#AT6 INTEGERS 24 (2024)

INVERSION SEQUENCES AVOIDING A SET OF LENGTH-3
PATTERNS

Toufik Mansour
Department of Mathematics, University of Haifa, Haifa, Israel
tmansour@univ.haifa.ac.il

Received: 10/2/23, Revised: 4/7/24, Accepted: 8/9/24, Published: 9/16/24

Abstract

An inversion sequence of size n is a sequence of integers e = e - --e, such that
0<e <iforalli=0,1,...,n For a set of patterns B, let I,(B) be the set of
inversion sequences of length n that avoid all the patterns from B. We say that two
sets of patterns B and C are I-Wilf-equivalent if |I,,(B)| = |I,(C)|, for all n > 0.
Let wq be the number of distinct I-Wilf-equivalence classes of subsets of exactly d
length-3 patterns. This paper aims to prove that ws = 219, wg = 167, wy = 105,
wg = 61, W9 = 35, w10 = 21, w11 = 107 W12 = 4, and w13 = 1.

1. Introduction

For a set K, we let K™ denote the set of words of size n over the alphabet K, that is,
all the n-tuples wyws - - - w, with w; € K. We say that a word x = z1-- -2, € K"
is order-isomorphic to a word y = y; - - - y, € K™ if for every pair of indices i, j, we
have x;(<,=,>)z; if and only if y;(<, =, >)y;, respectively. We say that a word
w = wy ---wy, contains a word ™ = mwy - - - W, if w contains a subsequence of size m
which is order-isomorphic to w. Otherwise, we say that w avoids w. In this context,
7 is called a length-m pattern. Let S, be the symmetric group of all permutations
of [n] = {1,2,...,n}. For a set B of patterns, we define S,,(B) to be the set of
all permutations of [n] that avoid each pattern in B. We say that two sets of
patterns P and Q are P-Wilf-equivalent if |S,(P)| = |S,(Q)| for all n > 0. Let sk
be the number of distinct P-Wilf-equivalence classes of sets of d length-k patterns.
Finding 53 has been considered in [13]. As a next step, finding sfl has received a lot
of attention, where it showed
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s =1, st =3, s5 =38, 53 = 242, s3 = 1100,
st =3441, st =8438, si=15392, si=19002, si=16293,
sio =10624, s, =5857, s}, =3044, si;=1546, s}, =786,
sts = 393, ste = 198,  st, =105, s}y =55, 519 = 28,

4 _ 4 _ 4 _ 4 _ 4 _
S50 = 14, 551 =8, S5 = 4, 853 = 2, s9q = 1.

See [9] and references therein.

We are interested in extending these results to the case of inversion sequences.
An inversion sequence [6,11] of size n is a sequence of integers e = eq - - - e, such
that 0 <e; <4, foralli=0,1,...,n. We denote the set of all inversion sequences
of size n by I,,. We say that a word w = wy---w, is reduced, if each number
from the set {0,1,..., max; w;} appears at least once in w. Note that if 7 and 7’
are order-isomorphic, then a word w contains 7 if and only if w contains 7’. So,
when dealing with pattern avoidance, we may without loss of generality restrict our
attention to reduced patterns. Throughout this paper, we use the term pattern as
one of the following thirteen length-3 patterns: 000, 001, 010, 011, 012, 021, 100,
101, 102, 110, 120, 201, and 210.

For set B of patterns, we define I,,(B) to be the set of all inversion sequences
of size n that avoid all the patterns in B. To avoid notational clutter, we often
omit nested braces and write, for example, I, (7, 7’) instead of L,({m,7'}). We
say that two sets of patterns P and @ are I-Wilf-equivalent, denoted P Y Q, if
I, (P)| = [1,(Q)], for all n > 0. Let wg be the number of distinct I-Wilf-equivalence
classes of sets of d length-3 patterns.

The systematic study of pattern-avoidance for inversion sequences started around
2015 [6,11], which shows that w; = 11. The results of [1,5,12,14] determined all the
I-Wilf-equivalence classes of pairs of length-3 patterns, which implies that we = 48.
In [2] it is shown that 137 < ws < 139, and in [4] that 212 < wy < 215. The present
paper aims to prove the following result.

Theorem 1. We have that ws = 219, wg = 167, wy = 105, wg = 61, wg = 35,
w10 = 21, w11 = 10, W12 = 4, and w13 = 1.

2. Background and Our Strategy

This paper continues the work from the previous papers [2,4], further exploring the
values of wy. More precisely, we determine the values of wy, for d = 5,6,...,13.
Since the number of sets of d length-3 patterns is (15’), it seems to be impossible
to reach by constructing explicit bijections and direct enumeration between sets of
inversion sequences. As in [2,4], the way out is to use the procedure in [8] to do the
work for us. To reach the results of Theorem 1, we follow the following procedure,
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which is given by the following steps.

Step 1 (Reduction). Let B be any set of patterns. We say that B is reducible if
there exists C' G B such that I,,(B) = I,,(C), for all n > 0. Otherwise, we say that
B cannot be reduced. If B is reducible to set C, then we write B ~ C. Clearly,
B L C implies B ~ C. Reference [4] gives the following reductions.

Theorem 2. We have the following:
e {001} < {001,101}, {001} ~ {001,102}, {001} ~ {001,201};
e {011} ~ {011,101}, {011} ~ {011,110};
e {012} < {012,102}, {012} ~ {012,120};
e {021} ~ {021,201}, {021} ~ {021,210};
e {000,001} ~ {000,001,100};
e {000,011} ~ {000,011,7}, for any T = 100,201, 210;
e {000,012} ~ {000,012, 7}, for any T = 201,210;
e {000,021} ~ {000,021,100};
e {001,010} ~ {001,010, 7}, for any T = 021,100, 110, 120, 210;
e {001,011} ~ {001,011,021};
e {001,012} ~ {001,012,021};
e {001,110} ~ {001, 110,210};
e {001,120} ~ {001, 120,210};
e {010,011} ~ {010,011,100};
e {010,012} ~ {010,012, 7}, for any T = 101, 201;
e {010,021} ~ {010,021, 7}, for any T = 100,101,102, 110, 120;
e {001,011,012} ~ {001,011, 012,210};
e {001,011,100} ~ {001,011, 100,210};

e {001,012,100} ~ {001,012, 100,210}.
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Note that when we have a reducible subset of d length-3 patterns, we can consider
the references [2,4,12,14] or the case of s length-3 patterns with 1 < s < d — 1.
Note that these references considered the I-Wilf-equivalences and enumerations of
|1,(B)| whenever B is any pair, triple, or quadruple of length-3 patterns. In the
tables below, we mark the set of patterns B by e whenever B cannot be reduced.

Step 2 (Generating trees). Let B be any set of patterns. Following [8], we define the
generating tree (see [15]) T (B) for the class US2 I, (B) as a plain tree as follows. Set
that the root of the tree 7 (B) is 0 and it stays at level 0. We construct the remainder
of the nodes of the tree 7(B) as follows: the children of e = egey - e,—1 € I,_1(B)
are obtained from the set {ege1 - - en—1€p | €, = 0,1,...,n} by obeying the pattern-
avoiding restrictions of the patterns in B. In this case, we write e ~» v ... v(®)
where v(1), ..., v(*) are the children of e € T(B) and e is called a father.

We define an equivalence relation on nodes of 7(B). Let 7(B;e) be the subtree
consisting of the inversion sequence e as the root and its descendants in 7 (B). We
say that e is equivalent to €’ if and only if T(B;e) = T(B;e’) (in the sense of plain
trees). Let 7'(B) be the same tree 7 (B) where we replace each node e by the
first node e’ € T(B) from top to bottom and from left to right in 7 (B) such that
T(B;e) = T(B;e'). From now, we identify 7' (B) with 7 (B).

The main results of this paper are applications of the following procedure, Main-
Procedure, (see [8]):

e Let £ be any positive integer.

o We initialize the tree 7(B) by the root 0, where we define @y = {0} to be the
set of nodes at level 0 and GTy(B) = () to be the set of the succession rules
up to level 0.

e Foralli=1,2,...,¢,

— For any w € Q;_1, we denote the set of all children of w in T (B) by Ny.
Define M; = Uyeq,  Nw. If M; =0, then we stop the procedure.

— We initialize the set @Q; (set of new equivalence classes at ith step) to be
empty set. For each child w in M;,

* We find v € U;;%)Qj, if possible, such that w ~ v, where we use [8,
Lemma 2.1] to check that w ~ v holds or not;
* Otherwise, we add the equivalence class w to Q.

— Add the rule w ~» v1v2 - - - v to the set GTy(B) = ), where v; is the label
of the jth child of w, from left to right, in T (B).

e If we stop the procedure, then we have the finite set of labels Uj;éQj and
finite set of succession rules GTy(B) = ) that specifies the tree T (B) with the
root, 0.
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e Otherwise, we have a set of succession rules GT;(B) = () that specifies the
tree T (B) with its root 0 up to level £. We could guess, if possible, all of the
set of succession rules of 7(B) based on GT;(B) = (), then use [8, Lemma 2.1]
to prove this claim. In case we fail to guess the whole set of the succession
rules, then either we increase ¢ or we say that our procedure does not lead us
to determine all the succession rules of 7(B).

Let B be any set of length-3 patterns. We apply Main-Procedure up to level ¢
(say £ = 8). The result is a set GTy(B) of rules that describe all the rules that
produce all the nodes of T(B) from its root up to level ¢.

Example 1. Let B = {010,011,012,100,201}. Then by Main-Procedure with
{ = 8, we obtain the following rules:

0~ 00,01

00 ~- 000, 01, 002,

01 ~

000 ~» 0000, 01, 002, 0003,

002 ~ 01,

0000 ~~ 00000, 01, 002, 0003, 00004,

0003 ~ 01, 002,

00000 ~» 000000, 01, 002, 0003, 00004, 000005,

00004 ~ 01,002, 0003,

000000 ~~ 0000000, 01, 002, 0003, 00004, 000005, 0000006,

000005 ~+ 01,002, 0003, 00004,

0000000 ~~ 00000000, 01, 002, 0003, 00004, 000005, 0000006, 00000007,

0000006 ~+ 01, 002, 0003, 00004, 000005,

00000000 ~- 000000000, 01, 002, 0003, 00004, 000005, 0000006, 00000007, 000000008,

00000007 ~ 01,002, 0003, 00004, 000005, 0000006,

To shorten the notation, we define a™ to be the word aa---a with m letters,
for any letter a and a nonnegative integer m. Also, we define {s;}7, to be the
sequence Si, S2, -+ , S, With m terms, for any nonnegative integer m. Now, we try
to guess the set of the rules of 7(B) based on the set of the rules GT;(B). If we
fail to do that, either we try again after we increase ¢, or we say that we failed to

guess T (B).

Example 2. Let B = {010,011,012,100,201}. Based on Example 1, we can guess
that the set of the rules of 7(B) are given by

amwam+17bla---abma by ~ b1, ... b1,

where a,, = 0™ and b,, = a,,m. To prove this, we append a new letter to the
right of each father. In the case of the father a,,, we have the child a,,+1 and the
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children a,,j with 1 < j < m. Note that a,jn’ € Ip if any only if a;jn’ € Ip,
so T(B;amj) = T(B;a;j), for all j = 1,2,...,m. Hence, we can state the rule
Gy~ Q41,015 - -+, by In the case of the father b,,, we have the children b,,j with
1 <j <m—1. Note that b,,jn’ € I if and only if b;n’ € Iz, which leads to the
fact that 7(B;byj) = T(B,;b;), for all j =1,2,...,m — 1. Hence, we can state
the rule b,, ~ b1,...,b,_1. This completes the proof.

Step 3 (Generating functions). After we guessed and proved (if possible) the rules
of the generating tree T (B), we translate these rules into a system of equations and
we solve for

Fg(x) =Y [L,(B)a""".

n>0

Note that the rule e ~ v, ... v(*) can be translated to
Acz)=z+2) Ay (2),
j=1

where A, (z) = },q(#the nodes at level n in T(B;w))z""! is the generating
function for the number of nodes at level n > 0 in the subtree of 7 (B;w), where its
root stays at level 0. As continuation of Example 2, we present the details for find-
ing Fy010,011,012,100,201} () as follows. First, we define A,,(z) (respectively, B, (z))
to be the generating function for the number of nodes at level n > 0 for the subtree
of T(B;a,) (respectively, T(B;b,,)), where its root stays at level 0. Then, the
rules can be translated as

m m—1
Am(x):J;—i-acAmH(x)—i—xZBj(xL Bm(x):w—i—acZBj(x),

for all m > 1. Now, to solve such a system of recurrence relations, we use the kernel
method (for example, see [7] and references therein). More precisely, we define
A(w) =3, 51 An(x)v™ !t and B(v) = >, o Bp(z)v™ . Then our recurrences
can be written as -

x T x x v
Av) = —(A(z) — A B B(v) = B
()= =2+ L)~ A0) + 7B, B) = - + <2 B()
By taking v = z, we obtain
oz oz x z(l+2)
A(O)_l—a:(1+B(x))_1—x<1+1—x—x2>_1—x—:ﬁ2'

Hence, Ff010,011,012,100,201} () = % For other examples, see the end of the

next sections, and as well as we refer the reader to [2,4,8].

Full procedure. Now, we are ready to present our main procedure.
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e Fix d such that 5 <d <13.

e We denote the set of all sets of d length-3 patterns by P,;. Create all the sets
of d patterns in Py. Clearly, we have [Py4] = (\).

e For any set of d length-3 patterns B, find the number of inversion sequences
in I,(B), for n = 0,1,...,9. We present the output as a table of (') lines
such that each line has the form I,,(B) = {|I,,(B)|}?_,. By sorting this table
with respect to the sequences {|I,(B)|})_, and separating different sequences
by a space line, we complete the first step. Here, we call this table by d-sorted
table and present it as a text file called InvSeqDataSorted[d].txt; see [10].

e For any set of patterns B in the file InvSeqDataSorted[d].txt, we apply Main-
Procedure for finding GTy(B) (with small £). The output of all GTy(B) with
B € Py is stored in a pdf file called InvSeqAvoid[d]pat3pdf.pdf; see [10]. Note
that if Main-Procedure shows that 7'(B) has a finite number of labels, then
we found all the succession rules of T'(B) and we wrote “DONE” at the end
of the output of each class.

e By considering the rules GT;(B) in InvSeqAvoid[d]pat3pdf.pdf, we guess and
prove (if possible) all the rules of the generating tree 7(B). In the case we
failed to guess/prove, we wrote nothing in the tables; see [10].

e By translating the rules of the generating tree 7(B) to recurrence relations,
and solving (if possible) for the generating function

Fp(z) =) [Lu(B)lz",

n>0

the generating function for the number of nodes at level n in 7 (B), where the
root stays at level 0. Again, if we fail to find Fp(z), we write nothing in the
tables; see [10].

e Now, we create a table, called d-Table, which presents all distinct I-Wilf-
equivalences of sets of d length-3 patterns, which contains wy lines and four
columns, where the first column presents a number of the I-Wilf-equivalence,
the second column presents the set of length-3 patterns, the third column
presents the rules of 7(B) (if we succeeded to find them), and the fourth
column presents the generating function Fg(z) (if we succeeded to find it) or
a reference for Fp(x).

The aims of this paper are to find all the d-Tables with d = 5,6,...,13. Since we
have very long tables and all the computations for finding Fz(z) (if possible) very
similar to the techniques and methods in [2,4], we present the proof details only for
the few cases and mostly those cases that our algorithm does not lead to an explicit
formula for the generating function Fg(x).
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3. 5-Table

In this section, we show that ws = 219. Moreover, by our procedure, we present
the generating function for many of the 219 I-Wilf-equivalences. Actually, we see
that there are only 162 sets among (153) = 1287 sets of 5 length-3 patterns that
cannot be reduced to smaller sets of length-3 patterns. In Table 1, we present all
the I-Wilf-equivalences of sets of 5 length-3 patterns. As we mentioned, due to the
similarity with the work in [2,4], we only present the case, where we failed to apply
the KMY algorithm, that is, we present bijections between some classes of inversion
sequences with respect to left-right-maxima structure; see the theorems at end of
this section.

Theorem 3. Let B = {010,101,102,201,210} and C = {011,101, 110,201, 210}.

Then
T

1-2) (2 - 71—4?)'

Fp(z) = Fo(x) =

Proof. First, we focus on finding an explicit formula for the generating function
Fo(xz). By the procedure, we succeed in finding the rules of the generating tree

T(C):

A~ Am4-1, Am, bm,27 LR} bm,m7
j—1
bm7j ~ Om4-2—3, (cm+2—j)] 7bm7j7 o 7bm7m7
2
Cm ~ (Cm) 7dm,57 ey dm,m+2;

dm,j ~ (Cmya—j)

- 7dm,ja ey dm,m+27
where a,;, = 0™, by j = amJ, Cm = an12, and d, ; = ap127.

Define A, (z) (respectively, By, j(x), Cn(x), and D, j(x)) to be the generating
function for the number of nodes at level n > 0 for the subtree of 7(C; a,,) (respec-
tively, T(C;bm, ;) T(C;cm), T(C;dpm,;)), where its root stays at level 0. Thus, the
above rules lead to

Ap(z) =2+ xApi () + 24, (2) + xZBm,j(x), m>1;

=2
m

B j(x) =+ xAnto—;(x) + (j — 1)zCpga—j(z) + xZBmﬂ-(x), 2<j<m
=

m+2
Cn(z) =24 22Cp(z) + x Z Dy i(z), m>2;
i=5

m—+2
Dy j(@) =2+ (j = 3)2Chyaj(x) + & Y Dii(x), 5<j<m+2.
i=j
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Now, we define the generating functions

Aw) =Y Ap(@)o™ T, Cv) = Y Ap(a)o™ 2,

Bv,u) =Y iBmJ(z)umﬂ'va, D(w,u) =Y gDm7j($)um+2jvm3.
Hence, the l;nsizr]e;irrence relations can be writtenm;ss a
A(v) =77 + Z(AW) = A(0) + 2A(v) + 2vB(v, 1), (1)
Bow) = o  vat =y A — AO)
O + T (Bl w) —uBlow, 1), (2)
C(v) :& +22C(v) + avD(v, 1), (3)
D(v,u) = z P2 ) 4+ — (D(o,u) — uD(wu, 1)) (4)

I—0)1—ow) (=0 1—u

From (3) and (4), we have

B x (2 —v) x Tvu
D(v,u) = (1—v)(1—wu) + (1—w)2 ((1 —wvu)(1 —2z) Tz QxD(xu’ 1)>
+ Y (D(v,u) — uD(vu, 1)). (5)

1—u

By taking u = 1 — z, and then replacing v by v/(1 — z), we obtain

Dlv.1) = 1-2)(1—-2z—v)(1—v)
Thus, by (3), we have
Clo) = x(l1—z—v)

(1—2)(1 -2z —0v)(1—-v)

Now, we assume that A(0) Then, by finding A(v) from (1), (2)

SR
with 4 = 1 — x, gives
2(z(1—v)(1 -2z —v) — V1 —da(vix — 202 — 2vx + 2v — )

21 —4z(1 — 2)(1 —v)(v?2 —v +2)(1 — 2z —v) '
By using expressions of A(0) and B(v,1), we obtain an explicit formula for B(v, u).
Then, by (1), we obtain

A(v)

B(v,1) =

B 22(1 —v)
S 2VT —4dz(l—x)(v? —v +x)
/1 — dx(v3x — 20% — 5vlx + 4% + 3vx — 222 — 20 + 7)
21T —4z(1 —2)(1 —v)(v2 —v +2)(1 — 22 — v) '
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Note that the expressions of A(v), B(v,u), C(v), and D(v,u) satisfy (1)-(4). More-
over, by expression A(v), we get that the expression of F'C(x) equals A(0) as we
assumed, which completes the first part of the proof.

Now, we focus on finding an explicit formula for the generating function Fg(x).
By the procedure, we succeed in finding the rules of the generating tree T (B):

A~ Qmt1s Ay b2, oo o3 b,
b~ (00217 b1y by b
0021 ~ 0021,

where a,, = 0" and b, ; = a,,j. Define A, (z) (respectively, By, ;j(z), C(x)) to
be the generating function for the number of nodes at level n > 0 for the subtree
of T(B;am) (respectively, T(B;by, ;), T(B;0021)), where its root stays at level 0.
Thus, the above rules lead to

Ap(z) =2+ 2Ami1(z) + zAn(x) + 2 Z B, j(z), m>1,
j=2

B () =z + (j — 1)zC(z) + £Bpm+1,5(z) + zZBm7i(x), 2<j7<m,
i=j

C(z) =z 4 2C(x).

We define

m

Av) = Z A (z)v™ ! and B(v,u) = Z Z B j(x)u™ ™2,

m>1 m>2 j=2

Hence, the last recurrence relations can be written as

Av) =77 + Z(AW) = A(0) + 2A(v) + 20B(v, 1), (6)
B(v,u) :(1 — zgzl_—vv;z}lx)— vu) + vu(lx— v) (B(v,u) = B(v,0))
+ %(B(v, u) — uB(vu, 1)), (7)

In order to solve this system, we assume that

xT

O e "
1 1-52
B(0,0) = 2 2(1—a)W/1-dz ©)

B(0,0) — vA(0)

B(v,0) = =02
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Note that the solution (if it exists) of (6)-(10) gives a solution for (6)-(7). From
(7), we have

B z(1 — v+ vr) x B(0,0) —vA(0)
Blow/o) =g =i —ora —w) T uli =) (B(“’“/”) EEDE )

+ . f u(q}B(v,u/v) — uB(u,1)).

u(x—u)

wr—uta? we obtain

So by taking v =

ve(v—x)A0)  z(vx —v+2)B(0,0)
(v2—v+1x)? (v2 —v+12)?
v(v?r —vz? —v? +v—1)

(2 —v+2)2(1 —2)(1—v)

B(v,1) =

Hence,
(1-2)2/1T—4z — (1 —2)(1 - 3x)
(1 —22)(1 — 42) — (1 — 22)y/1 — 4z

By (6) with v = z/(1 — x), we obtain that A(0) = % + 25z B(z/(1 - 2),1),
which equals the same expression as is assumed in (8). It is not hard to get explicit
formulas for A(v) and B(v,u) from (6)-(7), which presents a solution that satisfies
(6)-(10) (here we omit the long explicit formulas of A(v) and B(v,u), to save space).

O

B(z/(1 - x),1) =

Table 1: Succession rules for the generating trees 7(B) and generating functions
Fp(z), where B C P3 and |B| = 5.

Beginning of Table T
No- B Rules of 7(B) 5 (@)
1 000,001,010,011,012e 0 ~ (00)2 = + 222
z 000,001,010,012,02T

000,001,010,012,100

000,001,010,012,101

00,001,010,012,102

000,001,010,012,110

000,001,010,012,120

000,001,010,012,201

000,001,010,012,210

000,001,011,012,021

000,001,011,012,100

000,001,011,012,101

000,001,011,012,102

000,001,011,012,110

000,001,011,012,120

000,001,011,012,201

000,001,011,012,210 0 ~> 00, 01; 01 ~» 00 (14 )2
3 000,001,010,011,02T

00,001,010,011,100

000,001,010,011,101

000,001,010,011,102

000,001,010,011,110

000,001,010,011,120

000,001,010,011,201

000,001,010,011,210 0 ~» 00,01; 01 ~» 01

r J0T00IL0I2 02 | — — — — - - - - - - - — - — — - ——1

001,010,011,012,100

001,010,011,012,101

001,010,011,012,102

001,010,011,012,110

0011010:0111012,120

001,010,011,012,201

001,010,011,012,210 0 ~ 00, 01; 01 ~ 01 22 + 72
I 000,00T,0T2,02T, TTO

000,001,012,100,110

000,001,012,101,110

000,0011012,102,110

000,001,012,110,120

000,001,012,110,201

| 000,001,012,110,210 _| 0 ~» 00,01; 01 ~» @012 |
000,010,011,012,021e 0 ~ 00,01; 00 ~ (01) 2 + 202 + 223
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Continuation of Table T
No. | B Rules of T(B) g (@)
000,010,012,110,210 0 ~ 00, 01; 00 ~ 01, 002; 01 ~ 011; = + 202 + 35 + 37 + @0
002 ~ 01,011
T2 000,010,012,T07T,102
000,010,012,101,120
000,010,012,101,201
000,010,012,101,210
000,010,012,102,120
000,010,012,102,201
000,010,012,102,210
000,010,012,120,201
000,010,012,120,210
000,010,012,201,210 0 ~» 00, 01; 00 ~» 01, 002; 01 ~» 011; 242024323 4324 4225 426
002 ~ 01, 0022; 0022 ~ 01
TS 000,00T,02T,T00,120
000,001,021,101,120
000,001,021,102,120
000,001,021,120,201 ,
000,001,021,120,210 0 ~» 00, 01; 01 ~» 00,011, 012; 011 ~ 00; @4 ad 4ot 4 22
012 ~ 00,012
16 000,00T,02T,100,11T0
000,001,021,101,110
00,001,021,102,110
000,001,021,110,201
000,001,021,110,210
000,001,100,110,120
000,001,101,110,120
000,001,102,110,120
000,001,110,120,201
000,001,110,120,210 0 ~ 00,01; 01 ~ (00)2,01 |
001,011,021,100,102
101102110011
001,011,021,100,201
001,011,021,100,210
001,011,100,101,102
001,011,100,101,110
001,011;100,101,201
001,011,100,101,210
001,011,100,102,110
001,011,100,102,201
001,011,100,102,210
001,011,100,110,201
001,011,100,110,210
001,011,100,201,210
001,012,021,100,101
001,012,021,100,102
001,012,021,100,120
001,012.021.100,201
001,012,021,100,210
001,012,100,101,102
001,012,100,101,120
001,012,100,101,201
001,012,100,101,210
001,012,100,102,120
001,012,100,102,201
001,012,100,102,210
001,012,100,120,201
001,012,100,120.210
001,012,100,201,210 0 ~» 00, 01; 00 ~ 00; 01 ~ 010, 01
OOOTIORII0LT20" | — — — — — — — —— — — == = = = = — 1
001,011,021,102,120
001,011,021,110,120
001,011,021,120,201
001,011,021,120,210
001,011;101,102,12
001,011,101,110,12
001,011,101,120,201
001,011,101,120,210
001,011,102,110,120
001,011,102,120,201
001,011,102,120,210
001,011,110,120,201
001,011,110,120,210
001,011,120,201,210
001,012,021,101,110
001,012,021,102,110
001,012,021,110,120
001,012,021,110,201
001,012,021,110,210
001,012,101,102.110
001,012,101,110,120
001,012,101,110,201
001,012/101,110,210
001,012,102,110,120
001,012,102,110,201
001,012,102,110.210
001,012,110,120,201
001,012]110,120,210
001,012,110,201,210 0 ~» 00, 01; 00 ~ 00; 01 ~ (00)2
17 000,00T,02T,T00,T0T
000,001,021,100,102
000,001,021,100,201
000,001,021,100,210
000,001,021,101,102
000,001,021,101,201
000,001,021,101,210
000,001,021,102,201
000,001,021,102,210
000,001,021,201.210
000,001,100,101,120
000,001,100,102,120
000,001,100,120,201
000,001,100,120,210
000,001,101,102,120
000,001,101,120,201
000,001,101,120,210
000,001,102,120,201
000,001,102,120,210 .
000,001,120,201,210 0 ~» 00, 01; 01 ~» 00, 011, 01; 011 ~» 00 @ 4222 4 323 4 42
T 000,001, T00,T0T,TT0
000,001,100,102,110
000,001,100,110,201
000,001:100;110.210
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Continuation of Table T
No. B Rules of T(B) 5 (@)
3 £
19 000,010,011,102,120e 0 ~» 00, 01; 00 ~ 00, 002; 01 ~ 01; MLQL)
002 ~ 0021, 01 (1—=x)
70 000,001,100, 101,210
000,001,100,102,210
000,001,100,201,210
000,001,101,102,210
000,001,101,201,210
000,001,102,201,210 am ~ (OO)m,bm,am+1; bm, ~ (00)™,
a = 01 -m, b = amm
m A — V2 I, Y me — YT
000, 010,011,101 102
000,010,011,102,110
000,010,011,102,201 5
000,010,011,102,210 0 ~» 00, 01; 00 ~» 00, 002; 01 ~» 01; &T)
002 ~ 0021, 002 (1—=)
T 0T0,01T,012,100,210e
10,011,012,101,210
010,011,012,102,210
010,011,012,110,210
010,011,012,120,210 5
010,011,012,201,210 am ~ Qg1 b1y - bmi b~ (01)™ L, z(i-ote”)
—om — (1—z)
am = 0", by, = amm
22 000,00T,T00,T0T,T02
000,001,100,101,201
000,001,100,102,201
000,001,101,102,201 am > bos - b G g1
bm ~> bg, ..., by _1,am =01---m,
b = amm
00050T0,01T5100,T200 —| — & — = — — — — — — — — — — — — —
000,010,011,101,120
000,010,011,110,120
000,010,011,120,201
000,010,011,120,210 0 ~> 00,01; 00 ~ 00, 0; 01 ~ 01
U10,0T1,012,100,T0C | — — — — - = — === = == — — — — — 1
010,011,012,100,102
010,011,012,100,110
010,011,012,100,120
010,011,012,100,201
010,011,012,101,102
010,011,012,101,110
010,011,012,101,120
010,011,012;101,201
010,011,012,102,110
010,011,012,102,120
010,011,012,102,201
010,011,012,110,120
010,011,012,110,201
010,011,012,120,201 Am > Ayt 15 b1 b 1°"(1+z)
—r—x
bin, ~> b1y b1y @m = 0", by = amm
23 000,0T0,0TT, TO0,TOT
000,010,011,100,110
000,010,011,100,201
000,010,011,100,210
000,010,011,101,110
000,010,011,101,201
000,010,011,101,210
000,010,011,110,201
000,010,011,110,210 )
z(l—z—z
000,010,011,201,210 0 ~ 00, 01; 00 ~ (00)2; 01 ~ 01 7(1(71)(1721)
o7 00,010, 100,102,120
25 00,0 )2, 110 0
IS 00,0 T.102.120
o7 00,0 0,102,110
28 00,0 T.102.110
20 00,0 OT.102
0 00,0 2.120.201
T 00,0 120210
2 00,0 2,110,201
00,0 2,110,210
00,0 02.210
00,010,100,102.201
36 000,010,101,102,210e
37 000,010,1071,102,20Te
3 000,010,100,101,110e
39 000,010,100,10T,120e
000,010,100,110,120 Theorem 4
8] 000,01T0,T0T,TT0,T20
T 000,010,102,201,210
2 000,010,TO0 0,201
3 000,01T0,TO0 0,210
T 000,010,100,110,20T
000,010,100,110,210e
000,010,101,110,201e | a,, j ~
{a2m+17],2m+27.71 ]}17 »b2m— g
2
{am, i }20%5 b~ {amgr i em 2
A =02 (m =12, by =02 ... m?
T5 000,010,101,110,210e
716 000,010,110,120,201e
I7 000,010,1071,120,20Te
000,010,101,120,210e
000,010,110,120,210e Theorem 5
ES 000,0T0,TO0,TOT,20Te




INTEGERS: 24 (2024)

Continuation of Table T

No. B Rules of 7(B) 5 (@)

000,010,100,10T,210e [

. . ad—m y2m .
tbamti—j,2m+2i—jtizo » {am,i}; 0}
j—m

bm,j ~ {1’22m+2«;7j,2m+2i7j71}- 1
2.

