#AT5 INTEGERS 24 (2024)

WEIGHTED SUMMATION OF DIRICHLET CONVOLUTIONS
AND APPLICATIONS TO SOME DIVISOR PROBLEMS OVER
k-FREE AND B-FREE INTEGERS

André Pierro de Camargo’
Visiting Fellow, School of Mathematics and Statistics, UNSW Sydney, Australia
and
Center of Mathematics, Computer Science and Cognition, Federal University of
ABC, Brazil
andrecamargo.math@gmail.com

Received: 2/27/2/4, Revised: 4/18/24, Accepted: 8/9/2/, Published: 8/16/24

Abstract
We express functions of the type > w(j)(u*v)(j), for generic weight functions w,
i<z
in terms of the summatory functions _ (u*v)(j) of the Dirichlet convolution of u
Jj<z

and v, when u and v are both completely multiplicative. This information is used
to analyze some divisor problems over k-free and B-free integers. In particular, we
prove a conjecture about an asymptotic formula for the sum of the divisors of all
k-free integers less than or equal to a given threshold, and we extend this analysis to
certain classes of B-free integers. Some analogues of these results for B-free integers
in reduced residue classes are also obtained.

1. Introduction

A recurring problem in number theory is understanding how a weighted average

> w(j)a(j) of a given arithmetic function a relates to its original summatory func-

i<z

tion ) a(j). For instance, [15, 16, 19] deal with the case when a = p is the
j<w

Mébius function, while [9, 10, 13] handle certain sums over arithmetic progressions.

In the same vein, we recently engaged in the study of the functions

Di(x) = > aqx(m)d 1, k>2, 2>1, (1)

n<x d|n

DOI: 10.5281/zenodo.13331558
IResearch supported by grant#2022/16222-1, Sdo Paulo Research Foundation (FAPESP)



INTEGERS: 24 (2024) 2

where

1, if nis k-free,

ar(n) = { 0, otherwise, (2)
is the characteristic function of k-free integers (a positive integer n is k-free if n
is not divisible by the k-th power of any prime number). Just for a brief history,
Jakimczuk and Lalin [8] proved that, for every k > 2, there exists 8, € R such
that, for every € > 0,

Do) =TI 1=+ S| oot + s + 0 (59 g

p prime

At about the same time, we independently formulated the following unpublished
conjecture (which we proved for k = 2 in [4]).

Conjecture 1. For each k > 2, there is a constant i such that, for every € > 0,

Pr(a) = c%(k) [I 6@ | 2log(@) + Bz + Op (&%), (@)

p prime

(¢ is the Riemann zeta function).

Remark 1. For the sake of clarity, we remark that the expressions for the coeffi-
cients of the leading terms of Dy in (3) and in (4) are identical. Using the Euler
product for ¢, this assertion reduces to an identity between two polynomials in p.

k-3 .
1
In fact, note that, for fixed k£ > 3, the sum E % that appears in ¢ (n) is the
n
=0
derivative of

k-3 k-2

ij_H _z -1
-1
=0 .

atx = 1.
n

Motivated by Conjecture 1, in this note we address the problem of expressing
weighted summatory functions of the form

Dlw,u,v)(x) = Y w(j)(u*v)(j), = >1, (6)

i<z
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in terms of

Dlu,v)(z) = Y (uxv)(j), (7)

j<z
where u,v and w are arithmetic functions and u * v is the Dirichlet convolution of
u and v. In several cases of interest, it is sufficient to find f : N — C such that

Dlw,u,v]( Zf Dlu,v](z/5).

i<z

However, finding useful expressions for f may be tricky depending on the structure
of w. As an additional tool, we present an alternative strategy that works for general
weight functions w, provided that u and v are both completely multiplicative and
information about the convolution of w with the Mdbius function p is available.

Theorem 1. Let u and v be completely multiplicative arithmetical functions. For
any arithmetical function w, and z > 1,

Dlw,u,0)(@) = 3 9(r) Y u(d)o(r/d) Y p(m)o(m)Dlu,v] (=), (8)

r<z d|r m|d
where g = w * p is the Dirichlet convolution of w and pu.
Applying Theorem 1 for w = ¢ and u = v = 1 and using available estimates [3]

A(z) = O(z"), 9)

for the error term A(z) of the classical Dirichlet function:

ZZI = zlog(z) + (27 — Dx + A(x), (10)

n<z d|n
we prove an improved Jakimczuk-Lalin version of Conjecture 1.

