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Abstract
Recently, the growth of the products of Liiroth quotients d;(x) in the Liiroth ex-
pansion of a real number x was studied in connection with improvements to Dirich-
let’s theorem. In this paper, for a non-decreasing positive measurable function
F(x1,...,2,) and a function ¢ : N — R+, we consider the following set:

Er(¢p) ={z €0,1]: F(dn(x),...,dntm-1(x)) > ¢(n) for infinitely many n € N},

and obtain its Lebesgue measure A(Ep(¢)). As an application of our result, we
consider the case when F(x1,...,2m) =21+ + Ty

1. Introduction

Every = € (0,1] can be uniquely expressed in the form of a Liiroth series
1 1 1
— + + + ...,
di(x)  di(z)(di(z) = D)da(z) * di(x)(di(x) —1)da(z)(d2(z) — 1)ds(2)
where d,(z) € N, d,(z) > 2, n = 1,2,3,.... Liiroth series can be studied through
the Liiroth map £, whose definition will be addressed in Section 2.
Let A denote the Lebesgue measure on R. H. Jager and C. de Vroedt [3] showed

that £ is measure-preserving and ergodic. Also, they noted that the Liiroth quo-
tients di(x),ds(x), ... can be viewed as random variables and are independent.

X

Throughout this paper, let ¥ : N — R be a positive function. We consider the
Lebesgue measure of the following set:

E(W) :={z € (0,1] : dn(z) > ¥(n) for infinitely many n € N}.
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The following theorem is the Liiroth series analogue of the Borel-Bernstein The-
orem for continued fractions.

Theorem 1 ([3]). The Lebesgue measure of E(V) is given by

0 if Y ¥n)!<oo

AEW)) = -

1 if Y ¥(n)~! = oco.
n=1

Brown-Sarre, Robert, and Hussain [2] considered a weighted product of consec-
utive Liiroth digits: given m € N and t = (¢o,...,tm—1) € RT,, they defined

m—1
E (D) = {w € (0,1]: H di,;(z) > W(n) for infinitely many n € N}
=0

and proved the following dichotomy statement for the Lebesgue measure of & (7).

Theorem 2 ([2]). Letm e N, W:N —= Ry and t = (to,...,tm—1) € RYy. If

linrggf U(n) > 1, (1)
then
. ) (1)) 01
0 if 21 % < o0
AME(W)) = _ " (log W(n)) -1
b nZ::1 Tyt T X
where

T :=max{to,t1,...,tm-1}, L(t):=#{jec{0,....m—1}:¢;, =T}. (2)

A similar result for weighted products of multiple partial quotients in continued
fractions was obtained earlier in [1].

In this paper, for a fixed m € N, we consider positive non-decreasing measurable
m-variable function F(z1, 2, ..., 2,;,) defined on [2,00) X [2,00) X ... X [2,00). The
function F is said to be non-decreasing if for all fixed a;,b; (a; > 2,b; > 2,1 <4 <
m), the following condition holds:

a; <b; for all i,1 <i<m = F(ay,a2,...,am) < F(b1,b2,...,bm).
We define
Er(W) ={z€[0,1): F(dy,...,dntm—1) = ¥(n) for infinitely many n € N}.

It is clear that Ep(P) generalizes & (¥) in Theorem 2, with

F(xl,xg,...,xm):Hx?. (3)
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Our first theorem gives a general zero — one law for the sets (V). Let D = N>,
and define

n

ORI DI | o 0

- ;T
F(x1,x2,....xm)>x, =1 z( ¢
T1,..,Tm €D

Theorem 3. Let ¥ : N — Ryg. Suppose F(x1,...,2m) >0 for x1,...,2, € D,
and let H(z) be defined as in (4). Then

0 if> " H(¥(n) <
LAty H(¥(n)

Proof of Theorem 2 assuming Theorem 3. Let t := min{tg,t1,...,tm—1}. Accord-
ing to [2, Lemma 3.4], if m € N, t € RZ, and g > 2™, then

di(d;j—1) =" gt

001 3 g 71
di,...,dm €D

0
.

MEr(D)) = {

where T and £(t) are as in (2). Thus, if we assume that ¥(n) > 2™ for all large
enough n € N and take F as in (3), it follows that

log U(n))4®)-1
(W) = CER

which makes the convergence/divergence conditions of Theorems 2 and 3 coincide.