{amy1,i} mjt_lx Ay j = 0% (m — )%,

by i = A id

0
T0,201,210e
0T,

0T,20T1,2T0e

0,
0,

51 000,010,100
0,

53 000,012,021,101,110e 0 ~ 00, 01; 00 ~ 001)%; 01 ~ 010)%; z + 222 + da° + 227
001 ~ 010

51 000,012,021,100,10T
000,012,021,101,102
000,012,021,101,12
000,012,021,101,201

000,012,021,101,210 0 ~» 00, 01; 00 ~~ (001)2, 01 ~» 010, 001;

F DDO;0T2,02T5100,T1I0" | — — — — — — — — — — — — — — — — — — 1
000,012,021,102,110

000,012,021,110,120

000,012,021,110,201

000,012,021,110,210 0 ~ 00, 01; 00 ~ (001)2; 01 ~ 001, 011;

[ 000,012,100,101,110e | 0 ~ 00, 01; 00 ~ 001, 01; 01 ~ (010)2; | = + 222 + 423 4 324

001 ~ 010

55 000,0

10,210 0 ~ 00, 01; 00 ~ 001, 002; 01 ~ (010)2; z + 222 + 423 + 324 + 5
001 ~» 010; 002 ~» 001,010

56 000,0

.0
0
0
0
0
0 01
1021/102,210
000,012,021,120,201
000,012,021,120,210

000,012,021,201,210 0 ~ (00)2; 00 ~ (001)2; 001 ~» 0011
r ™ 102,100 |~ — ===

D0OC0T2.T00° 102, T10" —| — — — — = — — = = 2= === — = —
000,012,100,110,120
000,012,100,110,201
000,012,100,110,210 0 ~» 00, 01; 00 ~» 001, 002; 01 ~» 001, 011; 2z + 222 + 423 4 422
001 ~» 011; 002 ~ (011)2

5T 000,012,100, TOT, T0Z
000,012,100,101,120
000,012,100,101,201
000,012,100,101,210 0 ~+ 00, 01; 00 ~ 001, 01; 01 ~» 010, 001;
001 ~ 010
F 000,0T2,TOZ1T0,T20° | — — — — — — — — — — — = = — = — = — 1
000,012,102,110,201
000,012,102,110,210
000,012,110,120,201
000,012,110,120,210
s
000,012,110,201,210 0 ~+ 00, 01; 00 ~» 001, 01; 01 ~» 001, 011; z + 202 + 423 + 42 + 25
001 ~ 011
5 000,012, 10T, 102,120
000,012,101,102,201
000,012,101,102,210
000,012,101,120,201
000,012,101,120,210
000,012,101,201,210 0 ~ 00, 01; 00 ~ 001, 002; 01 ~» 010, 001; 24222 4403 442t 4245 426
001 ~» 010; 002 ~» 001, 0022; 0022 ~> 001
59 000,011,021, 102,120 0 ~ 00, 0T; 00 ~ 00, 002; O ~ 010, 002;
I e s a4
001,021,100,110,1208 | 0 ~» 00, 01; 00 ~» 00; 01 ~ 010, 00, 012; z(Ata” 2w +a7)
012 ~ 00,012 (1—=x)

B0 000,012,100,102,120
000,012,100,102,201
000,012,100,102,210
000,012,100,120,201
000,012,100,120,210
000,012,100,201,210 0 ~ 00, 01; 00 ~ 001, 002; 01 ~» (001)2; z 4 222 + 423 4 524 4 25
001 ~» 0011; 002 ~» 0011, 001

6T 000,0T2,T02,T20,20T

000,012,102,120,210
000,012,102,201,210
000,012,120,201,210 0 ~> 00, 01; 00 ~ 001, 002; 01 ~> (001)2; 242224423 45244205 426
001 ~ 0011; 002 ~» 001, 0022; 0022 ~» 001

:P) 000,011,021, 100,102
7011.021,101,102
000,011,021,102,110
000,011,021,102,201
000,011,021,102,210 0 ~ 00, 01; 00 ~ 00, 002; 01 ~ 010, 01;
002 ~ 002
[ 00050T1,TOC5102,T200 | — — — — - — - — — — — — — — — = — — 1
000,011,101,102,120
000,011,102,110,120
000,011,102,120,201
000,011,102,120,210 0 ~» 0,01; 01 ~» 010,012; 012 ~» 012
[ 00I;021,T00;10L,T100 | — — — —'— — — == =T == == — — — — 1
001,021,100,102,110
001,021,100,110,201
001,021,100,110,210
001,100,101,110,120
001,100,102,110,120
001,100,110,120,201
001,100,110,120,210 0 ~ 00, 01; 00 ~» 00; 01 ~» 010, 00, 01
[ 00L0Z1,T00,101,1200 | — — — — = — — ='— — — =’'=+== — — — 1
001,021,100,102,120
001,021,;100,120;201
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Continuation of Table 1

No.

Rules of 7(B)

Fp (@)

B
00T,02T,100,120,210
0U0T;021,T0L;1T0,T20°
001,021,102;110,120
001,021,110,120,201

001,021,110,120,210

U ~ 00, 01; 00 ~ 00; O ~ 010,011, 012;
011 ~» 010,011; 012 ~» 00, 012

0 ~» 00, 01; 00 ~» 00; 01 ~~ (00)2,012;
012 ~ 00,012

.2(1+12—1'3)
(1—2)2

63

T,02T,T
000,011,021,101,
1,021.1
000,011,021,120,201

[ 000,011,021,120,210

T

coo000
Istsislslsls]
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o
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o
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o
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[ ey
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00T;100,T0T;102,T20°
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0 ~» 0,01; 01 ~» 010,01
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011 ~» 00,011

0 ~» 00, 01; 00 ~» 00; 01 ~» 010,011, 01;
011 ~ 010,011

am ~ apyg1, (01)™; 01 ~» 010, amp = 0™
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001,101,102,110,210
001,101,110,201,210
001,102,110,201,210
0U10,0T2,021;100,TOT
010,012,021,100,102
010,012,021,100,110
0 1,100,120
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0 ~ 00, 0; 00 ~» 00, 002; 002 ~ 002

0 ~» 00, 01; 00 ~» 00; 01 ~ 00,011, 01;
011

am ~ (010)™, b, apyq1s
by, ~ (010)™, by, am = 0™, amm
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Continuation of Table T
No. | B Rules of T(B) 5 (@)
0T0,012,02T1,110,120
010,012,021,110,201
010,012,021,110,210
010,012,021,120,201
010,012,021,120,210
010,012,021,201,210
011,012,021,101,102
011,012,021,101,110
011,012,021,101,120
011,012,021,101,201
011,012,021,101,210
011,012,021,102,110
011,012,021,102,120
011,012,021,102,201
011,012,021,102,210
011,012,021,110,120
011,0121021,110,201
011,012,021,110,210
011,012,021,120,201
011,012,021,120,210
011,012,021,201,210 am ~ (0)™FL a1 1501~ 01, ay = 0™
,,,,,,,,,,,,,,,,,,,,,,,,,,,, B 5
011,012,100,201,210e am ~ apyg1s {05125 bm ~ (010)™, 7”?1 H;g )
= —x
am = 0™, by = amm
65 OTT,0T2,T00,T0T,2T0
011,0121100:102,210
011,012,100,110,210
4,2
011,012,100,120,210 am ~ apyy1, {015 by ~> 010; %);'H)
= —x
by ~> 01,0105 by ~> e, (010)7 1
cm ~ (010)™ 1 apy = 0™, by = amm,
cm = apm0
66 000,0TT,T00,T0T, T20
000,011,100,110,120
000,011,100,120,201
000,011,100,120,210
000,011,101,110,120
000,011,101,120,201
000,011,101,120,210
000,011,110,120,201
000,011,110,120,210
| 000:0111120:2011310 | 0rw0.01: 01 > 0,012: 012~ 012 _
001,100,701,102,20T A~ Qg1 bms 165 115
-1
b~ {ei}Lq, bms em ~ {ej}iey s
am = 01---m, by = amm,
[ = a m — 1
U1T;0T2,T00;101, 20T —| — & — mm =D
011,012,100,102,201
011,012,100,110,201
011,012,100,120,201 am ~ am1, {63715 bm ~ 010, {b;}7 71, m
am = 0", by = amm
7 0TT,012,100,10T,102
011,012,100,101,110
011,012,100,101,120
011,012,100,102,110
011,012,100,102,120
011,012,100,110,120 am ~ am+1 (b} s by ~ 010~
ba ~ (01)%; by em. {0 ymoh
em ~ c1, 01, {Ci}i:3 , am = 0",
bm = amm, cpy = apm0
[} 0T0,012,100,110,210e
011,012,101,201,210
011,012,102,201,210
011,012,110,201,210 s s
011,012,120,201,210 am ~ g1, {01 1(1’(’;’“‘) +z7)
- —x
b~ (0021)™ =1 by ay, = 0™,
by = amm
TO 0T0,012,100,T0T,TT0
010,012,100,102,110
010,012,100,110,120
2,.3 4
. a((1=x)2 423 —22%)
010,012,100,110,201 am ~ Gpp1s {117 i3y bm o~ {eg} Ty, b1 B T s e
em ~ {ei}ity s am = 0™, by = amm,
e = amm(m — 1)
70 001,101,102,201,210 am ~ Gmt1, (00) 7% bms bm ~ (00)"7, b
am =01 m, byy = amm
U10;0T2,700;101,7107 —| — & — — — = =" == — — — — — — — 4
010,012,100, 102, 1210
010,012,100,120,210
010,012,100,201,210
011,012,101,102,210
011,012/101,110,210
011,012,101,120,210
011,012,102,110,210
011,012,102,120,210
011,012,110,120,210 am ~ amp1, {0 s
b ~ (0021)™M =1 b Gy, =0,
bm = amm
U10;0T2,T0 vt Enl el el
010,012,102,110,210
010,012,110,120,210 )
010,012,110,201,210 am ~ Gyt {035 b~ (b1)™, %”—)
ap = 0™, by =apm °
7T 010,012,100, 1()1 T02
010,012,100,1
010,012,100, 101 1201
010,012,100,102,120
010,012,100,102,201
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Continuation of Table T
No. | B Rules of T(B) 5 (@)
010,012,100,120,201 Gm = Gt 1 (0001 bm = (€11 /o bm:
= 0™, by, = amm,
U10;0T2,TOG102,Tlg" =] — &= — == — = — = — = — — — — — — 4
010,012,101,110,120
010,012,101,110,201
010,012,102,110,120
010,012,102,110,201
010,012,110,120,201
011,012,101,102,201
011,012,101,110,201
011,012,101,120,20
011,012,102,110,201
011,012,102,120,201
011,012,110,120,201 b} b b} b __wQ-rtad)
,012,110,120, am ~ G;;,Ln+17{ itieqs bm ~ {b;}i2 . by, (=222 (1—2)2
am = 0", by = amm
72 0T0,012,10T,102,210
010,012,101,120,210
010,012,101,201,210
010,012,102,120,210
010,012,102,201,210
_ 2 53,4
010,012,120,201,210 am > g5 {bi 5 b~ b)™ L by, W’LSZI”)
m = (1—x)
am = 0", by = amm
73 000,01T,100,T0T,TT0
000,011,100,101,201
000,011,100,101,210
000,011,100,110,201
000,011,100,110,210
000,011,100,201,210
000,011,101,110,201
000,011,101,110,210
000,011,101,201,210
000,011,110,201,210 0~ (0)2
U10,0T1,02,100,T0C | — — — — — — — — — — — = — — — = — — 4
010,011,021,100,102
010,011,021,100,110
010,011,021,100,120
010,011,021,100,201
010,011,021,100,210
010,011,021,101,102
010,011,021,101,110
010,011,021,101,120
010,011,021,101,201
010,011,021,101,210
010,011,021,102,110
010,011,021,102,120
010,011,021,102,201
010,011,021,102,210
010,011,021,110,120
010,011,021,110,201
010,011,021,110,210
010,011,021,120,201
010,011,021,120,210
010,011,021,201,210 am ~ a1, {b; 37215 bm ~ {b;}]2,
am = 0", by = aml
U10;0T2,TOT;102,1200 —| — & — — =M === — — — — — — — — —
010,012,101,102,201
010,012,101,120,201
010,012,102,120,20
011,012,101,102,110
011,012,101,102,120
011,012,101,110,120 m "
. z
011,012,102,110,120 am ~ a1, {0} bm ~ {by}L -5z
am = 0", by = amm
74 010,011,102,120,201® | am ~ Gppt1s Lom, i F1e1s
j m+41—j,1
bmj = Lt g {bmp1—jitiey 0,
oh am =0, by, = ami,
L _deem=ammm=1) _ _ _ _ _ _ _ _ _ _ | 3
s (223 —2241)
010,011,102,120,210e Ab i 3T 2" —2241)
am > a1 {bm i bisg ) (I—z)(1—2z)(1—z—22)
b J b m41—j,1
m,i ~ Lo bma1—jit;— ;
=1 )
Cm > {01}112 s am =0, bm,j = ami,
cm = amml
75 0T0,0TT,TO0,T02,T20e
010,011,101,102,120 s o
010,011,102,110,120 am ~> a1 {bm i i1 b, ~ w(?m 51172;31)
om ' A (1—a2)(1—2a)
lejatizio e tbmyr—jadi=r
m—3
em,1 > {em—_1it;—1"em—1,1 ~
. -2 . . m—2— .
{ej, 1o lem—giti=” T em—j,1
am = 0", by, § = ami, ¢y j = ammj
3 2
m . z(z5 4222 —3z41)
76 010,011,102,201,2108 | arm ~> Gpyp1s {,bf{ﬂ}izl’ T
bim,j ~> (0021)7 75, {bp, s} s am = 0™,
bm j = am j
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Continuation of Table T
No. B Rules of T(B) 5 (@)
T OT0,0TT, TO0,TOZ,2T0
010,011,101,102,210
010,011,102,110,210 T({010, 011, 102, 210})
T 0T0,017T,100,102,20T
010,011,101,102,201
. . z(1—2x)
010,011,102,110,201 am ~ am+lj,.{bm’l 1 Amy (12027
b~ {eitimg {bm,i iz s
m—1
Cm, ~> {Ci}izg
79 Ul() OTIT,T00,I0T,T02
10,011,100,102,110
010,011,101,102,110 7({010,011,102})
0 000,010,021,100,101
000,010,021,100,102
000,010,021,100,110
000,010,021,100,120
000,010,021,100,201
000,010,021,100,210
000,010,021,101,102
000,010,021,101,110
000,010,021,101,120
000,010,021,101,201
000,010,021,101,210
000,010,021,102,110
000,010,021,102,120
000,010,021,102,201
000,010,021,102,210
000,010,021,110,120
000,010,021,110,201
000,010,021,110,210
000,010,021,120,201
000,010,021,120,210
1
000,010,021,201,210 am bm, {ag} i b ~ {a; 370 2 s
am =02 (m = 1)2m, by = apm
81 010,011,120,201,210e Am > Qs {bm i};” 13 bm,j ~ ””(1%22’”)
i = m+1 i (1—3z+z2)(1—x)
(bmt2—j,1)7 7Y (bmg1—j,i His
am = 0™, by i = amj
) 0T0,017T,100,120,20T
010,011,100,120,210
010,011,101,120,201
010,011,101,120,210
010,011,110,120,201
010,011,110,120,210 am ~ Qg1 L, i 315 b ~
_1 1—4
Tt iizgi Y1 bmp1—j i it 7,
am = 0", by, j amJj
3 0T0,01T,T00,T0T,120
010,011,100,110,120
010,011,101,110,120 7({010,011, 120})
s O0T0,0TT,TO0,20T,2T0
010,011,101,201,210 N
010,011,110,201,210 T({010, 011, 201, 210}) MZ
(A—3z)(1—=)
5 0T0,01T,100,T0T,20T
010,011,100,110,201
L 010.011,101.110,201 _T({o010,011,201})_ _ _ _ _ _ _ _ _ _ _ |
010,011,100,110,210
010,011,101,110,210 7({010,011,210}) [2]
86 010,011,100,101,110 7 ({010, 011}) [T4]
7 012,021,100, 10T, TO02
012,021,100,101,120
012,021,100,101,201
012,021,100,101,210 am ~ A1, (01)™; 01 ~» 010, 01, ay, = 0™
[ 012,021,T00,102,T100 | — — — — —~ — — = — — — — = — —— — — 1
012 021,100,110,120
012,02111001110,201
012]021,100,110,210
012,021,101,102,110
012,021,101,110,120
012]021,101,110,201
_ 2
012,021,101,110,210 am ~ Gy, (01)™5 01 ~ (010)2; %
010 ~ 010, a,, = 0™ *
2(l—nt222 2%
88 012,100,101,110,210e am ~ a1, 1630 %
- —x
b~ cm, (010)™,011; ¢y ~ (010)™ ™1,
011 ~» 011, am = 0™, by = amm,
Cm, = ammO0
2 ES
m ] z(1—2z+2x2 x5 —x7)
89 012,100,101,110,201e | agm ~ am+1,7{1b i3 bm o~ {e} T, 011; R T re——
Cm ~ {ci}i:1 ; 011 ~» 011, ayp = 0™
by = amm, cpy = amm(m — 1)
J0 0T2,100,10T,102,TT0 A
6 3
226 244 (1-2)3)
012,100,101,110,120 T ({012,100, 101, 110 22?2t (1-2)7)
, ,110, ({012,100, 101, 110}) (-5 -2_22)2
— 2. 2 5.3
91 011,021,100,102,1208 | am ~ amp1s {b; 7% s bm ~ 010, {c;}T W
cm ~ {¢; }ml,afom bm = aml, * *
cm = aml
92 000,021,101,102,1208 | ag ~ bg, 01 0T ~ 010, 01T, 00%;
011 ~ 010, ay, 002; 002 ~ by, 002;
am ~ bm, {a;}]2 1, 002;
by ~ {a; 30T, 002,
am =02 (m —1)2%m, by, = apm
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Continuation of Table T
No. B Rules of 7(B)
000,021,102,110,1208 | ag ~» bg, 01; 01 ~» 010, by, 002; 010 ~» 0101; 14
002 ~» by, 0025 am ~ bm, {a; }7%, 002;
1
b ~ {a; 37241, 002,
am =02 (m —1)2m, by = apm
93 000,021,101,102,110e | ag ~ bg, 01; 01 ~» 010, by, 01; 002 ~ bg, 002; 14
am ~> bm, {a; 370, 002;
b ~ {a;}724T, 002,
am =02 (m = 1)2m, by = apm - -
94 012,100,110,201,210e am ~ apyy1, {01 W
- —x
b ~ (010)2, (0021)™~1; 010 ~ 010,
am = 0™, by, = aymm
5 012,100,102,110,210 T 3 N
012,100,110,120,210 am > a1y {0735 z(z +I(1+2ﬂ)53—a:+1)
T —x
b ~ em, (0021)™ =1 010;
cm ~ (0021)™ =1 010; 010 ~ 010,
am = 0", by = amm, ¢y = am,m0
96 012,02T,T00,T02,T20
012,021,100,102,201
012,021,100,102,210
012,021,100,120,201
012,021,100,120,210
012,021,100,201,210
012,0211101,102,120
012,021,101,102,201
012,0211101,102,210
012,021,101,120,201
012,021,101,120,210
012,021,101,201,210 am ~* g1, (01)™; 01 ~» 010, 01;
010 ~» 010, ay, = 0™
[ 012,021,T0Z;1T0,T200 | — — — = = "= = — = — — = — — — — —
012,021,102,110,201
012,021,102,110,210
012,021,110,120,201
012,021,110,120,210
012,021,110,201,210 am ~ Gyt (01)7"» 01 ~» 011, 01;
L - _ _ | 011011, am;m =0
012,100,T01,201,2100 | “am = ayy 41+ FJ;=1; b = (010)™, By,
7777777777 am =0T by =amm_ _ _ _ _ _ _ _ _
012,101,110,201,210 am ~ apyi1s {0 }1,1, b ~ (010)™+1;
010 ~» 010, apy = 0™, by = amm
97 012,100,102,110,20T N s 3 N
w22 (1—222 — 11—
012,100,110,120,201 am ~ apyy1s {05 b~ {e s z(z Eliwi?’(liz):(ﬂ) x)7)
cm ~» 00210, sseqc;i = 2m; 010 ~ 010,
am = 0", by = amm
9 000,02T,T00,102,T20
00,021,102,120,201
1—z—y/1—2z—3z2
000,021,102,120,210 ag ~ by, 01; 01 ~» 010, 011, 002; LA fe S
011 ~» 0101, aq,002; 010 ~» 0101; 3 2w
002 ~ by, 0025 am ~ bm, {a;}%,,002; =" + 22
1
b ~ {a; 32T, 002,
anl:02~w(m71)27n, bm = amm -
99 012,100,102,110,120 am > amns {5} z(1<;m+)2§c ) o
- —x
bm ~ em, {d; 2o, c15 €1 ~ e1; z?(1+2z—3822—23)
cg ~ eg,c1; em Zzydzw {ei 3]y e1s ) (=2)2(1—2—22)2
dg ~ eg; dg ~ (d2)“; dm ~ em, (%);12
-1
eg ~i em ~> eg,do, {e; 3 7, am =0,
bm = amm, cm = ammo,
dyp = amm(m — 1), em = apm0(m — 1)
TOO 0T2,100,10T,102,2T0 B 3 5
012,100,101,120,210 am ~ apyy1, {0 W
b~ ey (010)™ 7L by e~ (010)™ 1,
am = 0™, by = amm, cpyy = am, m0
TOT 012,10T,102,110,210
2 2
012,101,110,120,210 am ~ a1, {05325 b ~ em, (010)™5 z(x Itll)@;”s 2041)
e —x
em ~ em, (010)™ =1 010 ~ 010, am = 0™,
b = amm, cmy = amm0
102 012,T00,10T,T02,20T
012,100,101,120,201 am ~ a1, {03721 bm ~ {e; 321, bms
em ~ {e;}7Y am =0, by = amm,
c. ammO
F 012101, T0Z;1T0,20T - — & — == — — — — — — — — — — — — 5 s
— 1>
012,101,110,120,201 b} z(@”ta?—wt
am wamﬂ { }1—1 (1—2)2(1—z—a2)
by ~ (010)2, {b;}727 15 010 ~ 010,
am = 0", by, = amm
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Continuation of Table T
No. B Rules of 7(B) 5 (@)
TO3 OTT,021,101,102,120
011,021,102,110,120
011,021,102,120,201 ) 5
011,021,102,120,210 am ~ a1, {035 1(tl’fz;r4(i7;if )
bm ~ (010)2, {e;} T2 oi em ~ 010, {e;} 7Ly
010 ~+ 010, am = 0™, by = am1,
cm = aml
TOZ 000,021, 100,102,110
000,021,102,110,201
1—z—y/1-22—322
000,021,102,110,210 ag ~ bg, 01; 01 ~ 010, by, 012; 010 ~» 0101; —_— e 1+
012 ~ 0101, by, 012; 2@
am ~ bm, {a;} ), 002;
b ~ {a; }7ETT, 002; 002 — bg, 002,
apm =02 (m —1)2%m, by = apm S
105 | 012,100,101,102,120 A ~ Qg1 {bi P g5 by~ c1, 15 z(ﬁ’” *“) (’1“' —z7)
= s — -
b~ cms e, {d; } g, b
-1
em ~ {e; it dg ~ 15
dm ~ ¢m—1,c2, {di};nzglw am = 0",
bm = amm, ¢m = ammo0,
dm = amm(m — 1)
T0G 0TT,0271,100,101,102
011,021,100,102,110
011,021,100,102,201
011,021,100,102,210 Am > Ay, (bi}?;l: bm ~» 010, {bi}{gl,
Ll o ___daem=0"bm=aml _ _ _ _ _ _ _ _ _
m I(l—z+7£2)
012,101,102,110,120 am ~ a1y {0; 35 CETeer
-1
bm ~ em, {bj}ie, ", 0105
em ~ em, {b; Y275 010 ~> 010, am = 0™,
bm = amm, ¢y = aym,m0
T07 | 011,100,102,120,201e am ~ Gt 1 APm,i iyt g ~
J m+1—j,
{eiti—idmt1—j> Pmg1—j,},—1 ;
- -1
Cm ~ {07}7;1 dm ~ dm, {bm,—l,i)?; ’
am = 0™, by,j = ami, em = amm(m — 1),
,,,,,,,,,, dm =aml2_ _ _ _ _ _ _ _ _ _ _ _ _ | 1
011,100,102,120,210e am ~ Qg 15 {bm i g5 b j ~ %
j mA1—j, (1-2e)A-z—e%)
teidizr dma1—j bmt1—j,idi=1" 73
-1 -1
cm ~ {Ci};11 i dm ~ dm, {bm—1,i)7;1 s
am = 0™, bm,j = ami, ¢m = ammo,
dpy = apm12
TO OTT,100,101,102,120
a2
011,100,102,110,120 7 ({011,100, 102, 120}) %
€T — 2
T0O 000,0271,100,10T,102
000,021,101,102,201 s . .
000,021,101,102,210 T ({000, 021, 101, 102}) l-z—z - el
=
(1422)y/1—20—322)
20
N 1—o—y/1-20—322
110 | 000,021,101,110,120e ag ~ bg, 01; 01 ~ (bg)2, 002; 3 14
x
am ~ bm, {a;}12, 002; o
b ~ {a;}7ETT, 002; 002 ~ bg, 002, (—aoty/1-20-322)2
am =02 (m = 13m, by, = amm
TIT 000,101,102,110,120e
TT2 012,100,102,201,210
012,100,120,201,210 am ~ app1, {05325
b ~ 010, (0021)™ =1 by, ; 010 ~ 010,
am = 0", by, = amm
F 012,102, T10;201,7100 -] — & — — =8 = == — — — — — — — —
012,110,120,201,210 am ~ a1, {b; 37215 bm ~ by, (011)™;
011 ~» 011, ayy = 0™, by = amm
TT3 000,027T,100,102,20T
000,021,100,102,210
000,021,102,201,210 7({000, 021, 102}) 2]
114 012,100,102,120,210 am ~ A1, {0i 21
bm ~ em, (0021)™ 71 by
em ~ (0021)™ 7L ey am = 0™,
b = amm, cmy = amm
F 0125101, T0Z;201,2100 - — & — =SS - - - -
012,101,120,201,210 Am > Ay, {b,i};”gl; bm, ~ (010)™, bm;
L - — _ _ _ _ _ ] 910+ 010, ayp =0"", byjn_=amm_ _ _ _ _ 2 3 4
—_ 5 —_
012,102,110,120,210 am ~ apyy1, {015 b ~> b, (011)™ z(1=8z+5ac” —3a " +a”)
011 ~» 011, ayy = 0™, by, = ayym
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Continuation of Table T
No. B Rules of 7(B) 5 (@)
115 012,100,102,120,201 Gm ~ Gt 10 L0270 17 b~ L€ 001 b
c1 ~ clj cm ~ 00210, {ci};"='51, —CL
L - e _ _ {dbm=amm em=amm(m=-1) _ _ _ _ _ | 5 4
1-3z+4x 2a4)
012,102,110,120,201 . b3 z(
am ~ Am41 { z}lz=1 (1—z)1(1—1712)
b, ~ b1, {ci};';E ,011; 011 ~» 011;
em ~ (0112, {¢;} %y, am = 0™,
by = amm, cpy = amm(m — 1)
116 01T, T02,T20,20T,2T0e
T17 | 012,101,102,120,210 7 ({012, 101, 210}) 2]
TT OTT,021,100,101,120
011,021,100,110,120
011,021,100,120,201
011,021,100,120,210
012 ~» 012, ayy = 0™, by = aml
F 01T,021,T0T;102,T10° -] — — — — = "= = = "N——=""— — — — — 4
011,021,101,102,201
011,021,101,102,
011,021,102,110,201
011,021,102,110,210
011,021,102,201,210
012,101,102,120,201 am ~ A, {b; 37215 bm ~ {b;}]2,010;
010 ~ 010, ayy = 0™, by = am1
F 01T101,70%;120,20T -] — — — — = "= = = "M== — — — — — 4
011,102,110,120,201 [2]
[ I, ,102,120,210° |
011,102,110,120,210 [2]
[ U12,021,T02,120,20
012,021,102,120,210
012,021,102,201,210
2
012,021,120,201,210 %
(1—=2)2(1—2=)
119 | 011,100,102,201,210e
I 51171071 ;0;1;0 ;207 I T ({011, 102, 120}), Theorem 6 z(1-—)?
,101,102,110, , 102, , G 22
20 OTT,100,10T,102,2T0
011,100,102,110,210 T ({011, 100, 102, 210})
12T OTT,TO0,TOT, TO2,20T
011,100,102;110,201 7({011,100, 102, 201})
o2 000,021,100,101,110
000,021,101,110,201
000,021,101,110,210 7 ({000, 021, 101, 110})
23 000,021,100, 101,120
000,021,100,110,120
000,021,101,120,201
000,021,101,120,210
000,021,110,120,201
000,021,110,120,210 T ({000, 021, 101, 120}) = [4]
7 ({000, 021, 110, 120}), [4]
127 000,T00,TOZ,TTO, T20e
25 000,100,101,102,120e
126 | 011,100,101,102,110 7 ({011, 100, 102])
127 000,T02,TT0,T20,20Te
2 000,101,102,120,20Te
000,101,102,120,210e
000,102,110,120,210e Theorem 7
79 000,100,1071,102,110e
30 000,101,102,110,210e
3T 000,101,102,110,201e
32 000,100,102,120,201e
37 000,100,102,120,210e
5 I 3 2
135 012,102,120,201,210 am ~ g1 {035 z° =3z +(7lz —)g: tdx—1
o —x
b~ b1, (0021)™ L b ay, = 0™, L
bm = am 1-22
36 OTT,10T,102,2071,2T0 5 5 4
ym z(1—4z+622 323 —z%)
011,102,110,201,210 am ~ apyt1s {bmi e
by, j ~ 010, (0021)7
010 ~» 010, am = 0™, by, j = amj
137 000,02T,T00,120,20T
000,021,100,120,210
2 1—z—y/1—2z—3z2
000,021,120,201,210 ag ~ bg,01; 01 ~ (a1)2,002; 002 ~ by, 002, —_— 1+
m 2z
am ~ bm, {a;}1,002; 5 5
m1 422 (1—y/1—22—322)
bm ~ {a;}; 7,002, P AP
ap =02, . (m —1)2%m, by = apm (A—a+y1-22-32%)
13 000,T02,T20,20T,2T0e
T39 | 000,100,102,110,20Te
T40 01T, 021,100,101, TT0
011,021,100,101,201
011,021,100,101,210
011,021,100,110,201
011,021,100,110,21
011,021,100,201,210 T ({011,021, 100})
[ U1T,021,T01,170,12 AT s s s s =
011,021,101,120,201
011,021,101,120,210
011,021,110,120,201
011,021,110,120,210
011,021,120,201,210 T ({011,021, 120
[ 011,101,7T02,170,210 | 77 (011,102,210} — — — — — — — — — — 1 [2]
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Continuation of Table T

