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Abstract
Let f = (fn)n be a sequence of positive integers. If the f-nomid coefficient

[n:| . fafn—1. . facks1
kg fefro—1---f1

is an integer for all n,k € N with n > k, then f is called a binomid sequence. A
binomid sequence can be expressed as a product of p-factors (p), where p is a
prime number. The sequence (e,), of nonnegative exponents or any of its finite
prefixes is called a binomid index. In this paper, we discuss the problem of extending
a finite binomid index into an infinite one that is lexicographically minimal. We
show that these extensions are eventually periodic and form a monoid with respect
to componentwise addition.

1. Introduction

Let N := {1,2,3,...}. Let f : N — N be a sequence given by f = (fn)n =
(f1, f2,...). For n,k € N with n > k, define the f-nomid coefficient

|:’I’L:| o fnfn71~"fn7k+1.
f

kl . fefr—1.. £

n
f k
is a binomid sequence [6]. Binomid sequences and f-nomid coefficients have been

We define [8} :=1forn >0. If { ] € N for all n, k € N, then we say that f
f
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studied by several authors using various terms to refer to them including Raney
sequences [2] and, as mentioned in [6], Fontene-Ward coefficients. Observe that
setting f = (n), = (1,2,3,...) recovers the usual binomial coefficients. Hence,
(n)y, is binomid. The following integer sequences are also binomid:

1. F = (F,), where F, is the n-th Fibonacci number (see [3], where the F-nomid
coefficients are called Fibonomial coefficients),

n—1
2. Gy = <Z qi> where ¢ € N (see [6]),
i=0 /o

3. any column of Pascal’s triangle (see [6]),

4. a strong divisibility sequence (SDS) (fn)n i.e., ged(fm, fn) = fecd(m,n) for all
m,n € N (see [1]).

If f and g are binomid, then the componentwise product fg is also binomid.
On the other hand, if fg is binomid, then f and g are not necessarily bino-
mid. For instance, if f = (1,1,3,4,5,...) and g = (1,2,1,1,1,...), then fg =

N[ =

(1,2,3,4,5,6,...) is binomid. However, g is not binomid since ;L =

Let PP be the set of prime numbers. For p € P and a sequence j” =(f1,f2,-..)
of positive integers, we define the p-factor of f as the sequence f(p) = (p*»/»)),
where v,(f,) is the p-adic valuation of f,. If f = (fi, f2,...) is binomid, then f
has the following factorization into its p-factors:

=1 rw-

peP

Moreover, for each p € P, f(p) is binomid and

i

Note that if p is not prime, then f(p) may not be binomid, even if f is binomid.
For instance, let f = (1,36,4,9,36). Then f(6) = (1,36,1,1,36) is not binomid.
Suppose f(p) = (p°, p®?,...) where e; € NU{0}. Then

[n:| B penpenfl . .pen,—k+1
Flpwy — poepeemre.p®
for all n,k € N with n > k. It is clear that f(p) is a binomid sequence if and only if

n

k
Z e; > Zei.
i=1

1=n—k+1
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Note that (p°, p2,...) is binomid if and only if (¢°, ¢%,...) is also binomid for
1#p,qgeN.

Definition 1. Let n = (e;)i<m be an infinite or finite sequence of nonnegative
integers, where m € NU {oo}. We call n a binomid index if, for all k,n such that
1<k<n<m,

n k
Z €; 2 Z €;.
i=n—k+1 i=1
Note that the componentwise sum of two binomid indices is a binomid index.
Consider f = (p°),, with p € P and e; € NU{0} such that e 1 > e, for all n € N.
Then f = (p°"), is a divisor-chain, i.e., f, | fotr1. By Lemma 3 (2) of [6], f is
binomid.

Proposition 1. Let (e;); be a monotonic increasing sequence of nonnegative inte-
gers, i.e., ent1 > en for alln € N. Then (e;); is a binomid index.

