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Abstract

Recently, the growth of the products of Lüroth quotients di(x) in the Lüroth ex-
pansion of a real number x was studied in connection with improvements to Dirich-
let’s theorem. In this paper, for a non-decreasing positive measurable function
F (x1, . . . , xm) and a function ϕ : N → R>0, we consider the following set:

EF (ϕ) = {x ∈ [0, 1] : F (dn(x), . . . , dn+m−1(x)) ≥ ϕ(n) for infinitely many n ∈ N},

and obtain its Lebesgue measure λ(EF (ϕ)). As an application of our result, we
consider the case when F (x1, . . . , xm) = x1 + · · ·+ xm.

1. Introduction

Every x ∈ (0, 1] can be uniquely expressed in the form of a Lüroth series

x =
1

d1(x)
+

1

d1(x)(d1(x)− 1)d2(x)
+

1

d1(x)(d1(x)− 1)d2(x)(d2(x)− 1)d3(x)
+ . . . ,

where dn(x) ∈ N, dn(x) ≥ 2, n = 1, 2, 3, . . .. Lüroth series can be studied through

the Lüroth map L, whose definition will be addressed in Section 2.

Let λ denote the Lebesgue measure on R. H. Jager and C. de Vroedt [3] showed

that L is measure-preserving and ergodic. Also, they noted that the Lüroth quo-

tients d1(x), d2(x), . . . can be viewed as random variables and are independent.

Throughout this paper, let Ψ : N → R>0 be a positive function. We consider the

Lebesgue measure of the following set:

E(Ψ) :=
{
x ∈ (0, 1] : dn(x) ≥ Ψ(n) for infinitely many n ∈ N

}
.
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The following theorem is the Lüroth series analogue of the Borel-Bernstein The-

orem for continued fractions.

Theorem 1 ([3]). The Lebesgue measure of E(Ψ) is given by

λ
(
E(Ψ)

)
=


0 if

∞∑
n=1

Ψ(n)−1 < ∞

1 if
∞∑

n=1
Ψ(n)−1 = ∞.

Brown-Sarre, Robert, and Hussain [2] considered a weighted product of consec-

utive Lüroth digits: given m ∈ N and t = (t0, . . . , tm−1) ∈ Rm
>0, they defined

Et(Ψ) :=

{
x ∈ (0, 1] :

m−1∏
i=0

dtin+i(x) ≥ Ψ(n) for infinitely many n ∈ N

}
and proved the following dichotomy statement for the Lebesgue measure of Et(Ψ).

Theorem 2 ([2]). Let m ∈ N, Ψ : N → R>0 and t = (t0, . . . , tm−1) ∈ Rm
>0. If

lim inf
n→∞

Ψ(n) > 1, (1)

then

λ
(
Et(Ψ)

)
=


0 if

∞∑
n=1

(logΨ(n))ℓ(t)−1

Ψ(n)1/T
< ∞

1 if
∞∑

n=1

(logΨ(n))ℓ(t)−1

Ψ(n)1/T
= ∞

where

T := max{t0, t1, . . . , tm−1}, ℓ(t) := # {j ∈ {0, . . . ,m− 1} : tj = T} . (2)

A similar result for weighted products of multiple partial quotients in continued

fractions was obtained earlier in [1].

In this paper, for a fixed m ∈ N, we consider positive non-decreasing measurable

m-variable function F (x1, x2, . . . , xm) defined on [2,∞)× [2,∞)× . . .× [2,∞). The

function F is said to be non-decreasing if for all fixed ai, bi (ai ≥ 2, bi ≥ 2, 1 ≤ i ≤
m), the following condition holds:

ai ≤ bi for all i, 1 ≤ i ≤ m ⇒ F (a1, a2, . . . , am) ≤ F (b1, b2, . . . , bm).

We define

EF (Ψ) =
{
x ∈ [0, 1) : F (dn, . . . , dn+m−1) ≥ Ψ(n) for infinitely many n ∈ N

}
.

