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Abstract
Let S, be the set of all permutations of an n-element set. We investigate the se-
quence a(n, k, j), which counts the number of permutations, o € S,,, that have k cy-
cles and j fixed points. We prove that the polynomial associated with a(n, k, j), 1 <
k < n, has only real zeros for each k € {1,2,...,n}. We improve an asymptotic ex-
pansion for Stirling numbers of the first kind; then, we use it to prove the asymptotic
normality of the sequence a(n, k, j) in a certain range of the integer k.

1. Introduction

The set of all permutations of n objects is denoted as S,,. Let
8(n, k) = {f € Sn},
where f has k cycles in its decomposition. Then,
[3(n, k)| = c(n, k) = (=1)"*s(n, k),

where ¢(n, k) is the signless Stirling number of the first kind, and s(n,k) is the
Stirling number of the first kind.

In this paper, the number of permutations ¢ € §(n, k) having j fixed points,
0 < j < k, denoted a(n,k,j), is investigated. First, we determine the sequence
a(n,k,7), as well as its generating function.

We define the random variable X, ; associated with the sequence a(n, k, j) as

a(n, k, j)
e(n, k)

The generating function of the sequence a(n, k, j) will help us to find the parameters
of the random variable X, ;.

Pr(X,r=17J)= ,0<j<k<n.
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n
Usually, when the generating polynomial, P, (z) = Z an,kxk, associated with a
k=0
positive sequence, (an,x)}_, (Where >}’ an > 0), is known to have only negative
zeros, a central limit theorem is obtained by proving that the variance

grows infinitely with n.

k
In Section 3, we prove that the polynomial P(x) = Z a(n, k, j)2’ has only real
0

j:
zeros. In Theorem 8, we show that the sequence a(n, k, j) is asymptotically normal
by proving that

lim o2 = 400,
n—oQ

and k satisfies ﬁ — 400, k<n—0(m*), with 0 < a < 1.

Finally, we note that the asymptotic normality of the sequence a(n, k, j) can not
be deduced via the theory developed in [14, 15]. This is due to the fact that there
is no convenient recursion formula relating the a(n, k, j); hence, the real-rootedness
of the polynomial P(x) is obtained by brute force, that is to say, by applying (many

times) a classical result due to Schur.

2. Preliminaries

In this section, we give all the results that will be needed in this paper. All of this
material may be found in [9)].

2.1. Permutations

n
Definition 1. Let cq,ca,...,c, be positive integers such that Zici =n. A per-

i=1
mutation is of type (¢1, ¢, ..., ¢,) if it contains ¢; cycles of length .
The number of permutations of type (c1,¢a,...,¢,) is given by the following
proposition.
Proposition 1 (Cauchy). The number of permutations of type ¢ = (c1,ca,...,¢n)

s given by

fn'

P(n,ci,co,...,¢p) = _ .
(n,c1,¢2,-- cn) c1l-col eyl gyller . 2e2 . 3. pen
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In the next proposition, we give an infinite generating function for the sequence
a(n, k, j).

Proposition 2 (Cauchy). Let P(n,k,c1,¢a,...,cn) be the number of permutations
n
of type ¢ with k cycles Zci =k |. The infinite generating function of
i=1
P(n,k,c1,ca,...,cpn) is given by

Q(Za u,xr1,r2,

| )_ Z P(’ﬂ,k7617027"-7cn) n, k,.c1

Cc2
2tue{ta? -
n! L2
n,k,c1,c2,->0
1
= g z"ukx‘fle

C !’C !'C !...101 .262.303..
n,k,c1,c2,-->0 ! 2 3

52
:expu<x1z+x2+~-~>,

2
“+oo+o00 +00
where Z means the multiple summation ZZ Z e
n,k,c1,c2,--->0 n=0k=0c1=0
Proof. Remembering that
!
n!
P . =
(n,c1,c2,...,¢n) o1l col -3l e 20 3o pen

n n
E ¢; =k, and E ic; = m, we obtain

(I)(Z,U,Il,SCQ, DR ) =

§ P(nvkaChCQ,"'aCn) n, k_.c1

zZ U x l’
n' 1 2
n,k,c1,c2,--->0
n, k,.C1
1

Z zZu'r .’17
B c1l-eol-eglcoepllon 202 .33 .. pen
nokyer ez, 20 1 2! 5!

ch+202+363... (:1+02+(:3+...1€1 1.;2 .

Z cl!'CQ' 03 cCp '101 2¢2 .303...ncn

c1,c2,-20
c1+2c2+3c3...,,c1+cat+c3+... .C1 .C2
Z U T Ty

Z ci! el esl-ooepller o202 . 3¢ .. pcn

c1,c2,+-2>0
— z (ux12) Z (U$2§)C2 Z (W«"i’»é)cg’
[ I |
150 Cy: 350 Ca! 350 C3!:

2 3
2 2
= exp(uxiz).exp <ux2 2) exp (ux33>

22
= expu<x12+x22+-~->. 0
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Definition 2. A permutation without any fixed point is called a derangement.

Let d(n) be the total number of derangements of n objects. Using the
inclusion—exclusion principle, one can prove that

The number of derangements with & cycles is denoted by d(n, k); this is also the
number of permutations with k cycles with a length of at least 2. We have

din+1,k) =n(d(n,k) +d(n—1,k—1)), n > 1, and d(0,0) = 1. (1)

The proofs of the previous relations may be found in [9].