In the next section, we consider a class of binomid indices that falls outside of
Proposition 1 by imposing a certain property of minimality. In particular, given a
finite binomid index, we show that this can be extended into an infinite binomid
index that is lexicographically minimal. In Section 3, we show that this lex-minimal
extension is eventually periodic. This result, interestingly, is similar to the follow-
ing: an SDS (automatically, a binomid sequence) {uy}n>0 with ug # 0 satisfying
a k-th order linear recurrence is necessarily purely periodic [4]. Meanwhile, lex-
minimality, in some sense, is a form an ‘infinite’ order linear recurrence (see Lemma
1). Moreover, we show that lex-minimality is closed under componentwise addition.
In Section 4, using the framework of lex-minimal extensions, we give an alternative
proof that, given a prime number p, Pascal’s triangle contains infinitely many rows
of zeroes (excluding the boundaries of the rows) when reduced modulo p. We also
deduce a similar result for the ‘triangle’ arising from the Fibonacci numbers. In
Section 5, we consider the reverse problem of determining whether an eventually
periodic binomid sequence is a lex-minimal extension of some finite binomid index.
Note that the answer is affirmative for purely periodic binomid indices. We pose a
question on the structure of the space of eventually periodic binomid indices.

2. Space of Binomid Indices

Let (NU {O})N be the space of all infinite sequences of nonnegative integers. For a
finite word w, let w* denote the concatenation of k copies of w where k € NU{oo}. In
particular, for n € NU{0}, we have n°® = (n,n,n,...) is an element of (NU {0})".
Under componentwise addition, (NU{0})" is a monoid with 0 = (0,0,0,...) as
the identity element. With respect to the lexicographic order, (N U {O})N is totally
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ordered. Let I be the set of all infinite binomid indices. Then I is a totally ordered
submonoid of (NU {01)". Let 7 = (e;); be an element of I. Since e; < e; for all
i € N, it follows that ' = (e; — e1); is a binomid index. Indeed,

n n k k

Z (ei—el): Z ei—k:el Zzei—k6122(€i—€1>.

i=n—k+1 i=n—k+1 i=1 i=1

Thus, every n = (e;); € [ has a decomposition n = e°+n’, where the first coordinate
of i’ is zero. Let Iy be the subset of all elements in T whose first coordinate is zero.
If we identify n>° with n € NU {0}, then I = (NU {0}) & L.

For finite or infinite sequences n = (€;)i<m and 7 = (¢;);<n such that m < n and
e; = t; for all i < m, we call n a prefix of 7 and 7 an extension of 7.

Definition 2. Let 7 be a finite binomid index. Let I, = {7 € I : 5 is a prefix of
T} If § € I, is the minimum element of I, lexicographically, then we call 77 the
lez-minimal extension of n.

First, we show that the lex-minimal extension of a finite binomid index always
exists.

Proposition 2. Let n = (e;)i<m be a finite binomid index. The lex-minimal ex-
tension of 1 is the binomid index 11 = (f,) where if n < m, then f, = ey, and if
n > m, then

k
fo= max. <Z fi— Z fz) :

i=n—k+1

n—1
with » " fi =0 for k=1

Proof. Let ) = (f) be defined as above. Then, for n > m, we have

n n—1
Yoofi= f+ Y, i

i=n—k+1 1=n—k+1
k n—1 n—1
w (Sh- $ a) S
max (7, fi /i
i=1 i=n—k+1 i=n—k+1
k n—1 n—1
dfi— > i+ >
i=1 i=n—k+1 i=n—k+1
k
>
=1

Thus, the sequence 7 € I,,. The minimality of 7 is trivial. O

v
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[ | lex-minimal extension 7 | pre-period | period |
0.6,1,18,0) | (0,6,1,18)° 0 )
(0,6,1,18,1) | (0,6)(1,18,1,5)® ) 1
(0,6,1,182) | (0,6,1,18)(2,4,2,17)° i i
(0.6.1.183) | (0,6,1.18)(3.3.3,16) i 1
(0,6,1,18,4) | (0,6,1,18,4,2,4,15,4,4,2,15)(4,4,4,13) | 12 )
(0,6,1,185) | (0,6,1,18,5,1,5,14,5,5,1, 14)(5, 5,5, 10)° | 12 1
(0,6,1,18,6) | (0,6,1,18,6,0,6,13,6,6,0, 13)(6,6,6, 77> | 12 7}
(0,6,1,18,7) | (0,6,1,18,7,0,6,12,7,7,0, 11)(7, 7,7, 4 | 12 i
(0,6,1,188) | (0,6,1,18,8,0,6,11,8,8,0,0)(3,8,8,1,8)% | 12 5
(0,6,1,18,0) | (0,6,1,18,9.,0,6,10,9,9)(0,7,9,9,9)® 8 5
(0,6,1,18,10) | (0,6,1,18)(10,0,6,9, 10) 1 5

Table 1: The lex-minimal extension of (0,6, 1, 18,7) where 0 < ¢ < 10.

