(a, B, A) is defined as follows.
1. If1<a<k—p<n<p, then

fla,p,4) = R ot ) Bomf@Eontl) B-pEoptl),,

2. If either l<a<n<k—-f<porl<a=n<k-—0<p, then

,c(a,@A):p(p;l) +n(n2—i—1) B (ﬁ—’n)(g—n+1)+1.

8. Ifeitherl <a<n<p<k—-forl<a=n<p<k—-porl<a=n=
p <k — 8, then
_plp+1) nn+1)

A) = 1.
L(a,6,4) = BEIZ L BT

4. If1<n<a<k—p<p, then

Cla ) = 23D 0t ) (G ontl) (emla—ntl),,

5 Ifeitherl<n<a<p<k—porl<n<a=p<k-—p, then

,c(a,@A):p(p;l) +n(n2—|—1) B (a—n)(();_n+1) L

6. If1<n<p<a<k-—p, then

E(oz,ﬂ,A):P(P;r1)+n(n2+1)7(04—n)(ogfnJrl)i(a—p)(o;prrl)Jrl'

The lower bound in (2.3) is best possible.

Proof. Let
A= {—bTH _bn—la cey _blaala s aap}

and
AO - {7bn77bn—1; ey 7b1a07a1a' . ';ap}a
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where —b, < —=b,_1 < ... < =b; <0< a3 <...<ap Letk=|A4 =p+n,
ko =|Aol=p+n+1, and
= (10,71, "ne1,Tn, "ntlr- - - s Tntp)s

wherero=r1 =+ =71 =7rpq1 = =7pyp=1landr, =k —a— . Then
it follows from Lemma 1 and Lemma 3 that X2(A) = (k — 8)) Aj. Therefore, it
follows from Theorem 2 that

S5(A)] = |(k = B)D Ag| = L(x, k — ).

Hence it suffices to prove that L(T,k — ) = L(«, 5, A).
Case 1: 1 <a<k—pF<n<p. In this case, we have 1 < a <n < p < 8. We can
easily determine that y =k — 38, n =, and § = 0 = 0. Hence

p+n k—p—1
L(r,k—ﬁ):(Z gri— > jrj>+1
j=0

j=B+1

k k—B—1
=<Zj— Zj>+1
j=B+1 j=1
_ppt+1)  nntl) (B-n)B-ntl) B-pB-p+l)

— 1.
2 2 2 2 +

Case 2(i): 1 <a<n<k—p <p. In this case, we have 1 <a<n < <p. We
can easily determine that u=n,n= 08, d§ =p— 3, and § = 0. Hence

k n—1
L(r,k—ﬂ)—<zjm—ij)—l—O—n(p—B)—Fl
i=B+1 i=0
k n—1
:<Zj— j)—pn+ﬁn+1
Jj=B+1 Jj=1
_Hed) ued ) (Gom@onty

Case 2(ii): 1 < a=n < k—p < p. In this case, we have 0 < § < p and
1 <n < B < p Wecan easily determine that y =n+1, n =5, and § = 0 = 0.
Hence

L(r, k- p5)

k n
< > jrj—erj> +1
j=0

j=B+1

k n—1
(Z ijnrn>+1
j=p+1 =1

_plptl)  netl) (B-nm)B-n+l)

— 1.
2 2 2 +
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Case 3(i): 1 <a<n<p<k-—p). In this case, we have 0 < § < n < p. We can
easily determine that u =n=n, d =p— 3, and § = n — 3. Hence

p+n n—1
L(r,k—p) = ( Z jTjZﬁ"j) +n(n—p)—np-pH)+1

j=n+1 =0
p+n
<z j_z,])ﬂ I
Jj=n-+1
plp+1) nn+1)
1.
2 * 2 *

Case 3(ii): 1 < a=n < p < k— (. In this case, we have 0 < 8 < n and
0 < B < p. We can easily determine that p =n+1,n=n, 6 =0, and 0 =n — .
Hence

k n
L(x,k—B) = ( > m—Zm)mm—m—OH
Jj=n+1 j=
p+n
=(Z J—Zj—m“n>+n —Bn+1
j=n+1 j=1
Pt nty

Case 3(iii): 1 < a=n=p < k— . We can easily determine that p = n + 1,
n=n—1,and 6 =6 = 0. Hence

L(r,k—0) = (erj ij)—i—l
p+n

= nr, + Z ]—Z]—nrn+l

j=n-+1 j=1
Pp+1) | n(n+1)
2 2
Case 4: 1 <n<a< k-0 <p. In this case, we have 1 < n < < p. We can
easily determine that p =a+ 1, 7=, and 6 = 6 = 0. Hence

L(F, k ( > - Z]m) +1

+ 1

Jj=B+1
k — «
(Z jij—mn— > j>+1
j=B+1 =1 j=n+1

_pp+D) nm+l) (B-m@-ntl) (@-ma-ntl)

1.
2 2 2 2 +
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Case 5(i): 1 <n< a<p<k—pL. In this case, we have 0 < S <nmand 0 < B < p.
We can easily determine that y =a+1,n=mn, § =0, and § = n — 3. Hence

k «a
L(f,k—ﬁ)z(Zjq—ij)-ﬁ-n(n—B)—&-l
j=n+1 j=0
n+p n—1 o
(Zijnran>+nzﬁn+l
j=n+1 j=1 j=n+1
_dp¥) ntl) fosmoznty

Case 5(ii): 1 < n < a = p < k — . In this case, we have 0 < 8 < n and
0 < B < p. We can easily determine that p = a+1,n=n—1,and 6 =6 = 0.
Hence

k «
L(F,k — B) = <erj —erj> +1
j=n Jj=0

p+n n—1 %
ST D WA IERS
j=n+1 j=1 j=n+1
+1 nn+1 a—n)la—n—+1
_Pe¥D  nnt]) (eonmiemnyl

Case 6: 1 <n<p<a<k-—}p. In this case, we have 0 < S <n and 0 < 3 < p.
We can easily determine that y=a+1,n=k—a—1, and § =0 = 0. Hence

k «
L(E, k—B) = ( > jrj—erj> +1
=0

j=k—a

n—1 k n—1 «
P IRAL RO ED I LTI DS

j=k—a Jj=n+1 j=1 j=n+1
_p(p+1)+n(n+1) (a—=n)(a=n+1) (a—p)la—p+1)