2.2. Unimodal Log-Concave Sequences

Let us recall the following definitions and facts about unimodal sequences.

Definition 3. A real positive sequence (a;)_ is said to be unimodal if there exist
integers kg and k1, with kg < k1, such that

ap < a1 < .. < Agy = Akg41 = - = Afy > Al 41 = - - = Q.
The integers j, where kg < j < kq, are the modes of the sequence.

Another property stronger than unimodality is described in the following defini-
tion.

Definition 4. A positive sequence, (aj)?zo, is said to be log-concave if
a? >aj_1a541 for1 <j<n-—1

A real sequence, (a;)7_, is said to have no internal zeros (NIZ) if i < j and
a;, a; are non-zero; then, a; # 0 for every I, <1 < j. A NIZ log-concave sequence
is obviously unimodal; however, the converse is not necessarily true. In fact, the
sequence 1, 1, 3, 6, 7, 2, 1 is unimodal but not log-concave. The importance of the
NIZ property is illustrated by the following example: the sequence 1, 3, 2, 0, 0, 1 is
log-concave but not unimodal.

If inequalities in the log-concavity definition are strict, the sequence is said to be
strongly log-concave (SLC), and, in this case, it has at most two consecutive modes.

One important consequence of the real-rootedness of a polynomial is given by
the following classical result of Newton.

n
Theorem 1. If the polynomial Z ajxj, associated with the sequence (aj)?zo, n >
j=0
2, has only real zeros, then
i +1n—j5+1 .
CL? Z ]T.n%jaj_laj_;rl, 1 S Wi S n — 1. (2)
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Proof. The result is proved by induction on n. For n = 2, the polynomial
ag +a1xr + a2$2

has real zeros if and only if A = a? — 4agaz > 0. This is Relation (2 ) for n =

2. Suppose now that the statement holds for (n — 1). Let L(x Zajxj be

a polynomial with only real zeros. By Rolle’s theorem, its derlvatlve L’ (z) =
Z;:Ol bjz? also has only real zeros (b; = (j + 1)aj+1, 0 < j < n —1). Using
the induction hypothesis,

L .
> I M)y b 1< <02,
jomn—=j—1
or 49
a2 Jj+2 n—j .
G2 Ty o oW Lsgsn =2
The remaining relation, a? > f—”azao, is obtained by applying the induction hy-
pothesis to (L"(x))’, the derivative of L"(z) = 37, an—jzd, which is the reciprocal

of L(x). O

If the positive sequence (a;)7_y, n > 2, satisfies the hypothesis of the previous
theorem, more information about it is supplied by the following corollary.

Corollary 1. If the sequence (a]) o s positive and satisfies the conditions of the
previous theorem, then it is SLC, and, in this case, it has a single maximum or a
plateau of two elements.

Proof. We may suppose a, = 1. So,

n

Za]mj = H (r — ;).

j=1

Since the coefficients (a;) are the elementary symmetric functions of «;, then, neces-
sarily, all o;; are negative. If a; = 0 for one coefficient, then o;; = 0 for all 1 <4 < n,
because a; is the symmetric function of order (n — j) of @;. Now, we may suppose
that a; > 0 for all 1 < ¢ <n. Newton’s inequalities yield

j+ln—35+1

> W ——a;_1a > ai_1a 1< <n—-1.
=7 — j—1Q541 j—105+15 J

The previous inequalities may be written as

aq a2 as Qp,
—_ > = > — > > .
ap ai az Gp—1
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Thus, the sequence (a;)7_ is either decreasing (if 1 > £1) or increasing (if ;%= >
1), or there exists an integer [, (1 <1 < mn — 1), such that
ai as ay aj+1 QA

— > = > ... > >12 el > .
ao a1 aj—1 aj Ap—1

This means that the sequence is unimodal with mode [. Note that we have at most

one integer [ such that a;% = 1. This is the case where we have a plateau of two

elements. O

3. The Sequence a(n,k, j)
In the following proposition, the value of a(n, k, 7) is explicitly given.

Proposition 3. Let n > k > 1 be positive integers. The number a(n,k,j) of
permutations with k cycles that have j fixed points satisfies the following:

(i) a(n, k,j) = (j)d(n — j.k = j), 0<j <k

.. N n zu(v—1)
(i1) Z a(n, kd)vjuk%! = e(l_iz)u;
n,k,j>0

(i) ja(n, k,j) = na(n — 1,k —1,j —1), 1< j <k

.
(iv) > a(n, k,j) = c(n, k).

Jj=0

Proof. For (i), the number a(n, k, j) is computed as follows: we choose j fixed points
among n elements in (7?) ways; there remain (n — j) elements, which will be placed
into (k—7) cycles that have a length of at least 2. This is performed in d(n—j, k—j)
ways. Therefore, the total number is (?)d(n — j,k — 7). The generating function of
the sequence a(n, k, 7) is a consequence of Proposition 2,

 igm
E a(n,l@j)?ﬂuki' =®(z,u,v,1, 1,1, ..., )
n!

n,k,j>0
22
:exp{u<vz+2+-~>}
(e 2)
=exp | uvz +u | In -z .
1—=2
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For (iii), note that for j > 1 we have

a(n, k. j) = (?)d(n—j,k—j) - ?(;‘_i)d(n—m—j)

J\j—1
= an—1,k—1,j-1).
j

7”.‘("‘1)d<n—1—<j—1>,k—1—<j—1>>

Relation (iv) is obvious. This concludes the proof. O

The aim of the following section is to prove that the polynomial P(x) has only
real zeros. The proof is based on two results. The next theorem is due to Schur (a
proof of it may be found in [20]). The second one concerns the reality of zeros of
the generating polynomial associated with the number of derangements.