Remark 1.

minimal extension is 77 = n*>

1= (e1,€e2)>
periodic.

1. For the length-one index n = (n) where n € NU {0}, the lex-

(see Proposition 3). Note that both n*°

. Meanwhile, if n = (e1, e2) where es > e1, then

and (eg, e2) are purely

2. In Table 1, we give the lex-minimal extension of the finite word n = (0, 6, 1, 18, 1)
where 0 < ¢ < 10, which is lifted from an experiment that computes the lex-
minimal extension of all length 5 finite word (0, ez, €3, €4, 5) with 0 < e; < 20.

Observe that all of the computed extensions are eventually periodic.

The

length of the periodic part is bounded above by 5, which is the length of n
(see the proof of Theorem 1). The pre-period seems to be bounded above by

12.

Question. In general, if 7 is finite of length m and its lex-minimal extension

is eventually periodic, does there exist an integer constant, depending on m,
that bounds the pre-period?

For 1 = (e;); €

(NU{0}), define S(n) = (X0_, ¢;); €

(NU{0})>°. Then S is

a lexicographic order-preserving monoid homomorphism. Moreover, the following

simple characterization follows immediately from Proposition 2.

Lemma 1. Letn € (NU{0})*>®

and S(n) = ($n)n-

Then n is a binomid index if

and only if sp, > Sp—k + s for 1 < k < n. In particular, if n is the lex-minimal
extension of a finite binomid index of length m, then

for all n > m.

Sp = max (Sp—k + Sk)
1<k<n
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3. Properties of the Lex-Minimal Extension

We begin this section by providing a sufficient condition for pure periodicity of the
lex-minimal extension of a finite binomid index.

Proposition 3. Let ) be a finite binomid index. If n is monotonic increasing, then
n=n>.

Proof. Let n = (e1,...,€m) such that ey < --- < e,,. Let S(n°) = (s,,)n. We first
show that, for 4, j < m, we have s;;; > s; + s; by considering two cases.

Case 1. i+ j < m. By the monotonicity of n, we have

SZ‘+SJ‘:SZ‘+€1+-"+€J‘§8i+6i+1+~-~+6i+j28i+j.

Case 2. i+ j > m. By the monotonicity of n and the pure periodicity of n°°, we
have

Si+s8; = siter+--+€tjmterjmr1t+--te€;

IN

Si+ Sitj—m teiy1+ -+ em
= Sm+ Si+j—m
= Sitj-

Since n> is purely periodic, if ¢ € N and r € {0,1,...,m — 1}, then sy, =
gsm + s,. Hence, s;4; > s; +s; for all 4,7 > 1. By Lemma 2.2, 7*° is a binomid
index. Moreover, for any k > m, write kK = gm +r where g € Nand 0 <r < m. If
r # 0, then s, = s, + 5. If 7 =0, then s = s(4_1)m, + 54- Thus,

sk =max{s; +s; | i+ j=k}.
Therefore, n*° is the lexicographically minimal extension of 7. O

To illustrate Proposition 3, if n = (0,2, 3,12,20), then 77 = n>°. Meanwhile, if
n = (0,2,3,0,2), then 77 = (0,2,3)°°. On the other hand, if n = (0,5, 3,4,5), then
71 = 1n°°. Hence, the converse of Proposition 3 does not hold.

Question. What are the solutions to 77 = n>? (cf. Proposition 5)

Let n = (e;); be a binomid index and S(n) = (s;); be its sequence of partial
sums. For 7,1 > 1, we define the following averages associated with #:

S; — S
Apiln) = T

S
Aio(n) = —
Ai(n) = limlsupAl-,l(n).

K2

We drop the argument 1 when the context is clear.
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Lemma 2. Let n be a binomid index. Fori,l > 1, we have
1. Ay > Aip
2. Akio > Ao

l
3. Aivio = m A+ Ao

P
4. Ao(n) = sup; Ajp.