Corollary 1. For k > 2, there exists a constant Sy such that, for every € > 0,

Di() = ( IR M)“%(w) + Bew +0(@m),

. p p
p prime

N 1/k, k=23,
wit =
T any n > 1/4 such that A(z) = O(27), k>4,

for A defined? in (10).

2Hardy showed that 1 can not be smaller than 1/4 [5].
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There is also a nice extension of Corollary 1 for certain types of B-free integers.
Let B : b1,ba,b3... be a sequence of pairwise distinct positive integers such that
b; > 1 for all j,

1
Zb—<oo and ged(b;,b;) = 1 for i # j.
—~ b;
j

A positive integer n is B-free if n is not divisible by any of the b;’s [1]. For example,
if By, is the set of the kth powers of all prime numbers, then the set of k-free numbers
may be referred to as the set of By-free numbers.

The analogue of (1) for B-free integers is

Dp(x) = > qs(n)> 1, (11)
n<z d|n

where gp is the characteristic function of B-free integers. Let B be formed by
powers of the prime numbers with possibly varying exponents, that is,
by = piti=1,2,... (12)

(here and throughout the paper, p1,pa,...,pe, ... will denote the sequence of the
prime numbers in ascending order). We shall refer to B,; for the b’s in (12).

Corollary 2. Let k = (k1,ko,...) € NV If Kppip = m>1{1{nz} > 2, there exists a
17

constant 3, such that, for every € > 0,

- © P ;
Dp, (z) = (H [1_ K :"L + Z;H:|>xlog(m) + B.x + O(xm--&-e),

h ]-/"{miru Rmin = 27 3u
with n, =
K any 1 > 1/4 such that A(x) = O (2"), Kmin >4,

for A defined in (10).

Theorem 1 can also be useful for the analysis of some problems over reduced
residue classes, due to its tight connection with completely multiplicative functions
(Dirichlet characters, in particular). For instance, Pongsriian and Vaugham and
others (see [14, 10] and the references therein) estimated the Dirichlet divisor func-
tion D for n in residue classes:

D(z,a,8) = Z Zl, 0<a<é. (13)

n<x d|n
n =a (mod &)
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In this regard, one could also consider the problem of estimating the analogue of
(13) for Dp, :

Dg, (x,0,§) = > () 1, 0<a<é (14)
n<x d|n
n =a (mod &)
Corollary 3. Let k = (k1,k2,...) € NN and ki = ming>1{x;}. If Kmin > 2
and ¢ and a are coprime, there is a constant ¢, ¢ such that

Dp, (z,0,6) = ¢(§)< 11 [1—“”“ + }ﬂ})xleg(m) + Cna @

2 "
¢ xe(pi)=1 Pi

1/27 Rmin = 27

1O (@), with g, =
1/3 Kmin = 4,

(xe is the principal Dirichlet character with modulus £).

1.1. Organization of the Paper

In Section 2, we state and prove some lemmas about multiplicative and completely
multiplicative functions. In Section 3, we prove the main results of the paper. In
Section 4, we make a few remarks about the work of Jakimczuk and Lalin [8] and
show that Corollary 1 could also be obtained with their methods.

2. A Few Lemmas About Multiplicative and Completely Multiplicative
Functions

In the following statements, void sums must be interpreted as zero and u(n)? :=
1Lv(n)? = 1.

Lemma 1. Let u,v : N — C. For non-negative integers 7, £ and n > 1,

=

67

Z u(n)iv(n)flz) .

T—

—u(n)o(n) ZU(n)jv(n)T’l’j

J K2

H
N

(16)

R
o

Proof. For A = < Ou(n)jv(n)Tj> (

u(n)iv(n)él), we have
J
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T—1 £
A = w(n)v(n)™ 7 +u(n)" (Z u(n)v(n)s~" + v(n)5>
=0 i=1
T7—1 £
= u(n)’v(n)™—7 (Z u(n)zv(n)5_1>
j=0 i=1

I
N
S
=
S
e D
|
-
N
3
<
=
S
3
|
|
.
N\
T
MT
N
2
Sj
S
oy
L
L
~

=0 i=0
T+E T

¥ (Z u<n>‘v<nr+f—5> T (Zu(n)fvmr*f-f).
l=7+1 £=0

O

Lemma 2. If u,v : N — C are completely multiplicative for positive integers r and
87