— — 1.
2 2 2 2 +

Combining all the cases, we get L(t,k — ) = L(«, 8, A), which proves the in-
equality (2.3). We can see that the lower bound in (2.3) is best possible by taking
the set A = [—n,p] \ {0}. This completes the proof. O

Theorem 8. Let A be a finite set containing p positive integers, n negative integers

and zero, where 1 <n <p. Let k=p+n+1, and let a and B be integers such that
1<a<k—1,0<p<k—1anda+8<k—1. Then

IZ8(A)] > Lo(a, B, A), (2.4)
where Lo(a, B, A) is defined as follows.
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1. Ifl1<a<k—-p<n<p, then

Lo(a, B, A) = p(p2+ 1)+n(n2+ (8 —n)(i—n— 1) (B _p)(i_p_ D,

2. Ifeitherl<a<n<k—f<porl<a=n<k—p<p, then

8. Ifeitherl <a<n<p<k—-porl<a=n<p<k—-pforl<a=n=
p <k — B, then
_plp+1)  nn+1)

Eo(Oz,ﬂ,A) = 5 + D) + 1.

4. Ifl<n<a<k—p<p, then

Lo(a, B, A) = p(p;— 1)+n(n2+ 1)_(ﬂ — n)(i— n— 1)_(@ - n)((;— n— 1)+1.

5 Ifeitherl<n<a<p<k—forl<n<a=p<k-—g, then

s e

6. If1l<n<p<a<k-—_, then

Lo(a, B, A) = p(p2—|— 1)+n(n2+ 1) (a— n)(c;— n—1 (a —p)(c;—p— 1)+1.

The lower bound in (2.4) is best possible.

Proof. Let
A = {—bn, —bnfl, ey —bl, 0, Ayy..., ap},

where —b, < —bp_1 <...<-b1 <0<a1<...<ap Let k=]A|=p+n+1and
F= (10,71, -, "n—1,"n, Tnt1lr-- s Tntp)s

whererg=r1 = =rp_1=rpp1 =" =Tpgp=landr, =k —a—F+1. Then
it follows from Lemma 2 and Lemma 3 that X2(A) = (k — )™ A. Therefore, it
follows from Theorem 2 that

IS5 (A)| = |(k — B)DA| > L(x, k — B).

Hence it suffices to prove that L(F, k — ) = Lo(a, 8, A).
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Case 1: 1 <a<k—pB<n<p. In this case, we have 1 < a <n <p < . We can
easily determine that p =k — 5, n= 0 —1, and 6 = 0§ = 0. Hence

L(¥, k- f8) = (Zm kiljrj)ﬂ
(Zg—k§1>+1

pptl)  nnt+l) B-n)B-n-1) (B-p)B-p-1)

2 2 2 - 2 + 1L

Case 2(i): 1 <a<n<k—0<p. In this case, we have l <a<n < <p+1.
We can easily determine that uy=n,n=p—-1,0 =p— +1, and § = 0. Hence

n—1

k-1
-B) = <erj2jrj>+0n(pﬁ+l)+l
i=p

§=0
k—1 n—1
= (Zj—Zj) —pm+Pn—n+1
Jj=B Jj=1

o+l |+ (B-m(@E-n-1)
2 2 2

Case 2(ii): 1 <a=n<k— B <p. In this case, we have ] <a=n<n+1<

B < p. Now the computation is the same as in Case 2. We can easily determine

that uy=n,n=5—-1,=p—F+1, and § = 0. Hence

+ 1.

n—1

k—1
Lt k—fB) = (erj—zg'rj> +0-n(p-pB+1)+1
Jj=8

j=0
k—1 n—1
= <Zj—2j> —-pm+pPn—n+1
Jj=B Jj=1

_pptl) wmtl)  (B-m)(B-n-1)
2 2 2

Case 3(i): 1 <a<n<p<k-—p. Inthiscase, wehave 0 < 8 <n+1<p+1.

We can easily determine that y=n=n,d=p—+1,and § =n — g+ 1. Hence

+ 1.

p+n n—1
L(r,k—p) = <Z]TJ ij)+n(n—ﬁ+1)—n(p—ﬁ+1)+1
Jj=n-+1 7=0
p+n
<Z ]Z])+n —pn+1
Jj=n-+1

p(p+1) n n(n+ 1)

1.
2 2 +
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Case 3(ii): 1 < a=n<p<k— (3. In this case, we have 0 < § < n < p. We
can easily determine that uy=n,n=n,6=p—pF+1,and 6 =n — 5+ 1. Now all
computations are the same as in Case 3. Hence

p+n n—1
Lt ,k—-p5)= < Z jrj—ZjT])—|—n(n—ﬁ—|—1)—n(p—ﬁ—|—1)+1

j=n+1 7=0

p+n n—1
<Z j—2j>+n2—pn+1

Jj=n+1 Jj=1
+1 +1
IR RS T

Case 3(iii): 1 <a=n=p < k— [. We can easily determine that y =n, n =n,
6=p—pF+1,and § =n— B+ 1. Now all computations are the same as in Case 5.
Hence

p+n n—1
L(f',k—ﬂ)z(Zjm—ij)+n(n—ﬁ+1)—n(p—ﬁ+l)+1
j=n+1 j=0
p+n n—1
—<Zj2j>+n2pn+1
j=n+1  j=1
:p(p;1)+n(n2+1)+L

Case 4: 1<n<a<k—p<p. Inthiscase, wehave 1 <n<n+1<8<p We
can easily determine that p =a, 7= —1, and § = 8 = 0. Hence

k—1 a—1
L(t,k — ) = (erj—zg'rj> +1
=B j=0

_plp+1) nn+l) (B-n)(B-n—-1) (a—n)(a—n-1)
=T 9 T~ 2 B 2 1

Case 5(i): 1 <n< a<p<k— (. In this case, we have 0 < 8 < n < p. We can
easily determine that y=a,n=n,d =0, and § =n — 5+ 1. Hence

k—1 a—1
L(r,kﬂ)—<2j7’jerj>+n(n5+1)+1
j=n+1 7=0
_pp+1) nmn+1l) (a—n)la-—n-1)
e 5 +1.