Theorem 2 (Schur). Let Zakxk and ch:pk be two real polynomials having only

k=0 k=0
real zeros. Suppose that all the zeros of one of them are on the same side of the real
d
axis; then, the polynomial Z Klagerx® has only real zeros, where d = min(n,m).
k=0

The second result we need is as follows.

n
Theorem 3. For every integer n > 2, the polynomial D, (z) = Zd(n +k, k)bt
k=1
has only real zeros.
Proof. We proceed by induction on n. For n = 2, the polynomial reduces to

Dy(z) =d(3,1) +d(4,2)x = 2 + 3z,

and the result holds trivially. Suppose the result holds for n > 2, and consider

n+1
Dnya(x) =Y d(n+k+1,k)*".
k=1
Using Equation (1), we obtain
n+1
Dnii(z) = > (n+k)(d(n+k k) +dn+k—1,k—1)a*"
k=1

= ((n+2)z+n+1))Dy(z) + z(z + 1)D, (2).

Let
H,(z) = (z + 1)z""' D, (z).
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By the induction hypothesis, the polynomial H, has 2n + 1 real zeros. By Rolle’s
theorem, H, has 2n real zeros; however, H, (z) = "D, (x), and the degree of
the polynomial D,y is n. This means that all the zeros of D,,; are real. O

The following theorem constitutes the principal result of this section.

Theorem 4. Let n > k > 1 be two positive integers. Then, the polynomial P(x)
has only real zeros.

n

Proof. First, suppose n = k. Then, a(n,n,j) = ()d(n —j4,m—j) = 0 except for

J
7 =mn. Thus,
k

P(x) = Za(n,k,j)xj =z",

§=0
and its zeros are real. We know that d(n,k) = 0 if n < 2k. It follows then that
a(n,k,j)=0for n —j <2(k—j)orj <2k —n.For this, we consider two cases.
Case 1: n —k > k. In this case, a(n,k,j) # 0 for all j, and 0 < j < k — 1. So,
using Theorem 3, the polynomial

l -1
Di(z) = d(l+j,j)a?t = d(l+j+1,j+1)a?

j=1 j=0
has only real zeros for every [ > 2. Theorem 2 can be applied to D,,_j(x) and
(z + 1)~ to obtain the polynomial
dn—k+j+1,j+1) ;
; €T,
(k=j—1)

¢(z) =

=0

k—1

which has only real zeros. Its reciprocal polynomial, ¢, (z) = ZW@J, has
§=0

this property too. Once again, Theorem 2 can be applied to ¢,.(z) and (x + 1)™.

The resulting polynomial is P(z), which has only real zeros.

Case 2: n —k < k. In this case, the coeflicients a(n, k, j) equal 0 for j < 2k — n.

k
The polynomial P(z) = Za(n, k,j)x’ becomes
3=0
k—1 '
P(z) = Z aln,k, j)a’.
j=2k—n

Theorem 2 applied to D,,_x(x) and (z + 1)*~! gives the polynomial

n—k—1 . .
dn—k+j+1,5+1) .
7=0
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which has only real zeros. The same property holds for its reciprocal polynomial

”Z’“:ld nk) g ki),
(2k —n + j)! '

J=0

Apply Theorem 2 to h,(z) and (x + 1)2"~2F. We obtain the polynomial

d(2 —jn—k—j)
2n—2k—g)(2k;—n+j)! ’

3
Q
Mw
—

which has only real zeros. This completes the proof since P(x) = nlz?*~"g(z). O

The following corollary arises as a direct consequence of the previous theorem.

Corollary 2. The sequence (a(n, k j)) _o @ SLC in j, and it is unimodal with a
peak or a plateau with two elements.

4. A Central Limit Theorem for a(n,k,j)

In what follows, we study the distribution of the fixed points in the set of k-
permutations. For this, consider the family of random variables (X, x)1<k<n oOn
the set §(n, k) of k-permutations defined by

ankd) ooy

Pr(X,p = j) = o(n, k) <

We use a variant of Lindeberg’s theorem to establish the asymptotic normality of
the sequence (a(n, k, j));. Proposition 3 is needed to compute the mean and the
variance of the random variable X, ;. For a certain range of k = k(n), the variance
becomes infinitely large, ensuring the applicability of Lindeberg’s theorem. It is
pertinent to recall the relevant definitions.

Definition 5. A positive real sequence (b(n, k)),_, , with B, Z b(n, k) # 0, is

said to satisfy a central limit theorem (or is asymptotically normal) with mean .,
and variance o2, if

2

lim sup Z bl k) _ (2%)*1/2/ e~ 7 dt| = 0.

n—-4oo B
TR 0<h<pntaon, T

The sequence satisfies a local limit theorem on I C R, with mean u, and variance

2 .
oz, if

onb(n, pn + x0y,)
lim sup
n—-+4oo zel Bn

— (2m)~Y2%e =0.
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The following theorem is a consequence of the Lindeberg central limit theorem;
for details, see [8].