No.

B

Rules of 7(B)

Fp (@)

141

011,101,102,110,201

am ~ ami1, {bm =1’

b, 1~ e1s {bm i 3720

g~ (e {ei g {bm, i YT
e1 ~ e1iem ~ (e1)?, {e;} g, am = 0™,

bm,j = ami; cm = amm(m — 1)

(@@ (1=2)%)
(1—z)2(1—2z—=2)

142

000,02T,T00,1T0,20T
000,021,100,110,210

000,021,110,201,210

ag ~ by, 01; 01 ~ aq, bg, 01; 002 ~ bg, 002,
am ~ bm, {a; }] 1, 002;

1
b ~ {a;}724T, 002,

ap =02 ... (m—1)2m, by =apm

323 322 —4z42 n
222 (1—x)

(z2422—-2)

1-22—3z2

2z2(1—x)

000,T02,TT10,2071,2T0e

000,T00,T02,TT0,2T0e

[ 15 IS 1%

01T,T00,120,2071,2T0e

000,02T,T00,T0T,20T

7 ({000, 021, 101})

[3]

147

011,100,110,120,210

000,100,101,102,210e

T ({011, 100, 120, 201}) =
T ({011, 100, 120, 210})

[4]

000,107, 0T,2T0e

000,100, 02,20Te

10,120

000,100, 10,120

0
0
011,100,10
0
T

000,107, 20,20T

000,T0T1,TT0,120,2T0

000,T00,1T02,20T1,2T0

21,100,201,210

7 ({000, 021])

[14]

OTT,T0T, 120,201,210
011,110,120,201,210

7 ({011, 120, 201, 210})

011,100,101,201,210
011,100,110,201,210

T({011, 100, 201, 210});

am ~ a1 {bm,itieq;
b~ Omg1—5,1)7 {bm i
am = 0™, b

s
m,j = 2mJ

x(1—2x)
(I—=)(1-3x)

159

011,101,110,120,201

011,101,T10,120,210° |

7 ({011, 120, 20(1{%% 77777777777

T ({0T1,120,21

[2]

160

010,021,100,101,102

ot [ S L ot V] ST ST ST )

NN NN N NN N NN NN

BORRRORRORONRRORONHONRRRO R
OROOOROORORO00RORO0RO000ROR

011,021,10
011,021,1 )
011,021,101,201,210
011,021,110,201,210

o
FRO00ONNNRNRRRRRERRERRO00000

— m
G~ @y, oAl am =0

1—-2x—+/ 4x

21

16T

000,T00,10T,TT0,20Te
000,100,101,110,210e

Modification of
{000, 100, 101, 201} &

{000, 100, 101, 210} in [4]

161

011,100,101,110,201

011,100,T01.1T0.210°_ ]

T ({011,100, ZOa; 77777777777

7 {0711,100,21

Example 4.9 in [2]

162

000,100,1071,120,201
000,100,101,120;210

Theorem 8

163

000,T0T,TT0,2071,2T0e

000,T0T,T20,2071,2T0e

165

000,100,110,120,20Te
000,100,110,120,210e

Theorem 8

166

000,110,120,201,210e

167

010,100,102,110,120e

010,100,101,102,120e

169

010,101,102,110,120e

170

010,100,101,102,110e

17T

010,T00,1T02,1T20,20Te
010,102,110,120,201e

Theorem 9

172

0710,T00,T02,T20,2T0e
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Continuation of Table T
No. B Rules of 7(B) 5 (@)
010, TOT, TOZ,T20,20Te
010110171021120,210
0,102 210 Theorem 9
3 0.100,102.110,210
I 0,100 2 20T
5 0,101,102 210
) 0,101 20T
7 0,10 2,210
0 02,201
] 0 10,120
0 0 2 01,210
1 10,102,120,201,2108 | am ~ Grt1, @ms Lom b1t as
bap,j ~> (0021) by g a1,
+2—j )
{brmt2—jitinh Lam =0, by, i = amj
182 0T0,T02,TT0,20T,2T0e
183 010,T00,T02,20T,2T0e
T84 | 010,101,102,201,2106 | @m = @mi1; m bmo2s - bm,ms Bm g =
(0021)7 — 4, m+1,j, by ,jo e bmoms
am =0, = amj
[ 011,101,T10,201,210 | 77 (J011] —201 71%}) 777777777777 Theorem 3
185 000,T00,T0T,20T,2T0e
000,100,110,201,210e Following from Theorem 5.9
in [2]
186 010,100,101,120,201e Am ~ Aty G {bm ititos
bm,g > Lemti—g,i¥mpr bmt 1,50 Gmt1—jo
+1-7,
{bm+1 s 7,}1—
i—1
Cm,j ~ Am42—j> {emi14i—j,itizg-
(bmpa—j, 2T am = 0™,
iiiiiiiiii =amij(j
010,100,101,120,210e mA 1 am s (b i 1T
bm,j ~ {Cm+17‘7,b}1_27 m+1,5>%m+1—j
-3,
{bm+1 s 7,},—
i—1
Cm,j 7 Gmt2— ]' {emt1ti—j,iti—g:
{bmto—ji 35277 am = 0™,
by, j = amis €m j = 0™ 1
[ U105100,T10;120,20Te | — —°— — — — =& — —'= — — — — — — — 1
010,100,110,120,210e
010,101,110,120,201e am ~ a1, am, {bmﬁi}?’:’? Theorem 11
-1
b g~ Gmt2—j Omp14i—jiti—as
mt1—j
amt2—j> Gmt1—j Omy1—jitizn 7
am = 0", by, j = amij
TS7 UT0,101,110,120,210e
188 | 010,100,101,110,201 | G ~ dpy 1, %ms (O i1 12g5 Om,j ~
{emij.iti—gs amia ]’{bm i
Cm,j ~7 {“m++1+17] z}l_gv{bm 1}1,
brm,1 = am, em = 0™, by j = am3,
[ 010,100,T01,170,210e |
{Cm+i7j,i}i:21 am+2fj’ “’m,i
-1
em,j > {emtt14i—j,itime s {bm,itis;
brm,1 = am, am = 0", by, i = am3,
Cm.j = amijl
TS 010,100,110,201,210e
) 1
010,101,110,201,2108 | am ~> @pyy1s @ms {bp,i} 72 3-
b~ (@mg2—5)7 {bm i}
bm,j = ami
T90 010,100,120,201,210e
010,101,120,201,2100 | am ~ apyiqs Gm, {bm i
bm,j ~ (amqa— ])] L1 bmi1, g
m41 )
,,,,,,,,,, Lomp1—g b T am = 0™ by = ami
010,170,720,201,2100 7| “am > a1, am’> {bm i )] Bim.j ~ Theorem 12
(brt3—7,2)7 "1 amyo ]vam+1 g
1—j —
m+1,] {bm 41— ],1}17 ,am = 0",
m,j = ami
TOT 0T10,100,10T,201,210e
m z(1-z(1-2)?)
192 | 012,021,100,101,1108 | ayy ~ apyqq, (01)™, 01 ~ 010, 011; Ty
011 ~ 011 a-=)
193 | 021,100,101,102,1200 | am ~ Gppt1, 1031001
1
b~ 010, by g1, {ei} 2. em ~ {e; 37,
am = 0 b =aml, ¢ = aml2
[ 021;100,T02;1T0,T20e | — m —Y_ 1 m =Z%miCm_— 9mits . _
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Continuation of Table T
No. B Rules of 7(B) 5 (@)
/1 J
021,101,102,110,120e am ~ a1, {02 = 21 1 52+ (1—=)3
- —xT
bm ~ 010, {c; }72,, 012,
em ~ {e;3H1 0125 010 ~ 010;
012 ~» ¢1,012, am = 0", by = am1,
cm = amll
m 1—2z— /14w
194 | 021,100,101,102,110e am ~ a1, {03 By S
b~ 010, e, {b; 17, 23
T—w)(1—2x)
em ~ {e;}h10113; 0113 ~ ¢y, 0113, (
am =0™, by =aml, ¢y = apmll
195 02T,T00,T02,T20,20T
021,100,102,120,210
021,101,102,120,201
021,101,102,120,210 am ~ A1, {035
1
b ~> 010, by g1, {ei} 21 s em ~ {e; }hs
00 ~ 010, amyy, = 0™, by = am1,
Cm=aml2_ _ _ _ _ _ _ _ _ _ _ _ _
[ 021;102,T10,120,20T ] 1 .3
021,102,110,120,210 am ~ a1, {0}t = 2¢7 = + (1—=z)%
- —x
by ~ 010, {c-};'il,om-
em ~ {e;}2h ", 0125 010 ~» 010,0101;
012 ~ cq, 012, 0101 ~» 0101, ay, = 0™,
by = aml, ey = amll
196 02T,T00,102,T10,20T
021,100,102,110,210 am ~ app1, 1053725 172172;/174: +
b~ 010, e, {d; }L s
em ~ {e;} Y 01185 dpm ~ {d;}F24, 0120;
010 ~» 010; 0113 ~» ¢1, 0113, ayy = 0",
b = aml, ey = am1l, dyy = apm12
TO7 02T,101,102,110,20T
021,101,102,110,210 am ~ am1. {617, 1=2z-vi—dzw
bm ~ 010, cm, {b; }[2 ¢ J2n _
em ~ {e;} ™1 0113; 010 ~ 010; (1—z)%(1-22)
0113 ~» ¢1, 0113, ay = 0™, by, = am1,
cm = amll
TO 027T,100,101,102,20T
021,100,101,102,210 am = Gy, 103315 bm ~ 010, {53720
,,,,,,,,,, Emioin,bm:‘lmi,,,,,,,,,A
021,100,101,110,120e am ~ apyyy, {01 (1“”)(1’22—12’ vi—dz) _
x
1,
brn ~ 010, ¢y 1, {e; 30 P
em ~ {e;37h1, 0105 010 ~ ¢y, 010,
am = 0™, byy = aml, ey = amll
100 TO00,T0T,TO2,TT0,120e
200 | 021,102,110,201,210 am > Gt 1, 0 2]
bm ~ 010, em, {d; 31 4;
em ~ {e;3 T, 01135
A ~> {d,i}gnzl, ¢m,0101; 010 ~ 010, 0101;
0113 ~» ¢1,0113; 0101 ~» 0101, ay, = 0™,
bm = aml, ey = amll, dyy = aml?2
201 | 021,102,120,201,210 am ~ ama1, {617 1=2z=vi—dw
1 3
by ~ 010, bm+1, {ei} s em ~ {e 3 e
010 ~ (010) s am = 0", by = am1, (1—22)(1—-z)
=, 54 3 )
202 021,100,102,201,210 am ~ apyp1, {10325 3z —x ;4(w1 +843; —5z+1
b ~ 010, b e Y™ s Ny
m ma 1 {oiiza (1—z—a?423)/T—4z
em ~ {e;}7h1, 01205 010 ~ 010, am = 0™, - 22(1—2)2
bm = aml, cm = aml12 . .
m41. 1—3x+2z° 2z V1I—4z
203 | 021,101,102,201,210 am ~ Q15 {03115 bm ~> 010, {b; 3700 22(1—2)2  2a(l—a)
010 ~» 010, apy = 0™, by = a1
204 02T,T00,10T,1T10,20T
021,100,101,110,210 Am > Ay, {b,i};”gl; by ~» 010, cq1,by;
ameo .
b~ e 15 ems {0 }m s +(12+171)\/m
em ~ {e;}h1, 0105 010 ~ 010, am, = 0™, 2a(1—22)
bm =aml, ey = amll
205 02T,100,10T,120,20T
021,100,101,120,210 am = @yt 10305 bm ~ em. {e 30 Y
em ~ {ei} ™ am = 0™, by = am1,
c = am 10
F 02T;100,T10;120 4R — =
021,100,110,120, 300
021;101,110,120;201
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Continuation of Table T
No. B Rules of 7(B) 5 (@)
— 742+ (3x—2)/1—4x
021,101,110,120,210 am ~ A1, {{q}{ll; zz((lfg;) -
bm ~ em, {e; Y, 012;
em ~ {e;}h1 012, 012 ~ ¢y, 012,
am = 0™, by, = aml, c;y = apy 10
706 T00,102,110,120,20Te
207 | 100,101,102,120,2018 | @m ~ Gt Orm,i 01’ Om,j ~—
+1—j
{e; }I,IY b1, {omt1—j,it iy ;
—1 . )
em = Lo} am = 0™, by i = ami,
b = — _ | SmZ—amm(m—1) - - -
T00,101,T02,120,2100 | “am = apmi1, b, :1
{Ci}lflﬂ m+1, ]1{bm+1 D M
Cm ~* Cly - Cp—1, am = 077,
bm,j = ami, cm = amm0
[ T00;102,T10;120,210e | — '~ — — — — — — = — — — — — — — — 1
101,102,110,120,2010 | am ~ apyy1, {bpm 33705 by j ~ Theorem 10
m41—j
{e; }lflvarn-}—Q g tbmg1—j,i}=1
1 )
em ~ {ei}iey el am = 0", by, 5 = amj,
cm = amm0
30 TOT.T02. 110,120,210
200 [ _100,101.102,110.210e
210 T00,101,102,110,20Te
PARS T00,102,120,201,210e
m
101,102,120,201,2100 | am ~ a1, b i} 7215 by j T '
) e 1—
(010)7, by 1 55 (bm+1—j PR
010 ~» 010, ay, = 0™, bmu amj
[ T02,170,120,201,210e | “a.;, ~ a1 (O, iTiZ i bm J*J 77777 Theorem 10
m1—
(010)7, apyq o o {bmyp1—j,i};— + I
010 ~» 010, 0101; 0101 ~» 0101, am = om,
b, = amj
PP 100,102, 110,201,210
213 | 021,100,110,201,210 Gm ~ Gt A0
bm ~ Cm+1, Cmv {b'}le;
em ~ {e; ]2 t, 01085 0103 ~ cq, 0103,
ay = 0™ bm =aml, c;n = ap 10
2T [ 027T,100,120,20T,21T0
021,101,120,201,210 Am > Qs {bi}gnzl;
bm ~ by g1, {ei} 012;
em ~ {e;} M 012; 012 ~ ¢, 012,
L o - - am =0 bm = aml, cm = am10
021,110,120,201,210 am ~ apyy1s {05 b~ {b 210
012 ~ by, 012, am
,,,,,,,,,, 2 > by,012, am_ 5
. 1—a+42z2—(1—2)/T—4z)
101,102,110,201,2100 | am ~ a1 {bm,i Ly oo (T—set AT
b, i~ (010)7,a b Al
m,j »AmA2—50 VPmA1,i 5 i=541°
010 ~ 010, am = 0™, by, j = ami
215 | 021,100,101,201,210 A~ 1, ADi 1 b~ em, {011
1
em ~ {3 am = 0™, b = am1,
,,,,,,,,,, cm = aml0 _ |
021,101,110,201,210 am = g1 {6770
bm ~ a1, ems {0125
em ~ {e;3hT, 01185 0113 ~ ¢1, 0113,
,,,,,,,,,, lam =0™, by = aml, cmamll _ _ _ _ _ 4
T00,101,702,201,210e am > @15 (O, it
1
brn,j ~ (010)7, {bp i1 1}m+ am =0m,
b j = = amij
216 100,101,110,120,201e am ~ At {bm,z‘}ill?
) ) R |
bm,j ~ Gmp1—j {emtpi—j,iti—o-
+1-j
(b1 gitier
Cm,j
am42—j {Cmt14i—j, 1}1_2,am+2 §
1—
omt1—j, i3 am = 0™,
L ___ |2 ,J,*f@h‘va* ami(G -1 _ _ _ _ _ |
T00,101,T13,120,2100 | “am ~ apmt1: {om.iTriy:
bm,j ~ Amgpl—jo {C'rn+17_7,1}1_21
+1-j
L S i R
-1
am42—js {emipi4i—j,iti=g Gm42—j>
{bm+1 ]7,} “am =0,
bin,j = amd, ¢m,j = amio0
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Continuation of Table T
No. B Rules of 7(B) 5 (@)

217 | 100,101,110,201,2100 | am ~ Gmt1s (bm,itieys bm,j ~ [ S

14z4+4/1—62+522

i m+1
(1507 amqo—js {bma1,ibimg iy
am = 0", by, j =amj

218 100,101,120,201,210e am ~> a1, {0m, i tie1) bm,j ~

j m41=j
(@mt1— )7 b1 g 1 e =
L _ | em=0" by = ami

101,110,120,201,210e am ~> A1, b i §i:’1: bm,,j ~ Theorem 12
1-7.

- it
(emi2—5)7 amya—j, {bmip1—j ity
em ~ emp1s @1y {bm,i bty am =0,
by, j = ami, cm = am10

370 | 100,110,120,3012108 | am = amt1 Lo, i1yo1s Om g~ 2]
}m+1—]
=1 ’

(ﬂm+2—j)j+1, {bm+1—j,i

am = 0M, by, j = amj
End of Table T

A left to right mazima (LRmaz) in an inversion sequence e = epey ... e, is an
entry e; such that e; > e; for all j < i. If e; = m we say m is the value of the
LRmax. For example, if e = 011021211, then the LRmax are eg, e1, €2, €4, g with
values 0,1, 1,2, 2, respectively. So any inversion sequence e € I,, can be decomposed

uniquely as mimy - - - mp7TE where mq, ..., my are all of the LRmax entries in e; thus
0<mp <--- <m <nand m; > (entrywise). We call this the WLRmax
decomposition of e (W for weakly). Say m; < my < --- < my are the first

occurrences of the (distinct) LRmax values of an inversion sequence e. Then e can
be decomposed as mymymams ... my7 for some k > 1 with m; > m; (entrywise)
for 1 < i < k. This is the LRmazx decomposition of e.

Theorem 4. Let B, = {000,010, 100, 7,120}. Then By L Biip.

Proof. Suppose e € I, and mymimoms ... my7 is the LRmax decomposition of e.
Then

(1) e € I,(Byo1) if and only if,
(i) If there is a letter m; that appears in 7;, then it appears as the leftmost
letter of m;, for all i =1,2,... k;
(ii) mm; < Momg < - - - < Mg,

(iii) Any m; avoids Bjo;.
(2) e € 1,(Bi1o) if and only if,

(i) If there is a letter m; that appears in 7;, then it appears as the rightmost
letter of m;, for all i = 1,2,... k;

3

(11) mpm; < Momg < -+ - < Mg,
(iii) Any m; avoids Biio.
Now, we are ready to define a recursive bijection f : L,(Bio1) — I,(B110). We

define, f(a) = a, for any letter 0 < a < n. For any inversion sequence e € I,,(Bjg1)
with LRmax decomposition mj 7 - - - mg7y, we define f(e) = m5; - - - my S, where
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o if m; = my;w}, then 3; is defined to be f(7})m,,
e otherwise, we define 3; as f(m;).

So, e € 1,(Bjo1) if and only if f(e) € I,,(B11o). For example, if e = 002216654987,
then f(e) = 002f(1)26f(54)69f(87) = 002126546987. O

Theorem 5. Let A = {000,010,101,120,201}, B = {000,010, 101,120,210}, and
C = {000,010, 110, 120,210}. Then A~ B~ C.

Proof. Suppose e € I,, and mymmoms ... mg7, is the LRmax decomposition of e.
Then

(1) e €I,(A) if and only if,
(i) If there is a letter m; that appears in 7;, then it appears as the leftmost
letter of m;, for all i =1,2,... k;
(11) mim < Momg < -+ < MEME;
(iii) Any m; is a non-increasing sequence such that each letter of m; appears
at most twice.
(2) e € I,(B) if and only if,
(i) If there is a letter m; that appears in 7;, then it appears as the leftmost
letter of m;, for all i =1,2,...k;
(11) mim < Momg < -+ < MEME;
(iii) Any m; is a non-decreasing sequence such that each letter of m; appears
at most twice.
(3) e €I,(C) if and only if,
(i) If there is a letter m; that appears in 7;, then it appears as the rightmost
letter of m;, for all i =1,2,...k;
(11) mipm < Momg < -+ < MEME;
ili) Any ; is a non-decreasing sequence such that each letter of m; appears
(iii) Any g seq pp

at most twice.

Define rev(wiws -« Wy,) = Wy, - wow;. Now, we ready to define bijections f :
I,(A) — I,(B) and g : I,(B) — I,(C). We define, f(a) = g(a) = a, for any
letter 0 < a < n. For any inversion sequence e € I,,(A) with LRmax decomposition
m;7my - - - my7g, we define f(e) = mi /5y - - - my Sy, where

o if m; = my;w}, then §; is defined to be m;rev(n}),

e otherwise, we define f3; as rev(m;).
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For any inversion sequence e € I,,(B) with LRmax decomposition mjmy - - - my7y,
we define g(e) = mi~; - - - myg7y,, where

o if m; = m;m,, then +; is defined to be wim,,
e otherwise, we define v; as ;.

So, e € 1,(A) if and only if f(e) € I,(B) and e € I,(B) if and only if g(e) €
I.(C). O

Theorem 6. Let B = {011,102,120}. Then

(1 —x2)?

Fp(z) = =22

Proof. Suppose e € I,, and mymimoms ... my7m, is the LRmax decomposition of e.
e If my, = 1, then e = 0+110° with a + 1+ b =n and a,b > 0.

e If m;, > 2, then since e avoids 011 and 102, we have that mo = - -+ = 1 = 0.
Since e avoids 011 and 120, we have that m; > 7, > my_;. Thus, e can be
written as e = 0%momyg - - - my 7y, such that 7, is a permutation (no repeated
letters) of {my_1 +1,...,my — 1} avoids that 102,120.

Now, let Gi(x) be the generating function for the number of inversion sequences
e € I,,(B) with exactly kK LRmax and where the largest letter in e is my. Clearly,

G1(z) = % . With simple arguments, one can show that Go(x) = (1_§;((fij;f)alf%)2 ,

Gs(z) = (1_332((117_25)‘7221)_21), and Gi(x) = £=Gr—1(x) for k > 4. Hence, the gener-

ating function Fg(x) = G1(z) + Ga(z) + %, which completes the proof. [

Theorem 7. Let A = {000,101, 102,120,201}, B = {000, 101,102, 120,210}, and
C = {000,102, 110, 120,210}. Then A~ B A C.

Proof. Suppose e € I,, and mymmoms . .. myg7y is the LRmax decomposition of e.
Then

(1) e € I,(A) if and only if,

(i) either m; = m; or m; =, forall i =1,2,...,k — 1;

(ii) if mx—1 = 0, then 7 > mg_; such that mymy is weakly decreasing and
each letter of mym, appears at most twice, except my_1 appears at most
once;

(iii) if mp—1 = mg—1, then m > my_1 such that mym is weakly decreasing
and each letter of mym; appears at most twice.

(2) e € I,(B) if and only if,
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(i) either m; = m; or m; =, forall i =1,2,...,k — 1;

(ii) if mx—1 = 0, then m > my_1 such that either m, = myfS or T, = 8, where
B is weakly increasing and each letter appears at most twice, except my_1
appears at most once;

(iil) if m—1 = mg_1, then 7, > my_1 such that either 7 = my S or 7, = 3,
where [ is weakly increasing and each letter appears at most twice.

(3) e € I,(C) if and only if,

(i) either m; =my; or m; =, for alli =1,2,... k — 1;

(ii) if mg—1 = 0, then 7 > my_1 such that either mp = Smy, or m, = 3, where
5 is weakly increasing and each letter appears at most twice, except my_1
appears at most once;

(iii) if mx—1 = mg_1, then mx > my_1 such that either 7 = Bmy or m, = B,
where (3 is weakly increasing and each letter appears at most twice, except
the letter my appears at most once.

Based on the characterization of sets I,(A), I,(B), and I, (C), each having £k LRmax
elements, one can establish bijections between them. O

Theorem 8. Let A, = {000,100,101,120,7} and B, = {000,100,110,120,7}.
Then Ago o Az10 and Bag1 A Bayp.

Proof. Since the proof of both cases are similar, we present only the proof of the case
Asoq L As1g. Suppose e € I, and mimimams ... my7y is the LRmax decomposition
of e. Then e € I,,(Ag01) (respectively, e € I,,(Aa10)) if and only if,

(i) If there is a letter m; that appears in 7;, then it appears as the leftmost letter
of m;, foralli =1,2,...,k;

(ii) if the leftmost letter of m is m;, then m;m; > m;_; (here, mg = 0) and m;7;
is weakly decreasing (respectively, increasing) and each letter of m;m; appears
at most twice, for all i = 1,2,...,k;

(iii) if the leftmost letter of 7 is not m;, then m;m; > m;_; (here, my = 0) and
m;7; is weakly decreasing (respectively, increasing) and each letter of m;mw;
appears at most twice, except the letter m;_; which appears at most once,
foralli=1,2,...,k.