(uxv)(rs) = Z w(m)u(m)v(m)(u * v) (%) (u*v) (%) . (17)

m|ged(r,s)

Proof. The proof is by induction on the number of distinct prime factors of rs. Note
that (17) holds for r = s = 1. Assume that rs > 1 and let p be a prime factor of
rs, with

r=p7r', s=p°, and ged(p,7’) = ged(p,s’) = 1,

with 7 and & not both vanishing, and assume that (17) holds for 7' and s’. Hence,

T+E
(wro)rs) =3 u () v s v)(r's)
=0
T4E / /
= u(p) vt (m)u(m)v(m)(u *v) - (u ) 2.
10007 3 (e 3)

If 7 =0, then ' = r, ged(r,s) = ged(r’,s") and we get
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(uv)(rs) = Zu(m)u(m)v(m)(u * V) (%) (i u (pf) v(pf—€)> (u*v) (frl)

m|ged(r,s) £=0

S

= 3 utmutm)o(m) (o) (=) o) (),
mlged(r,s)

that is, (17) holds for r and s (the same conclusion holds if £ = 0).
If both 7 and & are non-vanishing, then

ged(r,s) = p¥ged(r’,s"),

for some v > 1. By Lemma 1 and by (18), we obtain

T €
(uxv)(rs) = (Zu (»") v(ﬁ“‘)) (Zu (") v(pH)> A

=0 £=0
— u(p)o(p) (T_lu (»") v(ﬂ”*)) (%u (»") U(p€_1_€)> A,
=0 £=0
with
A = (m)u(m)v(m)(u*v) r (u*v) s .
mgcd;’»"),u <m) (m)
Hence,
(u*v)(rs) = Z w(m)u(m)v(m)(u * v) <%) (u*v) (%)
mlged(r’,s')
r/p s/p
(mp)u(mp)v(mp)(u*xv) | — | (uxv) | — ).
+ mg;;/’y)u P D D < - ) ( - >

Since every divisor d of ged(r, s) with u(d) # 0 is of the form d = m or d = pm
with m | ged(r’, ), we obtain (17) for r and s. O

Foru:N—C,r € Nand x > 1, let
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Lemma 3. If u,v : N — C are completely multiplicative, for x > 1,

Soluvl(@) = > uldyo(r/d) Y pm)v(m)Du,o] (=), (20)

mr
d|r m|d
for D[u,v] defined by (7).

Proof. Let us rewrite (17) in a different way:

(wro)(rs) = S uldo(r/d) S plm)o(m)(uxv) (i) (21)

m
d|r m|ged(d,s)

Summing (21) in s, we get

Sofu,ol(z) = Z(Zuw)v(r/d) S ulmyv(m)(usv) (;))

s<% d|r m|ged(d,s)

- Zu(d)v(r/d)Zu(m)v(m) Z (u*v) (j::)

d|r m|d J<=

mr

= Y _u(d)o(r/d) > p(m)v(m)Dlu, v] (i) '

mr
d|r m|d

O

Remark 2. Lemma 3 was obtained previously by Pongsriiam and Vaugham for
the constant function v =v =1 [14, p.8].

Lemma 4. For generic functions w,u,v : N — C and for = > 1,

Dlw,u,v](z) = Z 9(r)Sr[u, v](x),

r<z

where ¢ = w * u is the Dirichlet convolution of w and p.

Proof. We have

Dlw,uel(@) = Y w(iusv)(G) = 3 (g5 1)) (wxv)()

> (ng) (wev)(i) = 3 9(r) (Z<u*v><jr>)
i<z \ rlj r<a j<z
= 39S, u vl(@)
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2.1. Some Special Convolutions

Given a sequence of real numbers a = (a3, as,...) and a positive integer n > 1, we
define

L
nt = [T

i=1

[
where n = H p;* is the decomposition of n into prime numbers (note that some
=1
of the exponents «; might be zero).

Lemma 5. For n > 1 and & = (K1, ka2, ..., ),

n'/®), if nt/% €N,

(g5, * p)(n) = { u (22)

0, otherwise,
where 1/k:= (1/k1,1/Ka,...,).