Theorem 5. Let (Qn)n>1 be a sequence of real polynomials with only real nega-
tive zeros. The sequence of the coefficients of the (Qn)n>1 satisfies a central limit

QL) Qu(l) | Q1) (Q;u)

theorem with p, = and 02 = +
= Q) " QD) \Qu®)

lim o2 = +oo. If, in addition, the sequence of the coefficients of each Q,, has
n—>-+o0o

no internal zeros, then the sequence of the coefficients satisfies a local limit theorem
on R.

2
) provided that

Let us evaluate the mean and the variance of X,, . We have the following.

Proposition 4. The mean p, 1, and the variance O'i;k of the random variable Xy, i
are given by,

B nc(n— 1,k—1)
Hnk = c(n, k)
5 cln—1,k-1) cn—2,k—2) cln—1,k-1)
-_n— 7 —1 _
Tnge =T c(n, k) L+(n )c(n - 1,k-1) " c(n, k)
= Hn,k (1 + fn—1k—1 — ,un;k:) .

Proof. Consider Assertion (3) of Proposition 3: ja(n,k,j) = na(n—1,k—1,5—1).
Summing over j, we obtain

k k
Zja(n,k,j):Zna(n—l,k—l,j—l):nc(n—l,k—l);
j=1

then, we obtain

j=1 cln—1,k-1)
Hn,k = =
k c(n, k)
> aln, k. j)
§=0
Recall that
2 2
Onsk = (nk — 3) Pr(Xo . = j)
Jj=>0
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To evaluate Zan(m k,7), differentiate the generating function in Proposition 3
Jj=1
with respect to v. We obtain

n zu(v—1)
. . i1 k< - zue
E E ja(n, k,j)v’ i 7(1 o

n,k>0 \j>1

Multiplying by v and differentiating again with respect to v yields

n zu(v—1) 2,2, zu(v—1)
.9 N1 k2 _ zue + z7u“ve
E E joa(n, k, j)v ut = a2 .
n,k>0 \j>1

Let v =1 in the previous relation; one has
2,2
9 . 20 2u+zfu
a(n, k, U'— = — .
2 | Xdtalmkg) |ty = T
n,k>0 \j>1

Equating the coefficients of uk% on both sides gives

ija(n, kyj)=nce(n—1,k—1)+n(n—1e(n— 2,k —2).

=1
Finally,
Tnge = —lin g + Zf Pr(Xnx = j)
Jj=0
_ nc(n—l,k— D\? ne(n—1,k—1) n nn—1)e(n—2,k—2)
N c(n, k) c(n, k) c(n, k)
_ne(n—Lk—1) (0 ne(n—1,k—1) (n—1)c(n—2,k—2)
B c(n, k) c(n, k) c(n—1,k—1)
= Mn,k (1 — Mk + /”Lnfl,kfl) :
The proof is concluded. O

In order to apply the preceding theorem, we need explicit equivalents of fi,
and 0721),9. To this end, we use an asymptotic expansion of ¢(n, k) due to Moser
and Wyman. When k is small or very large we obtain a degenerate law. For
an intermediate value of k we obtain a normal law. We recall the definition of a
degenerate law.

Definition 6. A random variable X is degenerate if P(X = a) = 1 for some real
constant a.
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In the following theorem, we show that the sequence of random variables (X, 1)
is degenerate for the extreme values of k = k(n) (small and large values of k,
with n — +00). It is noteworthy that convergence in probability is stronger than
convergence in distribution. However, if the the limit is constant (degenerate) then
convergence in distribution implies convergence in probability.

Theorem 6. The sequence (X, 1) of random variables is degenerate in the two
following cases.
1) For k = o(lnn) orn—on®) <k <mn, 0 < a <1/2, (X, k) converges in
probability to a degenerate law at 0.
N2

2) If k is large enough and lim % =0 then (X,) converges in probability

n—-> 00
to a degenerate law at n.

Proof. For k = o(lnn), c¢(n, k) ~ % (see [19]). We deduce that

k
T e
nn

Consequently, P(X,  =0) = (1+0(1)) ~ 1. This is expected. Indeed, if k is small
and n large enough, there is no place for fixed points. If n—o(n®) <k, 0 < a < 1/2,
the asymptotic expansion of ¢(n, k) in this range is given by (see [19])

()

Since n — o(n®) < k, 0 < a < 1/2, it follows that lirri (nk)? _ 0; in this case,
n—-—+o0o

we have

1 n—=k

umkwlc(l—) ok

k
Thus, P(X,, x = k) = (14 0(1)) ~ 1. In this situation, the result is expected; if k is
large, almost all cycles have a length of one, that is, they are fixed points. O

For k such that ﬁ — 4o asn — +oo and k <n—0(n*), 0 <a <1by
the work of Moser and Wyman (see [19, Equation 5.7]) provided the first two terms
of a formula are convenient for calculations. More precisely, they gave

nluP 1/ K; 5K3 >)
k)~ 14 (=2 - 222 )
k) = 0 ot ( k (8K12 24K}

with

k
A

Ky =X (2X* — (3A + 1)e* 4 2¢*")

K3 =X (—6X% — (12)% + 4\ + 1)e" — (11X + 6)e® + 6e*) .
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In the next theorem, employing the same method (and the same notation) as in
[19], we give an asymptotic formula for ¢(n, k) of order three. This result is impor-
tant on its own, since, in the proof of Theorem 7, we give a complete asymptotic
expansion of the Stirling numbers of the first kind (which can be compared with
16, 18, 19, 21, 22]).