Case 5(ii): 1 <n < a=p <k — (. In this case, we have 0 < 8 <n < p. We can
easily determine that y = a, 7 =n,d =0, and § = n— S+ 1. Now all computations
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are the same as in Case 8. Hence

k—1 a—1
L(r,k—0) = < Z jrj—erj> +nn—-0+1)+1
j=n+1 j=0
Pl nint) (aomen-b)

Case 6: 1 <n<p<a<k-—p. In this case, we have 0 < < n < p < a. We can
easily determine that y =a, n=k—a —1, and § = § = 0. Hence

k—1 a—1
L(nk—ﬁ):(Z jrj—erj>+1
j=k—« 7=0
_plp+1l) nn+l) (e—n)la-n-1) (a—p)la—p—1)
=T T~ 2 B 2 1

Combining all the cases, we get L(T,k — 8) = Lo(w, 8, A), which proves the
inequality (2.4). We can see that the lower bound in (2.4) is best possible by taking
the set A = [—n,p]. This completes the proof. O

Remark 1. The lower bounds in Theorem 7 and Theorem 8 are obtained under
the assumption that n < p. If n > p, then we can find the corresponding lower
bound by replacing the set A by —A and applying the above theorems.

3. Inverse Theorems for Subsums X7 (A)

Theorem 9. Let k > 3 be an integer. Let a and 3 be integers such that 1 < a <
k—2,0<p<k—-2,anda+p<k-1.
If A is a set of k positive integers such that
kk+1) oala+1) pB+1)

B — _ _
5 (a)] = 25 - v, (3.1)

then
A=dx][1,k]

for some positive integer d except in the case k = 3 when we have
A = {CLl,CLQ,CLl + CLQ},

where 0 < a1 < as.
If A is a set of k nonnegative integers such that 0 € A and
k(k—1) ala—-1) pB-1)

B — _ _
() = 25 - — 41, (32)
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then
A=dx[0,k—1]

for some positive integer d except in the cases k = 3 and k = 4 when we have
A={0,a1,a2} and A ={0,a1,a2,a; + az}, respectively, where 0 < a1 < as.

We remark that Theorem 9 is a special case of a result of Bhanja [7, Theorem 9
and Corollary 10]. But the following proof presented here is original and the idea
of the proof enables us to prove some new inverse theorems. Moreover, Theorem
9 and Corollary 10 of Bhanja [7] are valid for k¥ > 6 and k > 7, respectively. But
Theorem 9 gives complete description for k£ > 3.

Proof of Theorem 9. First assume that the set A contains only positive integers.
Write A = {a1,...,ar} and Ag = {ag,a1,...,ax}, where 0 = ag < a1 < -+ < ay.
Let r = (ro,71,...,7), where o = k—a—p and r; = --- = rp = 1. Then it follows
from Lemma 1 that £2(A) = (k — 8)®) Ay. Therefore,

k(k+1) ala+1l) BB+1)

(k= 8" o] = [A() = T - SR BPED 1~ k- ).

Now if k = 3, then it follows from Theorem 5 that

- k(k+1 1 1
kB o] = L.k - gy = M HD _alet D BELL
2 2 2
if and only if a; — ag = a3 — ao, which implies that a3 = a; + as. Therefore,
A= {al,ag,al + ag}.
If £ > 4, then it follows from Theorem 3 that
k(k+1) ala+1) B(B+1)

— 3)® = L(F. k) = _ _

if and only if Ag is an arithmetic progression. Hence

apy —ag =0a2 —ap = - = ag — k-1,

which implies that a; = ia; for i = 1,..., k. Therefore, A = ay x [1,k].
Now assume that 0 € A and write

A={ag,a1,...,a5-1},
where 0 = ag < a1 < -+ < ag—1. Let T = (rg,r1,...,75—1), where ro = k—a—5+1
and 7y = --- =17,_1 = 1. Then it follows from Lemma 2 that

¥a(A4) = (k= 8) A
Therefore,

k= p)®a) = paay = FEZD e PGS )
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Now if £ = 3, then it follows from Theorem 4 that any set A with three elements
satisfies
: k(k—1 -1 -1
|<k‘—6)(r)A|:L(f’,k‘—ﬁ): ( )_a(a )_B(IB )_’_1.
2 2 2
Since 0 € A, it follows that A = {0,a1,as}.
Now if k = 4, then it follows from Theorem 5 that
k(k—1) ala—-1) B(B-1)

(k=B WA =LE k- f)=—F— - =5~ - =5 +1

if and only if a; — ag = az — ao, which implies that a3 = a1 + as. Since 0 € A, it
follows that A = {0, a1,a2,a1 + as}.
If £ > 5, then it follows from Theorem 3 that

kk—1) ala—1) BB-1)

(e = B) A = L(x, k- B) = = - 41

if and only if A is an arithmetic progression. Hence
apy —ao = a2 — a1 = - = ag—1 — -2,

which implies that a; = iay for i = 1,...,k — 1. Hence A = a; % [0,k — 1]. This
completes the proof. O

Remark 2. Let A be a finite set of k > 3 positive integers, and let o and 5 be
nonnegative integers. The following remarks show that the equality in (3.1) may
hold even if A is not an arithmetic progression.

(i) fa =k —1and B =0, then |S5(A)| = k + 1. Thus the equality in (3.1)
holds.

(ii) If « =k — 1 and 8 = 1, then |S2(A)| = k. Thus the equality in (3.1) holds.
(iii) If a = k and 8 = 0, then |£2(A)| = 1. Thus the equality in (3.1) holds.

(iv) For the remaining values of o and f3, one can draw the the conclusion using
Facts 1.

Remark 3. Let A be a finite set of k£ > 3 nonnegative integers with 0 € A, and let
« and B be nonnegative integers. The following remarks show that the equality in
(3.2) may hold even if A is not an arithmetic progression.

(i) f a =k —1 and 8 = 0, then |¥3(A)| = k. Thus the equality in (3.2) holds.
(ii) f « =k — 1 and 8 = 1, then |X2(A)| = k. Thus the equality in (3.2) holds.
) If @ = k and 8 = 0, then |22 (A)| = 1. Thus the equality in (3.2) holds.

(iii
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(iv) For the remaining values of o and 3, one can draw the conclusion using Facts
1.

Theorem 10. Let A be a finite set containing p positive integers and n megative
integers, where 1 < n < p. Let a and P be integers such that 1 < a < k — 2,
0<B8<k—2 anda+p <k—1, where k=p+n. Let L(a, 3, A) be defined as in
Theorem 7. Then the following conclusions hold.

(i) If k = 3,a = 1, and B = 0, then |S3(A)| = L(a, B,A) if and only if A =
d*{—1,1,2}, where d is the smallest positive element of A.

(i) If k = 3,0 = 1, and B = 1, then |S2(A)| = L(a,B,A) if and only if A =
{ag, a0 + az,as} with ag < 0 < ag + as < as.