Thus, by mapping the LRmax decomposition of inversion sequences in I,,(Az01) to
I,,(As10), we complete the proof. O
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Theorem 9. We have the following:
(1) Let A, = {010,7,102,120,201}. Then

Ago ~ Aig.
(2) Let A, = {010,7,102,120,210} and B = {010,101,102,120,201}. Then
Ajgo & Ajgr & Ajyo & B.

Proof. Since the proof of both cases are similar, we present only the proof of (1).
Suppose e € I, and mmmo7s ... my7, is the LRmax decomposition of e. Then
e € I,(A;) with 7 € {100, 110}) if and only if,

(i) If there are letters m; appear in 7;, then it they appear as leftmost letters of
m, foralli =1,2,...,k—1;

(ii) If m; is not empty then each letter in m; is my, for all i = 1,2,... k — 1;

(ili) When 7 = 100 and m is not empty, we see that m; can be written as
ﬂ,il)mk e w,(cs)mkﬂ(sﬂ) > my_1, where 71 ... w,(cs) contains exactly one let-
ter, say b, b > w,gsﬂ), and 71',(:“) forms a decreasing sequence (no repeated
letters);

(ili)) When 7 = 110 and 7 is not empty, we see that m; can be written as

Bb*(my)¢ > my_q1 with a,c¢ > 0, where b forms a decreasing sequence (no
repeated letters).

Now, we ready to define a bijection f between I,(A199) and I,(A119). Let e €
I,,(A100) with k¥ LRmax as defined above. If 7, = (my)® then f(e) = e. Otherwise,
let 1 < j < s such that 7l = b, so

s+1) 45—
](:-i— )cj lms

fle) =mymy - -my_mp_1mybr k>

where ¢ is the minimal letter of 71'](;“). Clearly, e € I,, avoids Ajqg if and only if
f(e) € I, avoids Aj1g. O

Using a very similar proof to the above theorems, we can state the following
result.

Theorem 10. Let A, = {100, 7,102,120,201}, B, = {100, 7,102, 120,210}, and
CT = {T, 102, 120, 201, 210} Then A101 'L AllO; B101 'L BllO; and 0101 fL CllO-

Theorem 11. Let A, = {010, 100,101,120, 7}. Then Asp L As1p.

Proof. Suppose e € I,, and mymmoms . .. mg7, is the LRmax decomposition of e.
Then e € I,,(A201) (respectively, e € I,,(Az19)) if and only if,
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o 1, = m¢p for a > 0, and B forms an increasing (respectively, decreasing)
sequence such that m; > 8 > m;_1 (with mg =0), for all i = 1,2,... k.

By characterizing the set I,,(A,) with £ LRmax, a bijection between I,,(A201) and
I,,(As10) can be established. O

Theorem 12. Let A, = {010, 7, 120,201,210} and B, = {100, 7,120,201,210}.
Then Aqp1 L Aq1o0 and By L Bi1o.

Proof. Since the proof of both cases are similar, we present only the proof of A;p; L
Aq109. Suppose e € I, and mymimo7s ... my7g is the LRmax decomposition of e.
Then

(1) e € I,(Aj01) if and only if,

(i) m; > m; > m;—q (here, mg =0), for all i = 1,2,... k;

(ii) m; can be written as m; - - - m;3; such that §; contains at most one letter,
foralli=1,2,... k.

(2) e €I,(A110) if and only if,

(i) m; > m > m;—q (here, mg =0), for all i = 1,2,...,k;

(ii) m; can be written as §;m; - - - m; such that §; contains at most one letter,
foralli=1,2,...,k.

By characterizing the sets I,,(A101) and I,,(A4110) with & LRmax, a bijection between
I,,(As01) and I,(A210) can be established. O

4. 6-Table

In this section, we show that wg = 167. Moreover, by our procedure, we present
the generating function for many of the 167 I-Wilf-equivalences. Actually, we see
that there are only 93 sets among (163) = 1716 sets of 6 length-3 patterns that
cannot be reduced to smaller sets of length-3 patterns. In Table 2, we present all
the distinct I-Wilf-equivalences of sets of 6 length-3 patterns. As we mentioned, due
to the similarity with the previous section, we only present the cases that the KMY
algorithm does not work, that is, we present bijections between some classes of
inversion sequences respect to left-right-maxima structure with using the bijections
presented in the previous sections; see the theorems at end of this section.
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Table 2: Succession rules for the generating trees 7(B) and generating functions

Fp(x),

where B C P3 and |B| = 6.

Boginning of Table 2

B

Rules of 7 (B)

Fp(z)

000, 00T, 010, 01T, 012, 021
000, 001, 010, 011, 012, 100
000, 001, 010, 011, 012; 101
000, 001,010,011, 012, 102
000, 001,010,011, 012,110
000, 001, 010, 011, 012, 120
000, 001, 010, 011, 012, 201

000, 001, 010,011, 012, 210

0 ~ (00)2

= + 222

000, 00T, 010, 012, 021, 100
000, 001, 010, 012, 021, 101
000, 001, 010, 012, 021, 102
000, 001, 010, 012, 021, 110
000, 001, 010, 012, 021, 120
000, 001, 010, 012, 021, 201
000, 001, 010, 012, 021, 210
000, 001, 010, 012, 100, 101
000, 001, 010, 012, 100, 102
000, 001, 010, 012, 100, 110
000, 001, 010, 012; 100, 120
000, 001, 010, 012, 100, 201
000, 001, 010, 012, 100, 210
000, 001, 010, 012, 101, 102
000, 001, 010, 012; 101, 110
000, 001, 010, 012, 101, 120
000, 001, 010, 012, 101, 201
000, 001, 010, 012, 101, 210
000, 001, 010, 012; 102, 110
000, 001, 010, 012, 102, 120
000, 001, 010, 012, 102, 201
000, 001, 010, 012, 102, 210
000, 001, 010, 012, 110, 120
000, 001,010, 012, 110, 201
000, 001, 010, 012, 110, 210
000, 001, 010, 012, 120, 201
000, 001, 010, 012; 120, 210

000, 001, 011, 012, 021, 101
000, 001, 011, 012, 021, 102
000,001,011, 012, 021, 110
000, 001,011, 012, 021, 120
000,001,011, 012, 021, 201
000, 001, 011, 012, 021, 210
000,001,011, 012, 100, 101
000, 001, 011, 012, 100, 102
000, 001, 011, 012, 100, 110
000, 001, 011, 012, 100, 120
000,001, 011, 012, 100, 201
000, 001,011, 012, 100, 210
000,001,011, 012, 101, 102
000, 001,011,012, 101, 110
000,001,011, 012, 101, 120
000,001,011, 012, 101, 201
000, 001,011,012, 101, 210
000, 001,011,012, 102, 110
000, 001, 011, 012, 102, 120
000,001,011, 012, 102, 201
000, 001, 011, 012, 102, 210
000,001, 011,012, 110, 120
000, 001, 011, 012, 110, 201
000, 001,011,012, 110, 210
000, 001, 011, 012, 120, 201
000, 001, 011, 012, 120, 210

000, 001, 011, 012, 201, 210

0 ~ 00,01; 01 ~ 00

z(1+ )2

T

000, 001, 010, 01T, 02T, 100
000, 001, 010, 011, 021, 101

) )
000, 001, 010, 011, 021, 201
000, 001, 010, 011, 021, 210
000,001, 010, 011, 100, 101
000, 001, 010, 011, 100, 102
000, 001, 010,011, 100, 110
000, 001, 010, 011, 100, 120
000, 001, 010, 011, 100, 201
000, 001, 010, 011, 100, 210
000, 001, 010, 011, 101, 102
000, 001, 010, 011, 101, 110
000, 001, 010, 011, 101, 120
000, 001,010,011, 101, 201
000, 001, 010, 011, 101, 210
000, 001, 010, 011, 102, 110
000, 001, 010, 011, 102, 120
000,001,010, 011, 102, 201
000, 001, 010, 011, 102, 210
000, 001, 010, 011, 110, 120
000, 001, 010, 011, 110, 201
000, 001,010,011, 110, 210
000, 001, 010, 011, 120, 201
000, 001, 010, 011, 120, 210
000, 001, 010, 011,201, 210
TOT, 010,011,012, 021, 100
001,010,011, 012, 021, 101
001,010,011, 012, 021, 102
001,010,011, 012, 021, 110
001,010,011, 012, 021, 120

0 ~» 00,01; 01 ~» 01
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Continuation of Table 2

No. B Rules of T(B) Fp(x)

00T, 010, 01T, 012, 021, 201
001,010, 011, 012, 021, 210
001,010, 011, 012, 100, 101
001,010, 011, 012, 100, 102
001,010,011, 012, 100, 110
001,010, 011, 012, 100, 120
001,010, 011, 012, 100, 201
001,010,011, 012, 100, 210
001,010,011, 012, 101, 102
001,010,011, 012,101, 110
001,010,011, 012, 101, 120
001,010,011, 012, 101, 201
001,010,011, 012, 101, 210
001,010,011, 012,102, 110
001,010,011, 012, 102, 120
001,010,011, 012, 102, 201
001,010,011, 012, 102, 210
001,010,011, 012, 110, 120
001,010,011, 012, 110, 201
001,010,011, 012, 110, 210
001,010,011, 012, 120, 201
001,010,011, 012, 120, 210

001, 010,011,012, 201, 210 0 ~» 00,01; 00 ~ 00 :n2+ -

1 000, 001, 012, 021, 100, 110
000,001,012, 021, 101, 110
000, 001,012, 021, 102, 110
000, 001, 012, 021, 110, 120
000, 001, 012, 021, 110, 201
000,001, 012, 021, 110, 210
000, 001, 012, 100, 101, 110
000, 001, 012, 100, 102, 110
000, 001, 012, 100, 110, 120
000, 001, 012; 100, 110, 201
000, 001, 012, 100, 110, 210
000, 001,012, 101, 102, 110
000, 001, 012, 101, 110, 120
000, 001, 012, 101, 110, 201
000,001,012, 101, 110, 210
000, 001,012, 102, 110, 120
000, 001, 012, 102, 110, 201
000, 001, 012, 102, 110, 210
000,001,012, 110, 120, 201
000, 001, 012, 110, 120, 210
000, 001, 012, 110, 201, 210 0 ~» 00, 01; 01 ~» (00)2
000, 010,011,012, 021,100

000, 010, 011, 012, 021, 101

T

000,010, 011, 012, 021, 120
000,010, 011, 012, 021, 201
000,010,011, 012, 021, 210 0~ 00,01; 00 ~ (01)2 =+ 222 + 223

5 000, 00T, 012, 021, 100, 10T
000, 001, 012, 021, 100, 102
000, 001, 012; 021, 100, 120
000, 001, 012, 021, 100, 201
000, 001, 012, 021, 100, 210
000, 001, 012, 021, 101, 102
000, 001, 012; 021, 101, 120
000, 001,012, 021, 101, 201
000, 001, 012, 021, 101, 210
000, 001, 012, 021, 102, 120
000, 001, 012; 021, 102, 201
000,001,012, 021, 102, 210
000, 001, 012, 021, 120, 201
000,001,012, 021, 120, 210
000, 001, 012; 021, 201, 210
000,001, 012, 100, 101, 102
000, 001, 012, 100, 101, 120
000, 001, 012, 100, 101, 201
000, 001, 012, 100, 101, 210
000, 001, 012, 100, 102, 120
000, 001, 012, 100, 102, 201
000, 001, 012, 100, 102, 210
000, 001, 012; 100, 120, 201
000, 001, 012, 100, 120, 210
000, 001, 012, 100, 201, 210
000, 001, 012, 101, 102, 120
000, 001, 012, 101, 102, 201
000,001,012, 101, 102, 210
000,001,012, 101, 120, 201
000,001, 012, 101, 120, 210
000, 001, 012, 101, 201, 210
000,001, 012, 102, 120, 201
000, 001, 012, 102, 120, 210
000, 001, 012, 102, 201, 210
000, 001, 012, 120, 201, 210 0 ~» 00,01; 01 ~» 00,011; 011 ~» 00
T00, 01050T1,012, T00, 101
000,010, 011, 012, 100, 102
000,010,011, 012, 100, 110
000, 010, 011, 012, 100, 120
000, 010, 011, 012, 100, 201
000, 010, 011, 012, 100, 210
000,010,011, 012, 101, 102
000, 010, 011, 012, 101, 110
000, 010, 011, 012, 101, 120
000,010,011, 012, 101, 201
000,010,011, 012, 101, 210
000, 010, 011, 012, 102, 110
000, 010, 011, 012; 102, 120
000,010,011, 012, 102, 201
000,010,011, 012, 102, 210
000, 010, 011, 012, 110, 120
000, 010, 011, 012; 110, 201

T
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Continuation of Table 2

B

Rules of T(B)

Fp(@)

000, 010, 01T, 012,
000,010, 011, 012,
000, 010, 011, 012,

000, 010,011,012,

TT0, 210
120, 201
120, 210

201, 210

0 ~ 00,01; 00 ~ 01, 002; 002 ~» 01

=+ 202 4 223 4 22

T

000, 00T, 01T, 021,
000, 001, 011, 021,
000, 001, 011, 021,
000,001, 011, 021,
000, 001, 011, 021,
000, 001, 011, 021,
000, 001, 011, 100,
000, 001, 011, 100,
000, 001, 011, 100,
000, 001, 011, 100,
000, 001, 011, 100,
000,001, 011, 101,
000, 001, 011, 101,
000, 001, 011, 101,
000, 001, 011, 101,
000, 001, 011, 102,
000, 001, 011, 102,
000, 001, 011, 102,
000, 001, 011, 110,
000, 001, 011, 110,
000, 001, 011, 120,
00T, 0T1,012,02T,
001,011,012, 021,
001,011,012, 021,
001,011,012, 021,
001,011,012, 021,
001,011,012, 021,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,
001,011,012, 100,

001,011, 012, 100,

T00, 120
101, 120
102, 120
110, 120
120, 201
120, 210
101, 120
102, 120
110, 120

201, 210

120, 210
201, 210

0 ~» 00,01; 01 ~» 00,012; 012 ~» 012

0 ~ 00, 01; 00 ~ 00; 01 ~ 010

2 3 x
z® +z° + 155

000, 00T, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 021,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 100,
000, 001, 010, 101,
000, 001, 010, 101,
000, 001, 010, 101,
000, 001, 010, 101,
000, 001, 010, 101,
000, 001, 010, 101,
000, 001, 010, 101,
000, 001, 010, 101,
000, 001, 010, 101,
000, 001, 010, 101,
000, 001, 010, 102,
000, 001, 010, 102,
000, 001, 010, 102,
000, 001, 010, 102,
000, 001, 010, 102,
000, 001, 010, 102,
000, 001, 010, 110,
000, 001, 010, 110,
000, 001, 010, 110,
000, 001, 010, 120,
000, 001, 011, 021,

T0O, 10T
100, 102
100, 110
100, 120
100, 201
100, 210
101, 102
101, 110

201, 210

201, 210

100, 101
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Continuation of Table 2

No.

Rules of T(B)

Fp(@)

0,011,
0,011,
0,011,
0,011,
0,011,
0,011,
0,012,
0,012,
0,012

0,012

0,012,
0,012,
0,012

0,012

0,012,
0,012,
0,012

0,012

0,012,
0,012,

02T,
021,
21,
21,
021,

,[021,

21,
21

T00, 102
100, 110
100, 201
100, 210
101, 102
101, 110
101, 201

1102, 210

110, 120
110, 201
110, 210
120, 201
120, 210
201, 210
101, 102
101, 110
101, 120
101, 201

1101, 210
1102, 110

102, 120
102, 201
102, 210
110, 120
110, 201
110, 210
120, 201
120, 210
201, 210
102, 110

1102, 120
. 102, 201

102, 210
110, 120
110, 201

, 102, 201
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Continuation of Table 2

No.

Rules of T(B)

Fp(@)

0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,
0,012,

02T,
021,
21,
21,

102,
110,
110,
110,

, 120,
, 120,
1201,

101,
101,
101,

1101,
;1 101,

102,
102,

1102,
1102,

110,

, 110,
110,

120,

; 120,
,201,
1110
1120

110,
110,

, 120,

120,
201,

1102,

110,
110,
110,
120,

; 120,
,201,

;110,
, 120,

1201,

120,
120,

210
120
201
210
201
210
210
102
110
120
201
210
110
120
201
210
120
201
210
201
210
210

120
201
210
201
210
210
110
120
201
210
120
201
210
201
210
210
120
201
210
201
210
210
201
210

,[110, 201, 210
120, 201, 210

0 ~ (00)2; 00 ~ 00

2
z+ 12£m

, 100,

100,

101,
101,
102,

102,
102,
110,
110,
110,
120,

, 120,

10T
102
110
120
201
210
102
110
120
201
210
110
120
201
210
120
201
210
201
210

0 ~ 00,01; 00 ~~ (001)2; 01 ~ 001

@ 4 222 + 323

1101

101,

110

;120

201
210




INTEGERS: 24 (2024)
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Continuation of Table 2

B

Rules of T(B)

Fp(@)

000, 011, 012
000,011,012

000,011,012
000,011, 012
000, 011, 012
000,011,012
000,011,012
000, 011, 012
000, 011, 012
000,011,012
000,011,012
000, 011, 012
000, 011, 012
000,011,012
000,011,012
000,011, 012
000, 011, 012
000,011,012

000,011,012

T00
100

, 100,

100,

; 100,
, 100,
1100
1100
, 100,
, 100,
1101,

101,
101,
101,
101,
101,
101,
101,
101,
101,
102,
102,
102,
102,
102,
102,
110,
110,
110,

120,

T0Z, 110
102, 120
102, 201
102, 210
110, 120
110, 201
110, 210
120, 201
120, 210
201, 210
102, 110
102, 120
102, 201
102, 210
110, 120
110, 201
110, 210
120, 201
120, 210
201, 210
110, 120
110, 201
110, 210
120, 201
120, 210
201, 210
120, 201
120, 210
201, 210

201, 210

0 ~» 00, 01; 00 ~» 001, 01; 01 ~» 001

x4 222 + 323 4 o

10

000, 010, 012, 021
000, 010, 012, 021
000, 010, 012, 021,
000, 010, 012, 021,
000, 010, 012, 021
000, 010, 012, 021
000, 010, 012, 021,
000, 010, 012, 021,
000, 010, 012, 021
000, 010, 012, 021
000, 010, 012, 021,
000, 010, 012, 021,

000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012

000, 010, 012

021,
021,
021,
021,
021,
021,
021,
021,

021,

T00, 101
100, 102
100, 110
100, 120
100, 201
100, 210
101, 102
101, 110
101, 120
101, 201
101, 210
102, 110
102, 120
102, 201
102, 210
110, 120
110, 201
110, 210
120, 201
120, 210

201, 210

0 ~+ 00, 01; 00 ~» 01,01; 01 ~> 011

@ + 222 + 33 4 224

1T

T

000, 001, 021,
000, 001, 021

000, 001, 021,

)
101,

102,
110,

110,

TOT; 0T17021,7T00,

001,011, 021,
001,011, 021
001,011, 021
001,011, 021,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,012, 021
001,012, 021,
001, 012, 021,
001,012, 021
001,012, 021
001, 012, 100
001, 012, 100
001, 012, 100
001,012, 100
001,012, 100
001, 012, 100
001, 012, 100
001,012, 100
001, 012, 100

001,012, 100,

100
100

100

100

101,
101,
101,
101,
102,
102,
102,
110,
110,
120,
100,
100,
100,
100,
100,
101,
101,
101,
101,
102,
102,
102,
110,
110,

110,

T10, 120
110, 120
110, 120
120, 201

120, 210

TOI7120 —

102, 120
110, 120
120, 201
120, 210
102, 120
110, 120
120, 201
120, 210
110, 120
120, 201
120, 210
120, 201
120, 210
201, 210
101, 110
102, 110
110, 120
110, 201
110, 210
102, 110
110, 120
110, 201
110, 210
110, 120
110, 201
110, 210
120, 201
120, 210

201, 210

0 ~ 00,01; 01 ~ (00)2,012;
012 ~» 00,012

0 ~» 00,01; 00 ~ 00; 01 ~» 010, 00

2
3 2z
z+z° + 755

12

000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012

000, 010, 012

T0O
100
100
100

100

TOT, 110
102, 110
110, 120
110, 201

110, 210

0 ~» 00, 01; 00 ~» 01, 002; 01 ~» 011;
002 ~ (011)2

z + 222 + 323 + 324

13

000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012
000, 010, 012

T00
100
100
100
100
100
100,
100,

TOT, 102
101, 120
101, 201
101, 210
102, 120
102, 201
102, 210
120, 201




INTEGERS: 24 (2024)
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Continuation of Table 2

B

Rules of T(B)

Fp(@)

000, 010, 012
000, 010, 012

000, 010, 012,

T00
100

, 101,

101,

101,
,101,
1102,
1102,
,102,
;110

110,

110,

T20, 210
201, 210
102, 110
110, 120
110, 201
110, 210
110, 120
110, 201
110, 210
120, 201
120, 210

201, 210

0 ~+ 00,01; 00 ~ 01, 002; 01 ~» 011;
002 ~ 01,011

@ + 222 + 323 4 324 + 25

14

000, 010,012,

000, 010, 012
000, 010, 012

10T,

101,
;1 101,
101,
, 101,
101,

102,
102,
102,

120,

T0Z, 120
102, 201
102, 210
120, 201
120, 210
201, 210
120, 201
120, 210
201, 210

201, 210

0 ~» 00,01; 00 ~» 01, 002; 01 ~= 011;
002 01, 0022; 0022 ~ 01

242224323 + 324 4225 426

15

000, 00T, 021,
000, 001, 021

000, 001, 021,
000, 001, 021,

T0O
100

1100
; 100,
101,
, 101,
101,
1102,

102,
120,

TOT, 120
102, 120
120, 201
120, 210
102, 120
120, 201
120, 210
120, 201
120, 210

201, 210

0 ~ 00, 01; 01 ~» 00,011,012; 011 ~» 00
012 ~ 00,012

H

22
@ +ad 4ot 4 220

16

T

000, 00T, 021,

000, 001, 021,
000, 001, 100,
000, 001, 100,
000, 001, 100,
000, 001, 100,
000, 001, 101
000, 001, 101
000, 001, 101
000, 001, 102
000, 001, 102,

000, 001, 110,

[[ 00T, 011,021,

001,011, 021
001,011, 021,
001,011, 021
001,011, 021
001,011, 021
001,011, 021,
001,011, 021
001,011, 021
001,011, 021
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,011, 100,
001,012, 021
001,012, 021
001,012, 021,
001, 012, 021,
001,012, 021
001,012, 021
001,012, 021,
001, 012, 021,
001,012, 021
001,012, 021
001, 012, 100
001, 012, 100
001,012, 100
001, 012, 100
001,012, 100
001, 012, 100
001,012, 100
001,012, 100
001,012, 100

001,011, 021,
001,011, 021,
001,011, 021
001,011, 021
001,011, 021

T0O

, 100,
1100
1100
101,
. 101,
S 101,

102,
102,
110,
101,
102,
110,
110,
102,
110,

To00,
100
100
100
100
100
100,
100,
100,
100,
101,
101,
101,
101,

102,
110,

102,

TOT, 110
102, 110
110, 201
110, 210
102, 110
110, 201
110, 210
110, 201
110, 210
201, 210
110, 120
110, 120
120, 201
120, 210
110, 120
120, 201

1120, 210
;120,201
,120, 210

110, 201
110, 210
201, 210
102, 110
102, 201
102, 210
110, 201

;110,210
,201, 210
1110, 201
1110, 210

201, 210
201, 210
101, 102

1101, 120
1101, 201
,101, 210
1102, 120
1102, 201
;102,210
,120, 201
1120, 210
1201, 210

102, 120
102, 201
102, 210

1120, 201
1120, 210
;201,210
;120,201
1120, 210
201,210
,201, 210

To27120

1110, 120

120, 201
120, 210
110, 120

1120, 201

120, 210

0 ~» 00, 01; 00 ~» 00; 01 ~ 010, 01
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Continuation of Table 2

B

Rules of T(B)

Fp(@)

00T, 01T, 021,
001,011, 021
001,011, 021
001,011, 101
001,011, 101,
001,011, 101,
001,011, 101
001,011, 101
001,011, 101,
001,011, 102
001,011, 102,
001,011, 102,
001,011, 110,
001, 012, 021,
001,012, 021
001,012, 021
001, 012, 021,
001, 012, 021,
001,012, 021
001,012, 021
001, 012, 021,
001, 012, 021,
001,012, 021
001,012, 101
001,012, 101,
001,012, 101,
001,012, 101
001,012, 101
001,012, 101,
001,012, 102
001,012, 102
001,012, 102

001,012, 110

TT0,
110,
120,
102,
102,
102,
110,
110,
120,
110,
110,
120,
120,
101,
101,
101,
101,
102,
102,
102,
110,
110,
110,
102,
102,
102,
110,
110,
110,
110,
110,
110,

120,

T20, 201
120, 210
201, 210
110, 120
120, 201
120, 210
120, 201
120, 210
201, 210
120, 201
120, 210
201, 210
201, 210
102, 110
110, 120
110, 201
110, 210
110, 120
110, 201
110, 210
120, 201
120, 210
201, 210
110, 120
110, 201
110, 210
120, 201
120, 210
201, 210
120, 201
120, 210
201, 210

201, 210

0~ 00, 01; 00 ~ 00; 01 ~» (00)2

3
z + 222 + %%35

17

000, 00T, 021,
000, 001, 021,
000, 001, 021
000, 001, 021
000, 001, 021,
000, 001, 021,
000, 001, 021
000, 001, 021
000, 001, 021
000, 001, 021,
000, 001, 100,
000, 001, 100,
000, 001, 100
000, 001, 100,
000, 001, 100,
000, 001, 100,
000, 001, 101
000, 001, 101,
000, 001, 101

000, 001, 102,

T0O
100

100

100

100

100

101,
101,
101,
102,
101,
101,
101,
102,
102,
120,
102,
102,
120,

120,

TOT, 102
101, 201
101, 210
102, 201
102, 210
201, 210
102, 201
102, 210
201, 210
201, 210
102, 120
120, 201
120, 210
120, 201
120, 210
201, 210
120, 201
120, 210
201, 210

201, 210

0 ~» 00,01; 01 ~» 00,011, 01; 011 ~ 00

4
@+ 202 4325 + f2

18

T

000, 001, 100,
000, 001, 100
000, 001, 100,
000, 001, 100,
000, 001, 100,
000, 001, 100,
000, 001, 101,
000, 001, 101
000, 001, 101
000, 001, 102

TOT,
101,
101,
102,
102,
110,
102,
102,
110,
110,

000, 0T0,011,02T,
000, 010, 011, 021
000,010, 011, 021,
000,010, 011, 021,
000, 010, 011, 021,
000, 010, 011, 021
000, 010, 011, 021,
000,010, 011, 021,
000,010, 011, 021,
000, 010, 011, 021
000, 010, 011, 021,
000, 010, 011, 021,
000, 010, 011, 021,
000, 010, 011, 021
000, 010, 011, 021,
000, 010, 011, 021,
000,010, 011, 021,
000, 010, 011, 021
000, 010, 011, 021
000, 010, 011, 021,
000,010, 011, 021, 201, 210
TOT, 070,021,100,

001, 010, 021
001, 010, 021,
001, 010, 021,
001, 010, 021
001,010, 021
001, 010, 021,
001, 010, 021,
001,010, 021
001, 010, 021
001, 010, 021,
001, 010, 021,
001, 010, 021
001, 010, 021
001, 010, 021,
001, 010, 021,
001, 010, 021
001, 010, 021

100
100
100
100
100
100
100,
100,
100,
100,
100,
100,
100,
100,
101,
101,
101,

T02, 110
110, 201
110, 210
110, 201
110, 210
201, 210
110, 201
110, 210
201, 210
201, 210

102, 110
102, 120
102, 201

0 ~» 0,01; 01 ~ 01
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Continuation of Table 2

B

Rules of T(B)

Fp(@)