Theorem 7 ([19]). For n and k such that -~ — +oo, n — +ooand k <
n—0m*), 0 <a<1, wehave

nlu

k
b by by 1
k)= 14 24242 =
k) = 0= e avak, ( TR TRTE +O<k3>>’

e —1 n

where u is the unique positive real root of = A, and
y Ko 5K3
8K? 24K}’
by = 35K3 TKo K,y B Ks B 35K3K3 385K5
384K 48K ¢ 48K 96K} 1152K9’
by K B 20K,Ke + 35K3K5 + 21K  TTIK3Ks TTK:K3K, 385K3

T 384K 640K 384K 128K 3072K9
 (B005K3K?  1001K3K, 25025K3 K,  85085K%
3072K7 1152K7 9216 K% 82944 K7

The constants K;, 1 <i <7, are given by

Ki = Me*—=)\);

Ky = A2)\ — (3\+ 1)e" + 2¢%);

Kz = A—6X%+ (1202 + 4\ + 1)e” — (11X + 6)e®™ + 63*);

Ky = M24X* — (600 + 202 + 55X + 1)e™ + (7T0A? 4 40\ + 14)e*"
— (50X + 36)e3" + 241},

Ks = M—120)5 + (360\* + 11023 4 30A% + 6 + 1)e®

+(510A% + 30072 + 109X + 30)e?™ + (450\% + 345\ + 150)e3*
+(274\ 4 240)e™™ 4 1207},
Ks = MT720\% — (A% 4+ 840" + 21003 4 4207 + 7T\ + 1)e®
+(42007* + 2520A% + 938\ + 266\ + 62)e>"
— (441003 4 3542)% 4 1624\ + 540)e3" + (324822 4 3066 + 1560)e**
— (1764 4 1800)e®" + 760e°*};
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K7 = M —5040\7 4 (20160 + 6720\ + 1680\ + 336 + 567 + 8\ + 1)e*
— (38640\° + 235207\ + 890413 4 25762 + 615X + 126)e>*
+ (47040\* + 389763 + 185642 + 6476\ + 1806)e>"
— (406143 + 4037672 4 21944\ + 8400)e™ + (262647\% + 29016) + 16800)e™
— (13068 + 15120)e5* + 5040e™}.

Proof. Using the generating function

" n*(1—z
S st Z = 0=

n>k

and the Cauchy formula, we obtain

ofn (=) hﬁﬂ—z)z
(n k) = /F dz,

2mik! zntl

where I is a circle around the origin, and its radius will be determined later. Let
z =re'?. Then,

s(n, k) = S /7T " (1 — re’’) 1

2mklrn eint

:tiéﬂ/ﬂwmmmmafm”»fmww

where F(6) = kIn(In(1 — re®?)) — inf.

In order to find an asymptotic equivalent of c¢(n, k), we use the saddle point
method: the value of the integral is independent of the path of integration. We
choose one that passes through (or near) a saddle point zy (F'(29) =0, F(20) # 0)
and along a neighbourhood of zy, the imaginary part of F, denoted Im F(z), is
constant. By this choice, the saddle point corresponds to a local maximum in this
neighborhood. Thus, the major contribution to the integral essentially comes from
the small part of the path containing zy. For a detailed discussion of this method,
see ([11], Chapter VIII). The calculations are very long as shown by the first few



INTEGERS: 24 (2024)

derivatives of F':

ikre .
F(6) = - (1 —re?)In(1 — rei?) i
Fr(9) = kreie(l —7re)In(1 — re_w) + r2e2i0 1n(1 —re'?) 4 r2e??
(1 —reif)21n?(1 — reif) ’
F(S)(Q) _ ‘ikrew ‘ Zﬁkrze%g .
(1 —re?)In(l —re?) (1 —re?)2In(1 — ret?)
3ikr2e? 2ikr3e3?
(1 —rei?)21In?(1 — rei?) N (1 —re?)31In(1 — re)
3ikr3e3? 2ikr2e3?

- — + — —.
(1 —rei?)s ln3(1 —rei?) (1 —rei?)3 ln3(1 — rei?)

The fourth derivative of F', with respect to 0, is

F(4)(9) _ 4 kre' _ 71477"26%6 4
(1 —re?)In(l —re?) (1 —re?)?ln(l —re?)

Tkr2e2? 12kr3e3¥

(1 —re)2In®(1 —rei?) (1 —re?)3In(l — reif)
18kr3e310 12kr3e310

- (1 —rei®)31n?(1 — reit) - (1 —rei®)31In®(1 — reif)
6krtet? 11kretd

(1 —re®)tn(1 —rei?) (1 — rei?)4 In(1 — reif)
12kret? 6krtet?