(iii) If k > 4, then |X2(A)| = L(a,B,A) if and only if A = dx {-n,—(n —

1),...,=1,1,...,p}, where d is the smallest positive element of A.
Proof. Let
A={ap,01,-..,0n-1,0n41,---,0ntp}
and
Ap={ao, a1, ,Qn-1,0n, Gnt1,- -, Antp},

where ap < a1 <+ < ap-1 <0=ay < apy1 < - < Apqp. Let
k=[Al=p+mn, ko= A =p+n+1

and

r= (TO;rla ey Tn—1,Tn, Tn41,--- 7rn+p)a

where rg =7m1 = =rp_1 ="rpy1 = ="pgp=1land r, =k —a— 3. Then it
follows from Lemma 1 and Lemma 3 that

Za(A) = (k= )T 4.

Therefore,

|Z5(A)] = (k= 5) Aol.

We can verify that £(«, 8, A) = L(T, k — B).
If £k = 3, then clearly we have n = 1 and p = 2. Hence A = {ao, a2,a3} and
Ap = {ag,a1,az2,a3} with ag < 0 =a; < as < asz, and

r=(ro,r1,72,73) = (1,3 —a—3,1,1).
Ifa=1and 8 =0, then r; = k—a— 8 =2, and so it follows from Theorem 5 that

(k= B)®) Ag| = |Z5(A)| = L(, B, A) = L(x, k — B)
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if and only if Ag is an arithmetic progression. Hence
a; —ap = az —ayp = ag — az,

which implies that ag = —as and a3 = 2as, and so Ay = {—as,0, a2,2a2}. There-
fore, A = {—a2,a2,2a2} = as x {—1,1,2}. Next, if « = 1 and g = 1, then
rn=k—a—=1and rp =1, and so it follows from Theorem 5 that

(k= B) Ag| = |ZE(A)| = L(a, B, A) = L(¥.k — B)

if and only if a1 — a9 = a3 — a2, which implies that as = as + ag. Therefore,
A ={ag, a0 + a3, a3}, where ag < 0 < ag + a3 < as.
Now, if k£ > 4, then, it follows from Theorem 3 that

|(k = 8) Ao| = |£5(4)] = L(e, B, 4) = L(F, k)

if and only if Ay is an arithmetic progression. Hence

ap —ap=0a2 —G1 =" =0ap—-1 — ap—2 = Ap — Gp—1

= 0n+1 — an = 0n42 — Qpy1 =~ = Gpyp — Antp—1,

which implies that
Op—j = —jany1 for j=1,...,n

and
Upyj = janyr for j=2,...,p.

Hence Ay = an41 * [—n,p]. Therefore,
A=api1x{-n,—(n—1),...,—-1,1,2,... p}.
This completes the proof. O

Remark 4. Let A be a set of k > 3 nonzero integers containing at least one positive
integer and at least one negative integer. Let o and S be nonnegative integers.

(i

) Ifa=k—1and 3 =0, then [N (A4)| =k + 1.
(ii) fa=k—1and 3 =1, then |[S2(A)| = k.
(iii) If « = k and 8 = 0, then |25 (A)| = 1.

)

(iv) For the remaining values of a and 3, one can draw the conclusion using Facts
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Theorem 11. Let A be a finite set containing p positive integers, n negative inte-
gers, and zero, where 1 <n < p. Let a and B be integers such that 1 < a < k — 2,
0<B8<k-2 anda+pB<k—1, wherek=p+n+1. Let Lo(a, 3, A) be defined
as in Theorem 8. Then

IS2(A)| = Lo(a, B, A)

if and only if A = d*[—n,p], where d is the smallest positive element of the set A.

Proof. Let
A= {a(),(ll, ceesn—1,0n,An 41, - .- 7an+p}7

where ap < a1 < - < ap =0<apt1 <+ < aptp. Then k = |A| =p+n+1. Let

F= (10,71, -, "n=1,Tn, Tnt1,- - - s Tntp)s

whererg=m = =rp 1 ="pq1 = =Tpyp=landr, =k—-—a—-+1. It
follows from Lemma 2 and Lemma 3 that

Sa(A) = (k- )W A.

We can verify that Lo(a, 8, A) = L(F, k). If k = 3, then clearly, p = n = 1. Hence
A ={ag,a1,a2}
with ag < 0=a1 < ag and T = (rg,71,7r2) = (1,k —a— 4+ 1,1). Since
rm=k—a—0p+1>2,
it follows from Theorem 4 that
(k= B A] = |Z5(A)] = Lo(a, B, A) = L(¥, k — B)
if and only if A is an arithmetic progression. Hence
a1 —ag = a2 — a,

which implies that ag = —ag, and so A = {—a3,0,a2} = az * [-1, 1].

If k = 4, then clearly we have n = 1 and p = 2. Hence A = {ao, a1, as,a3} with
apg < 0 =ua; <as <azand Tt = (ro,r1,72,73) = (,k—a—F+1,1,1). Since
rm=k—a—F+12>2, it follows from Theorem 5 that

|(k = B)PA| = [25(4)] = Lo(av, B, A) = L(t, k — )
if and only if A is an arithmetic progression. Hence

ap —ap = a2 — a1 = az — 4z,
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which implies that ag = —as and a3 = 2as. Therefore,
A={—0a2,0,a2,2a2} = az * [-1,2].
If £ > 5, then it follows from Theorem 3 that
(k= B® A] = |SE(4)] = Lo(a, B, A) = L(z,k — )
if and only if A is an arithmetic progression. Hence
a1 —A) =G —A] =+ =Ap_1 — Ap—2 = Ay — Gp_1
= Ongl — On = Gny2 — Ongl = *** = Opgp — Ongp—1,

which implies that

Op—j = —jany1 for j=1,...,n
and

Qptj = Jjans1 for j=2,...,p.
Hence A = a, 41 * [-n,p]. Thus in all cases, we have |X2(A)| = Lo(a, 8, A) if and
only if A = an41 * [—n,p]. This completes the proof. O

Remark 5. Let A be a set of k > 3 integers containing zero, at least one positive

integer, and at least one negative integer. Let o and 8 be nonnegative integers.
(i) fa=4k—1and B =0, then |X3(A)| = k.
(ii) fa=k%k—1and 3 =1, then |[X2(A)| = k.
(iii) If @ = k and B8 = 0, then |X2(A4)| = 1.
)

(iv) For the remaining values of a and 3, one can draw the conclusion using Facts
1.