00T, 010, 02T, 10T, 102, 210
001, 010, 021, 101, 110, 120
001,010, 021, 101, 110, 201
001,010, 021, 101, 110, 210
001, 010, 021, 101, 120, 201
001, 010, 021, 101, 120, 210
001,010, 021, 101, 201, 210
001,010, 021, 102, 110, 120
001, 010, 021, 102, 110, 201
001, 010, 021, 102, 110, 210
001,010, 021, 102, 120, 201
001,010, 021, 102, 120, 210
001, 010, 021, 102, 201, 210
001, 010, 021, 110, 120, 201
001,010, 021, 110, 120, 210
001,010, 021, 110, 201, 210
001, 010, 021, 120, 201, 210
001, 010, 100, 101, 102, 110
001,010, 100, 101, 102, 120
001, 010, 100, 101, 102, 201
001, 010, 100, 101, 102, 210
001, 010, 100, 101, 110, 120
001, 010, 100, 101, 110, 201
001,010, 100, 101, 110, 210
001, 010, 100, 101, 120, 201
001, 010, 100, 101, 120, 210
001,010, 100, 101, 201, 210
001,010, 100, 102, 110, 120
001, 010, 100, 102, 110, 201
001, 010, 100, 102, 110, 210
001, 010, 100, 102, 120, 201
001, 010, 100, 102, 120, 210
001, 010, 100, 102, 201, 210
001, 010, 100, 110, 120, 201
001, 010, 100, 110, 120, 210
001, 010, 100, 110, 201, 210
001, 010, 100, 120, 201, 210
001,010, 101, 102, 110, 120
001,010, 101, 102, 110, 201
001,010, 101, 102, 110, 210
001,010, 101, 102, 120, 201
001,010, 101, 102, 120, 210
001, 010, 101, 102, 201, 210
001,010, 101, 110, 120, 201
001,010, 101, 110, 120, 210
001, 010, 101, 110, 201, 210
001, 010, 101, 120, 201, 210
001,010, 102, 110, 120, 201
001,010, 102, 110, 120, 210
001, 010, 102, 110, 201, 210
001, 010, 102, 120, 201, 210
001,010, 110, 120, 201, 210
001,011,021, 101, 102, 110
001,011,021, 101, 102, 201
001,011,021, 101, 102, 210
001,011,021, 101, 110, 201
001,011,021, 101, 110, 210
001,011,021, 101, 201, 210
001,011, 021, 102, 110, 201
001,011,021, 102, 110, 210
001,011,021, 102, 201, 210
001,011,021, 110, 201, 210
001,011, 101, 102, 110, 201
001,011, 101, 102, 110, 210
001,011, 101, 102, 201, 210
001,011,101, 110, 201, 210
001,011, 102, 110, 201, 210
001,012, 021, 101, 102, 120
001,012, 021, 101, 102, 201
001,012, 021, 101, 102, 210
001,012, 021, 101, 120, 201
001,012, 021, 101, 120, 210

010,011,012, 021, 100, 110
010,011,012, 021, 100, 120
010,011,012, 021, 100, 201
010,011,012, 021, 100, 210
010,011,012, 021, 101, 102
010,011,012, 021, 101, 110
010,011,012, 021, 101, 120
010,011,012, 021, 101, 201
010,011,012, 021, 101, 210
010,011,012, 021, 102, 110
010,011,012, 021, 102, 120
010,011, 012, 021, 102, 201
010,011,012, 021, 102, 210
010,011,012, 021, 110, 120
010,011,012, 021, 110, 201
010,011,012, 021, 110, 210
010,011,012, 021, 120, 201
010,011, 012, 021, 120, 210
010,011,012, 021, 201, 210

0 ~» 00, 0; 00 ~ 00

am ~> A1 O™, apy =0

x
(—=)?
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No. B

Rules of T(B)

Fp(@)

1K) 000, 010, 01T, 100, 102, 120
000, 010, 011, 101, 102, 120
000, 010, 011, 102, 110, 120
000, 010, 011, 102, 120, 201

000, 010, 011, 102, 120, 210

0 ~» 00, 01; 00 ~» 00, 002; 01 ~» 01;
002 ~ 0021, 01

z(14a3—a?)
(1—x)2

20 000, 001, 100, 101, 102, 210
000, 001, 100, 101, 201, 210
000, 001, 100, 102, 201, 210
000, 001, 101, 102, 201, 210

000, 010, 011, 100, 102, 110
000, 010, 011, 100, 102, 201
000, 010, 011, 100, 102, 210
000, 010, 011, 101, 102, 110
000, 010, 011, 101, 102, 201
000, 010, 011, 101, 102, 210
000, 010, 011, 102, 110, 201
000, 010, 011, 102, 110, 210

000, 010,011, 102, 201, 210

[ 000, 010,011,700, TO1,102

ag ~ 00, a1; am ~ (00)™, bm, apmyq

b ~ (00)™, ay =01 -m,

0 ~+ 00,01; 00 ~ 00, 002; 01 ~» 01;
002 ~~ 0021, 002

z(1+z3)
(1—=x)2

21 010, 011, 012, 100, 101, 210
010,011,012, 100, 102, 210
010,011,012, 100, 110, 210
010,011,012, 100, 120, 210
010,011,012, 100, 201, 210
010,011,012, 101, 102, 210
010,011,012, 101, 110, 210
010,011,012, 101, 120, 210
010,011,012, 101, 201, 210
010,011,012, 102, 110, 210
010,011,012, 102, 120, 210
010,011,012, 102, 201, 210
010,011,012, 110, 120, 210
010,011,012, 110, 201, 210

010,011, 012, 120, 201, 210

am ~> apm41:b1,- ., bm;

b~ OD™ L, 4y = 0™, by = amm

z(1—z+z3)
(1—x)3

PP 000, 001, 100, 101, 102, 201

000,010, 011, 100, 110, 120
000, 010, 011, 100, 120, 201
000, 010, 011, 100, 120, 210
000, 010, 011, 101, 110, 120
000,010, 011, 101, 120, 201
000,010, 011, 101, 120, 210
000, 010, 011, 110, 120, 201
000, 010, 011, 110, 120, 210
000,010, 011, 120, 201, 210
010, 011,012,700, T01, 102
010,011, 012, 100, 101, 110
010,011,012, 100, 101, 120
010,011,012, 100, 101, 201
010,011,012, 100, 102, 110
010,011, 012, 100, 102, 120
010,011,012, 100, 102, 201
010,011,012, 100, 110, 120
010,011,012, 100, 110, 201
010,011, 012, 100, 120, 201
010,011,012, 101, 102, 110
010,011,012, 101, 102, 120
010,011,012, 101, 102, 201
010,011,012, 101, 110, 120
010,011,012, 101, 110, 201
010,011,012, 101, 120, 201
010,011,012, 102, 110, 120
010,011,012, 102, 110, 201
010,011,012, 102, 120, 201

010,011,012, 110, 120, 201

T

000, 0107011,7T0T, T017120 —

@m = Gt 1,007 - 2 b

bm ~ bg, . sm—1s @m = 01---m,

0 ~» 00, 01; 00 ~ 00, 0; 01 ~ 01

am ~ Q1,61 - b
bm ~ b1, .. byy 1, am =0T,
bm = amm

73 000, 010, 01T, 100, 10T, 110
000, 010, 011, 100, 101, 201
000, 010, 011, 100, 101, 210
000, 010, 011, 100, 110, 201
000, 010, 011, 100, 110, 210
000, 010, 011, 100, 201, 210
000, 010, 011, 101, 110, 201
000, 010, 011, 101, 110, 210
000, 010, 011, 101, 201, 210

000, 010,011, 110, 201, 210

0 ~» 00, 01; 00 ~ 00)2; 01 ~ 01

z(l—=x
(1—=z)(1—2x)

PES 000, 010, 100, 102, 110, 120e
25 000, 010, 100, 101, 102, 120
76 000, 010, 101, 102, 110, 120
27 000, 010, 100, 101, 102, 110

[ 28 000, 010, 100, 102, 120, 201e
29 000, 010, 100, 102, 120, 210e
30 000, 010, 102, 110, 120, 20Te
31 000, 010, 101, 102, 120, 20Te

000, 010, 101, 102, 120, 210e
000, 010, 102, 110, 120, 210e

Modification of proof of
Theorem 7




Continuation of Tablc 2
No. B Rules of T(B) Fp(x)
33 000, 010, 100, 102, 110, 210e
33 000, 010, 100, 102, 110, 201e
37 000, 010, 101, 102, 110, 210e
35 000, 010, 101, 102, 110, 201e
36 000, 010, 100, 101, 102, 210
37 000, 010, 100, 101, 102, 20Te
38 000, 010, 100, 101, 110, 120e
30 000, 010, 102, 120, 201, 210e
10 000, 010, 102, 110, 201, 210w
T 000, 010, 100, 102, 201, 210e
13 000, 010, 101, 103, 201, 210e
43 000,010, 100, 101, 110, 2010 | am,m ~ bm, {@m ;23 Gm, j ~
m
bom—js {C2m—jti,2m—j+2i Vg
2m
bam—j»> {am, i 2y
2m+2
bm > {ami1,iti—m s
Cm,j ~ bam 41—
{c L . _}J'*mfl
2m+1—j+i,2m+1—j+2i ;=2 ’
fam 305 1, apmj = 0% (m = 12,
,,,,,,,,,,,,, bm = am,mm: em,j
000, 010, 100, 101, 110, 2106 | am,m ~ bm, {am ;}
J—m
b2m —j» {C27n7j2+i,21n7j+2i}7;:2 ;
bam—j»> {am,i 2y
2m+2
bm ~ {am+1,i}i:m+1’
Cm,j ~ bam41—j-
Jj—m—1
{comt1—j+i,2m+1—j+2i}; ,
{am,i}%gfjfl’ Am,j =02 (m - 12y,
bm = am,mm, Cpy j = Gy i
17 000, 010, 100, 10T, 120, 20Te
000,010, 100, 101, 120, 210e
000,010, 100, 110, 120, 201e
000,010, 100, 110, 120, 210e
000,010, 101, 110, 120, 201e Theorem 13
T5 000, 010, 101, 110, 120, 210e
16 000, 010, 100, 120, 201, 210e
T7 000, 010, 100, 110, 20T, 210e
000,010, 101, 110, 201, 2100 | a,, i ~
¥ .
(a2m—j41,2m—j+1)? "™ bam_j,
2m., 2m+2
{am,i} iy bm ~ {amq1,i 0110
A, j = 0212 ... (m — 1)24,
b = 0212 ... m?2
18 000, 010, 10T, 120, 20T, 210e
000, 010, 110, 120, 201, 210e Modification of the proof of
Theorem 12
I9 000, 010, 100, 101, 201, 210e
50 000, 012, 021, 100, 101, 110
000,012, 021, 101, 102, 110
000,012, 021,101, 110, 120
000,012, 021,101, 110, 201
000, 012, 021, 101, 110, 210 0 ~ 00, 01; 00 ~ (001)2; 01 ~ (010)2; o+ 202 + 423 + 224
001 ~ 010
5T 000, 012, 02T, 100, 10T, 102
000,012, 021, 100, 101, 120
000,012, 021, 100, 101, 201
000,012, 021, 100, 101, 210
000,012, 021, 101, 102, 120
000,012, 021, 101, 102, 201
000,012, 021, 101, 102, 210
000,012, 021, 101, 120, 201
000,012, 021, 101, 120, 210
000, 012, 021, 101, 201, 210 0 ~» 00, 01; 00 ~ (001)2; 01 ~» 010, 001;
001 ~ 010
[ 000; 0T27021,T00, TO2;1TO— [ — — — — — — — — — — — = — — — — 1
000,012, 021, 100, 110, 120
000,012, 021, 100, 110, 201
000,012, 021, 100, 110, 210
000,012, 021, 102, 110, 120
000,012, 021, 102, 110, 201
000,012, 021, 102, 110, 210
000, 012, 021, 110, 120, 201
000, 012, 021, 110, 120, 210
000,012, 021, 110, 201, 210 0 ~» 00, 01; 00 ~» (001)2; 01 ~» 001, 011;
001 ~ 011
[ 000; 0127100,T0T, T02;1T0— [~ — — — — — - — - — — = — = — = — 1
000,012,100, 101, 110, 120
000, 012, 100, 101, 110, 201
000,012, 100, 101, 110, 210 0 ~ 00, 01; 00 ~ 001, 01; 01 ~» (010)2; z + 222 + 423 + 324
001 ~ 010
52 000, 012, 10T, 102, 110, 120
000,012, 101, 102, 110, 201
000,012, 101, 102, 110, 210
000, 012, 101, 110, 120, 201
000, 012, 101, 110, 120, 210
000,012, 101, 110, 201, 210 0 ~ 00, 01; 00 ~» 001, 002; 01 ~» (010)2; o+ 222 + 423 + 32% 4 25
001 ~ 010; 002 ~ 001, 010
53 000, 012, 021, 100, 102, 120
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Continuation of Table 2

B

Rules of T(B)

Fp(@)

T

000, 012, 021,
000, 012, 021,
000, 012, 021,
000, 012, 021,
000, 012, 021,
000, 012, 021,
000, 012, 021,
000, 012, 021,
000, 012, 021,
TOC, 0127100,
000, 012, 100,
000, 012, 100,
000, 012; 100,
000, 012, 100,

000, 012, 100,

T00, 102, 201
100, 102, 210
100, 120, 201
100, 120, 210
100, 201, 210
102, 120, 201
102, 120, 210
102, 201, 210
120, 201, 210
T0Z, 110,120
102, 110, 201
102, 110, 210
110, 120, 201
110, 120, 210

110, 201, 210

0 ~ (00)2; 00 ~» (001)2; 001 ~> 0011

0 ~» 00, 01; 00 ~ 001, 002;
01 ~> 001, 011; 001 ~» 011; 002 ~» (011)2

o + 222 + 403 4 424

54

000, 012, 100,
000, 012, 100,
000, 012, 100,
000, 012, 100,
000, 012, 100,
000, 012, 100,

T00; 01277102,
000, 012, 102,
000, 012, 102,

000, 012, 110,

TOT, 102, 120
101, 102, 201
101, 102, 210
101, 120, 201
101, 120, 210
101, 201, 210

T10, 120,201 —

110, 120, 210
110, 201, 210

120, 201, 210

0 ~» 00, 01; 00 ~» 001, 01; 01 ~» 010, 001;
001 ~ 010

0 ~» 00, 01; 00 ~» 001, 01; 01 ~» 001, 011;
001 ~» 011

o+ 222 + 423 + 42* 4 25

55

000, 012, 101,
000, 012, 101,
000, 012, 101,

000, 012, 101,

T02, 120, 201
102, 120, 210
102, 201, 210

120, 201, 210

001 ~ 010; 002 ~» 001, 0022; 0022 ~» 001

0 ~» 00,01; 00 ~» 001, 002; 01 ~» 010, 001;

4202 4423 + 424 4225 426

56

000, 01T, 021,
000,011, 021,
000, 011, 021,
000, 011, 021,
000, 011, 021,

TOT; 02177100,
001, 021, 100,
001, 021, 100,

001, 021, 100,

T00, 102, 120
101, 102, 120
102, 110, 120
102, 120, 201
102, 120, 210

TOT, 1107120~

102, 110, 120
110, 120, 201

110,120, 210

0 ~ 00, 01; 00 ~» 00, 002; 01 ~» 010, 002;
002 ~ 002

0 ~» 00, 01; 00 ~ 00; 01 ~» 010, 00, 012;
012 ~ 00, 012

z(1+22(1-2)?)
(1—x)2

57

000, 012, 100,
000, 012, 100,
000, 012, 100,

000, 012, 100,

T0Z, 120, 201
102, 120, 210
102, 201, 210

120, 201, 210

001 ~ 0011; 002 ~» 0011, 001

0 ~+ 00,01; 00 ~» 001, 002; 01 ~» 001, 001;

@+ 222 + 423 4 524 + 25

58

000, 012, 102,

120, 201, 210

0 ~» 00,01; 00 ~~ 001, 002;
01 ~» 001, 001; 001 ~ 0011;
002 ~ 001, 0022; 0022 ~ 001

z+202 +42° 4523 4225 420

59

T

T

T

000, 01T, 021,
000, 011, 021,
000, 011, 021,
000,011, 021,
000,011, 021,

000, 011, 021,

TOO; 0T177100,
000, 011, 100,
000, 011, 100,
000, 011, 100,
000,011, 101,
000,011, 101,
000,011, 101,
000, 011, 102,
000, 011, 102,
000,011, 102,
TOT, 021,7100,
001, 021, 100,
001, 021, 100,
001, 021, 100,
001, 021, 100,
001, 021, 100,
001, 100, 101,
001, 100, 101,
001, 100, 101,
001, 100, 102,
001, 100, 102,
001, 100, 110,
001, 021, 100,
001, 021, 100,
001, 021, 100,
001, 021, 100,
001, 021, 100,

TOT; 02177101,

001,021, 102,
001, 021, 110,

T00, 10T, 102
100, 102, 110
100, 102, 201
100, 102, 210
101, 102, 110

, 101, 102, 201
1101, 102, 210
102, 110, 201
102,110, 210

102, 201, 210

TOT, T02, 120~

102, 110, 120
102, 120, 201
102, 120, 210
102, 110, 120
102, 120, 201
102, 120, 210
110, 120, 201
110, 120, 210

0T, 02, 1T0
101, 110, 201
101, 110, 210
102, 110, 201
102,110, 210
110, 201, 210
102, 110, 120
110, 120, 201

120, 201, 210

T0Z, 1107120~

,110, 120, 201
1110, 120, 210
,110, 120, 201

110, 120, 210
120, 201, 210

0 ~+ 00,01; 00 ~» 00, 002; 01 ~» 010, 01;
002 ~~ 002

0 ~» 0,01; 01 ~» 010,012; 012 ~» 012

0 ~» 00, 01; 00 ~» 00; 01 ~» 010, 00, 01

0 ~+ 00,01; 00 ~» 00; 01 ~» 010,011, 012;
011 ~» 010,011; 012 ~» 00,012

0 ~» 00, 01; 00 ~ 00; 01 ~» (00)2,012;
012 ~ 00,012

z(1422—23)
(1—x)2
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Continuation of Table 2

No.

B

Rules of T(B)

Fp(@)

60

000, 01T, 021, 100,
000, 011, 021, 100,
000,011, 021, 100,
000,011, 021, 100,
000,011, 021, 101,
000, 011, 021, 101,
000,011,021, 101,
000,011, 021, 110,
000, 011, 021, 110,
000, 011, 021, 120,
000, 011,7100,T0T,
000, 011, 100, 101,
000, 011, 100, 101,
000, 011, 100, 102,

T

g
g
E
)
2
g

001, 021, 100, 101,
001, 021, 100, 102,

T

TOT; 02177101,7T0Z,
001, 021, 101, 102,
001,021,101, 110,
001, 021, 102, 110,
001, 101, 102, 110,
001, 101, 102, 110,
001, 101, 110, 120,
001, 102, 110, 120,
TOT, 021,101,102,
001, 021, 101, 102,
001, 021, 101, 120,

001, 021, 102, 120,

T

TOT; 10077101, T0Z,
001, 100, 101, 102,
001, 100, 101, 110,
001, 100, 102, 110,

[ 00T, 100,101,707,
001, 100, 101, 102,
001, 100, 101, 120,
001, 100, 102, 120,

TLT; 0127021,7T00,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,
011,012, 021, 100,

011,012,021, 100,

TOT, 120

120, 210
201, 210

201, 210

1107201~

110, 210
201, 210
201, 210
120, 201
120, 210
201, 210
201, 210
120, 201
120, 210
201, 210

201, 210

1107201~

110, 210
201, 210
201, 210

1207201

120, 210
201, 210
201, 210

120, 210
201, 210

0 ~+ 0,01; 01 ~ 010,01

0 ~+ 00,01; 00 ~ 00; 01 ~» 010,011, 01;
011 ~» 010,011

0 ~» 00, 01; 00 ~ 00; 01 ~» 00, (011)2;
011 ~ 00,011

am ~» (010)™, 00, a1 00 ~> 00,
am 01 --

0 ~ 00, 01; 00 ~» 00; 01,010,011, 01;
011 ~» 010,011

am ~ @i, (01)™; 01 ~ 010,

ay = 0"

z(14x2)
(1-=)?

61

000, 01T, 021, 100,
000, 011, 021, 100,
000, 011, 021, 100,
000,011, 021, 100,
000,011, 021, 100,
000, 011, 021, 100,
000, 011, 021, 101,
000,011, 021, 101,
000,011, 021, 101,
000,011,021, 110,
00T, 021,101,702,
001, 101, 102, 120,

T

101,110

201, 2T0

201, 210

001,101, 102, 110,

T

T10; 0127021, 7100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 100,
010, 012, 021, 101,
010, 012, 021, 101,
010, 012, 021, 101,

201, 210

201, 210

102, 201

0 ~» 00, 0; 00 ~» 00, 002; 002 ~» 002

[ am ~ (010" b am 1
bm, ~ (010)™ , by, apm = 01---m,
bm = amm
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No. B

Rules of T(B)

Fp(@)

010, 012, 021, 10T, 102, 210
010, 012, 021, 101, 110, 120
010,012, 021, 101, 110, 201
010,012, 021, 101, 110, 210
010, 012, 021, 101, 120, 201
010, 012, 021, 101, 120, 210
010,012, 021, 101, 201, 210
010, 012, 021, 102, 110, 120
010, 012, 021, 102, 110, 201
010, 012, 021, 102, 110, 210
010, 012, 021, 102, 120, 201
010, 012, 021, 102, 120, 210
010, 012, 021, 102, 201, 210
010, 012, 021, 110, 120, 201
010, 012, 021, 110, 120, 210
010,012, 021, 110, 201, 210
010, 012, 021, 120, 201, 210
011,012, 021, 101, 102, 110
011,012, 021, 101, 102, 120
011,012, 021, 101, 102, 201
011,012, 021, 101, 102, 210
011,012, 021, 101, 110, 120
011,012, 021, 101, 110, 201
011,012, 021, 101, 110, 210
011,012, 021, 101, 120, 201
011,012, 021, 101, 120, 210
011,012, 021, 101, 201, 210
011,012, 021, 102, 110, 120
011,012, 021, 102, 110, 201
011,012, 021, 102, 110, 210
011,012, 021, 102, 120, 201
011,012, 021, 102, 120, 210
011,012, 021, 102, 201, 210
011,012,021, 110, 120, 201
011,012,021, 110, 120, 210
011,012, 021, 110, 201, 210
011,012, 021, 120, 201, 210

011, 012, 100, 102, 201, 210
011,012, 100, 110, 201, 210

011,012, 100, 120, 201, 210

U1T; 0127100,7T0T, 20172T0 —

am ~ a1, (01)™; 01 ~ 01,
m

am ~ a1, {bi 3l bm ~ (010)™,
am =0, by = amm

m(17z+:n2)
(1-2)3

G2 01T, 012, 100, 10T, 102, 210
011,012, 100, 101, 110, 210
011,012, 100, 101, 120, 210
011,012, 100, 102, 110, 210
011,012, 100, 102, 120, 210

011,012,100, 110, 120, 210

am ~ A, {bi)gl; by ~ cq;

by ~» by, c1s bm ~ em, (010)™ 1,
em ~ (010)™ "L a4y = 0™,
m = Am M, Cm = ammO0

m(171+m2+m4)
(1—-=)

63 000, 01T, 100, 10T, 110, 120
000,011, 100, 101, 120, 201
000, 011, 100, 101, 120, 210
000,011, 100, 110, 120, 201
000,011, 100, 110, 120, 210
000, 011, 100, 120, 201, 210
000,011, 101, 110, 120, 201
000,011, 101, 110, 120, 210
000,011, 101, 120, 201, 210
000,011, 110, 120, 201, 210
TLT, 01277100, T0T, 102, 201
011,012, 100, 101, 110, 201
011,012, 100, 101, 120, 201
011,012, 100, 102, 110, 201
011,012, 100, 102, 120, 201
011,012, 100, 110, 120, 201

T

0 ~ 0,01; 01 ~» 0,012; 012 ~ 012

am ~> a1, {3y
bm ~ 010, {6,377, am = 0™,
by = agm

[} 01T, 012, 100, 101, 102, 110
011,012, 100, 101, 102, 120
011,012, 100, 101, 110, 120

011,012,100, 102,110, 120

am ~ a1, {b;}%1; by ~ 010;

m—1
by ~ (b1)2; b ~ em, {b; 307

—1 )
em ~ 010,b1, {c;}; o™, am = 0™,
by = Amm, ¢y = A m0

G5 0710, 012, 100, 10T, I10, 210
010,012, 100, 102, 110, 210
010, 012, 100, 110, 120, 210
010, 012, 100, 110, 201, 210
011,012, 101, 102, 201, 210
011,012, 101, 110, 201, 210
011,012, 101, 120, 201, 210
011,012, 102, 110, 201, 210
011,012, 102, 120, 201, 210

011,012, 110, 120, 201, 210

am ~ app1s {0305
b, ~> (0021)™ =1 by am, = 0™,
m_= aAm MM

GG 010, 012, 100, 10T, 102, 110
010, 012, 100, 101, 110, 120
010, 012, 100, 101, 110, 201
010, 012, 100, 102, 110, 120
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T

010, 011,021,700, T01, 102
010,011, 021, 100, 101, 110
010,011, 021, 100, 101, 120
010,011, 021, 100, 101, 201
010,011, 021, 100, 101, 210
010,011, 021, 100, 102, 110
010,011, 021, 100, 102, 120
010,011, 021, 100, 102, 201
010,011, 021, 100, 102, 210
010,011, 021, 100, 110, 120
010,011, 021, 100, 110, 201
010,011, 021, 100, 110, 210
010,011, 021, 100, 120, 201
010,011, 021, 100, 120, 210
010,011, 021, 100, 201, 210
010,011,021, 101, 102, 110
010,011, 021, 101, 102, 120
010,011, 021, 101, 102, 201
010,011,021, 101, 102, 210
010,011,021, 101, 110, 120
010,011, 021, 101, 110, 201
010,011, 021, 101, 110, 210
010,011,021, 101, 120, 201
010,011, 021, 101, 120, 210
010,011, 021, 101, 201, 210
010,011, 021, 102, 110, 120
010,011, 021, 102, 110, 201
010,011, 021, 102, 110, 210
010,011, 021, 102, 120, 201
010,011, 021, 102, 120, 210
010,011, 021, 102, 201, 210
010,011, 021, 110, 120, 201
010,011, 021, 110, 120, 210
010,011,021, 110, 201, 210
010,011, 021, 120, 201, 210
010, 012, 101, 102, 120, 201
011,012, 101, 102, 110, 120

am ~ a1, (b3l bm ~ {b; 32

am = 0", by = aml

No. B Rules of T(B) Fp(x)
010, 012, 100, 102, 110, 20T 4
mo. z((1—=z)2 423 —22%)
010, 012, 100, 110, 120, 201 am ~> 1, {0335 T30 ey
b ~ {c;} b1s em ~ {e; 35
iti—2> P15 em iti=2 >
am = 0", by = amm,
cm = amm(m — 1
57 010, 012, 100, 10T, 102, 210
010, 012, 100, 101, 120, 210
010, 012, 100, 101, 201, 210
010, 012, 100, 102, 120, 210
010, 012, 100, 102, 201, 210
010, 012, 100, 120, 201, 210
011,012, 101, 102, 110, 210
011,012, 101, 102, 120, 210
011,012, 101, 110, 120, 210
011,012, 102, 110, 120, 210 am ~ a1, {615
b, ~> (0021)™ =1 by ay, = 0™,
bm_=_amm
r 01050127101, T02, T10;2T0— [ — — — ~ — — - - —————— = —1
010,012, 101, 110, 120, 210
010,012, 101, 110, 201, 210
010, 012, 102, 110, 120, 210
010, 012, 102, 110, 201, 210
2
010,012, 110, 120, 201, 210 am = a1y {65370 b~ (b1)™, z(1—2x+2x%)
i i= (1—=x)
am = 0", by = amm
68 010, 012, 100, 101, 102, 120
010, 012, 100, 101, 102, 201
010, 012, 100, 101, 120, 201
010, 012, 100, 102, 120, 201 am ~ amp1s {010
bm > e, b em ~ {351,
am = 0™, by = amm,
cm = amm(m — 1)
[ U10;0127101,T02, 110,120~ [ — — — —~ — — — — ——— — — — — —
010,012, 101, 102, 110, 201
010,012, 101, 110, 120, 201
010,012, 102, 110, 120, 201
011,012, 101, 102, 110, 201
011,012, 101, 102, 120, 201
011,012, 101, 110, 120, 201
3
011,012, 102, 110, 120, 201 __w(eioxdl)
(1—x)2(1—z—x2)
i 010, 012, 10T, 102, 120, 210
010,012, 101, 102, 201, 210
010, 012, 101, 120, 201, 210
2 3, .4
010, 012, 102, 120, 201, 210 am ~ a1, (b 15 31344§Eia%5435554f321
—z
b~ (b1)™ 7 by am = 0™,
bm = amm
70 000, 01T, 100, 10T, 110, 20T
000, 011, 100, 101, 110, 210
000, 011, 100, 101, 201, 210
000, 011, 100, 110, 201, 210
000,011, 101, 110, 201, 210 0~ (0)2
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No. B Rules of T(B) Fp(x)
;|
71 010,011,102, 120, 201, 2100 | am ~> apyi1s {bym i }0hys by j ~ %
’ - ’ —2x —x
j— m—+1—j
(0021)7 1, (b3} 7
am = 0", by = amm
72 010, 01T, 100, 102, 120, 20Te

010,011, 101, 102, 120, 201
010,011, 102, 110, 120, 201

010, 01177100,7T02, 120, 2T0e"
010,011, 101, 102, 120, 210

010,011, 102, 110, 120, 210

am ~ app1s {bm it ieys

. ml—j
bm,j ~ {ci}z:2‘{bm+1—j,i}i:1 ’
Cm ~> €9, m

bm_=_amm, ¢m_=_amm(m — 1)

yCm—1> am = 077,

am ~ a1, {bm i 1l

J m+1—j
b5 ~> {ei} =12,{bm+1—j,i}i=1
em ~ {e;}2 57, am = 0™,

bm = amm, ¢m = amml

5

z (223 —2z+1)