‘
Proof. Let n = H p;* be the decomposition of n into prime numbers. Note that,
i=1
if ai; > k; for some j and n = 7s,

either p? [ r or p} | s.

Hence,

(gB, *m)(n) = > qp,(r)u(s) = 0.

rs=n

Assume now that «; < k; for all 7 and write {1,2,...,¢} =K UW, where
K:{i:ai:m}, W:{iiai<;‘€i}.

Let

o= 11 »

i€ W
Note that if n = rs and gp,, (r)u(s) # 0, then

r=r H p! and s = H D

i€ K i€ K

with 7’s’ = 6. Therefore,

i |, 0=1,
(a5, * p)(n) = Zu(H pi> u(s') = “(ﬂcp)

|0 i € K
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This tells us that, if,

(gB, *p)(n) #0, thenn = ] pf
i€k

for some K C N and, in this case,
(4, *m)(n) = p(n'/").

To complete the proof, note that if n'/® € N, then

i€ K

for some X C Nand r;, € N. If r; > 1 for some i, we concluded above that
(gB, * p)(n) = 0. However, in this case, p (n'/*) is also vanishing and (22) still
holds. O

Lemma 6. Let w : N — N be defined by
w(n) = ¢g,(n)xe(n) for alln > 1,

where x¢ is the principal Dirichlet character modulus £ and B, is defined in (12).
The Dirichlet convolution of (w % p)(n) is non-vanishing only for n of the form
n = £r® with £ | £ and for some r such that ged(r,£) = 1. In this case,

(wxp)(n) = p()p(r). (23)

Proof. Every integer n > 1 can be written uniquely asn = «f, with ¢ | £° for some
s and ged(a, &) = 1. Hence,

(w=p)(n) = Z ZX&(WCVI)CIBFc (@) (;i’)

ol 0|0
a
= Dan () wo).
By (22), we obtain
_ ), a=rr N,
(wp)(n) = { 0, otherwise.

Note that, given that ¢ | £%, if £1 &, then p(¢) = 0. O
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3. Proofs

In this section, we give proofs of Theorem 1, Corollary 2, and Corollary 3.
Proof of Theorem 1. This follows immediately by Lemmas 3 and 4. O

Proof of Corollary 2. Theorem 1 for u =v =1 and Lemma 5 give

Dp,(x) = Y ulr) 3D pm)D (). (24)

re<z d|r® m|d

Note that, by (22), (¢, * )(n) is non-vanishing only when n is of the form r* for
some integer r.
Combining (24) with (10), we obtain

Do) = Y u) S m) (S5 Y10g (1)

re<z d|rs m|d

+(2y-1) Z p(r) Z Z,u(m) (r"iﬂm) (25)

re<z d|r® m|d

+ 3 Y Y um)a (o).

re<z d|r® m|d

It is sufficient to show that the quantities

u(r pu(m
a,{(x) _ Z (H) ZZ ( )
- T m
re<z d|r® m|d
be(x) = Z Mz:z:mlog(rﬁm)
" rh m
re<z d|r* m|d
| pu(r) | | p(m) |
w0 = ¥ RISy
satisfy:
(i) ax(z) and be(x) converge as * — oo and, for a, := lim a.(x) and b, :=

T—r00
lim by (z) we have
Tr—r00

trn—an(z) = Or.c <$—1+1/:“€nu‘n+€) and by —by.(z) = O.c ($—1+1/nmm+e> for all € > 0;

(i) cu(z) = Og,e(a€) for every e > 0.
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In fact, By (25) and (i) and (ii),

DH((E) = axwlog(w) + (b + [2’7 - 1]‘%)5[ + O, (xnk+€)' (26)

The proofs of (i) for ax(z) and b, (x) are quite similar to each other. Let us prove
(i) for a,(z). Denote by 1 the constant function 1(j) = 1 for all j > 1. Because

=11 o (27)

pilr

when u(r) # 0, we get

re<le d|rr pld
p prime

Because Z 1 = O.(y°) for every € > 0, we have

(r) 1 1
DS Y g S ) A (29)

re<z d|r*x re<z re<z

This shows that a,(z) converges absolutely (as x — o) for every € < 1/2. In
addition,

]. —FmintRminctl
[ac—an(@) | € Y i = O (:c ) (30)
rEfmin >x

By (28), we also have

0w = Y ML

rele pilr =1
e N e e A L)
- ki 1— S = 1o — 1= ).