Remark 6. In Theorem 10 and Theorem 11, we have assumed that n < p. If n > p,
then we can replace the set A by —A and apply the above theorems to establish
the corresponding inverse theorems.

4. Subsequence Sums

For convenience, we will use braces around the elements of a sequence whenever
it is clear from the context that we are referring to a sequence (as opposed to a

set). A finite sequence & = {ag,...,a0,a1,...,a1,...,0k_1,...,05—1} in G will be
—_——— ———— —_———
to times t1 times tr_1 times

denoted by (A,t), where A = {ag,a1,...,a,_1} is the set of distinct terms of the
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sequence &/ and t = (to,t1,...,tx_1) is the k-tuple of repetitions of each element
of the set A written in the order of the appearance of the elements in the set A.
If & is a subsequence of 7, then we write 8 C . The length of a sequence .o
is denoted by |&7|. Let o and § be nonnegative integers with o + 8 < |.«7|. Like
subset sums, we define

Y (t)={0(B): BC o and o < |B| < || — B},

where o(£) denotes the sum of all the terms of the subsequence 8 C &/. The
usual sets of subsequence sums Y(.7) and (&) are special cases of ¥3 (&) for
(o, B) = (1,0) and (o, B) = (0,0), respectively. If 3 = 0, then X0 (&) is simply
denoted by X, ().

Bhanja and Pandey [5] proved some direct and inverse theorems for %, («7) for
arbitrary « in case & is a finite sequence of nonnegative integers including or
excluding zero. The case o = 1 has been studied by Mistri and Pandey [19], by
Mistri, Pandey and Prakash [20], and by Jiang and Li [17]. In this section, we prove
direct and inverse theorems for the subsequence sums ¥ (.¢7) in Z for an arbitrary
finite sequence of integers (see Theorem 13, Theorem 14, Theorem 15, Theorem 16,
Theorem 17, Theorem 18, Theorem 19 and Theorem 20). In case of § = 0, these
results generalize and solve two problems of Bhanja and Pandey [6, Open Problems
(1) and (2), Section 4] also.

Facts 12. The following facts allow us to consider the sumset Y7 («7) only for the
pairs (a, ) satisfying 1 <a < |&/| —1and 0 < g < || — 1.

(i) It is easy to see that X8 (/) = a® A if a + B = |&7|. Since the direct and
inverse theorems are well known for the restricted h-fold sumset in Z [23],
we always assume that a + 8 < |&/| — 1, and so 0 < a < |&/] — 1 and
0<p< || -1

(ii) It is easy to verify that Y3 (&) = o(a) — ¥3(4/), and thus
|Z5()| = [S5()].
(iii) Furthermore, ¥f (o7) = £{ (o7) if 0 € X% (), and X0 (o) = ¥ () U {0} if
0¢ Elﬁ (7). Therefore, we consider only positive values of a.
A simple set-theoretic argument yields the following lemmas.

Lemma 4. Let o = (A,t) be a finite sequence in G, where A = {ay,...,ar} is a
nonempty finite subset of G with 0 € A and t = (t1,...,tx) is a k-tuple of positive
integers. Let h = t1 +--- + ti. Let a and B be integers such that 1 < a < h —1,
0<B8<h—-1,and a+ B <h-—1. Let Ag = {ap,a1,...,ar} with ag = 0, and let
r=(h—-a-031t1,...,tg). Then

S8(e) = (h— B)™) Aq.
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Lemma 5. Let o = (A,t) be a finite sequence in G, where A = {ag,a1,...,ax_1}
is a nonempty finite subset of G with ag = 0 and t = (to,t1,...,tr_1) is a k-tuple
of positive integers. Let h = tg + -+ + tx_1. Let  and B be integers such that
1<a<h 0<p<h—-1,anda+p<h. Letr=(h—a—LB+tot1,. ..,tk—1).
Then

So() = (h— )P A.

We prove the following direct theorems which give the optimal lower bound
for the cardinality of ¥2(7) in case of an arbitrary finite sequence . of integers
containing positive integers, negative integers and (or) zero. In case of 8 = 0,
Theorem 15 and Theorem 16 solve a problem of Bhanja and Pandey [6, Open
problems (1), Section 4].

Theorem 13. Let k > 2 be an integer. Let &/ = (A,t) be a nonemply finite
sequence of integers, where A = {ay,...,ar} with 0 < a; < -+ < ap and t =
(t1,...,tg). Let h=1t1+---+tx. Let o and B be integers such that 1 < a < h—1,
0<B<h—-1,anda+B<h—1. Lett=(h—a—B,t1,...,tg). Then

58 (/)] = LG5, h - B). (4.1)
The lower bound in (4.1) is best possible.
Proof. Let Ay = {ag,a1,...,ar} with ag = 0. Then it follows from Lemma 4 that
SB (/) = (h— B)® Ao,

Now the lower bound in (4.1) easily follows from Theorem 2. We can see that the
lower bound in (4.1) is best possible by taking the sequence &/ = (A,t), where
A =[1,k] with k > 2. O

This theorem easily implies a theorem of Bhanja and Pandey [5, Theorem 3.1].

Theorem 14. Let k > 2 be an integer. Let &/ = (A,t) be a nonemply finite
sequence of integers, where A = {ag,a1,...,ap-1} with 0 =ag < a1 < -+ < ap—1
and t = (to,t1,...,tx_1). Let h=tg+---+tx_1. Let o and B8 be integers such that
1<a<h, 0<pB<h-1,anda+ 5 <h. Lett=(h—a—+to,t1, ..., tk—1)
Then

IS8(et)] > Lz — ). (42)

The lower bound in (4.2) is best possible.
Proof. 1t follows from Lemma 5 that
Yale) = (h= B A.

Now the lower bound in (4.2) easily follows from Theorem 2. We can see that the
lower bound in (4.2) is best possible by taking the sequence & = (A4,t) of length
at least 3, where A = [0,k — 1] with k& > 2. O
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This theorem easily implies a theorem of Bhanja and Pandey [5, Corollary 3.1].

Theorem 15. Let n and p be positive integers such that n < p. Let o/ = (A, t) be
a finite sequence of integers, where

A:{a07a/17"'7an717an+17"'7an+p}

with
ap<ay < <ap1 <0< apgr < < pyp

and

t:(t07t1)"'atn—lvtn-i-lv"')tn-‘rp)'
Let h =to+ -+ th1 +tpy1 + - +tnyp. Let a and [ be integers such that
1<a<h-1,0<B8<h—-1,anda+ 8 <h—1. Then

Z0(e)| > L(t,h - B), (4.3)

where T = (to,...,th—1,h —a— B, tns+1,-- ., tntp). The lower bound in (4.3) is best
possible.