(1—z)(1—2x)(1—z—22)

73 010, 01T, 100, 10T, 102, 120
010,011, 100, 102, 110, 120

010,011,101, 102,110, 120

am ~ g1, {bm i Y b,
. 1—4
{ej,i} 75

m—3
Cm,1 ~ {Cmfl,i}izl »Cm—1,13
m,j 7

-2 m
128 i1 Abmgr—g,a b

j—2 m—2—j
eIt en {em—j,i}] 7,
Cm—j,1> am = 0",
Cm,j = ammj

m,j = amd,

74 010, 011, 100, 102, 201, 210e
010,011, 101, 102, 201, 210

010,011, 102, 110, 201, 210

am ~ a1 {bm i 1l
b~ (0021371, (b, 37

am = 0™, b, j = ami

50

z2(1—x)
(1—22)2

]
+

I—=x

75 010, 01T, 100, 10T, 102, 210
010,011, 100, 102, 110, 210

010,011, 101, 102, 110, 210

T ({010,011, 102, 210}), [4]

z(3z3+22—3241)

76 010, 01T, 100, 10T, 102, 201
010,011, 100, 102, 110, 201

010,011, 101, 102, 110, 201

am ~ ami1, {bm i} itgs

i mo
bm,j ~ {eitizg {bm itz s

m—1
em > {ei}itoT, am =0,

b i = amd, em = amm(m — 1)

z(1—z—=22)
(I—z)(1—2z—=2)

id 010, 011,100, 101,102,110

7 ({010,011, 102})

7 000, 010, 021, 100, 101, 102
000, 010, 021, 100, 101, 110
000, 010, 021, 100, 101, 120
000, 010, 021, 100, 101, 201
000, 010, 021, 100, 101, 210
000, 010, 021, 100, 102, 110
000, 010, 021, 100, 102, 120
000, 010, 021, 100, 102, 201
000, 010, 021, 100, 102, 210
000, 010, 021, 100, 110, 120
000, 010, 021, 100, 110, 201
000, 010, 021, 100, 110, 210
000, 010, 021, 100, 120, 201
000, 010, 021, 100, 120, 210
000, 010, 021, 100, 201, 210
000, 010, 021, 101, 102, 110
000, 010, 021, 101, 102, 120
000, 010, 021, 101, 102, 201
000, 010, 021, 101, 102, 210
000, 010, 021, 101, 110, 120
000, 010, 021, 101, 110, 201
000, 010, 021, 101, 110, 210
000, 010, 021, 101, 120, 201
000, 010, 021, 101, 120, 210
000, 010, 021, 101, 201, 210
000, 010, 021, 102, 110, 120
000, 010, 021, 102, 110, 201
000, 010, 021, 102, 110, 210
000, 010, 021, 102, 120, 201
000, 010, 021, 102, 120, 210
000, 010, 021, 102, 201, 210
000, 010, 021, 110, 120, 201
000, 010, 021, 110, 120, 210
000, 010, 021, 110, 201, 210

000, 010, 021, 120, 201, 210

1
am ~ bm, {a;}]Lgs bm ~ {a,(}:';‘*’o ;

am =02 (m —12%m, by, = amm

1—x—1/1—2¢—3z2
-1

222

79 010, 01T, 100, 120, 201, 210e
010,011, 101, 120, 201, 210

010,011, 110, 120, 201, 210

i=1i bm,j

am ~ ami1, {bm i

g2, 75 fbymg1— i et

z(1—2z)
(1—3z4z2)(1—z)




Continuation of Table 2
No. B Rules of T(B) Fp(x)
0 010, 01T, 100, 10T, 120, 20T
010,011, 100, 101, 120, 210
010,011, 100, 110, 120, 201
010, 011, 100, 110, 120, 210
010,011, 101, 110, 120, 201
010,011, 101, 110, 120, 210 am ~ Q15 {0m,i 1115 Oy ~
o oyd—1 S oymAl—j,
{bmt2—j,iti—1  {bm+1—jiti—1 ;
am = 0", by, j = amj
81 010,011, 100, 101, 110, 120 T ({010,011, 120})
) 010, 01T, 100, 10T, 201, 210
010,011, 100, 110, 201, 210
2
. z(1—3x+x“)
010,011, 101, 110, 201, 210 am ~ am}!—ii{bm'l 82y (1=
bm,j ~ by fo g 10 {bm i s s
am =0, by, j =amj
83 010, 01T, 100, 10T, 110, 20T
010, 011, 100, 101, 110, 210 T ({010,011, 201})
B 012,021, 100, 10T, 102, 120
012, 021, 100, 101, 102, 201
012,021, 100, 101, 102, 210
012,021, 100, 101, 120, 201
012,021, 100, 101, 120, 210
012,021, 100, 101, 201, 210 am ~ @1, (01)™; 01 ~ 010,01,
am = 0"
[ 01202177100, T0Z, 110,120~ |7 — —
012,021, 100, 102, 110, 201
012,021, 100, 102, 110, 210
012,021, 100, 110, 120, 201
012,021, 100, 110, 120, 210
012,021, 100, 110, 201, 210
012,021, 101, 102, 110, 120
012,021, 101, 102, 110, 201
012,021, 101, 102, 110, 210
012,021,101, 110, 120, 201
012,021,101, 110, 120, 210
012,021,101, 110, 201, 210 am ~ apg, (01)™; 01 ~ (010)2;
010 ~» 010, amym = 0™
****************************** (1 2
012, 100, 101, 110, 201, 210e am %
b ~ (010)™,011; 011 ~» 011, v
am = 0", by = amm
85 012, 100, 101, 102, 110, 210
_ 2, 4
012, 100, 101, 110, 120, 210 am ~ @i, {03 %
b~ em, (010)™ 1, 0115
cm ~ (010)™ =1 011 ~ 011, ay, = 0™,
bin = amm, Cm = amm
86 012, 100, 101, 102, 110, 201
2_.3__4
m z(1—2z4222—a3 —z%)
012, 100, 101, 110, 120, 201 am ~ a1, (b 15 R TEe—
b ~» {e M1, 0115 em ~ {e; b
011 ~» 011, am = 0™, by = amm,
cm = amm(m — 1
(SR SR
87 012,100, 101, 102, 110, 120 am ~ Q1 {b; P by~ c1, 0115 m((lh ) f1+(1 z)) )
m —x —r—T
bm ~ em, e, {d; } g, 011;
1
em ~ {e; v s
m—1
dm ~ cm, c2, {dj}j g7 011 ~ 011,
a=0", by = amm, cm = ammo,
dp = amm(m — 1)
g 01T, 021, 100, 10T, 102, 120
011, 021, 100, 102, 110, 120
011, 021, 100, 102, 120, 201
2 3
011, 021, 100, 102, 120, 210 am ~ a1, {03 %
- —x —2x
bm ~ 010, {e; }2 15 em ~ {32y,
am = 0™, bym = aml, cm = aml2
89 000, 021, 100, 101, 102, 120
000, 021, 101, 102, 120, 201
000, 021, 101, 102, 120, 210 ag ~ bg,01; 01 ~» 010,011, 002;
of1 7 810, a1, 002; 002 ~ bg, 002;
am ~ bm, {a; }7L,002;
bm ~ {a; 37T, 002,
am =02 (m —=12%m, by, = amm
[ 000;021;7100,T02, 110,120 7 — — — — — — — = == %= = == = — 1
000, 021, 102, 110, 120, 201
1—w—1/1—20—322
000, 021, 102, 110, 120, 210 ag ~ bg, 01; 01 ~ 010, by, 002; — 14
ofo 0101; 002 ~ bg, 002; 5 42
am ~ bm{a; }™ 1, 002; z% +
b ~ {a; 37241, 002,
am =02 (m —1)2%m, by, = amm
90 000, 021, 100, 101, 102, 110
000, 021, 101, 102, 110, 201




Continuation of Table 2
No. B Rules of T(B)
000, 021, 101, 102, 110, 210 ag ~ bg, 01; 01 ~» 010, by, 01; 14
002 ~ bgy, 002; am ~> bm, {ai}znzl,ooz;
bm ~ {a; 37241, 002,
am =02 (m —1)2m, by, = apm
91 012, 100, 102, 110, 201, 210
012,100, 110, 120, 201, 210 am ~ am+1,{bi};’;1;
b ~ (010)2, (0021)™ =1 4, = 0™,
bm = amm - - -
92 012,100, 102, 110, 120, 210 am ~ a1y {6} W
T —x
b ~ cm, (0021)™~1 010;
em ~ (0021)™ =1 010; 010 ~ 010,
am = 0™, by = amm, cm = amm0
93 012, 021, 100, 102, 120, 201
012,021, 100, 102, 120, 210
012, 021, 100, 102, 201, 210
012,021, 100, 120, 201, 210
012,021, 101, 102, 120, 201
012,021, 101, 102, 120, 210
012,021, 101, 102, 201, 210
012,021, 101, 120, 201, 210 am ~ @1, (01)™; 01 ~ 010, 01;
010 ~» 010, am = 0™
[ 01202177102, T10, 120,200 — [ — — — — -~ — = —— — — — — = — 1
012,021, 102, 110, 120, 210
012,021, 102, 110, 201, 210
012,021, 110, 120, 201, 210 am ~ a1, (01)™; 01 ~» 01,011;
011 ~» 011, asy =0
[ U12; 10077101, 702, 2015270~ [ — — — — — —~ — — —— — — — — — — 1
012, 100, 101, 120, 201, 210 am ~ amp1s {012
b ~ (010)™, by, am = 0™,
bm = amm
[ 0121017102, T10,200;2T0 — [ — — —  — — — = — = = = = = = =1
_ 2 .3
012,101, 110, 120, 201, 210 am ~ a1y (b3 z(1 2>(af+39)c z3)
—z)%
bm ~ (010)™T1; 010 ~ 010, ap, = 0™,
bm = amm . — -
94 012, 100, 102, 110, 120, 201 am ~ a1 {0} b~ {eg} g z(z (&_2‘?3(_1‘” )+(12;‘”) )
- —x —xr—x
cm ~ 00210, {¢;}T 5; 010 ~» 010,
am = 0", by = amm,
cm = amm(m — 1)
95 000, 021, 100, 102, 120, 201
000, 021, 100, 102, 120, 210
1—z—1/1—2x—322
000, 021, 102, 120, 201, 210 ag ~ bg,01; 01 ~» 010, 011, 002; — S 14
0f1 = 8101, ay,002; 002 ~ bg, 002; 3 2
am ~ bm, {a;}T 1, 002; z + 2z
bm ~ {a; 37T, 002,
am =02 (m —1)2m, by, = amm
231322 _2
96 012, 100, 101, 102, 120, 210 am ~ @y, {05305 £(1+3$) 2x+1)
—x
b~ cm, (010)™ 7L by
em > (010)™ 7L,y = 0™,
bm = amm, ¢m = amm0
T T
97 012,101, 102, 110, 120, 210 am ~ s (b 15 z(z IYE)(2;5 2z+1)
b ~ em, (010)™; *
cm ~ em, (010)™~1; 010 ~ 010,
am = 0", by = amm, cm = apym0
98 012, 100, 101, 102, 120, 201 am ~ Gy t1s L0105
—1
bm ~ {c;}i% 1, bm; cm ~ {qu};n s
am = 0", by = amm, cm = apymO0
****************************** 3, .2
. z(e3 422 —z41)
012,101, 102, 110, 120, 201 am ~ am+1,{1bi}1:1, TP a2y
bm ~ {b;}727 ", (010)2; 010 ~ 010,
am =0, by =amm
99 01T, 021, 10T, 102, 110, 120
011,021, 101, 102, 120, 201
011, 021, 101, 102, 120, 210
011,021, 102, 110, 120, 201
011,021, 102, 110, 120, 210
_ 2_ 5.3
011, 021, 102, 120, 201, 210 am ~ s {1 %
by ~ (010)2, {ei}i%qs
cm ~ 010, {c; }17 9; 010 ~ 010,
am = 0", by = aml, ¢y = ay, 12
T00 000, 021, 100, 102, 110, 201
000, 021, 100, 102; 110, 210
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Continuation of Table 2
No. B Rules of T(B) Fp(x)
1—1—\/1—21—312
000, 021, 102, 110, 201, 210 ag ~ bg,01; 01 ~ 010, by, 012; — 14
010 ~» 0101; 012 ~» 0101, by, 012;
002 ~» b, 002; am ~> bm, {ai}gl,ooz;
1
b~ {a; 374, 002,
am:02v~-(m71)2m,bm:amm
TOT 01T, 021, 100, 101, 102, 110
011,021, 100, 101, 102, 201
011, 021, 100, 101, 102, 210
011,021, 100, 102, 110, 201
011,021, 100, 102, 110, 210
011,021, 100, 102, 201, 210 am ~ amp1s {01
b ~» 010, {b;};2 1, am = 0",
bm = am1
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 5
z(l—z+z2)
011,100, 102, 120, 201, 210e am ~ ap g1y {bm i}y bm,j Tom)d-22)
j m—
(010)7, eppp1—js {bm—j,i iy’ s
~1
em ~ em, {bym—1,i}ieq » am = 0™,
bm.j = amd, cm = am12
T02 0171, 100, 101, 102, 120, 201
011, 100, 102, 110, 120, 201 am < amy1s o, i} by ~
J m—j,
{Ci}izladm+1—jv{bmff,i}izl ;
[ ULlT, 1007101,T0Z, 120,270~ [~
x(l—x
011, 100, 102, 110, 120, 210 b 3 x(
am 7 W41 {bm,i}g 3 A=20)(1—2—27)
{Ci}izlvdm+1—jv{bm—ij,i}i: ;
dm ~ dms {bm—1,: 12
-1
em ~ {ei Y7L, am = 0™,
bim.j = ami, cm = 0"'m0, dymy = 0712
103 011, 100, 101, 102, 110, 120 T ({011, 100, 102, 120})
T04 000, 02T, 100, 10T, 102, 201
000, 021, 100, 101, 102, 210
000, 021, 101, 102, 201, 210 7 ({000, 021, 101, 102})
T05 000, 021, 100, 10T, 110, 120
000, 021, 101, 110, 120, 201
000, 021, 101, 110, 120, 210 7 ({000, 021, 101, 110, 120})
106 000, 100, 101, 102, 110, 120e
107 000, 101, 102, 110, 120, 201e
[ 108 000, 101, 102, 110, 120, 210
109 012, 100, 102, 120, 201, 210 U ~ Gyt 15 1051015
b ~ 010, (0021)™ =1 b, ; 010 ~ 010,
fffffffffffff am =0", bm =amm _ _ _ _ _ _ _ | )
012,102, 110, 120, 201, 210 am ~ @y, {035 m(3(zl 2)m+1)
by ~» by, (011)™; 011 ~ 011, ®
am = 0", by = amm
110 000, 021, 100, 102, 201, 210 77 ({000, 021, 102])
— 2.3 T
111 | 012,101, 102, 120, 201, 210 am ~ a1y {63215 b~ (010)™; z(1 SIJEfI )532 +a27)
- —x
010 ~ 010, ayy = 0™, by = amm
112 01T, 10T, 102, 120, 201, 210
011, 102,110, 120, 201, 210 T ({011, 102, 120, 201, 210})
1T 01T, 021, 100, 101, 110, 120
011,021, 100, 101, 120, 201
011,021, 100, 101, 120, 210
011,021, 100, 110, 120, 201
011,021, 100, 110, 120, 210
011,021, 100, 120, 201, 210
[ U1, 0217101,T0Z, 110,201~
011,021,101, 102, 110, 210
011,021,101, 102, 201, 210
011,021, 102, 110, 201, 210 am ~ @y, {03
bm ~ {b;}72,010; 010 ~» 010,
am_= 0", by = am1
[ 01T, 1017102,T10, 120,201~ [~ 7({011,ToZ, 1207201y — — — — — = — Theorem 14
011,101, 102, 110, 120, 210 T({011, 102, 120, 210}) Theorem 14
****************************** 2_
012, 021, 102, 120, 201, 210 am ~ @y, (01)™; 01 ~ (01)2, 2(2172“'1%
ar = om (1—2z)(1—=)
m_—
114 01T, 100, 101, 102, 201, 210
b z(1—=)2
011, 100, 102, 110, 201, 210 am ~ am+1,.{ m,i REmt
by, j ~ (010)7, {by, 4
m,j = amJ
115 011, 100, 101, 102, 110, 210 7 ({011, 100, 102, 210})
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Continuation of Table 2
No. B Rules of T(B) Fp(x)
116 | 011,100,101, 102, 110, 201 R T
am = Gm 1 bm, T20—a?
bm,j ~ {eit] oy {bm,i 12 s
—1
em ~ {ej}je ", am = 0™,
b j = amd, cm = amm(m — 1)
TT7 | 000, 021, 100, 10T, 110, 20T
000, 021, 100, 101, 110, 210
000, 021, 101, 110, 201, 210 ag ~ bg, 01; 01 ~ (bg)2,01; 222
002 ~» bg, 002; am ~ bm, {a; }7L,, 002; 1 *
1 T—2
bm ~ {a; 3741 002,
Gy =02 (m —1)2m, by, = amm
TI8 | 000, 021, 100, 10T, 120, 20T
000, 021, 100, 101, 120, 210
000, 021, 100, 110, 120, 201
000, 021, 100, 110, 120, 210
000, 021, 101, 120, 201, 210
000, 021, 110, 120, 201, 210 ag ~ bg, 01; 01 ~ by, ag, 002; (2+”)(;72”” —
002 ~ bg, 0025 am ~ bm, {a; } 1, 002; x 5
b om0 (24xz)(1—x)\/1-2z—3x
m {al}izl B 5 222
am =02 (m —1)2m, by, = amm z
TI9 | 000, 100, 102, 110, 120, 20Te
T20 | 000, 100, 10T, 102, 120, 20Te
000, 100, 101, 102, 120, 210e
000, 100, 102, 110, 120, 210e By the proof of Theorem 7
T2T | 000, 101, 102, 120, 201, 210e
000, 102, 110, 120, 201, 210e By the proof of Theorem 12
122 | 000, 100, 101, 102, 110, 210e
123 000, 100, 101, 102, 110, 20Te
124 | 000, 101, 102, 110, 201, 210e
125 | 000, 100, 102, 120, 201, 210e
2 3 I
z(1—4z46x2—3z° —a7)
126 | 011,101,102, 110, 201, 210 am > a1 {bm,i : N GOm0
by, j ~ 010, (0021)7 Abm, i bie s
010 ~> 010, ayy = 0", by, j =amj
2 1—1—\/1—2:—312
127 | 000,021, 100, 120, 201, 210 ag ~ bg,01; 01 ~ (aq)2,002; — L -1+
002 ~ b(, 002, am ~ bm, {a;}10 ,002; 5 z
m+1 4z2(1—\/1—22—322)
bm ~ {a; }2T, 002, e
ap = 02 ... (m — 1)27n, by, = amm (A—wty1-22-32%)
[ 128 [ 000, 100, 102, 110, 201, 210e
T29 | 011,021, 100, 101, 110, 201
011,021,100, 101, 110, 210
011,021, 100, 101, 201, 210
011, 021, 100, 110, 201, 210
bm ~ cm, {hi};’ély
em ~ {c;}1,0103; 0103 ~» 0103,
L bm = aml, cm = am10
[ U1T, 0217101, T10, 120,200~ [ — — — — — — — © = = — == = — — 1
011,021, 101, 110, 120, 210
011,021,101, 120, 201, 210
_ 2
011,021, 110, 120, 201, 210 am ~ a1, (b} (xl(l )3(“;"'32”)>
—z)(1—2=
b ~ b1, {e g5 em ~ {e 32y,
am =0, bym =aml, c;y = am12
3 2
130 | 000,021,100, 110, 201, 210 ag ~ by, 01; 01 ~ aq, by, 01; 31*2—32'11—741‘*'2+
002 ~ b(, 002, am ~> bm, {a;}0 ,002; R = (1-z)
by {ai}mtl,OOQ, (z242x—2)y/1—22—322
= 222 (1—«
Ay = 02 ... (m — 1)27n, by, = amm ( )
T3T | OL1, 100, 101, 120, 201, 210
z(l—a
011, 100, 110, 120, 201, 210 am ~ a1 {bm ﬁ
bm,j <°m+1+—1j g
mA1—j.
{omt1—jiti=1 s
-1
em ~ em, {bm_1,5}j0q 3 013 ~ 013,
am = 0", by, i = amj, cm = am 10
132 | 000, 021, 100, 101, 201, 210 am — bm. {a;} 7y, 002;
bm ~ {a; 3251, 002;
~ by —1,dm, {a;}[2o, c1;
- mEL el 002 ~ by, 002,
=02 (m - 1%m, by = amm,
012 m — 1)27”, dm, Cmm
777777777777 - — LT o) T am T om 2
000, 100, 101,102, 201, 2100 | ay, ; = (010)7 " b, 7 {a; s 11310 -
i mF1
b, ~ O 7™, fa; 5113007
133 | 011, 100, 101, 110, 120, 201
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Continuation of Table 2

No. B

Rules of T(B)

Fp (@)

011, 100, 101, 110, 120, 210

am ~ ami1, {bmi m,j
j—1
Cmt1—gr Bmaitizg,i o1 em—j>
s
{bmiji}izl
012 ~ 012, ayy = 0™, b
cm = am10

Theorem 3.4 in [4]

134 000, 100, 101, 110, 120, 20Te

000, 100, 101, 110, 120, 210e

am ~ a1y {bm i}

bm,m ~ c1, {bi+1,i}?;
R —1

emt1—j {bm414i—j,iti—1 Cm—j>

m—j

bm—j,itiey?s em ~ em, {bym, i} {2y

el ~» c1,by,1; 012 ~» 012, apy = 0™,

b, j = @mi, cm = am10

135 000, 101, 110, 120, 201, 210e

136 011,101,110, 120, 201, 210

137 011,100,101, 110, 201, 210

138 000, 100, 101, 110, 201, 210e

TL0; 02177100, T0T, T0271T0 —
010, 021, 100, 101, 102, 120
010, 021, 100, 101, 102, 201
010, 021, 100, 101, 102, 210
010, 021, 100, 101, 110, 120
010, 021, 100, 101, 110, 201
010, 021, 100, 101, 110, 210
010, 021, 100, 101, 120, 201
010, 021, 100, 101, 120, 210
010, 021, 100, 101, 201, 210
010, 021, 100, 102, 110, 120
010, 021, 100, 102, 110, 201
010, 021, 1110, 210
010, 021, 1120, 201
010, 021, ,120, 210
010, 021, ,201, 210
010, 021, 1120, 201
010, 021, 1120, 210
010, 021, ;201,210
010, 021, ,201, 210
010, 021, 1110, 120
010, 021, 101, 102, 110, 201
010, 021, 101, 102, 110, 210
010, 021, 101, 102, 120, 201
010, 021, 101, 102, 120, 210
010, 021, 101, 102, 201, 210
010, 021, 101, 110, 120, 201
010, 021, 101, 110, 120, 210
010,021, 101, 110, 201, 210
010, 021, 101, 120, 201, 210
010, 021, 102, 110, 120, 201
010, 021, 102, 110, 120, 210
010, 021, 102, 110, 201, 210
010, 021, 102, 120, 201, 210
010, 021, 110, 120, 201, 210

011,021,101, 110, 201, 210

am ~> a1 {0m,itieq;
bm,j > (mp1—5,1007 {bm i 12 5,
am =0, b =amj

—gm
am ~ am41s 501, am =0

1—2z—sqrtl—dx
25

139 000, 100, 101, 120, 201, 210

140 7100, 110, 120, 201, 210e

T4T 010, 100, 101, 102, 110, 120

12 100, 102, 110, 120, 20Te

143 010, 100, 10T, 102,120, 20Te
, 100, 101, 102, 120, 210e
010, 100, 102, 110, 120, 210e

010, 101, 102, 110, 120, 201e

Theorem 15

T4 . T01, 102, 110, 120, 210e

145 010, 100, 101, 102, 110, 210e

146 010, 100, 101, 102, 110, 201e

47 010, 100, 102, 120, 201, 210

010, 101, 102, 120, 201, 210e

010, 102,110, 120, 201, 210e

am ~ Ayt 1, Am, {bmyi}ﬁy

i1
by, ~ (0021)7 75 by Gamy1— g
(bmt1—g, 35775 0021 ~ 0021,
am = 0", b

m
am ~ a1y ams {bm, i g
j—1
bm,j ~ (002”11 Emg2— o Sm =g
m —J.
ompr—jiti—n 7
0021 ~» 0021, 00212; 00212 ~» 00212,
am = 0", bm,j = ami

By the proof of Theorem 12

T48 010, 100, 102, 110, 201, 210e

149 102, 110, 201, 210

150 010, 100, 101, 102, 201, 210e

151 . T0T, 110, 120, 20Te

,101, 110, 120, 210e

By the proof of Theorem 9

152 101, 110, 201, 210e

153 20T, 210e
,201, 210e

1201, 2106

By the proof of Theorem 12

154 . 102, 110
012,021, 100, 101, 110, 120

012,021,100, 101, 110, 201
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Continuation of Table 2

021, 100, 102, 110, 120, 210
021,101, 102, 110, 120, 201

021, 101, 102, 110, 120, 210

[[ 021, 10077102, T10, 120,201 —

010
Cm

y ~ a1y {01 s

o e} ag = 0™, b = am,

~ {c;},,010,012;
~ e} 012; 012 ~ e, 012

~ 010, am = 0™, by, = am1,
= amll

RV vy 3
2x (171)3

No. B Rules of T(B) Fp(x)
7 — 2
012, 021, 100, 101, 110, 210 am ~> @y, (01)™; 01 ~ 010, 011; %1;))
011 ~» 011 (1-=)
1—w—\/1-22—322 3
155 000, 021, 101, 102, 110, 120e ag ~ bg, 01; 01 ~ 010, by, 002; gy —l+s
002 ~>(), 0025 @y ~> bm, {a; }1™ *
m—41
bm ~ {a; 24T, 002,
am =02 (m —2)%2m, by, = apm
m —V1—4z x
156 021, 100, 101, 102, 110, 120e am ~ a1, {05 o -1+ Ao
b~ {e;}i 1,010, 012; 002
€T
em ~ {c; }"”rl 012; 012 ~» 7,012, -z
am = 0™, bm =aml, cm = aml2
T57 | 021, 100, 10T, 102, 120, 201
021, 100, 101, 102, 120, 210 am > a1, {051
by ~ {ci}{'Ll,om,berl;

158 021,100, 101, 102, 110, 201
021, 100, 101, 102, 110, 210

am

bm

Am

“am+1q{b'}?i1;
s {b;}T 1, 010, ey

1
yn,
= 0", by = aml, cm = amll

~ {c; 0113; 0113 ~» ¢1, 0113,

1—/1—-4x
2. it

a=o)(1=22)

159 02T, 100, 102, 120, 201, 210
021, 101, 102, 120, 201, 210

021,102,110, 120, 201, 210

am

am
bm
cm

012
bm

~ am41, {bi s
~ 010, by 15 {332
~ {e;}H1: 00 ~ 010, am = 0™,

~ am1s {2
~ 010, {c; }'" ,012;

~ {e; 32,0125 010 ~ 010, 0101;
~ c1,012, 0101 ~» 0101, am = 0",
=aml, cm = am

17217\/1 4x +

(1—z)4

160 021, 100, 102, 110, 201, 210

am,
bm
cm

dm,

Cm =

0113 ~ ¢q, 0113, am, = o L bm = aml,

~ a1, 1035

> 010, o, {d; 172,

~ {e;}HL o113

~ {d;}T ], 01205 010 ~ 010;

= amll dm = aml

161 021, 101, 102, 110, 201, 210

am

bm

~ a1 {0325
~ 010, ey, {b; 17245
~ {e; 31 0113; 010 ~ 010;

x
(1—z)2(1—2x)

bm
cm

am

~ {e; 321,010, ¢y 15
~ {e;}7h1 0105 010 ~ ¢y, 010,

= 0", by, = aml, cm = amll

cm i=1
0113 ~ c1,0113 am = 0™, by = am1,
Cm = Am,
162 02T, 100, 101, 102, 201, 210
021, 100, 101, 110, 120, 201
021, 100, 101, 110, 120, 210 am ~ a1, {bi ity % VI—dz) 1—

163 100, 101, 102, 110, 120, 201e

T00, 101,102,710, 120, 2T0e

am

cm

{61}1,1, am+2 G lbmy1—j,i ey

~ amt1 {Pm,itie1} Om,j ~
+1-7,

~ {01)7;1 s am =0,
amm(m - 1)

i=1
= 0", by, = aml, cm = amll

™ 1—3x4x2
164 021, 100, 101, 110, 201, 210 am ~> appyq, {bi}iLq; by ~> 010, ¢q, by; 21(1 pES)
bm ~ Cpmy—1,cm, {bi g5 4 (@2 H 1)vI—dz
em ~ {c; 3™ 010; 010 ~ 010, z(1-2x)
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Continuation of Table 2

No. B

Rules of T(B)

Fp(@)

165 021, 100, 101, 120, 201, 210

T2T; 10077110, 720, 2015 2T0 —
021, 101, 110, 120, 201, 210

To0, 101,102,720, 201, 2T0e

T00; 10277110, 120, 2015 2T0&
101, 102, 110, 120, 201, 210e

am ~ app1, {0521
bm ~ ems b1, {ei 3y

em ~ (e} am = 0™, by = am1,

am ~ a1, (bt
bm ~ em. {e; 370, . 012;
em ~ {e;}hL 0125 012 ~ ¢y, 012,

am =0T, bm = aml, cm = am10

,,,,,,,, e Sme .

e i
i=1% "m,j

J m+1—3j
(010)7, by 1,55 {b7n+17j,i}i:t 7,

am = 0™, b, j = ami

am ~ @mp1s {0m i} qi bm i~
(010)7, apmyo g {bmp1—jitiey -

— om —
am = 0", by j =amij

422 —7z424(3z—2)/1—4z
2z(l—a)

166 100, 101, 102, 110, 201, 210e

am ~ amt 1, {bm,itie1i bm,j ~
J m41
(010)7, apyy2_j, {herl,i}i:t ’

am = 0", by, j = amj

167 100, 101, 110, 120, 201, 210e

am ~> apmy 1 {0m i ey
bin,j ~ (@my1—§) amyaj,

m1—j
{bm41—j,iti—1 ,am
b, j = ami

—om
=om,

End of Table 2

Theorem 13. Let A, = {000,010,100,101,120,7}, B, = {000,010, 100, 110, 120,
7}, and C = {000,010,101, 110, 120,201}. Then Asg; ~ Ag1g ~ Bagr ~ Baig ~ C.