It remains to consider the case when there are infinitely many n € N such that
1 < ¥(n) < 2™ Then, in view of (1), we can choose a real number y and an
increasing sequence of natural numbers (n;);>1 such that

1<y<U(n;)<2™ forall jeN. (5)
Then
log"® 1y < logf®—1 U(n;) and 27™/T < W(n;)"YT forall jeN,

and therefore,
S R 1))

W) T

j=1

Meanwhile, for any = € (0,1] and any n € N, we have []/"," di,;(z) > 2™, and

thus from (5) we have &(¥) = (0,1]. Hence Theorem 2 follows from Theorem
3. O
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For computations it is convenient to replace the summation in (4) with inte-
gration. For that, one needs to impose some regularity conditions on F. Namely,

suppose that

sup F(z1,22,...,2m) =M < o0. (6)

wiz2a<i<m F(laa]s [2a]s s [2m])

Gl) = // ﬁdwlmdxm. (7)

F(z1,....xm)>x,
2122,..,Tm >2

Set

Theorem 4. Let U : N — Ryg. Suppose F(x1,...,2m,) >0 forax; >2,1<i<m,
and that F is non-decreasing and satisfies (6). Let G(x) be defined as in (7). Then

[0 iYL G(EMm) < oo
AEr(Y)) = {1 ifszzi G(M¥(n) =

where M is as in (6).

oo,

As an example, this theorem can be applied to the function

Fx1,...,xm) =21+ ...+ T (8)
in the following way: if ¥ : N — R>,,, and F'(x) is defined as in (8), then
0 if 35 gy <oo
AEr (W) = n=t 1 9)
1 if nzl m =0
Indeed, one can show that for any m € N and a > m,

1 1
/ / x%xgn T LTm ma

T1+ao+... 4T, >a,
z121, 2,21

(the upper bound is derived in [6, (3.2)], and the lower bound can be established
by a similar method).

We would like to remark though that (9) can be easily shown without using
Theorem 4. Namely, if .y ﬁ converges, then the same is true for
. The set

1
ZnEN min(¥(n),...,¥(n—m+1))

{z€(0,1] :dyp + ... + dpym—1 > ¥(n)} for infinitely many n}
is contained in

{z €(0,1] : d, > min (¥(n),..., ¥(n —m+ 1)) for infinitely many n},

which has measure 0 from Theorem 1. On the other hand, if 220:1 ﬁ = 00, then

by the divergence case of Theorem 1, for Lebesgue-a.e.z, one has d,(z) > ¥(n) for
infinitely many n € N, and hence the same is true for d,(x) + ... + dptm-1(2).
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Figure 1: The Liiroth map

2. Liiroth Series

1
Let d; : (0,1] = D = N>5 be defined as d;i(z) = {J + 1. Then d; assigns to each
= x

z € (0,1] an integer greater than 1. The Liroth map L£(z) : [0,1] — [0,1] is defined
by

, {dl(x)(dl(x) —a— (d(x)—1) ifae(0,1]
() = .
0 ifz=0

Figure 1 shows the graph of the Liiroth map. It is constructed similarly to the
Gauss map used to define continued fractions. However the Gauss map is piecewise
fractional-linear, while the Liiroth map has linear branches. This makes the analysis
of Liiroth series easier than that of continued fractions.

For z € (0,1] and n € D, we set dy,(z) = d1 (L (z)), where the exponent n — 1
denotes the (n — 1)-th iteration. We call £ a shift operator. If  has Liiroth digits
(c1,¢2,...), then L(x) has Liiroth digits (¢g,c¢s,...). For ¢ = (¢1,...,¢,) € D™, we
define the cylinder of level n based at c as

I(c) :={x €(0,1) : di(x) = c1,...,dn(x) = Cn}.

We set I,,(c) to be the set of all real numbers in (0, 1] whose Liiroth expansion begin
with (e1,...,¢n).
For each ¢ = (¢1,...,¢,) € D™, set
Ly ! +oo+ !
C1 01(61 — 1)62 Cl(Cl — 1)02(02 — 1)...cn,1(cn,1 — 1)Cn'

(c1y. . yen) =

Proposition 1 ([2]). For everyn € N and ¢ = (c1,...,c,) € D", we have

I,(c) = ({c1,. - cn), {1y o yen — 1)),
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and therefore

AI(0) = [ —- (10)

3. Proof of Theorem 3

In this section, our arguments largely follow those of Huang, Wu, and Xu [4]. Fix
an m € N. Let n € N. Suppose that F is a positive non-decreasing m-variable
measurable function. Define

A, ={2€(0,1]: F(dy,...,dm) > T (n)}.

It is clear that = € Er(W) if and only if £~ !(x) € A, for infinitely many n € N.
Clearly A, can be written as a union of a collection of m-th order cylinders:

A, = U In(dy,. .. dy).
F(dy,esdn) > (n)
di,...,dm €D

Therefore,
AA,) = > ANIn(di, - . di))-

F(di,...,dm)>¥(n)
di,...,dm €D

From (10), we have

T 1
S DR | i) (11)
F(dyornrdo) > W(n) k=1 di(d, — 1)
di,...,dm €D
The following theorem is Lemma 3.2 of [2].