Proof. Let Ay = {ao,a1,...,0n-1,0n, Gnt1,- -, 0ntp} With a, = 0. Then it follows
from Theorem 4 and Lemma 3 that

S8 (ef) = (h— B)™) Aq,
and so
198(e)| = |(h— B) Ag| > L(x,h — B).

We can see that the lower bound in (4.3) is best possible by taking the sequence
o = (A, t), where A = [—n,p] \ {0} and t = (to,t1,...,tn—1,tnt1s-- ., tntp). This
completes the proof. O

Theorem 16. Let n and p be positive integers with n < p. Let o = (A,t) be a
nonempty finite sequence of integers, where
A={ap,a1,...,00-1,0n,0ni1,.. ., Qnip}
with
ag <ap < <ap1<0=a, <apy1 < < apyp
and
t= (tO;tla e 7tn71>tn7tn+l7 e 7t’r7,+p)'

Leth=ty+---+tpyp. Let o and B be integers such that1 <a < h, 0< S <h—-1,
and o+ < h—1. Then

S2()] > L(x,h = B), (4.4)

where T = (to,...,tnp—1,h—a—B+tn, tut1, .- tntp). The lower bound in (4.4) is
best possible.
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Proof. Tt follows from Theorem 5 and Lemma 3 that
Sa(e) = (h—B)™ 4,

and so
Z0()| = |(h— BT A| > L(x,h - B).

We can see that the lower bound in (4.4) is best possible by taking the sequence
o = (A,t), where A = [—n,p] and t = (to,t1,-- - tn—1,tn,tnt1,---,tntp). This
completes the proof. O

The following inverse theorems for the subsequence sums describe the structure of
the arbitrary finite sequences o of integers for which |2, (%7)| achieves the optimal
lower bound. In case of 5 = 0, Theorem 19 and Theorem 20 solve another problem
of Bhanja and Pandey [6, Open problems (2), Section 4].

Theorem 17. Let k > 2 be an integer. Let o/ = (A,t) be a finite sequence of
integers, where A = {ay,...,ar} with0 < a3 < --- < ag and t = (t1,...,tx). Let
h=t+---+tg. Let a and B be integers such that 1 <a<h—2,0< < h-—2,
and o+ B <h-—1. Lett = (h—a— B,t1,...,tg). Then the following conclusions
hold.

(a) If k =2 and t; = 1, then |8 ()| = L(x,h — B). If k=2 and t; > 2, then
|22(«/)| = L(x,h — )
if and only if o = (A,t), where A= ay % [1,2] and t = (t1,t2).
(b) If k=3 and t; =t = 1, then
|Z5(«/)| = L(x,h — )

if and only if o = (A,t), where A = {a1,az2,a1 + az} with 0 < a1 < as and
t = (1,1,t3). If k = 3 and either t; > 2 or ty > 2, then

S0()| = L(E,h — B)
if and only if o/ = (A,t), where A= ay x[1,3] and t = (t1,1ts,13).

(c) If k > 4, then |X8()| = L(tv,h — B) if and only if o = (A,t), where
A=ay*[1,k] and t = (t1,...,tx).

Proof. Let Ao = {ag,a1,...,ax} with ag = 0. Then it follows from Lemma 4 that
Y3 () = (h — B)®) Ag. Therefore,

((h— )™ Ag| = |S5(7)| = L(x, h — B).



INTEGERS: 24 (2024) 26

Itiseasy toseethat 2< h—<rog+ri+---+ry — 2.
Now if £k =2 and t; = 1, then it follows from Theorem 4 that

[(h— B) Ag| = L(x,h — B),

which implies that
Z0()| = L(x,h — B).

If kK =2 and ¢; > 2, then again it follows from Theorem 4 that
S5()| = |(h— B)) Ag| = L(x,h — B)

if and only if Ay is a 3-term arithmetic progression, which implies that A = a;%[1, 2].
This proves part (a).
Now if £k = 3 and t; = t5 = 1, then it follows from Theorem 5 that

|25(2)] = |(h = B)T Ag| = L(x,h — B)

if and only if a; — ag = a3z — az. This implies that A = {a1,a2,a1 + a2} with
0 < ap <ag. If K= 3 and either t; > 2 or t5 > 2, then it follows from Theorem 5
that

25()| = [(h = B8)™) Ao| = L(x,h — B)

if and only if A is an arithmetic progression. Hence
ay —ap = az — a1 = az — az,

which implies that a; = iay for i = 1,2,3. Hence A = a; * [1,3]. This proves part

(b).

If k > 4, then it follows from Theorem 3 that
28 ()| = |(h — B)® Ag| = L(E,h — B)
if and only if A is an arithmetic progression. Hence
a1 —ap =0a2 — a1 =+ =0 — k-1,

which implies that a; = iay for i = 1,..., k. Hence A = ay *[1, k]. This proves part
(o). O

Remark 7. Let & = (4,t) be a finite sequence of integers, where A = {a1,...,a;}
is a set of k > 2 positive integers with a1 < --- < ax and t = (¢1,...,tx). Let h =
t1+---+1tg. Let @ and 8 be nonnegative integers, and let r = (h—a— 5, t1,...,t).

(i) fa=h—1and 3 = 0, then [S3(&/)| = k + 1. It is easy to verify that

L(r,h — B) = L((1,t1,...,t;),h) = k+ 1. Thus |X? (/)| achieves the lower
bound L(r,h — ) in this case.
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(ii) fa=h—1and 8 =1, then |25 ()| = k.
(iii) If a = h and 8 = 0, then |22 (&)| = 1.

(iv) For the remaining values of a and 3, one can draw the conclusion using Facts
12.

Theorem 18. Let k > 3 be an integer. Let &/ = (A,t) be a finite sequence
of integers, where A = {ag,a1,...,a5-1} with 0 = ag < a1 < -+ < ax—1 and
t = (to,t1,..-,tg_1). Let h=1tg+t;+---+tg_1. Let « and B be integers such that
1<a<h-2,0<8<h-2,anda+B < h—1. Lett = (h—a—B+to,t1,. .., tk_1).
Then the following conclusions hold.