Proof. By simple modifications of the proof of Theorems 5 and 8, we obtain that

Asoq L Asip L Bso1 L Bs19. By our procedure, we see that the rules of the
generating trees T (Agg1) and T(C) are given by

4m—2j

j—m
Am.,5 ~7 b2m—j7 {a2m—j+i,2m—j+2i—1}i:1 7{02m—j,i}i:2m7]‘7

b, ~> {am+1,i}?;nntil>

where ay, j = 0%+ (m —1)%j and by, = am mm. Hence, Asg Lo

O

Theorem 14. Let A, = {011,101,102,110,120,7} and B = {011,021, 102,110,
201,210}. Then Asgy ~ Aig ~ B.

Proof. Suppose e € I,, and mymmoms . .. myg7 is the LRmax decomposition of e.

Then

(1) e € I,(Ag01) (respectively, e € I,,(Az210)) if and only if,

(i) ;1 =0%forsome a >0 and m; =0 fori =2,..., k —1;

(ii) mg > 7 > my—1 (here my =
increasing) sequence (without repeated letters).

) and 7 is decreasing (respectively,

(2) e € 1,(B) if and only if m; = 0% and 7, = 0° for some a,b > 0 and 7; = () for

alli=2,... k—1;
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Clearly, for each k, the number of inversion sequences in either I, (Az01), I,(A210),
or I,,(B) with & LRmax are equal, which completes the proof. O

Theorem 15. Let A, = {010,100,101,102,120,7}, B = {010,100, 110, 102, 120,
201}, and C = {010,101, 110, 102,120, 210}. Then Az ~ Asip ~ B ~ C.

Proof. Suppose e € I,, and mymmoms . .. mg7 is the LRmax decomposition of e.
Then

(1) e € I,(A201) (respectively, e € I,(Aa10)) if and only if m; = m{* for some
a; >0, fori=1,...,k—1, and 1, = m{B > my_1 (here my = 0) for some
a > 0 and B forms a decreasing (respectively, increasing) sequence.

(2) e € L,(B) if and only if m; = m}* for some a; > 0 and 7, = Smf > my_4
(here my = 0) for some a > 0 and 3 forms a decreasing sequence.

(3) e € I,(C) if and only if m; = m;* for some a; > 0 and either 7, = m{ or
my > T > mg—1 (here mg = 0) such that 7, forms a nondecreasing sequence.

Clearly, for each k, the number of inversion sequences in either I, (A201), I.(A210),
I,(B), or I,,(C) with £k LRmax are equal, which completes the proof. O

5. 7-Table

In this section, we show that w7 = 105. Moreover, by our procedure, we present the
generating function for many of the 105 I-Wilf-equivalences. Actually, we see that
there are only 37 sets among (173) = 1716 sets of 7 length-3 patterns that cannot be
reduced to smaller sets of length-3 patterns. In Table 3, we present all the I-Wilf-
equivalences of sets of 7 length-3 patterns. As we mentioned, due to the similarity
with the previous sections, we only present the cases that the KMY algorithm does
not work, that is, we present bijections between some classes of inversion sequences
respect to left-right-maxima structure with using the bijections presented in the
previous sections; see the theorems at end of this section.

Table 3: Succession rules for the generating trees 7 (B) and generating functions
Fp(z), where B €C Ps and |B| =7.

Beginning of Table 3
Rules of 7 (B) Fp ()

000000000000000d] iy
0000000000000 00g

SS55555555555555
[olelolololololololololelelelele |
[olelolololololololololelelele]s
Sttt
[olelslololololololololololelole
2222222222222
O_OOO‘OOO‘O O‘O‘O O‘O‘O O_C
[olelolololololelolololelelelo]s
222222222222222
ittt ettt
[olelolololololololelolelelele]s

01,110
01,120
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Continuation of Table 3
No. B Rulos of 7 (B) 5 (@)
000,010,012,02[1,120,201,210 0 — 00,01; 00 - (01)2; 01 |~ 011 @ + 222 4 301 & 222
IT 000,007,021, T00,T0T,TT0,T20
00,001,021,100,102,110,120
000,001,021,100,110,120,201
000,001,021,100,110,120,210
000,001,021,10[1,102,110,120
000,001,021,101,110,120,201
000,001,021,10[1,110,120,210
000,001,021,102,110,120,201
000,001,021,1002,110,120,210
000,001,021,110,120,201,210 0 ~ 00,01; 01 ~ (00)2,012;
012 ~» 00, 012
- OUL0T},0215100,TO;102,T200 — — — — — — — — — — — & — — — — — -
001,011,021,100,101,110,120
001,011,021,100,101,120,201
001,011,021,100,101,120,210
001,011,021,100,102,110,120
001,011,021,100,102,120,201
001,011,021,100,102,120,210
001,011,021,100,110,120,201
001,011,021,100,110,120,210
001,011,021,100,120,201,210
001,011,100,10[1,102,110,120
001,011,100,10[1,102,120,201
001,011,100,10[1,102,120,210
001,011,100,10[1,110,120,201
001,011,100,10[1,110,120,210
001,011,100,10[1,120,201,210
001,011,100,102,110,120,201
001,011,100,1002,110,120,210
001,011,100,10@2,120,201,210
001,011,100,110,120,201,210
001,01%,021,100,101,102,110
001,01%,021,100,101,110,120
001,012,021,100,101,110,201
001,01%,021,100,101,110,210
001,01%,021,100,102,110,120
001,01%,021,100,102,110,201
001,01%,021,100,102,110,210
001,01%2,021,100,110,120,201
001,01%,021,100,110,120,210
001,01%,021,100,110,201,210
001,01%,100,10[1,102,110,120
001,01%,100,10[1,102,110,201
001,01%,100,10[1,102,110,210
001,012,100,10[1,110,120,201
001,01%,100,10[1,110,120,210
001,01%,100,101,110,201,210
001,012,100,10[2,110,120,201
001,01%,100,1002,110,120,210
001,01%,100,1002,110,201,210
2|
001,01%,100,11§0,120,201,210 0 ~ 00, 01; 00 ~ 00; 01 ~ (10, 00 @+ 2 4+ 225
T2 000,010,012, 100,10T,102,T10
000,01(,012,100,101,110,120
000,01(,012,100,101,110,201
000,010;012,100,101,110,210
000,010,012,100,102,110,120
000,01(,012,100,102,110,201
000,010,012,100,102,110,210
000,010,012,100,110,120,201
000,01(,012,100,110,120,210
000,010,012,100,110,201,210 0 ~ 00, 01; 00 ~ 01, 002; 0} ~ 011; @ + 222 + 329 + 324
002 ~ (011)2
T3 000,010,012,100,10T,102,120
000,010,012,100,101,102,201
000,010,012,100,101,102,210
000,01(,012,100,101,120,201
000,010,012,100,101,120,210
000,010,012,100,101,201,210
000,01(,012,100,102,120,201
000,010,012,100,102,120,210
000,010,012,100,102,201,210
000,010,012,100,120,201,210
000,010,012,10[1,102,110,120
000,01(,012,10[1,102,110,201
000,010;012,10[1,102,110,210
000,010,012,10[1,110,120,201
000,010,012,10[1,110,120,210
000,010,012,10[1,110,201,210
000,010,012,102,110,120,201
000,010,012,102,110,120,210
000,01(,012,1002,110,201,210
000,010,012,11)0,120,201,210 0 ~» 00, 01; 00 ~ 01, 002; 0] ~ 011; @ + 222 + 307 + 324 4+ 25
002 ~ 01,011
T 000,010,012, 10T, 102,120,207
000,010,012,10[1,102,120,210
000,010,012,10[1,102,201,210
000,01(,012,10[1,120,201,210
5
000,010,012,1012,120,201,210 0 ~ 00, 01; 00 ~ 01, 002; 0] ~ 011; z+2202 +323 4324 4225426
002 ~ 01, 0022; 0022 ~ 01
TS 000,001,021, 100, 10T, 102,120
000,001,021,100,101,120,201
000,001,021,1000,101,120,210
00,001,021,100,102,120,201
000,001,021,100,102,120,210
000,001,021,1000,120,201,210
000,00].021,10/1,102,120,201
000,001,021,10[1,102,120,210
000,001,021,10[1,120,201,210
2
000,001,021,102,120,201,210 R1)0 ~ 00, 01; 01 ~ 00,011, 012; @+ 2 4ot 4 22
011 ~» 00; 012 ~ 00,012
16 000,001,021, T L, 10T, TO2,TTO
000,001,021,100,101,110,201
000,001,021,1000,101,110,210
000,001,021,100,102,110,201
000,001,021,1000,102,110,210
000,001,021,1000,110,201,210
000,001,021,101,102,110,201
000,001,021,10[1,102,110,210
000,001,021,10[1,110,201,210
000,001,0211012:110,201.210
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Continuation of Table 3
No. [ B Rulos of 7 (B) 5 (@)
20 000,0T0,TO0, TOT, TOZ,T20,20Te
000,010,100,101,102,120,2108 | ap, ; —
(@2 em g ;
J 4m+2-25
(i H " {o2my1—4,i Y itomi1 g
1
dm ~ {di}i2, ",
dm = 02 (1n —1)2 (27n)(27n —1),
F 0D0;0T0,TO0;102,T107120,210% | 1
J 4m—235 |
{05 }7.7 ’iZm jo{a2m—j, itimam-— i’
b~ {b; 31 sozii.
m
dm ~ {amy1,ii=m i1
dm =02 ... m?2,
Am,; =02 (m — 12y,
,,,,,,,,,,,,, 3
000,010,101,102,110,120,201e . Ate)(l-z— 22° —223)
’JJ a2 T2a+2)
BT oy oz Vi J 22
b ~ {bv}h ,00211; 2m3(z2+2m+2)
m+2
dm ~ {amy1, 1}1,m+1=
dm = 02 ... m2,
Am,; =02 (m — 125,
bm = @ 2m (2m — 1)
27 000,0T0,T0T, TO2,TT0,120,2T0e
2% 000,010.100.101.102.110.210e
79 000,010,100, 10T, T02.110.20Te
30 000,010,100, 102.120.201.210%
31 000,010,101,102,120,201,210e A5 (0021)1*7”,17,",]-,
am—2j
{aam—j,itizom=ji bm,j ~
= 4m42-2j
j—m Lo
(0021) «{“2m+1—1,;}1—2m+1 i
0021 ~ 00211, ayp j = 0% -+ (m — 1)2j,
,,,,,,,,,,,,, bmy =%mgd _ _ _ _ _ _ _ _ _ _ | o s 4
000,010,102,110,120,201,2108 | a,, 5 ~ (0021)3 =™ by, ., 2*3’—*5’2+2M +
Am—2j 2 e
m—j,iti= x x—2)y1—2x—3x
{o2m—j,itizam=j; (0% tw—2))1-22 322
2m+2 222
bm = {am41,iimmy1s
0021 ~ 00211, 00212,
Am,; =02 (m - 12y,
by =02 ... m?2
3 000,0T0,T00,T02,TT0,20T,2T0
3 000,0T0,T0T,TO2,TT0,20T,2T0
3 000,0 U ()(J l)l 02,201,210
35 000,0 10,120,201
000,010,100 101 110.120.3108 By the proof of Theorem 5
36 000,0T0,TO0,TOT,TTO,20T,2T0e
37 000,0T0,TO0,TO0T,T20,20T,2T0e
000,010,100,110,120,201,210e
000.010,101.110.120.201.210e By the proof of Theorem 12
000.012,021.100.101.102.110
000,012,021,100,101,110,120
000,012,021,100,101,110,201
000,012,021,100,101,110,210
000,012,021,101,102,110,120
000,012,021,101,102,110,201
00010121021101,102,110,210
000,012,021,101,110,120,2
000,013,031,101,116,130,3%6
: 5
000,012,021,101,110,201,210 0 ~ 00, 01; 00 ~ 001, 001; 01 ~ 010, 010; z + 222 + 423 4 225
001 ~ 010
37 000,012,021, 100, 10T, 102,120
000,012,021,100,101,102,201
000,012,021,100,101,102,210
000,012,021,100.101,120.201
000,012,021,100,101,120,210
000,012,021,100,101,201,210
000,012,021,101,102,120,201
000,012,021,101,102,120,210
000,012,021,101,102,201,210
000,012,021,101,120,201,210 0 ~ 00, 01; 00 — (001)2; 01 ~ 010, 001;
001 ~ 010
000;012,021;100,T0Z;110,T20- ] — — — — — — — — — — — — = — — — 1
000,012,021.100,102,110,201
000,012,021,100,102,110,210
000,012,021,100,110,120,201
000,012,021,100,110,120,210
00,012,021,100,110,201,210
000,012,021,102,110,120,201
000,012,021,102,110,120,210
000,012,021,102,110,201,210
000,012,021,110,120,201,210 0 ~ 00, 01; 00 ~ (001)2; 01 ~ 001, 011;
001 ~ 011
00 ,T007101,T0Z;1T0,T20- | — — — — — — — — — — — — — — — — {
000,012,100,101,102,110,201
000,012,100,101,102,110,210
000,012,100,101,110,120,201
0001012100.101.110.120,210




Continuation of Table 3
No. B Rules of 7 (B) 5 (@)
000,012,100,101,110,201,210 0 ~ 00, 01; 00 ~ 001, 01; 01 ~ 010, 010; © + 202 + 425 + 320
001 ~ 010
20 000,012,1071,102,110,120,20T
000,012,101,102,110,120,210
000,012,101,102,110,201,210 ;
000,012,101,110,120,201,210 0 ~ 00, 01; 00 ~ 001, 002; 01 ~ (010)2; z + 222 + 423 + 325 + o6
001 ~ 010; 002 ~» 001,010
T 000,012,0271,100,102,120,20T
000,012,021,100,102,120,210
000,012,021,100,102,201,210
000,012,021,100,120,201,210
000,012,021,102,120,201,210 0 ~ (00)2; 00 ~ 001, 001)62; 001 ~ 0011
[ 000,0T2,T00,102,T10,120,200 ] — — — ~ = — — = = = = == —="=
000,012,100,102,110,120,210
000,012,100,102,110,201,210
000,012,100,110,120,201,210 0 ~ 00, 01; 00 ~ 001, 002; 01 ~ 001, 011; @ + 222 + 423 4 425
001 ~ 011; 002 ~» 011,011
T2 000,012,100,1071,102,120,20T
000,012,100,101,102,120,210
000,012,100,101,102,201,210
000,012,100,101,120,201,210 0 ~» 00, 015 00 ~ 001, 01; 01 ~ 010, 001;
L | 001~ 010 1
000,012,102,110,120,201,210 0 ~ 00, 01; 00 ~» 001, 01; 01 ~» 001, 011; z + 222 + 423 + 425 26
001 ~ 011
43 000,012,101,102,120,201,210 0 ~ 00, 01; 00 ~» 001, 002; 01 ~ 010, 001; z+222 +4x5 +4a° 4220 427
001 ~ 010; 002 ~» 001, 0022; 0022 ~ 001
I 000,0TT,02T,T00,T0T, TO2,T20
000,011,021,100,102,110,120
000,011,021,100,102,120,201
000,011,021,100,102,120,210
000,011,021,101,102,110,120
000,011,021,101,102,120,201
000,011,021,101,102,120,210
000,011,021,102,110,120,201
000,011,021,102,110,120,210
000,011,021,102,120,201,210 0 ~ 00, 01; 00 ~ 00, 002; 01 ~ 010, 002;
002 ~ 002
[ 00T;021,T00;101,T02;110,T20 [ — — — — — — — — — — — — — — — — 1
001,021,100,101,110,120,201
001,021,100,101,110,120,210
001,021,100,102,110,120,201
001,021,100,102,110,120,210
001,021,100,110,120,201,210 0 ~ 00, 01; 00 ~ 00; 01 ~ 010, 00, 012; a4 T
012 ~ 00,012 (1—x)
45 000,012,100,102,120,201,210 0 ~ 00, 01; 00 ~ 001, 002; 01 ~ (001)2; = + 222 + 423 + 52° + a0
001 ~ 0011; 002 ~ 0011, 001
I6 000,0TT,02T,T00,T0T, TO2,TTO
000,011,021,100,101,102,201
000,011,021,100,101,102,210
000,011,021,100,102,110,201
000,011,021,100,102.110,210
000,011,021,100,102,201,210
000,011,021,101,102,110,201
000,011,021,101,102,110,210
000,011,021,101,102,201,210
000,011,021,102,110,201,210 0 ~ 00, 01; 00 ~ 00, 002; 01 ~ 010, 01;
002 ~ 002
[ 00070T1,T00;101,T02;110,T20 [ — — — — — — — — — — — — — — — — 1
000,011,100,101,102,120,201
000,011,100,101,102,120,210
000,011,100,102,110,120,201
000,011,100,102,110,120,210
000,011,100,102,120,201,210
000,011,101,102,110,120,201
000,011,101,102,110,120,210
000,011,101,102,120,201,210
000,011,102.110,120,201,210 0~ 0,01; 01 ~ 010, 012; 012 ~ 012
[ 00I,021,100,101,T02,110,200" | — — — — — — — = === — == — —
001,021,100,101,102,110,210
001,021,100,101,110,201,210
001,021,100,102,110,201,210
001,100,101,102,110,120,201
001,100,101,102,110,120,210
001,100,101,110,120,201,210
001,100,102.110,120,201,210 0 ~ 00, 01; 00 ~ 00; 01 ~ 010, 00, 01
[ 00I,021,100,101,T02,120,200" | — — — = — — — = = — = === — —
001,021,100,101,102,120,210
001,021,100,101,120,201,210
001,021,100,102,120,201,210 0 ~ 00, 01; 00 ~» 00; 01 ~ 010,011, 012;
011 ~» 010, 011; 012 ~ 00, 012
[ 00[;021,T01;102,T10;120,200 | — — — — — — — = == == — — — —
001,021,101,102,110,120,210
001,021,101,110,120,201,210 s 3
001,021,102,110,120,201,210 0 ~ 00, 01; 00 ~ 00; 01 ~ (00)2,012; ”OLQQ
012 ~ 00,012 (1—=)
a7 000,01T,021,100,10T,110,120
000,011,021,100,101,120,201
000,011,021,100,101,120,210
000,011,021,100,110,120,201
000,011,021,100,110,120,210
000,011,021,100,120,201,210
000,011,021,101,110,120,201
000,011,021,101,110,120,210
000,011,021,101,120,201,210
000,011,021,110,120,201,210 0 ~ (00)2; 00 ~ 00, 002; 002 ~ 002
[ 000,0T1,100,101,T02,110,200" | — — — ~'— — — = === — == — —
000,011,100,101,102,110,210
000,011,100,101,102,201,210
000,011,100,102,110,201,210
000,011,101,102,110,201,210 0~ 0,01; 01 ~ 010,01
[ 00I;021,T00;101,T02;201,210- | 0 = 00,015 00~ 00} 01 = 0105 0T1; 017 — 1
011 ~ 010,011
[ 0050Z21,T05102,T105201,210° ] 0 = 00, U1500~500; 01 = 00,0070 — = ]
001,021,101,102,120,201,210 0 < 00,015 00 ~ 00; 01 — 00, (011)2;
L | 011 ~ 00,011 1
001,100,7T01,102,1T10,201,210 am ~> (010)"™, 00,7, 4.1 00 = 00,
am =01---m
F O0T;100,T0T;102,T207201,2100 7 D% 00, 01700 ~00; 01 = 01070T1; 017 —
011 ~ 010,011
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Continuation of Table 3

Rules of 7 (B)

bo ~ b2; by~ e, {b; )

am ~ am41, {b;}
¢m ~ 010,01, cg3, . .

b
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011,012,100,101,102,110,120
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INTEGERS

52

(1—=)

(1—z)

(1—=)
z(x3—a+1)

(1—2)2(1—z—x2)

(I—z)3(1—z—x2)
z(1—3w+4x2 —2z°5 +x7)

z(l—z+z2+23)
z((lfz)2+z372z4)
z(1—2z4222)
a((1-2)%+a%)
(1—2z)(1—=)

s
1

s

2
m—1
—2
15 bm ~ {b;}72

k2

—1
25615 em ~ {e;Ht

=0o™m
o,
om

1

m41—j

i bm (Dl)m,
13
b1y am
1
am,
i

5
H
- &
9
£
&

m
i
TIT
i=
0Mm,
m
i=
m
i=
m
i=
aml

=0"'m(m —1) _ _ _ _ _ _ _ _ |

1

m—1

b ~ {bj}!

m

7
i

0™Mm

s b i = ami

0™, by, = 0Mm,
0Mm((m — 1)

E) b'rn

2 bnz

0™m
om
om
om

am ~ amy1s {bm it bm,j ~

am ~ apmy1s {0325
b, ~ (0021) "L by ag,
am ~ Gpmp1s (b5}

am ~ a1, {0325
b~ (0021)™ =L b am
am ~ a1, {b;

am ~ amy1,{b;i}

bm ~ {c;}

am ~ amp1. (b}

am ~ amy1, {bi}

b — (O™ by,

by, = 0Mm

am ~ amy1. {bi}
(0021)7 =1 (b 1154}

b ~ {c;}

bm
am,
Cm
am
Cm
bim
am

am

NN NNCSO0S0HS0000H00HH00000HO0H—O0—r o
OO~ HNNC—~HNNONNOO~—~NNONNOONNDO O
A A A A A A A QA A A A A QA A QA A A A QA A QA A QA
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A0 0008000000000 000000HHHHHHHHHANNNN S
SOO00005E500000086500000000000000 =
B e e e e e e e e )

S A A A A A A A A e A o e e e
ANNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN N
CO000000C000000000C00000080000C00 O

O S S i A B S B N

T,102,120,201
2,110,120,201

B B L B e N A
OO000000000000000000000000000000000 O

0000000000 00000000600000000000000 S
b et o o e e b d 1 1 o h e f 1t o e o f e o e e
(elelelolololelslelololelalslololololslslololololslolololelelelelele]

011,012,102,110,120,201,210
010,012,100,102,110,120,201
010,012,102,110,120,201,210
010,012,100,101,102,120,201
011,012,101,102,110,120,201
010,012,101,102,120,201,210
010,011,102,110,120,201,210

[ U10;01T2,T01;102,T105120,20T

54
55
56
57
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74

Continuation of Table 3
No. B Rules of 7 (B Fg(2)
010,011,101,102,110,120,201 a@m ~ Gt 1 {Pm,i et
11
bim,j ~ {61}1721 {bm+t1— J,l}zfl 7
cm ~ {C‘};ILQI» am =0
bm,j = ami, cm = amm(m —1)
TU10;0T1,T005101,T02;120,210° | — —°— — — — — — — — — — — — = — 1
010,011,100,102,110,120,210 R
2z° —2z+1)
010,011,101,102,110,120,210 ~ Abm i 3 z(
am = amp1: {bm,itizy ) (I—=z)(1—22)(1— p
b s {c; 3 {b . .}m+1*1.
m,j “itj=2> Pm+l—j,iti=1 :
em = {5 am = o™,
bm,', =amj, cm = amml
B0 010,011,100, 101, 102,110,120
BT 010,011,100,101,102,201,210
010,011,100,102,110,201,210
010,011,101,102,110,201,210 am ~ @1y {bm,i Yy Theorem 16
j—1
bm,j ~ (0021)7 7%, {byy 4}
am =0, by, j =amij
[P 010,011,100, 101,102,110.210
63 010,011,100,101,102,110,201 am ~ a1y {bm,i ity
J
bm,j ~ {eit]_g {bm,itie;
em = {ei 3250 am = o™,
bm.,j = amd, cm = amm(m — 1)
g 000,010,02T1,100,10T,102,110
000,010,021,100,101,102,120
000,010,021,100,101,102,201
000,010,021,100,101,102,210
000,010,021,100,101,110,120
000,010,021,100,101,110,201
000,010,021,100,101,110,210
000,010,021,100,101,120,201
000,010,021,100,101,120,210
000,010,021,100,101,201,210
000,010,021,100,102,110,120
000,010,021,100,102,110,201
000,010,021,100,102,110,210
000,010,021,100,102,120,201
000,010,021,100,102,120,210
000,010,021,100,102,201,210
000,010,021,100,110,120,201
000,010,021,100,110,120,210
000,010,021,100,110,201,210
000,010,021,100,120,201,210
000,010,021,101,102,110,120
000,010,021,101,102,110,201
000,010,021,101,102,110,210
000,010,021,101,102,120,201
000,010,021,101,102,120,210
000,010,021,101,102,201,210
000,010,021,101,110,120,201
000,010,021,101,110,120,210
000,010,021,101,110,201,210
000,010,021,101,120,201,210
000,010,021,102,110,120,201
000,010,021,102,110,120,210
0,010,021,102,110,201,210
000 010,021,102,120,201,210
000,010,021,110,120,201,210 am ~ 0i bm ~ {ab}”’*l -1
am =02 (m = 1)2m, by = amm
65 OTO0,0TT, TOO,TOT,T20,20T,2T0
010,011,100,110,120,201,210
mo. x(1—2x)
010,011,101,110,120,201,210 am = A {bm,i 3721 b ~ v T e
b S =1 1y o oamAl—j.
my2—5,1)7 7 Abmy1—jit—1 s
am = 0", by, j = amij
66 0T0,01T,100,107,110,120,201
010,011,100,101,110,120,210 am ~ amg1s {bm,i ity
b~ {omg14i—j,itiz1
m+41— _] _
{bm+1 Js 1}171 am = Oms
bm,j = ami
Pj
z(1—3z+x<)
67 010,011,100,101,110,201,210 am ~ am+1, {bm,ititys sy (1-n)2
brn,g (bm+2 ]1’{bm 7,}17]'
am = 0", by, j = amj
© 0T12,02T,TO0, TOT,TOZ2,T20,20T
012,021,100,101,102,120,210
012]021,100,101,102,201,210
012,021,100,101,120,201,210 am ~ apy1, (01)5 01 ~ 010,01,
am = 0777,
U12;021,T005102,T105120,200 | — —~ — — — — — — — — — — — — = — 1
012,021,100,102,110,120,210
012,021,100,102;110,201,210
012,021,100,110,120,201,210
012,021,101,102,110,120,201
012,021,101,102;110,120,210
012,021,101,102,110,201,210
012,021,101,110,120,201,210 am ~ Gyyp1s (01)™; 01 ~ 0102
010 ~» 010, apy = 0™
U12;100,T01;102,T10;201,210° | — — — — =" —— — — — — — — — — 4
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Continuation of Table 3

No. B

Rules of 7 (B)

Fp (@)

012,100,101,110,120,201,210

am, wam+1,b1,...,bm;
bm ~ (010)™,011; 011 ~ 011,
am = 0™, by =ampm

z(1—x+2z2)
(1—=)

z(l—x+2z2+x7)

bm ~ 010, {c;}{2 15 em ~ {¢;
— om

=1
b = aml, ¢y = apm12

am,

69 012,100,101,102,110,120,210 am ~ a1, {0} ey
b ~ cm, (010)™ 71, 011;
cm ~ (010)™ ™1 011 — 011, ay, = 0™,
by = amm, ey = amm0 . -
1—20+222—a5—x2)
70 012,100,101,102,110,120,201 - b T x(
,101, s am ~ amy1, {bi i, . (-2)3(1—w—22)
b ~ {c;}2 1,011 em ~ {c; 307
011 ~» 011, ayy = 0™, by, = amm,
cm = amm(m — 1)
7T OTT,02T,T00,10T,102,110,120
011,021,100,101,102,120,201
011,021,100,101,102,120,210
011,021,100,102,110,120,201
011,021,100,102,110,120,210 s s
011,021,100,102,120,201,210 am = ami1s {6171 z(1=2x+22%—2z7)

(1—z)2(1—2x)

72 000,021,100,101,102,120,201
000,021,100,101,102,120,210
000,021,101,102,120,201,210

0005021,T00;102,T10;120,20
000,021,100,102,110,120,210

000,021,102,110,120,201,210

ag ~ bg, 01; 01 ~ 010, 011, 002;
011 ~ 010, aq, 002; 002 ~ bg, 002;
am ~ bm, {a; }7L,, 002;

1
b ~ {a; 37201 002,

ag ~ b, 01; 01 ~ 010, bg, 002;
010 ~» 0101; 002 ~ bg, 002;
am ~ bm, {a; 3%, 002;

1
bm ~ {a; 3241, 002,

am =02 (m —12m, by, = apmm

T3 000,021, 100,101,102, 110,201
000,021,100,101,102,110,210

000,021,101,102,110,201,210

ag ~ bg, 01; 01 — 010, bg, 01;

002 ~ by, 002 am ~ bm, {ag} 7%, 002;
1

b ~ {a; 3721 002,

am =02 (m —1)2m, by = ap;m

74 012,100,102,110,120,201,210

am ~ amq1s {b 15
b ~ (010)2, (0021)™ =1 4, = 0™,
bm = amm

x 1‘5+2zzfz+l)

(1—x)3

75 0T2,02T,100,102,120,20T,210
012,021,101,102,120,201,210

012,101,102,110,120,201,210

am ~ a1, (01)™; 01 ~ 010, 01;

am ~ amy1, {bi g
bm ~ (010)™T1; 010 ~ 010, amm = 0™,
bmm = amm

z(1—2z4322
(1—=2)%

76 000,021,100,102,120,201,210

ag ~ bg, 01; 01 ~ 010, 011, 002;
011 ~ 0101, ag, 002; 002 ~ bg, 002;
am ~ bm, {ai}i

b - {a;}7, 002,

am =02 ..