It is clear that EF (Ψ) generalizes Et(Ψ) in Theorem 2, with

F (x1, x2, . . . , xm) =

m∏
i=1

xti
i . (3)
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Our first theorem gives a general zero – one law for the sets EF (Ψ). Let D = N≥2,

and define

H(x) =
∑

F (x1,x2,...,xm)≥x,
x1,...,xm∈D

n∏
i=1

1

xi(xi − 1)
. (4)

Theorem 3. Let Ψ : N → R>0. Suppose F (x1, . . . , xm) > 0 for x1, . . . , xm ∈ D,
and let H(x) be defined as in (4). Then

λ
(
EF (Ψ)

)
=

{
0 if

∑∞
n=1 H

(
Ψ(n)

)
< ∞

1 if
∑∞

n=1 H
(
Ψ(n)

)
= ∞.

Proof of Theorem 2 assuming Theorem 3. Let t := min{t0, t1, . . . , tm−1}. Accord-

ing to [2, Lemma 3.4], if m ∈ N, t ∈ Rm
>0, and g ≥ 2mt, then

∑
d
t0
1 ···d

tm−1
m ≥g

d1,...,dm∈D

m∏
j=1

1

dj(dj − 1)
≍m,t

logℓ(t)−1 g

g1/T
,

where T and ℓ(t) are as in (2). Thus, if we assume that Ψ(n) > 2mt for all large

enough n ∈ N and take F as in (3), it follows that

H
(
Ψ(n)

)
≍m,t

(logΨ(n))ℓ(t)−1

Ψ(n)1/T
,

which makes the convergence/divergence conditions of Theorems 2 and 3 coincide.

It remains to consider the case when there are infinitely many n ∈ N such that

1 < Ψ(n) ≤ 2mt. Then, in view of (1), we can choose a real number y and an

increasing sequence of natural numbers (nj)j≥1 such that

1 < y < Ψ(nj) ≤ 2mt for all j ∈ N. (5)

Then

logℓ(t)−1 y < logℓ(t)−1 Ψ(nj) and 2−mt/T ≤ Ψ(nj)
−1/T for all j ∈ N,

and therefore,
∞∑
j=1

logℓ(t)−1 Ψ(nj)

Ψ(nj)1/T
= ∞.

Meanwhile, for any x ∈ (0, 1] and any n ∈ N, we have
∏m−1

i=0 dtin+i(x) ≥ 2mt, and

thus from (5) we have Et(Ψ) = (0, 1]. Hence Theorem 2 follows from Theorem

3.
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For computations it is convenient to replace the summation in (4) with inte-

gration. For that, one needs to impose some regularity conditions on F . Namely,

suppose that

sup
xi≥2,1≤i≤m

F (x1, x2, . . . , xm)

F (⌊x1⌋, ⌊x2⌋, . . . , ⌊xm⌋)
= M < ∞. (6)

Set

G(x) =

∫
· · ·

∫
F (x1,...,xm)≥x,
x1≥2,...,xm≥2

1

x2
1 · · ·x2

m

dx1 · · · dxm. (7)

Theorem 4. Let Ψ : N → R>0. Suppose F (x1, . . . , xm) > 0 for xi ≥ 2, 1 ≤ i ≤ m,

and that F is non-decreasing and satisfies (6). Let G(x) be defined as in (7). Then

λ
(
EF (Ψ)

)
=

{
0 if

∑∞
n=1 G

(
Ψ(n)

)
< ∞

1 if
∑∞

n=1 G
(
MΨ(n)

)
= ∞,

where M is as in (6).

As an example, this theorem can be applied to the function

F (x1, . . . , xm) = x1 + . . .+ xm. (8)

in the following way: if Ψ : N → R≥m and F (x) is defined as in (8), then

λ
(
EF (Ψ)

)
=


0 if

∞∑
n=1

1
Ψ(n) < ∞

1 if
∞∑

n=1

1
Ψ(n) = ∞

(9)

Indeed, one can show that for any m ∈ N and a ≥ m,∫
· · ·

∫
x1+x2+...+xm≥a,

x1≥1,...,xm≥1

1

x2
1 · · ·x2

m

dx1 · · · dxm ≍m
1

a

(the upper bound is derived in [6, (3.2)], and the lower bound can be established

by a similar method).