(a) If k =3 and t; = 1, then |X2 (/)| = L(¥,h — B). If k =3 and t; > 2, then
|¥8(2)| = L(t,h — B) if and only if o = (A,t), where A = a1 * [0,2] and
t = (to, t1,t2).

(b) If k = 4 and t; =ty = 1, then |S2 ()| = L(¥, h—B) if and only if o/ = (A, 1),
where A = {0,a1,a2,a1 +az} with 0 < a1 < ag and t = (to,1,1,t3). If k=4
and either t; > 2 or ty > 2, then |X8(«/)| = L(t,h — B) if and only if
o = (A,t), where A= ay *[0,3] and t = (to,t1,t2,t3).

(¢c) If k > 5, then |S2(/)| = L(¥,h — B) if and only if o = (A,t), where
A= aj * [O,kj - 1] andf = (to,tlw--,tkfl)-

Proof. The proof is similar to the proof of Theorem 18. O
Remark 8. Let & = (A,t) be a finite sequence of integers, where
A= {a07 agy .-, akfl}

is a set of k¥ > 3 nonnegative integers with 0 = a9 < a1 < --- < ap_1. Let
t = (to,t1,...,tx), and let h = tg +t; +--- + ;. Let a and B be nonnegative
integers, and let T = (h — o — S+ to,t1,. .., tg—1)-

(i) fa=h—1and 8 =0, then |X2(/)| = k. It is easy to verify that
L(t,h—B)=L((to + 1,t1,...,tg), h) = k.
Thus |¥2 ()| achieves the lower bound L(¥, h — 3) in this case.
(ii) fa =h —1and 8 = 1, then |Y3(o7)| = k. It is easy to verify that
L(t,h— B) = L((to, t1,...,tk),h — 1) = k.

Thus |¥2 (o) achieves the lower bound L(F, h — 3) in this case also.
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(iii) If @« = h and B = 0, then |X8 (/)| = 1. It is easy to verify that
L(r,h — B) = L((to,t1,...,tg),h) = 1.
Thus |22 (<7)| achieves the lower bound L(¥, h — 3) in this case also.

(iv) For the remaining values of a and /3, one can draw the conclusion using Facts
12.

Theorem 19. Let n and p be integers such that n < p. Let o = (A,t) be a finite
sequence of integers, where

A= {a07a/17 ceeyn—1,0p41, - - 'aan+p}

with
ag<ap < <ap-1 <0< apgr < < apyyp

and
t= (to,tla s 7tn717tn+17' .. 7tn+p)‘

Leth=ty+ - +th_1 +tpy1 + - +tnyp = 3. Let a and 3 be integers such that
1<a<h-2,0<p8<h—-2, anda+8<h—1. Let

r= (t07...,tn,1,h—a—/B,tn+1,...,tn+p).

Then the following conclusions hold.

(a) If k=3, a+B=h—1, and ty = 1, then |X2 ()| = L(¥,h— B) if and only if
o = (A, t), where A= {ay — a3, as,a3} with 0 < as < az and t = (tg, 1,t3).

(b) In all other cases, |X2(</)| = L(¥,h — B) if and only if o/ = (A,t), where
A=apy1x{-n,...,—1,1,...,p}.

Proof. Let Ao = {ao,a1,...,0n-1,0n,Ant1;- -, antp} With a, = 0. Then it follows
from Lemma 4 and Lemma 3 that

Sa(e) = (h— ) Ao

Let k = |A| = p+n. If k = 2, then clearly, p = n = 1. Hence A = {ag, a2} and
Ap = {ag,a1,a2} with ap < 0 =a; < ag and T = (rg,71,72) = (to,h — a — B,t2),
where ty + t3 > 3. Since ry = h — « > 2, it follows from Theorem 4 that

|(h = B)®) Ag| = [S5(«)| = L(x, b — B)

if and only if Ag is an arithmetic progression. Hence

aip —ag = a2 —ay,
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which implies that ag = —ag, and so Ag = {—axg,0,as}. Hence
A={—-az,a2} = asx{-1,1}.

If k = 3, then clearly we have n = 1 and p = 2. Hence A = {ag, a2, a3} and
Ao = {ap, a1,a2,a3} with ag < 0=a; < az < as, and

r= (7"0,T’1,7’2,7‘3) = (to, h — 0 — ﬂ,tg,tg).
If a+ 5 =h—1and ty =1, then it follows from Theorem 5 that
|(h = B)®) Ao| = [S5(#)| = L(x,h — B)

if and only if a; — a9 = a3 — as. This implies that ag = as — a3z. Therefore,
A = {az — as,az,a3}. If either o« + 5 < h — 2 or to > 2, then it follows from
Theorem 5 that |(h — B)® Ag| = |XE(=7)| = L(¥,h — B) if and only if Ay is an
arithmetic progression. Hence

a1 —ag = as — a1 = ag — ag.
This implies that ap = —as and a3 = 2as, and so Ag = {—as, 0, as, 2as}. Therefore,
A={—as,a2,2a2} = ay x {-1,1,2}.
If £ > 4, then, it follows from Theorem 3 that
|(h = B)® Ao| = |25()| = L(E, b — §)

if and only if Ay is an arithmetic progression. Hence

a1 —a)=0G2 — Q] =+ =0p—1 — Ap—9 = Gy, — Ap—_1

=0Qnt1 — 0n = 0ny2 — p41 = " = Antp — Gn4p—1,

which implies that
Op—j = —jany1 for j=1,...,n

and
Untj = Jang for j=2,...,p.

Hence Ay = an41 * [—n,p]. Therefore,
A=ap1x{-n,—(n—-1),...,-1,1,2,...,p}.

This completes the proof. O
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Remark 9. Let n and p be integers such that n < p. Let & = (A,t) be a finite
sequence of integers, where

A={ao,a1,...,8n-1,0n41,--,0nip}

with
ag<ap < <ap-1 <0< apgr < < apyyp

and

t= (to?tla"'atnflvt'nrl*lv"'7tn+p)‘

Let h =to+ - +tn_1+tpr1+ - +tnyp > 3. Let o and 8 be nonnegative integers,
and let T = (to,...,th—1,h —a — B, tnt1, - s bntp)-

(i) fa =h—1and 8 =0, then [S3(&/)| = k + 1. It is easy to verify that
L(¥,h — B) = k+ 1. Thus |28 (<7)| achieves the lower bound L(¥,h — j3) in
this case.

(ii) fa=h—1and 8 =1, then |25 ()| = k.
(iii) If = h and 8 = 0, then |22 ()| = 1.