The proof of (ii) is analogous to the proof of (i) and follows by using the Van
Der Corput estimate

Alz) = 0(x33/100) (31)

for A(x) in the cases Kpin = 2 and Kmin = 3 (see Holder’s approach to the k-free
divisor problem for similar arguments [6]). O
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Proof of Corollary 3. Let char(§) be the group of Dirichlet characters modulo &.
We have [7, Proposition 4.2.5]

Pp.(m08 = — 3 X Y1
90(5) n<x
X € char(§) < d|n
1 (32)
- Loy W),

jS

©)

X € char(§) n<x

where ¢ is the Euler totient function. For a non-principal character y, we apply
Theorem 1 for w = v = x and w = ¢p,. By (22),

Y as.m)xxx)m) = D pr)x(™) DD pm)x(m) > (x*x)0)-

n<z re<z d|r® m|d J< 77

m

(33)
Combining Theorem 8.18 of [2] with Theorem 1.1 of [18], we get

> (i) = Og((rfm)l/g) (34)

i<

7‘"‘ m

so the overall contribution for a non-principal character x in (32) is Oq ¢ (xl/ 2+6) ,
Kmin = 2, and Og ¢ (:cl/S“) , Kmin > 3, in this case.

For the principal character x¢, we apply Theorem 1 for w = x¢.gp, andu=v =1
(“.” means pointwise product). By (8) and (23), we get

el = Y0 Y axet) Yo D ump ().

n<z dn 1413 re<z/l d|ers m|d

Note that ged (4, r") = 1, so we write each divisor d of £r as ¢'d', with ¢/ | £ and
d' | r®. Similarly, we write m = ¢”d”, with ¢” | ¢ and d” | d’ and we use that
D(y) =0 for y < 1 to replace the condition r* < a/¢ by r* < x/(¢¢"):

> win Zl =D 0D D n") Y urxelr) 3o D7 uld)D ()

n<z dln Ll oe e e re<a/(0e) d’|rr d'|d’
_ 7
= uO Y Y L ().
13 o e

where

L(z) = Z ZZ (d")D (d” n)’ (36)

rely d/lrn d//ld/



INTEGERS: 24 (2024) 14

The expression in the right-hand side of (36) is quite similar to the one for Dp_ on
(24). Therefore, proceeding as in the proof of Corollary 2, we conclude that

1+ 1 7 %
L(ZE) = ( H |:1 _ K s 4 ’::+1:| )xlog(q;) + Cr,tal + AK,(:C)’
xe(pi)=1 Pi Pi
1/2; Rmin = 27
Ai(z) = O(a™*), with n, =
1/3 Rmin 2 4)

(37)

for some ¢, ¢ 4. It remains to prove that

() p(e") P
ZTZZ o = (5) (38)

‘)¢ ol e

In this regard, note that the sum on the left-hand side of (38) is made only over
square-free divisors of &, so it is sufficient to prove (38) for square—free integers &.
This gives

g// g gl
2”72 L -y ey

0 ele e 0le e'w f’\& nw'
_ (') o p(n u o(&/t)
- Z Vi Z Z g/ g/g/
e nle/ s
©\?
_ Z” o) _ (“”) .
ele ¢

The hypothesis “¢ is square-free” was used above to write u(¢'n) = (¢ )u(n) and
P(&) = @()p(&/0). J

4. Some Remarks about the Jakimczuk-Lalin Method

Jakimczuk and Lalin proved Equation (3) in [8] by combining Perron’s formula
with an Euler-type product formula for the Dirichlet series with coefficients a(j) =

qr(7)>_ 1. As an intermediate step, they showed that
d|j

S U 2 ys), (39)

iy

with

Fo i 7(j)

=
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absolutely convergent for Re(s) > 1. It passed unnoticed that (39) and (10) are
already enough to provide an upper bound Oy, (2" ¢) for the error term Ag(z) as
in Corollary 1. In fact,
Di(x) = > 7(j)D(x/]),

Jj<z
with D defined in (10), and the absolute convergence of Fyj and Abel’s formula
tell us that

=~ 7)1 > 7(j) Ciiie
Zjl/k—i—ejl—l/k—e = Z =+ Op,e( kT,

=1 =1 J

for every € > 0.
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