We would like to remark though that (9) can be easily shown without using

Theorem 4. Namely, if
∑

n∈N
1

Ψ(n) converges, then the same is true for∑
n∈N

1
min(Ψ(n),...,Ψ(n−m+1)) . The set{

x ∈ (0, 1] : dn + ...+ dn+m−1 > Ψ(n)
}
for infinitely many n}

is contained in

{x ∈ (0, 1] : dn > min
(
Ψ(n), . . . ,Ψ(n−m+ 1)

)
for infinitely many n},

which has measure 0 from Theorem 1. On the other hand, if
∑∞

n=1
1

Ψ(n) = ∞, then

by the divergence case of Theorem 1, for Lebesgue-a.e.x, one has dn(x) ≥ Ψ(n) for

infinitely many n ∈ N, and hence the same is true for dn(x) + . . .+ dn+m−1(x).
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Figure 1: The Lüroth map

2. Lüroth Series

Let d1 : (0, 1] → D = N≥2 be defined as d1(x) =

⌊
1

x

⌋
+ 1. Then d1 assigns to each

x ∈ (0, 1] an integer greater than 1. The Lüroth map L(x) : [0, 1] → [0, 1] is defined

by

L(x) =

{
d1(x)

(
d1(x)− 1

)
x−

(
d1(x)− 1

)
if x ∈ (0, 1]

0 if x = 0

Figure 1 shows the graph of the Lüroth map. It is constructed similarly to the

Gauss map used to define continued fractions. However the Gauss map is piecewise

fractional-linear, while the Lüroth map has linear branches. This makes the analysis

of Lüroth series easier than that of continued fractions.

For x ∈ (0, 1] and n ∈ D, we set dn(x) = d1
(
Ln−1(x)

)
, where the exponent n− 1

denotes the (n− 1)-th iteration. We call L a shift operator. If x has Lüroth digits

(c1, c2, . . .), then L(x) has Lüroth digits (c2, c3, . . .). For c = (c1, . . . , cn) ∈ Dn, we

define the cylinder of level n based at c as

In(c) := {x ∈ (0, 1] : d1(x) = c1, . . . , dn(x) = cn} .

We set In(c) to be the set of all real numbers in (0, 1] whose Lüroth expansion begin

with (c1, . . . , cn).

For each c = (c1, . . . , cn) ∈ Dn, set

⟨c1, . . . , cn⟩ :=
1

c1
+

1

c1(c1 − 1)c2
+ . . .+

1

c1(c1 − 1)c2(c2 − 1) . . . cn−1(cn−1 − 1)cn
.

Proposition 1 ([2]). For every n ∈ N and c = (c1, . . . , cn) ∈ Dn, we have

In(c) = (⟨c1, . . . , cn⟩ , ⟨c1, . . . , cn − 1⟩) ,
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and therefore

λ
(
In(c)

)
=

n∏
j=1

1

cj(cj − 1)
. (10)

3. Proof of Theorem 3

In this section, our arguments largely follow those of Huang, Wu, and Xu [4]. Fix

an m ∈ N. Let n ∈ N. Suppose that F is a positive non-decreasing m-variable

measurable function. Define

An = {x ∈ (0, 1] : F (d1, . . . , dm) ≥ Ψ(n)} .

It is clear that x ∈ EF (Ψ) if and only if Ln−1(x) ∈ An for infinitely many n ∈ N.
Clearly An can be written as a union of a collection of m-th order cylinders:

An =
⋃

F (d1,...,dm)≥Ψ(n)
d1,...,dm∈D

Im(d1, . . . , dm).

Therefore,

λ(An) =
∑

F (d1,...,dm)≥Ψ(n)
d1,...,dm∈D

λ
(
Im(d1, . . . , dm)

)
.

From (10), we have

λ(An) =
∑

F (d1,...,dm)≥Ψ(n)
d1,...,dm∈D

m∏
k=1

1

dk(dk − 1)
. (11)

The following theorem is Lemma 3.2 of [2].

Theorem 5. Fix m ∈ N. Let (An)n≥1 be a sequence of at most countable unions

of cylinders of level m. We have

λ

(
lim sup
n→∞

L−n[An]

)
=

{
0 if

∑∞
n=1 λ(An) < ∞

1 if
∑∞

n=1 λ(An) = ∞

Proof of Theorem 3. By (11), the series

∞∑
n=1

H
(
(Ψ(n)

)
(12)

converges (respectively, diverges) if and only if so does the series
∑∞

n=1 λ(An). By

Theorem 5, this implies that the series (12) converges (respectively, diverges) if and

only if the set

{x ∈ (0, 1] : Ln(x) ∈ An for infinitely many n ∈ N}



INTEGERS: 24 (2024) 7

has zero (respectively, full) measure. The latter, since L is measure-preserving,

amounts to saying that λ
(
EFΨ)

)
is equal to zero (respectively, one).