(iv) For the remaining values of a and 3, one can draw the conclusion using Facts
12.

Theorem 20. Let n and p be integers such that n < p. Let & = (A,t) be a finite
sequence of integers, where

A ={ao,a1,...,an1,0n,Qn11,- - Anip}

with
ag<ap < < ap—1<0=a, <apq1 < - < apyp
and
t = (to,t1, s tn1,tns tngts s tngp)-
Let h = tg + -+ + tyip. Let o and B be integers such that 1 < o < h — 2,
0<B<h—-2,anda+pB < h. Lett=(to,...,th—t,h—a—L+tn,tnt1, -, tuyp).
Then the following conclusions hold.

(a) Suppose that k =3 and a+ = h. In this case, if t1 = 1, then
Z5(«)| = L(z,h - B).

)| = L(r,h — B) if and only if &/ = (A,t), where

If t1 > 2, then\ (o
t = (to,t1,12).

> o
A=agsx[-1,1] and

(b) Suppose that k =3 and a+ 3 < h—1. In this case, |5 (/)| = L(¥,h — B) if
and only if o = (A,t), where A = ag x[—1,1] and t = (to,t1,12).
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(c) Suppose that k =4 and o+ B = h. In this case, if t; =ta = 1, then
25(«)| = L(x,h — B)

if and only if o = (A,t), where A = {as —a3,0,az2,a3} with 0 < as < az and
t = (to, 1,1,t3). If either t; > 2 orty > 2, then |X8(/)| = L(¥,h — B) if and
only if & = (A,t), where A = ag *[—1,2].

(d) Suppose that k =4 and a+ B < h — 1. In this case, |X5 (/)| = L(t,h — B) if
and only if o = (A,t), where A = ag * [—1,2] and t = (to,t1,1l2,13).

(e) In all other cases, |X8(</)| = L(¥,h — B) if and only if o = (A,t), where
A = apy1 *[—n,p|.

Proof. Tt follows from Lemma 5 and Lemma 3 that
8 (o) = hPA.

Let k = |A| = p+ n + 1. First assume that £ = 3. Then clearly, p = n = 1. Hence
A= {ao,al,ag} with ap < 0 = a7 < as and

r = (ro,r1,72) = (to,h — a+ 8+ t1,t2).

If t1 =1 and o+ B = h, then it follows from Theorem 4 that
|(h = B)D Al = |£5(ef)| = L(F,h - B).

If t; > 2 and a+ B = h, then it follows from Theorem 4 that
|(h = B) VAl = |5(«7)| = L(E£,h = §)

if and only if A is an arithmetic progression. Hence a1 —ag = as — a1, which implies
that ag = —ag, and so A = {—a,0,a2} = ag * [—1,1]. This proves part (a). If
ti1=1and a+ 8 < h — 1, then it follows from Theorem 4 that

|(h =)D A = |25(«7)| = L(¥,h — B)

if and only if A is an arithmetic progression. Hence a; —ag = as — a1, which implies
that ag = —az, and so A = {—a2,0,a2} = ag x [—1,1]. This proves part (b).

Now assume that k& = 4. Then clearly we have n = 1 and p = 2. Hence
A ={ag,a1,a2,a3} with ag < 0=a; < az < az and

t = (ro,71,72,73) = (to,h — a +t1,t2,13).
Ift1 =ty =1 and o+ 8 = h, then it follows from Theorem 5 that

|(h =)D A = |£5(«7)| = L(¥,h — B)
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if and only if a1 — ap = az — ag, which implies that A = {as — a3,0, as, a3} with
0 <ag <asz. If a+p =h and either t; > 2 or t5 > 2, then it follows from Theorem
5 that

(h = B)DA| = |2()| = L(x,h — B)

if and only if A is an arithmetic progression. Hence
a; —ap = az —ap = ag — az,

which implies that ayp = —ag and a3 = 2as, and so A = {—as,0,a2,2a2} = ag *
[—1,2]. This proves part (¢). If a4+ < h—1, then since ry = h—a+t; > 1+t; > 2,
it follows from Theorem 5 that

|(h =BT A| = |£5(e7)| = L(F,h — B)
if and only if A is an arithmetic progression. Hence
ai —ap = a2 —ai = ag — ag,
which implies that ag = —as and a3 = 2as. Therefore,
A ={-a2,0,a2,2a2} = az * [—1,2].

This proves part (d).
If £ > 5, then, it follows from Theorem 3 that

(b = B A = [S5()| = L(x,h — B)
if and only if A is an arithmetic progression. Hence
a;p —ap =0a2 —Aa1 =+ =0p-1 — Ap—2 = 0p — An-1
=0p+1 — Gp = Qpy2 — pt1 = ° = Qpyp — Ap4p—1,

which implies that

Op—j = —jany1 for j=1,...,n
and
Qptj = jany1 for j=2,...,p.
Hence A = a1 * [—n, p]. This proves part (e). This completes the proof. O

Remark 10. Let n and p be integers such that n < p. Let & = (A,t) be a finite
sequence of integers, where

A ={ao,a1,...,an-1,0n,Qn11,- - Anip}

with
ag < a1 < <ap_1 <0=ap, <apg1 <+ < Apyyp
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and
t=(to, 1, s bn—1,tnsbntty- s bnip)-
Let h =ty + -+ +tp4p. Let a and 3 be nonnegative integers, and let
F=(to,. s tn 1, h—a— B+t tnit,. s tnip):
(i) fa=h—1and 8 =0, then |X5 (/)| = k. It is easy to verify that
L(t,h—pB) =k.
Thus |22 ()| achieves the lower bound L(¥,h — 3) in this case.
(ii) fa=h—1and 8 =1, then |Y3 ()| = k. It is easy to verify that
L(r,h—pB) =k.
Thus |¥2 ()| achieves the lower bound L(¥,h — 3) in this case also.
(iii) If « = h and B = 0, then |S2(&)| = 1. It is easy to verify that
L(Tt,h—pB)=1.
Thus |¥2 ()| achieves the lower bound L(¥, h — 3) in this case also.

(iv) For the remaining values of a and 3, one can draw the conclusion using Facts
12.

Remark 11. In Theorem 15, Theorem 16, Theorem 19 and Theorem 20, we have
assumed that n < p. If n > p, then we can replace the sequence &/ by —«/ and
apply the corresponding theorems to establish the inverse theorems in this case.
Here the sequence —.g7 is obtained by replacing each term = of &/ by —zx.
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