(1 —reif)4In®(1 —rei?) (1 —re®)In*(1 — reif)’
The radius r is chosen such that F /(0) =0, or, explicitly,

kr _
(1—r)In(1—7r)

’

The equation F' (0) = F' (r) = 0 is equivalent to

v

¢ :ﬁ:)\,withrzlfefu.
U k

The value of F”(0) is given by

r(1—7)In(l —7) +72In(1 —r) + 12

F0) =k (1—7)2m(1 —7)
B kr n kr? n kr?
S (I—-7r)In(l—-7)  (1-7)2In(l—7) —7)2In?(1 —r)

(1
2 2 2 2
:—n—i—%ln(l—r)—&—%:—n—%u—i—%:—k:Kl.
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Using the notation of the theorem, we obtain
FO0) = —=A(2A% — 3\ + 1)e" + 2e*¥)ik = —ikKy;
FW(0) = (M(—6X% + (12A% + 4\ + 1)e* — (1A + 6)e®" + 6e3)) k = kK3;
FO0) = —ikKy;

We write

/ " exp(F(6))d0 = / " exp(F(0))d6 + /

—T —T —€

€

exp(F'(6))do + /Tf exp(F(6))dd
=I5+ I+ I,

where e = Ink/ V'k. We will prove that I; and I3 are negligible, and then, the major
contribution to the integral comes from Iy. The function |exp(F(6))| attains its
(unique) maximum at § = 0. In addition, exp (F'(6)) is strictly decreasing in the

interval [0, €] since, around 6 = 0, F is real and well approximated by F'(0)+ w&z
(recall that F”(0) < 0). We have

k 1 —rsinf
F0)) — b T2 (1 _ 2 o ( _—rsmou
Re (e ) exp(2 (111 <4ln (1 — 2rcos(f) + r?) + arctan <2rcos9>)>)
2 arctan (21’;522560)
x cos | karctan 5 —nb | .
In® (1 — 2r cos(0) + r2)

Let Re(exp (F'(0))) = g(8) exp(k¢(8)). Then,

i< [ e ()0 = [ o0) explioo)as

and since F' has a unique critical point in [0, 7], the function g(6)exp(k¢(8)) is
monotonically decreasing in [¢, 7]. An integration by parts yields

-/7T exp(Re F'(0))df = /Tr g(0) exp(k¢(0))do

- G0l - ¢ [ 5 (Gay) ewtroons
= ki('zz') exp(ko(m)) — k:iﬁ(’e()e) exp(k¢(e))

_ % / ’Td% ( g/((?)) exp(ke(0))do
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because all the terms are bounded. It follows that / exp(Re F'(0))d0 is negligible

(as well as / exp(Re F'(0))df ). Thus,

—T

s(n, k) ~ (2;1]3;2! [ ‘ exp(F(0))do. (3)

The next step is to evaluate the expression on the right-hand side of Relation (3).
For this, expand the function F(#) about § =0 at any order [ > 2.
F®(0)

We use the notation a; = ———. Relation (3) is now
il

S(H’ k) = 27Tk!7’n. /—ee eXP(F(e))de

_ (! / " exp (F(0) — F(0) + F(0)) df

2wklrn

_ (—1)”;5:;;;&(“@) /E exp (F(6) — F(0)) d6.

—€

Since c(n, k) = (—1)"**s(n, k) and exp (F(0)) = (—u)*, we have

nlub €
c(n, k) ~ _ntu”_ / exp (F(0) — F(0))df

o 2mklrm .

nlu® ‘ l j I+1
- : 07+ 00+ | do
2mkI(1 — e—v)n / exp | a6’ +0(0")

—€ =2

nluk € ) ! _
= 5 111 -~ 2y I+1
T 2k — e w)n /,66Xp(“29 ) exp ;%9 +O0"Y) | do

T 27kl — e w)n il

—€

! (]
Z ajOj
nluk € ! Jj=3
/ exp(az6?) | 1+ o + 06+
=1

If we rearrange the sum in the last integral and drop the terms of order greater
than [ + 1, we obtain

nlu® ‘ 9 : ;
— .07 I+1
c(n, k) = E—— [Eexp(agﬂ )1 +;cﬁ do+ 0@ |,
where
a__kKl C_a__ing C_a_ng C_a_ik;K4
2 — 27 3 — W3 — 6 y G4 — U4 — 24a 5 — U5 — 1207
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kK k2K2
o= ag+ajj2— —SKy KK

Let y = v/kK10. The last integral becomes

mlnk K K
C(n;k)=A</ e‘y2/2<1—i6 =y’ + 312y4+...>dy+0(yl+1)>,

—VEiInk N 24kK
where
A nlu®
- VEK 27k (1 — emu)n
a —+oo )
Note that / 22 e=" /24y = 0, and y*7 exp(—y?/2) is small and may be
—a VEiInk

dropped. Hence, we can complete the bounds of the integral. With ¢, , = c(n, k),
we obtain

R K. y4 K5y6 K2y6
nk = A y</2 1 3 . 3 N P i1 '
o </ooe < * ok~ \ 20k T makis ) T ) WHOWT)

Using the well-known values of the J;,

+oo
J; = /xie_‘”2/2dx, Jo =V2r, Jo = 2r, Jy=3V2x, ...,

— 0o

we obtain a complete asymptotic formula for ¢(n, k):

nluk ! b; 1
k)= —+0|—— ,
k) = 0 = e nyrvanik, ;Ok <k:l+1>
where
o1y Ks BK3 35K} TKGK, Ks  35K3K; 385K}
07 TN TRK2 24K P T 384K4 T 48KY  48KP  96KD | 1152KST
This completes the proof. O

Based on the previous sections, we can now establish the main result of this
section.