Proof. By Lemma 1, s;4; > s; + s;. Then (1) follows immediately. For (2), using
(1), we obtain

k K
Ski = si+ (850 — sg—nyi) = iAio+1 Y Ay o1)i = kidip.

=2 =2
Note that (3) is straightforward. For (4), first fix ¢ € N. For k € N, we have

Aio < Apio <sup Ajp.
>k

Since k is arbitrary, we have A; o < limsupy, Ag o = Ao(n). Thus, sup; A; 0 < Ao(n).
The reverse inequality is clear. O

Lemma 3. Let 7} be the lex-minimal extension of a finite binomid index n. Then
7 satisfies the following Average Condition: there exists i € N such that Ag(7]) =

A o(7).

Proof. Let n = (ej)j<;. Take a number ¢ <[ such that
Aipo(7) = rilngk,O(ﬁ)'

We show A;o(n) = Ao(). Let S(7) = (s;);. By Lemma 1, for any m > [,
there exist m’ < m and m'” < m such that s,, = s,y + s,,v. By applying this
t

argument repeatedly, we can show that there is a decomposition m = Z j(k)
k=1

t
where 1 < j(k) <l and s, = Z 5;(k)- It follows that
k=1

t t

sm= Y850 = Y J (k) A00,0() < (k) Aio(7i) = mAso (7).
k=1 k=1

k=1

Thus, A, 0(7) < Aio(7). Since m > [ is arbitrary, it follows that

Ao(7) = sup Am,o((M) < Aio(7). O



INTEGERS: 24 (2024) 8

Theorem 1. Let n be an infinite binomid index satisfying the Average Condition.
Then n is the lex-minimal extension of some finite binomid index. Moreover, n is
eventually periodic.

PT’OOf. Take i € N satisfying Ao(ﬁ) = Ai70(77). Since Ai,O < Aki,O < Ao(’l’]) = Ai70, it
follows that, for any k € N, sg; = ks;. For j <7 and k € N,

JAj (kt1)yi = S(kt1)itj — S(k+1)i
> Skitj + 85— (E+1)s;
= Skit; — ksi

Skitj — Ski = JAj ki
Moreover, since (sg)g is increasing,
JAG ki = Skitj — Ski < S(kt1)i — Ski = (kb +1)s; — ks; = s;.

Thus, (jA, ki)x is an increasing and bounded sequence of nonnegative integers. Take
a sufficiently large k such that A; ; = Aj i for 1 < j <iandk > k. It follows that

Skit; = JAjki+ Ski
jAj,l}z‘ + Ski

Shiy; T (k= k)s;

Skits T S(k—hyi-

Clearly, sx; = 8; + S(k—1);- Thus, for n > l~ci, we can find an integer k£ such that
Sn = Sk + sp—k. This implies that 7 is the lex-minimal extension of (e, ez, ..., eg;)
by Lemma 1.

Finally, if 1 < j < i and k > k, we have

Ckitj = Ski+j — Ski+j—1 = Skir; — Skitj—1-
If k > k, we have
€ki = Ski — S(k—1)i+(i—1) = Ski — Skiyr(i—1) — S(k—1-k)i = S(k+1)i — Skit+(i—1)-
In the above calculation, we see that ey;1; depends only on j and that
77:(61,62,...,e,;i)(e,;iﬂ,...,e(,;+1)i)°°. O
Remark 2. Combining Lemma 3 and Theorem 1, the following are clear.

1. Let n be a finite binomid index. Then its lex-minimal extension 7 is eventually
periodic.
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2. For an infinite binomid index, its lex-minimality as an extension of a finite
binomid index is equivalent to the Average Condition.

For the next result, we first remark that, in general settings, the minimality
(or mazimality) of summands does not usually extend to the sum. For readers
familiar with beta expansions, which generalize the decimal expansions, consider
the following. Let 8 = 1+T\/g be the base of the beta expansion. Under a greedy
process (akin to the Euclidean algorithm), the digits of the beta expansion can be
generated for any real number between 0 and 1. For example, the following are
(greedy) beta expansions: 22 = (0,0)(1,0)*° and @ = (0,1)*°. However, the
componentwise sum (0,0)(1,0)* + (0,1)* = (0)(1)*° cannot be a beta expansion
because it contains the illegal digit sequence (1,1) (see [5]).