In order to prove Theorem 4, we give the upper and lower bounds for λ(An).

Theorem 6. For n ∈ N, we have λ(An) ≤ 3mG
(
Ψ(n)

)
.

Proof. It is clear that

1

dk(dk − 1)
≤ 3

dk(dk + 1)
, dk ≥ 2.

From (11), we have

λ(An) ≤ 3m
∑

F (d1,...,dm)≥Ψ(n)
d1,...,dm∈D

1

dk(dk + 1)
= 3m

∑
F (d1,...,dm)≥Ψ(n)

d1,...,dm∈D

m∏
k=1

∫ dk+1

dk

1

x2
k

dxk

= 3m
∑

F (d1,...,dm)≥Ψ(n)
d1,...,dm∈D

∫ d1+1

d1

. . .

∫ dm+1

dm

1

x2
1 . . . x

2
m

dx1 . . . dxm.

The domain of the above integration is

Q1 = {[d1, d1+1)×· · ·×[dm, dm+1) : F (d1, . . . , dm) ≥ Ψ(n), d1, . . . , dm ∈ D}, (13)

which is a subset of

{(x1, . . . , xm) : x1 ≥ 2, . . . , xm ≥ 2, F (x1, . . . , xm) ≥ Ψ(n)}

since F is non-decreasing. Therefore,

λ(An) ≤ 3m
∫

· · ·
∫

F (x1,...,xm)≥Ψ(n),
x1≥2,··· ,xm≥2

1

x2
1 · · ·x2

m

dx1 · · · dxm = 3mG
(
Ψ(n)

)
.

Theorem 7. For n ∈ N, we have λ(An) ≥ G
(
MΨ(n)

)
, where M is defined in (6).

Proof. From (11) we have

λ(An) =
∑

F (d1,...,dm)≥Ψ(n)
d1,...,dm∈D

m∏
k=1

1

dk(dk − 1)
≥

∑
F (d1,...,dm)≥Ψ(n)

d1,...,dm∈D

m∏
k=1

∫ dk+1

dk

1

x2
k

dxk

=

∫
· · ·

∫
Q1

1

x2
1 · · ·x2

m

dx1 · · · dxm,

(14)
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where Q1 is defined in (13). Let

Q2 = {(x1, . . . , xm) : x1 ≥ 2, . . . , xm ≥ 2, F (x1, . . . , xm) ≥ MΨ(n)}.

Then Q2 ⊂ Q1. To see this, note that if (x1, . . . , xm) ∈ Q2, then F (x1, . . . , xm) ≥
MΨ(n). From (6), we have

F (⌊x1⌋, . . . , ⌊xm⌋) ≥ Ψ(n).

Therefore,

(x1, . . . , xm) ∈ [⌊x1⌋, ⌊x1⌋+ 1)× · · · × [⌊xm⌋, ⌊xm⌋+ 1) ⊂ Q1.

From (14), we have

L(An) ≥
∫

· · ·
∫
Q2

1

x2
1 · · ·x2

m

dx1 · · · dxm.

From (7), we have λ (An) ≥ G
(
MΨ(n)

)
.

Proof of Theorem 4. Set

Rn =
{
(d1, . . . , dm) ∈ Dm : F (d1, . . . , dm) ≥ Ψ(n)

}
,

and let An =
⋃

d∈Rn
Im(d).

If
∑∞

n=1 G
(
Ψ(n)

)
< ∞, then by Theorem 6, we have

∞∑
n=1

λ(An) < ∞.

By Theorem 5, λ ({x ∈ (0, 1] : Ln(x) ∈ An for infinitely many n ∈ N}) = 0. There-

fore,

λ
(
EF (Ψ)

)
= λ

(
{x ∈ (0, 1] : Ln−1(x) ∈ An for infinitely many n ∈ N}

)
.

Since L is measure-preserving, we have λ
(
EF (Ψ)

)
= 0.

On the other hand, if
∑∞

n=1 G
(
MΨ(n)

)
= ∞, then by Theorem 7, we have

∞∑
n=1

λ(An) = ∞.

By Theorem 5, λ
(
{x ∈ (0, 1] : Ln(x) ∈ An for infinitely many n ∈ N}

)
= 1. From

the fact that L is measure-preserving, we have λ
(
EF (Ψ)

)
= 1.
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