Theorem 8. For n and k such that

k
1——>+oo,n—>—|—oo, Ek<n-0(n%), 0<a<l,
nn

the sequence a(n, k, j);j>o is asymptotically normal with mean

—Uu
Hn kg ~ NE
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and variance
9 k
oL~ —
kT

==\
k
Proof. The polynomial P(x) has only real zeros. So, by Theorem 5 the sequence

a(n, k, j) is asymptotically normal, provided that lim o, = +0o. We have
n—-+oo

where u is the unique positive real root of

c(n—1,k—1)
= n——
Hn K c(n, k)

Recall that v and v are, respectively, the positive real roots of the equations

e*—1 n e —1 n-1 /
flu) = " 7E7)\ and f(v) = ” 71@—17)\'

Using Theorem 7, we obtain

V(L — e ) (k)2 (1 + 2+ e e O (133))

finge =k , b b b 1

uk(1 — e=v)n=1((k — 1)K )1/2 (1 +hah b, (,73))
To avoid long and tedious calculations, we use only the first terms of the asymptotic
formula proved in Theorem 7. This is enough to obtain a central limit theorem.
Let us evaluate (u — v). For this, let

e’ —1 nfli /

)= = and )= =TS

w=g) =f' (N and v=g(\) =)

>3
S

The successive derivatives of g are

and

u3
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Then,

v:g()\,)=g()\)—|—]j},_(;)—;()\;l>2m+O<1>.

With k = % and g(\) = u, we obtain
A=1 1 /A=1\?f"(w) 1
= —— | — o|l—=).
=wrira 1 () g o (e
Replace fm (u), i = 1,2, with their values to obtain

B A=1Du 1 /(A =1\ u2(1+u)) — 2u(l + Au) + 2\u 1
U_u+)\k()\u—)\+1)_2< k ) (Au—A+1)3 +O< >

For the sake of simplicity let

where

By — -1y (()\—1)2) u(1+u)\)—2(1+)\u)+2)\'

AAu—A+1) 2k (M —A+1)3

k
Next, we evaluate Ir:

k _ o\ _
vk<1+v u> exp(kln(l+v u))
U U U

By B,% 1
B? 1
The next quantity to compute is

1—e ®\" eV —e ¥

<1—e_7)) —exp{—nln(l—l_e_u>}

We have e™” —e ™ = —(v —u)e “ + %e’“ + O (75) . This yields

L—e*\" (v—uwe ™ (v—u)e 1
(1ev) eXp{ ”n< T e T ai—ew "9\
Brue™ Biu?ev

B eXp{‘”ln (1 R Wi O (2))}
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Since 1 — e~ = Aue™™ and n = Ak, we obtain
1—e *\" By A —1)%u 1
= “Akln(1+— — —
(1—eﬂ> ‘“p{ “< MBVIRETE vy e R O
A2\ —1)2%u 1
= B+ —-+—"7-—"—=111 — 1.
oo (-8 g, ) (140 ()

’
b1

We note in passing that O () = O () for I > 1. The ratio (1;_’111) is asymp-

&
1/2
k?Kl /
(k—1)K] )

totically equal to 1 + O (k%) . To get an asymptotic equivalent of (
substitute K1 and Ky with their values, to obtain:

kK, \Y? 1 1 1 ev — A
Ky=[—21 ) = - — ——m(E=2)).
=) = (o)) (am(5=2))

Let

From

/ / A—1 B 1
=X u+1,e"=Xv+1, A =X = —— +0(1), v—u:ku—i—0(>7

. No—X\+1
Au—A+1

Bu (A —1)u (A—1)

e -
:@m(_ m(1+kQu—A+l)+k@u—A+1)_kQu_A+U))

+0(;>.

Substituting By with its value yields

- 1 AN = 1)u (A—1u A-1)
E, = eXp<—21n<1+k(/\u_)\+1)2+k;(/\u—)\+1) B (/\u—/\—|—1)>>

+@<;).

After expanding In (1 +

we obtain

N = N =

AA=1)u

E(u—A+1)2 ~-~>,We obtain

- 1/ AA—1u A=Du (A-1) !
K, = exp<—2 (k(/\u—)\+1)2+k()‘u_)\+1) _k:()\u—/\—i—l)) +2n>

+0<;).
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Recall that p,  is given by
L+

finge = (1 — e’”)% <B>k (1 — S_Z)n ((k kK1K1>1/2 ( . ) (1+o0(1)).

u 1—e -1 (1_|_%1)

u v

Sinceu~vand 1 —e™ ~1—e7", we have

, b
k() () )

Remembering that (1—e™") = Aue™*, and replacing each term in Relation (4) with
its asymptotic equivalent, we obtain

AA—1) (A —1)u (A—1)
2k(\u — A+ 1)2 i k(M —A+1)2 Qk()\u—)\+1)> '

[N

Keeping just the first term in the previous relation yields p,  ~ ne™" for large n
and k in the indicated range. An equivalent value of ai’k is deduced from p, 1 as
follows:

ook =tk (LF fin—1k—1 — pnze) ~ ne” “(L+ (n—1)e™" —ne™").

Using the facts that u ~ v and e™” —e™ ~ (—v 4+ u)e™™ leads to

o? ok~ e “(1—1—(71—1) —ne ")
=ne “(l—eV+nle?—e "))
=ne “()\’ve +n(e”’ —e™™))
~ne “(Aue™ —n(v—u)e™).