This is not the case for lex-minimality. The corollary below tells us that the
lex-minimal extensions form a monoid under componentwise addition.

Corollary 1. If g1 and n2 are lex-minimal extensions of some binomid indices,
then so is the componentwise sum 11 +n2. In other words, the space of lex-minimal
extensions is a monoid under componentwise addition.

Proof. Since binomid indices are closed under componentwise addition, 71 + 72 is a
binomid index. By Lemma 3, let j(i) be an index such that Ag(n;) = A;(),0(m:) for
i = 1,2. Since Ao(n:) > Ari,0(n:) > Aro(ni), we have Ajiy 0(n:i) = Aj1)(2),0(1)-
Moreover, A;o(m + n2) = Ajo(m) + Ajo(n2) for all j € N. Thus,

Ao(m +1n2) < Ao(m) + Ao(ne)
Ajyjc2),0(m) + Ajayi).0(n2)
Aj)j),0(m + n2)-

This implies that Ag(n1 + n2) = Aj1)j2),0(m + n2). Therefore, 7y + 72 is a lex-
minimal extension by Theorem 1. O

Using the previous results, it is possible to obtain a more detailed description of
the lex-minimal extensions, as in the next proposition.

Proposition 4. The periodic part of a lex-minimal extension does not begin at the
second coordinate.

Proof. Let n = (€;)i<m be a finite binomid index. Recall that I = (N U 0) @ Io.
Without loss of generality, we assume that 7 € Iy, that is, the first component
of n is zero. By way of contradiction, we assume that 7 = 0(p1,...,pn)>. Let
S(7) = (8;)i- Set P:=p1 +---+p; for 1 <1< n and set Py :=0. By periodicity,
Skn+ti+1 = kP, + P, for 0 <1 <n and k € N. Thus,

kP, + P

Akn+l+1,0 = m .
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This implies that Ag(n) = %. By Lemma 3, there is an integer i such that
Ap(n) = A;o. This means that s; = %. Moreover, An;o = Aio. This leads
to a contradiction. Indeed,

P,
Sni = (Z - 1)Pn +P,_1= m .
n

Thus, P,_1 = P,. In other words, p, = 0. So,

ﬁzo(plw--»pnflao)oo:(07291,---;]77171)09 O

4. Pascal’s Triangles of Binomial and Fibonomial Coefficients

Let p € P and n = (e;); where e; € NU {0}. Define p" := (p°);. Let S(n) = (si);
be the sequence of partial sums of 7. Then

[Z] = pSn TSk TSk,
pn

By Lemma 1, the following holds.

Corollary 2. Let n = (€;)i<m be a finite binomid index with 7 as its lex-minimal
extension. Then, for all n > m, there exists an integer k such that 1 < k <n and

n
e
pl

On the other hand, suppose p is not a lex-minimal extension of any binomid index.
Then there are infinitely many n such that, for all k with 1 <k < n,

m = 0 (mod p).

The above corollary gives an alternative proof of a result concerning the rows
of Pascal’s triangle of the usual binomial coefficients when viewed modulo a prime
number.

Corollary 3. For any prime p, there are infinitely many n such that for all k with
1<k<n,

m =0 (mod p).

Proof. Let I = (1,2,3,...) be the sequence generating the usual binomial coeffi-
n

clents [ i

] . Let E; :=(0,0,...,0,1) where the only nonzero element lies on the i-th
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position. For p € P, let v,(I) be the p-adic valuation of I. Then

where (E,i)> = E,i E,i .... Clearly, v,(I) is not eventually periodic. By Lemma
3 and Theorem 1, v,(I) is not a lex-minimal extension of any binomid index. The
result now follows from Corollary 2. O

We can apply the above arguments to the sequence of Fibonacci numbers.

Corollary 4. Let F = (F,), be the Fibonacci sequence. For any prime p, there
are infinitely many n such that for all k with 1 < k <mn,

m = 0 (mod p).