Theorem 5. Fiz m € N. Let (An)n>1 be a sequence of at most countable unions
of cylinders of level m. We have

£ g0 A,
A (Hm sup E"L[An]) — 0 1 Zgozl AAy) < o0
e 1f 507 A(Ay) = o0

Proof of Theorem 3. By (11), the series
> H((¥(n)) (12)
n=1

converges (respectively, diverges) if and only if so does the series > 2 | A(4,). By
Theorem 5, this implies that the series (12) converges (respectively, diverges) if and
only if the set

{z € (0,1] : L (x) € A, for infinitely many n € N}
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has zero (respectively, full) measure. The latter, since £ is measure-preserving,
amounts to saying that )\(S F\IJ)) is equal to zero (respectively, one). O

In order to prove Theorem 4, we give the upper and lower bounds for A(4,,).
Theorem 6. Forn € N, we have A\(4,) < 3™G(¥(n)).

Proof. 1t is clear that

Bodr—1) = delds + 1)’
From (11), we have
1 m di+1 1
AA,) <37 Z e DS 1/ i

F(dlyn-»dwt)Z\P(n) k=1 k
Lyeeey di,...,dm€

di+1 dm+1 1
—3m / / ——day . da.
d1 dim .’L'l . l‘m
F(dh m)>‘1’(”)

The domain of the above integration is
Q1 =A{ld1,d1+1)x-+-X[dp,dm~+1) : F(dy1,...,dw) > ¥(n), di,...,dn € D}, (13)
which is a subset of
{(x1, . yzm) i1 > 2,00 ,2m 2 2, F (21,0, 2m) > U(n)}

since I is non-decreasing. Therefore,

1 7
F(z1,....xm)>¥(n),
2122, , T >2
O
Theorem 7. For n € N, we have A(A,) > G(MY(n)), where M is defined in (6).

Proof. From (11) we have

> Mgz > 1[4

Fd, m>\I/rLk1 F(dyi,...,dm)>¥(n) k=1
(1 ,,)Leu))() (clll, d)e]]])() (14)

:/ / 1 dTom,
1 .’131

A(4n)
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where Q7 is defined in (13). Let
Qa={(x1,...,&m) 21 >2,..., Ty > 2, F(x1,...,2m) > MPI(n)}.

Then Q2 C Q1. To see this, note that if (z1,...,2,) € Q2, then F(x1,...,2m) >
MU(n). From (6), we have

F(lz1],. -y [2m]) = ¥(n).
Therefore,
(@1, yxm) € [l21], 1] + 1) X -+ X [[2m], |2m] + 1) C Q1.

From (14), we have
L(An) =

From (7), we have A (4,) > G(M¥(n)). O
Proof of Theorem 4. Set
Ry ={(d1,...,dn) €D : F(dy,...,dn) > ¥(n)},

and let A, = Uger, Im(d).
If 07, G(¥(n)) < oo, then by Theorem 6, we have

i AMA,) < 0.

n=1
By Theorem 5, A ({z € (0,1] : L™(z) € A, for infinitely many n € N}) = 0. There-
fore,

AEr(P)) =X ({z €(0,1] : L (2) € A, for infinitely many n € N}).

Since £ is measure-preserving, we have A(Ep(¥)) = 0.
On the other hand, if }-,° | G(M¥(n)) = oo, then by Theorem 7, we have

> A(Ay) = o0.

By Theorem 5, A({z € (0,1] : £L"(z) € A, for infinitely many n € N}) = 1. From
the fact that £ is measure-preserving, we have A(Ep(¥)) = 1. O

Acknowledgements. The authors are thankful to the referee for a careful reading
of the paper and for suggesting an idea to derive (9) from Theorem 1. Dmitry Klein-
bock was supported by NSF grant DMS-2155111. The research of Yuqing Zhang is
supported by National Natural Science Foundation of China grant 12101468.



INTEGERS: 24 (2024) 9

References

[1] A. Bakhtawar, M. Hussain, D. Kleinbock, and B. Wang, Metrical properties for the weighted
products of multiple partial quotients in continued fractions, Houston J. Math, to appear.

[2] A. Brown-Sarre, G. Robert, and M. Hussain, Metrical properties of weighted products of
consecutive Liiroth digits, preprint, arXiv:2306.06886.

[3] H. Jager and C. de Vroedt, Liiroth series and their ergodic properties, Nederl. Akad. Wetensch.
Proc. Ser. A 72 (31) (1969), 31-42.

[4] L. Huang, J. Wu, and J. Xu, Metric properties of the product of consecutive partial quotients
in continued fractions, Israel J. Math 238 (2) (2020), 901-943.

[5] D. Kleinbock and N. Wadleigh, A zero-one law for improvements to Dirichlet’s theorem, Proc.
Amer. Math. Soc 146 (5) (2018), 1833-1844.

[6] Y. Zhang, Metrical properties for functions of consecutive multiple partial quotients in con-
tinued fractions, Int. J. Number Theory, to appear.