From v —u= B’“u + O (%) and n = Ak, we deduce

O’?L’k ~ne “(Aue™™ — ABrue™ ")
= niue”?"(1 — By)

—2u _ (A — 1)
nAue <1 )\()\u—)\—l—l))
— =2 ()\Qu — A+ 1)

Ay — A2 4+ )\
ANu—A+1
For large enough n and k, as in Theorem 8, ﬁ ~ 1; hence,

2 —2u __ 2 —2u
Op ks ~ NUAE = kA%
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The root u may be obtained by bootstrapping:

e —1

A=

implies u ~ In A+ In(In A).

Substituting v with In A + In(In \) yields

o2 L—i—>+oo
R AInd T In '

The proof is concluded. O

5. Conclusions and Further Questions

The original motivation for this work stemmed from a finding in [17]: when factoring
a random n-digit number, the distribution of the number of digits in its prime factors
is almost the same as the distribution of the cycle lengths in a permutation of n
objects. In [6], we further explored the distribution of the exponent of the prime
number 2 in the factorization of the integer n, comparing it with the number of fixed
points in a k permutation of n objects. Additional instances of such similarities,
and intriguing parallels in other combinatorial models, can be found in [1, 12, 13].

There is another subject where a similitude may be observed. Let X be an
n-element set. Denote by T'(n,j), 0 < j < n, the number of topologies one can
define on X, and having j open sets, which are singletons. For n = 2, we have
T(2,0)=1,7(2,1) =2,7T(2,2) = 1. More calculation gives 7'(3,0) =4, T(3,1) =
15, T'(3,2) =9, T(3,3) = 1. Despite the challenging determination of this sequence,
it seems to be interesting and may have many nice properties. We conjecture that
the generating polynomial associated with (7'(n,))_y, n > 2, has only real zeros.
A weaker conjecture is the log-concavity of the sequence (1'(n, j))j_o-
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We are also very indebted to the anonymous referee for his/her careful reading and
for his/her many corrections and remarks, which highly improved the paper. Our
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References

[1] R. Arratia, A. D. Barbour and S.Tavaré, Random combinatorial structures and prime factor-
izations, Notices Amer. Math. Soc. 44 (1997), 903-910.



INTEGERS: 24 (2024) 24

[2] R. Arratia and S. Desalvo, Completely effective error bounds for Stirling numbers of the first
and second kinds via Poisson approximation, Ann. Comb. 21 (1) (2017), 1-24.

[3] M. Balazard, Quelques exemples de suites unimodales en théorie des nombres, J. Théor.
Nombres Bordeauz 2 (1) (1990), 13-30.

[4] M. Balazard, H. Delange and J.-L. Nicolas, Sur le nombre de facteurs premiers des entiers, C.
R. Math. Acad. Sci. Paris 306, Série 1 (1988), 511-514.

[5] E. Bender, Central and local theorems applied to asymptotic enumeration, J. Combin. Theory
Ser. A 15 (1973), 91-111.

[6] M. Benoumhani, Polynomes & racines négatives et applications combinatoires, Ph.D Thesis,
Claude Bernard University, Lyon, 1993.

[7] E. R. Canfield, Asymptotic normality in binomial type enumeration, Ph.D. Thesis, University
of California, San Diego, 1975.

[8] L. Clark, Central and local limit theorems for excedances by conjugacy class and by derange-
ment, Integers 2 (2002), #A 03.

[9] L. Comtet, Advanced Combinatorics: The Art of Finite and Infinite Ezpansions, Reidel,
Dordrecht and Boston 1974.

[10] H. Delange, On the integers for which Q(n) = k, Analytic Number Theory, proceedings of a
conference in honour of P.T. Bateman, Birkhauser, (1990).

[11] P. Flajolet and R. Sedgewick, Analytic Combinatorics, Cambridge University Press, Cam-
bridge, 2009.

[12] K. Ford, Anatomy of integers and random permutations, course notes, available at
https://ford126.web.illinois.edu/ Anatomy-lectnotes.pdf.

[13] A. Granville and J. Granville, Prime Suspects: The Anatomy of Integers and Permutations,
Princeton University Press, Princeton, 2019.

[14] L. H. Harper, Stirling behavior is asymptotically normal, Ann. Math. Stat. 38 (1966), 410-
414.

[15] P. Hitczenko and A. Lohss, Probabilistic consequences of some polynomial recurrences, Ran-
dom Structures Algorithms, 53 (4) (2018), 652-666.

[16] H-K. Hwang, Asymptotic expansions for the Stirling numbers of the first kind, J. Combin.
Theory Ser. A 71 (2) (1995), 343-351.

[17] D. E. Knuth and L. Trabb Pardo, Analysis of a simple factorisation algorithm, Theor. Comp.
Sci. 3 (1976), 321-384.

[18] G. Louchard, Asymptotics of the Stirling numbers of the first kind revisited: A saddle point
approach, Discrete Math. Theor. Comput. Sci. 12 (2) (2010), 167-184.

[19] L. Moser and M. Wyman, Asymptotic development of the Stirling numbers of the first kind,
J. Lond. Math. Soc. 33 (1958), 133-146.

[20] G. Polya and G. Szegd, Problems and Theorems in Analysis, Springer-Verlag, Berlin, Heidel-
berg, 1976.

[21] A. N. Timashev, On asymptotic expansions of Stirling numbers of the first kind, Discrete
Math. Appl. 8 (5) (1998), 533-544.

[22] H. Wilf, The asymptotic behavior of the Stirling numbers of the first kind, J. Combin. Theory
Ser. A 64 (1993), 344-349.