Proof. As usual, define Fy = 0. For m € N, the sequence (F, mod m),enu{o}
of Fibonacci numbers modulo m is purely periodic with a period no bigger than
m? (Theorem 1 of [7]). Let p € P be fixed. For n € N, there exists m € N such
that p™|F,, because Fy = 0. This implies that the sequence (v,(Fy)), of p-adic
valuations contains an increasing infinite subsequence. As a result, the sequence
(vp(Fn))n is not eventually periodic. Thus, it cannot be the lex-minimal extension
of any binomid index. O

5. Eventually Periodic Binomid Index

In this section, we consider the problem of characterizing the space of all eventually
periodic binomid indices. We begin by looking at purely periodic binomid indices.

Proposition 5. Let n be a purely periodic infinite binomid index. Then n is the
lex-minimal extension of some finite binomid index.

Proof. Let n = (e1,ea,...,e,)% and let S(n) = (s;);. By periodicity,
Skm+j = ksm + 85 = kmApy 0 + jAjo

for any j,k > 1. By Lemma 2 (2), Ao > Ajo for all j < m where m! is the
factorial of m. Thus,

(km + J)Arm+j,0 = Skm+j < (km + j)Amio.

This implies that Ag(n) = Am1,0(n). Thus, n satisfies the Average Condition. The
result now follows from Theorem 1. O
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Let I be the set of all infinite binomid indices and L be the set of all lex-minimal
extensions. For [ € N, let 0! : T — T be the shift map given by o (1) = 05, where 0!
is the concatenated [ copies of 0. It is easy to see that ¢! is monoid homomorphism
of T with respect to componentwise addition. By Corollary 1, the image o'(LL) of L is
a submonoid of I. The space (L) naturally inherits the results for L. In particular,
the sequences in o!(IL) are eventually periodic. The next example illustrates that

L # o(L).

Example 1. Since 1° = (1,1,...) € L, we have 0(1*°) = (0,1,1,...) € o(L). But
o(1°°) ¢ L. Indeed, take n = 01™ where n € N. The lex-minimal extension of 7 is
n=n>°=1(0,1,1,...,1,0,1,...). Clearly, 77 # o(1°°). Thus, any finite prefix of
o(1°°) cannot be extended lex-minimally to o(1°°). Thus o(1%°) ¢ L.

Proposition 6. Ifl,m € NU{0} with | # m, then ¢'(L) N o™ (L) = {0>}.

Proof. Since o is injective, we only need to consider the case m = 0 and [ > 1. Let
n € LNo'(L) with 4 € L such that n = ¢!(1). By Lemma 3, there are integers j
and k such that

Ao(n) = Ajo(n) and  Ag(p) = Ako(p).

Let S(n) = (s;); be the sequence of partial sums of 7. Then sy =s5=--- =5, =0
and S(u) = (s;41)i- By Lemma 2 (3), for all i € N, we have

Ao(n) = Aijo(n) and  Ao(p) = Aio(p)-
Thus,
si; =1jAo(n) and  Spqr = tkAo(p).
By the definition of Ag(n), it follows that

i ik A
Ao(n) > limisup iskkill = limisup % = Ag(p).

Using the definition of Ag(u), we obtain Ag(n) < Ag(u). Therefore, Ag(p) = Ao(n).
By way of contradiction, assume Agy(n) # 0. By Lemma 2 (4), we have

sy _ 4Ao(n) _ ijAo(n)
ij —1 ij —1 1

Ao(p) = sllnp Apo(p) > = Ao(n) = Ao(u)

for any 7 satisfying 5 > I. This is a contradiction. Thus, Ag(n) = 0, implying that
n = 0. O

Since o!(IL) is a submonoid of the set of all eventually periodic binomid indices,
we ask the following natural question.
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Question. Is the set of all eventually periodic binomid indices the sum

Z ol (L)?
leNU{0}
Note that 3 ;cnugoy o!(L) contains many eventually periodic binomid indices.
Consider n = 0'"1(ey,...,€e)>®. We claim that 7 € 2 1enu{o} o!(LL); and, in partic-
ular, 7 is a binomid index. Let E; := 0°~'1. Then,

n = Ol_l(el,...,el)oo
= 0" e1,0,...,0)®° + 0710, €,0,...,00° + -+ 071(0,...,0,e)>
= (07 e)® +o((07 1 ea)®) -+ 0 (0 e)™)
= e B+ e0(EX) + -+ eiot T (EX).

The fact that E7° is the lex-minimal extension of Ej proves the claim.
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