(m — 1)2m, by = amm

/1—2z—322
222
1'3 + 2.24

— 14

7

am ~ ami1, {015
b ~ (010)2, {¢;}T5;
em ~ 010, {c;}]25; 010 ~ 010,

am =0, by = aml, ¢y = am,12

z(1—3z44z2—323)
(1—z)3(1—2x)

78 000,021,100,102,110,201,210

ag ~ bg,01; 01 ~ 010, by, 012;

010 ~ 0101; 012 ~ 0101, bgy, 012;

002 ~ bg, 002; am ~ bm, {a;}]2, 002;
bm ~ {a; 3141, 002,

am =02 (m = 12m, by, = apm

79
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Continuation of Table 3

No. B

Fp (@)

011,021,100,102,110,201,210

[ U11;100,T01;102,T205201,210
011,100,102,110,120,201,210

Rules of 7(B)
am ~ Q1,105 17215
bm ~ 010, {b;}72 1, am = 0™,

am ~ a1y {bm,i 17215 b,
(010)9, erpq1—js {bm—j i tiey

Cm ~ Cm:{bmfl,i}izl
bm j = ami, cm = 012

1 —
> @m

z(l—a+a?)
(I—z)(1-2z)

80 011,100,101,102,110,120,201

011,100,101,102,110,120,210

am ~ A1 {bm,i e

J
{eiti—1 dmy1—j> {b"Lf_/,L
m—1

dm ~ dm, {bym —1 1}1—1

711, am = 0",

em ~ {e;}

am ~ amy1, {bm,i

{“1}7’717 m+1—j {bm— ]1}
dm > dm . by 1,3} s
em ~ {ei}imy Lam = 0™,

b j = ami, cm = 0™'mO0, dpyp, = 012

z(1—x)
(172!)(17%7(E?)

81 000,021,100,101,102,201,210

ag ~ b c1: am ~ bm, {a;}72;,002;

bm ~ {a; 3724, 002;

cm ~ 010, dm, {c;

dm ~ 010, {c;} 7741 002 — by, 002,
am =02 (m = 1)%m, b = amm,

cm = (Jl2 -

(m — 1)2m, dyy = cppm

(1+22)(1—m—g1—2m—37£2)
22

—1-— 22

32 000,02T,T00,T0T,TT0,T20,20T

000,021,100,101,110,120,210
000,021,101,110,120,201,210

ag ~ bg, 015 01 — (bg)?2,002;
002 ~ by, 002 am ~ bm, {ag}7%;, 002;
bm ~ {a; 3}, 002,

(m —1)2m, by,

apg =02 .. =apmm

(tz—z?)(1—z) _
222
(14+z—22)/1-22-322

222
1—=

83 000,100,101,102,110,120,201e

000,100,101,102,110,120,210e

2 T
am ~ bms {dm, i i 11
2m+41

i=m+1}

bm ~ amy1s {dm

cm ~ 010, {c;} 07

1.
i=1
A5 ~ 010, {c; } ]

m,j »boam41—j

4m+43-2

{dzm+1 7 1}172m+2JJ

S(m = 1)2m, by = amm,

a + m(2m + 1)(2m), d

7777777 Zm+T

i=m-+1’
2m+1

bm ~ am1, {dm,i}llnm+1v

cm ~ 010, {e; 3

d ~ 010, {c-}

m,j = emi_ |

am, ~ b’VYLv {dm k3

m,j »02m41—j>

{dam41- 11}172m+2 3’
am =02 (m—1)2m, by = amm,
cm =a+m@m+ m, dp, j = amj

000,T0T,T02,TT0,T20,20T,2T0e

OTT,T0T,T02,T10,120,2071,2T0

o3 [ IS

01T,02T,1T00,10T,TT0,120,20T
011,021,100,101,110,120,210
011,021,100,101,120,201,210
011,021,100,110,120,201,210

011,021,101,102,110,201,210

am ~ ami1, (b}
b~ {b;}i%,012; 012 ~ 012,
= 0™ by = 01

Om =
am ~ a1, {0325
b ~ {bs }L 1, 010; 010 ~ 010,

am = 0", by, =0™M1

z(222 —2z+1)
(1—2z)(1—=)2

87 011,100,101,102,110,201,210

am ~ amy1, {bm,i
bm,j ~ (010)7, {by, ;

z(1—x)2
(1—2m)2

88 000,021,100,101,110,201,210

ag ~ bg, 01; 01 ~ (bg)2, 01
002 ~ b, 002; am ~ b, {a; } 1

1
b~ {a; 3724, 002,

(m —1)2m, by,

1,002;

am =02 ... =amm

(14z)(1—=z

222
1
I—x

Vi—2z—322)

9 000,02T,T00,T0T,T20,20T,2T0
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Continuation of Table 3
No. | B Rules of 7 (B) 5 (@)
000,021,100, 110,120,2071,2T0 a0 ~ b0, 01; 0T = b5, a1, 00%;
002 ~ by, 002; am ~ bm, {a;}j%q, 002;
1
bm ~ {a; 341, 002,
L __ am =02 (m = D%m by = amm_ _
000,100,101,102,120,201,2108 | am ~ cm, {dm’i}i;‘mL:
2m+41
em = Gmy1s {dmyi}i:’ljl—+1;
dpy,j ~ (010)T 7 by s,
L 4m—+3—-2j5 |
tdom1—j,iti=am42= 5
by, ~ (010)I 7™ an, 1o 4,
., 4m+3-2j
{dom41—j,iti=om42=j°
am =02 (m = 1)2m, by, ;= amis,
cm = amm, dej = anbjj
,,,,,,,,,,,,,,,,,,, S Amygd ] 5
2m+1 2 1-2z—
000,100,102,110,120,201,210e G ~ Crms {dm’i}i:§+}r; %2171) _
m /
em = a1, {dm i 00 s <2+m)(1—w>v21—2x—3w2 e
J— 2
Ay, ~ (010) 7™ eop 5, v
4m43-2j5
{dom 15,0} Comiar ;i 010 ~ 0101,
am =02 (m —1)2m, ¢y = amm,
Aoy j = Ay i
90 000,100,101,102,110,201,210e Ay i~ (010)7 7™ b {a 1Y _os _dzx
meJ Jr1omliti=o (1—z+1—22—-322)2
< Js
91 011,021,100,101,110,201,210 am = Gt 071701
bm ~ cm, {bi};n:y
em ~ {e;}]21,0103; 0103 ~ 0103,
Ll - _____4am=0"bp=anl, cm_=1aml0 _ _ 5
011,021,101,110,120,201,210 am ~ @, {bi s %
o m (1—z)(1—2x)
bm ~ b1, {ei}iiqi em ~ {ei g,
am = 0™, by = aml, cogy = am12
02 01T, TO0,10T,TT0,T20,201,2T0
93 000,100,101,110,120,201,210e am ~ bm, {cm’i}fgﬁ}rl;
2m+41
bm > amy1s {emitizm i
=
em,j ~ (bamy1—j)dTt=m,
 4m{3-2j
{eamt1—j,iti=am42= -
2o m = 1)2m, by = amm,
Cm.j = Amj
8 UT0,02T,T00,10T,102,T10,120
010,021,100,101,102,110,201
010,021,100,101,102,110,210
010,021,100,101,102,120,201
010,021,100,101,102,120,210
010,021,100,101,102,201,210
010,021,100,101,110,120,201
010,021,100,101,110,120,210
010,021,100,101,110,201,210
010,021,100,101,120,201,210
010,021,100,102,110,120,201
010,021,100,102,110,120,210
010,021,100,102,110,201,210
010,021,100,102,120,201,210
010,021,100,110,120,201,210
010,021,101,102,110,120,201
010,021,101,102,110,120,210
010,021,101,102,110,201,210
010,021,101,102,120,201,210
010,021,101,110,120,201,210
010,021,102,110,120,201,210 am ~ {a; )Y am = 0™ 1=2e-Vi-dz
95 010,100,101,102,110,120,2018 | am — Gpmt1: Gm: {bm i 1ea;
J
bm,j = {eitiza, Gmy2—js Gmp1—j>
m1—j m—1
mt1—g,idieh 75 em = {e;} 1y
am = 0™, bm,j = ami,
Ll o _ _ _Jdem=ammim -1 _ _
010,100,101,102,110,120,210e Am > Gy t1s Gy Lo g —2
b j i=deda” | Az
m,j ~ {eitizg, Gmi2—js Gmp1—j» t-e—w
m1—j m—1
Dmt1—j,itims  7iem ~ {eidits s
am = 0™, by, i = ami, em = amml
96 010,100,101,102,120,201,210e am ~ A1y Gms {bm i tieos
j—1
by, ~ (0021)7 7% by g gy a1 —js
m+41—j
{bm+1_j,i}i=§ 7 am =0m,
bm,j = ami
U10;100,T0Z;110,T20;201,2Z10e ] — —°— — — — — — — — — — — — — — 1




Continuation of Table 3
No. B Rules of 7 (B) Fg(2)
2
» 2—8a+7x
010,101,102,110,120,201,210e am ~ amyt, g7yti{bm,i}§"=2, Za(l=2)
b, (0021)7— A2y G l— s (2—4a+22)/T—4z
(b1, B9 0021 0021, 2z(1—=)
am =0"", by, ,- =amj
2 3
. 1-—5z4+7z% -2z
97 010,100,101,102,110,201,210e am ~ Am41s ams {bm,i}itos bm,j ~ R
(0021)7 =1 a0 by, 3T 1-3x+322)/T—4z
+2—J s J
am =0, by, j = ami 222
o8 010,100,101,110,120,201,210e @m = Gt @ms Om it 5eg: bm.j —
j—1
(emt1-5) 77 dmpa—jh ami1—j
+1— .7
{bmy1— 3,1}1,
cm ~ am, {bm,l}iZQ’ am = 0™,
bm,j = amj, cm = 0721
J9 012,02T,100,101,102,110,120
012,021,100,101,102,110,201
012,021,100,101,102,110,210
012,021,100,101,110,120,201
012,021,100,101,110,120,210 )
012,021,100,101,110,201,210 am ~ ami1, (01)™; 01 ~ 010, 011; wu@m(l)}gﬁ) )
011 ~ 011, ayy = 0™ °
T00 000,02T,T00,T0T,T02,TT0,T20
000,021,101,102,110,120,201
000,021,101,102,110,120,210 ag ~ bg, 01; 01 ~ 010, by, 002; 17”7V;722173” 1+ 23
002 ~ ag, 002; am ~ bm, {a; } @
bm ~ {a; 34T, 002,
am =02 (m —2)2m, by, = apm
TOT 027T,100,101,102,110,120,20T
. VI—dz
021,100,101,102,110,120,210 am ~ Ayl {b; 37215 o — 14 (172)2 _
bm ~ {c;}T,010,012; 22
em = {e; 3701, 0125 012 — ¢y, 012, i—=
am = 0™, by = aml, ¢y = aml2
102 021,100,101,102,120,201,210 am ~ Gmp1s 10315
b, ~ {ci }l,l,om brm41i
cm ~ {c; }"” am = 0™, by, = am 1,
cm. = am12
[ 021;100,T02;17T0,T20;201,2100 | — ~ — —~ — — - - - — — — — — — —
—/1—4w 3
021,101,102,110,120,201,210 am ~ @i, {051 T — 14 (1:0)3
b ~ {c;}iLq,010,012;
em = {e; 371 012; 012 — ¢y, 012;
010 ~» 010, ay, = 0™, by, = am 1,
cm = amll
1—Ji-14
103 021,100,101,102,110,201,210 am ~ apmy1, {6321 711 -1+
b, ~ {b;}{L 1,010, cm; z
em ~ {e; }7hY 01138; 0118 w ¢q, 0113, (I—z)(1—2x)
am =0, by = aml, ¢y = amll
3 11z)(1—+/1_4dz
104 021,100,101,110,120,201,210 am ~ amt}z, {b; 3725 ( )( o ) 1
) . z
bm ~ {e;}izq,010, cpy_1; I—=z
em = {e; 3741, 0105 010 — ¢y, 010,
am =0, by = aml, ¢y = amll
2
1-3z4a’—(l—z)/I—4dx
105 100,101,102,110,120,201,210e am ~ a1y {bm,i Hiys + (I )
b N (OIO)J,anL+2 JrAIm—41—j:
m4+1—j
{omp1—giti—]
End of Table 3

Theorem 16. Let B € {{010,011,100, 101,102,201, 210}, {010, 011,100, 102, 110,
201,210}, {010,011,101,102,110,201,210}}. Then

Fp(x) = +

x 22(1—x)
(1—2x)2

1—=z

Proof. From the fact that the generating trees are isomorphic, it remains to find
the generating function Fp(z). According to Class 61 in Table 3, define A,,(z)
(respectively, B, j(x)) to be the generating function for the number of nodes at
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level n > 0 for the subtree of T (B;an,) (respectively, T(B;by, ;)), where its root
stays at level 0. Thus,

Ap(z) =z +zAn +2 Z By i),

i=1

By j(z) =z 4+ (j — 1)2* + xZBm,i(x).

i=j

Define A(v) = 3, 5 Am(z)v™ P and B(v,u) = 3, o) 321" Bmiu'~'v™ 1. Thus,
the recurrences can be written as

A(v) = 77+ =(AW) = A(0)) + =B(v,1),
B(v,u) = ffm)i)aw :UQ . fu(B@, 1) — uB(v,u)).

we obtain that B(v,1) = % Now, by taking v = z,
z2(1—x)

(1-22)2°

1
1—x?

By taking u =

we have that A(0) = %= + as claimed. O

6. 8-Table

In this section, we show that wg = 61. Moreover, by our procedure, we present the
generating function for many of the 61 I-Wilf-equivalences. Actually, we see that
there are only 9 sets among (183) = 1287 sets of 8 length-3 patterns that cannot be
reduced to smaller sets of length-3 patterns. In Table 4, we present all the I-Wilf-
equivalences of sets of 8 length-3 patterns. Again, due to the similarity with the
work of previous sections, we only present the cases that the KMY algorithm does
not work, that is, we present bijections between some classes of inversion sequences
respect to left-right-maxima structure with using the bijections presented in the
previous sections; see the theorems at end of this section.

Table 4: Succession rules for the generating trees 7(B) and generating functions
Fp(x), where B C P3 and |B| = 8.

Beginning of Table 4

No. B Rules of T (B) 5 (@)
T 000,00T,010,011,012,02T,T00,T0T
000,001,010,011,012,021,100,102
000,001,010,011,012,021,100,110
000,001,010,011,012,021,100,120
000,001,010,011,012,021,100,201
000,001,010,011,012,021,100,210
000,001,010,011,012,021,101,102
000,001,010,011,012,021,101,110
000,001,010,011,012,021,101,120
000,001,010,011,012,021,101,201
000,001,010,011,012,021,101,210
000,001,010,011,012,021,102,110
000,001,010,011,012,021,102,120
000,001,010,011,012,021,102,201
000,001,010,011,012,021,102,210
000,001,010,011,012,021,110,120
000,001,010,011,012,021,110,201
000,001,010,011,012,021,110,210
000,001,010,011,012;021,120,201
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000,0071,010,012,02T,T00,T0T,T02
000,001,010,012,021,100,101,110
000,001,010,012,021,100,101,120

000,001,010,012,021,100,101,210
000,001,010,012,021,100,102,110
000,001,010,012,021,100,102,120
000,001,010,012,021,100,102,201
000,001,010,012,021,100,102,210
000,001 1012]021,100,110.120
000,001,010,012,021,100,110,201
000,001, 2,021,100,110,210
000,001,010,012,021,100,120,201
000,001,010,012,021,100,120,210
000,001,010,012,021,100,201,210
000,001,010,012,021,101,102,110
000,001, 2,021,101,102,120
000,001,010,012,021,101,102,201
000,001,010,012,021,101,102,210
000,001,010,012,021,101,110,120
000,001,010,012,021,101,110,201
000,001, 2,021,101,110,210
000,001,010,012,021,101,120,201
000,001,010,012,021,101,120,210
000,001 1012]021,101,201.210
000,001,010,012,021,102,110,120
000,001,010,012,021,102,110,201
000,001,010,012,021,102,110,210
000,001 1012]021,102,120,201
000,001,010,012,021,102,120,210
000,001,010,012,021,102,201,210
000,001,010,012,021,110,120,20

000,001,010,012,021,110,120,21

000,001,010,012,0 10,201,21

000,001,010,012 021 120,201,210
000,001 2]100,101,102,110
000,001,010,012,100,101,102,120
000,001,010,012,100,101,102,201
000/0011010012,10011011102,210

,010,

=3

=]

2

(=3

o
= = =
CO00000000000C00C00C000000000000000C000000000000000000000000000000000C00000

2,100,101,110,201
000,001,010,012,100,101,110,210
000,001,010,012,100,101,120,201
000,001 1012]100,101,120.210
000,001,010,012,100,101,201,210
000,001, 2,100,102,110,120
000,001,010,012,100,102,110,201
000,001 1012]100,102,110,210
000,001,010,012,100,102,120,201
000,001,010,012,100,102,120,210
000,001, 2]100,102,201,210
000,001,010,012,100,110,120,201
000,001,010,012,100,110,120,210
000,001,010,012,100,110,201,210
000,001,010,012,100,120,201,210
000,001,010,012,101,102,110,120
000,001,010,012,101,102,110,201
000,001 7012]101,102,110,210
000,001,010,012;101,102,120,201
000,001,010,012,101,102,120,210
000,001,010,012,101,102,201,210
000,001,010,012,101,110,120,201
000,001 7012]101,110,120,210
000,001,010,012,101,110,201,210

0,001, 2]101,120,201,210
000,001,010,012,102,110,120,201
000,001,010,012,102,110,120,210
000,001,010,012,102,110,201,210
000,001,010,012,102,120,201,210

0,001, 2]110,120,201,210
000,001,011,012,021,100,101,102
000,001,011,012,021,100,101,110
000,001,011,012,021,100,101,120
000,001,011,012,021,100,101,201
000,001, 2,021,100,101,210
000,001,011;012,021,100,102,110
000,001,011,012,021,100,102,120
000,001;011;012}021,100,102,201

No. B Rules of T(B) Fp(x)
000,00T,010,01T,012,02T,120,2T10
000,001,010,011,012 021,201,210
000,001,010,011,012,100,101,102
000,001,010,011,012,100,101,110
000,001,010,011,012,100,101,120
000,001,010,011,012,100,101,201
000,001,010,011,012,100,101,210
000,001,010,011,012,100,102,110
000,001,010,011,012,100,102,120
000,001,010,011,012,100,102,201
000,001,010,011,012,100,102,210
000,001,010,011,012, 100‘110,120
000,001,010,011,012,100,110,201
000,001,010,011,012,100,110,210
000,001,010,011,012,100,120,201
000,001,010,011,01 0,120,21
000,001,010,011, 012 100,201,210
000,001,010,011,012,101,102,110
000,001,010,011,012,101,102,120
000,001,010,011,012,101,102,201
000,001,010,011,012,101,102,210
000,001,010,011,012,101,110 120
000,001,010,011,012,101,110,201
000,001,010,011,012,101,110,210
000,001,010,011,012,101,120,201
000,001,010,011,012,101,120,210
000,001,010,011,012,101,201,210
000,001,010,011,012,102,110,120
000,001,010,011,012,102,110,201
000,001,010,011,012,102,110,210
000,001,010,011,012,102,120,201
000,001,010,011,012,102,120,2
000,001,010,011,012,102,201,210
000,001,010,011,012,110,120.201
000,001,010,011,012,110,120,210
000, 001 010,011,012,110,201, 210
000,001,010,011,012,120,201,210 0 ~> (00)2 x + 222

2
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000,001,010,011,021,100,101,120
000,001,010,011,021,100,101,201
000,001,010,011,021,100,101,210
000,001,010,011,021,100,102,110
000,001,010,011,021,100,102,120
000,001,010,011,021,100,102,201
000,001,010,011,021,100,102,210
000,001,010,011,021,100,110,120
000,001,010,011,021,100,110,201
000,001,010,011,021,100,110,210
000,001,010,011,021,100,120,201
000,001,010,011,021,100,120,210
000,001,010,011,021,100,201,210
000,001,010,011,021,101,102,110
000,001,010,011,021,101,102,120
000,001,010,011,021,101,102,201
000,001,010,011,021,101,102,210
000,001,010,011,021,101,110,120
000,001,010,011,021,101,110,201
000,001,010,011,021,101,110,210
000,001,010,011,021,101,120,201
000,001,010,011,021,101,120,210
000,001,010,011,021,101,201,210
000,001,010,011,021,102,110,120
000,001,010,011,021,102,110,201
000,001,010,011,021,102,110,210
000,001,010,011,021,102,120,201
000,001,010,011,021,102,120,210
000,001,010,011,021,102,201,210
000,001,010,011,021,110,120,201
000,001,010,011,021,110,120,21
000,001,010,011,021,110,201,210
000,001,010,011,021,120,201,210
000,001,010,011,100,101,102,110
000,001,010,011,100,101,102,120
000,001,010,011,100,101,102,201
000,001,010,011,100,101,102,210
00,001,010,011,100,101,110,120
000,001,010,011,100,101,110,201
000,001,010,011,100,101,110,210
000,001,010,011,100,101,120,201
000,001,010,011,100,101,120,210
000,001,010,011,100,101,201,210
000,001,010,011,100,102,110,120
000,001,010,011,100,102,110,201
000,001,010,011,100,102,110,210
000,001,010,011,100,102,120,201
000,001,010,011,100,102,120,210
000,001,010,011,100,102,201,210
000,001,010,011,100,110,120,201
000,001,010,011100,110,120,210

No. B Rules of T(B) Fp(x)
000,00T,01T,012,02T,1T00,102,210
000,001,011,012, 21,100,110,12
000,001,011,012,021,100,110,201
000,001,011,012,021,100,110,210
000,001,011,012,021,100,120,201
000,001,011,012,021,100,120,210
000,001,011,012,021,100,201,210
000,001,011,012,021,101,102,110
000,001,011,012,021,101,102,120
000,001,011,012,021,101,102,201
000,001,011,012,021,101,102,210
000,001,011,012,021,101,110,120
000,001,011,012,021,101,110,201
000,001,011,012,021,101,110,210
000,001,011,012,021,101,120,201
000,001,011,012, 021 101,120, 1210
000,001,011,012,021,101,201,210
000,001,011,012,021, 102,110 120
000,001,011,012,021,102,110,201
000,001,011,012,021,102,110,210
000,001,011,012, 021 102,120,201
000,001,011,012,021,102,120,210
000,001,011,012,021,102,201,210
000,001,011,012,021,110,120,201
000,001,011,012,021,110,120,210
000,001,011,012, 021,110,201,210
000,001,011,012,021,120,201,210
000,001,011,012,100,101,102,110
000,001,011,012,100,101,102,120
000,001,011,012,100,101,102,201
000,001,011,012,100,101,102,210
000,001,011,012,100,101,110,120
000,001,011,012,100,101,110,201
000,001,011,012,100,101,110,210
000,001,011,012,100,101,120,201
000,001,011,012,100,101,120,210
000,001,011,012,100,101,201,210
000,001,011,012,100,102,110,120

00,001,011,012,100,102,110,201
000,001,011,012,100,102,110,210
000,001,011,012,100,102,120,201
000,001,011,012,100,102,120,210
000,001,011,012,100,102,201,210
000,001,011,012,100,110,120,201
000,001,011,012,100,110,120,210
000,001,011,012,100,110,201,210
000,001,011,012,100,120,201,210
000,001,011,012,101,102,110,120
000,001,011,012,101,102,110,201
000,001,011,012,101,102,110,210
000,001,011,012,101,102,120,201
000,001,011,012,101,102,120,210
000,001,011,012,101,102,201,210
000,001,011,012,101,110,120,201
000,001,011,012,101,110,120,210
000,001,011,012,101,110,201,210
000,001,011,012,101,120,201,210
000,001,011,012,102,110,120,201
000,001, 011,012,102,110,120,210
000,001,011,012,102,110,201,210
000,001,011,012,102,120,201, 210
000,001,011,012,110,120,201,210 0 ~+ 00,01; 01 ~ 00 x(1l + :t)2
3 000,00T,07T0,01T,02T,100,T0T,102
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No. B Rules of T(B) Fp(x)
000,001,010,01T,100,110,20T,210
000,001,010,011,100,120,201,210
000,001,010,011,101,102,110,120
000,001,010,011,101,102,110,201
000,001,010,011,101,102,110,210
000,001,010,011,101,102,120,201
000,001,010,011,101,102,120,210
000,001,010,011,101,102,201,210
000,001,010,011,101,110,120,201
000,001,010,011,101,110,120,210
000,001,010,011,101,110,201,210
000,001,010,011,101,120,201,210
000,001,010,011,102,110,120,201
000,001,010,011,102,110,120,210
000,001,010,011,102,110,201,210
000,001,010,011,102,120,201,210

00.001,010,011,110,120,201,210 0 ~~ 00,01; 01 ~» 01

[ ,0T0,011,0T2,02T,100, 0102 — |— — — = — — — — — — = — — = =7

001,010,011,012,021,100,101,110
001,010,011,012,021,100,101,120
001,010,011,012,021,100,101,201
001,010,011,012,021,100,101,210
001,010,011,012,021,100,102,110
001,010,011,012,021,100,102,120
001,010,011,012,021,100,102,201
001,010,011,012,021,100,102,210
001,010,011,012,021,100,110,120
001,010,011,012,021,100,110,201
001,010,011,012,021,100,110,210
001,010,011,012,021,100,120,201
001,010,011,012,021,100,120,210
001,010,011,012,021,100,201,210
001,010,011,012,021,101,102,110
001,010,011,012,021,101,102,120
001,010,011,012,021,101,102,201
001,010,011,012,021,101,102,210

01,010,011,012,021,101,110,120
001,010,011,012,021,101,110,201
001,010,011,012,021,101,110,210
001,010,011,012,021,101,120,201
001,010,011,012,021,101,120,210
001,010,011,012,021,101,201,210
001,010,011,012,021,102,110,120
001,010,011,012,021,102,110,201
001,010,011,012,021,102,110,210
001,010,011,012,021,102,120,201
001,010,011,012,021,102,120,210
001,010,011,012,021,102,201,210
001,010,011,012,021,110,120,201
001,010,011,012,021,110,120,210
001,010,011,012,021,110,201,210
001,010,011,012,021,120,201,210
001,010,011,012,100,101,102,110
001,010,011,012,100,101,102,120
001,010,011,012,100,101,102,201
001,010,011,012,100,101,102,210
001,010,011,012,100,101,110,120
001,010,011,012,100,101,110,201
001,010,011,012,100,101,110,210
001,010,011,012,100,101,120,201
001,010,011,012,100,101,120,210
001,010,011,012,100,101,201,210
001,010,011,012,100,102,110,120
001,010,011,012,100,102,110,201
001,010,011,012,100,102,110,210
001,010,011,012,100,102,120,201
001,010,011,012,100,102,120,210
001,010,011,012,100,102,201,210
001,010,011,012,100,110,120,201
001,010,011,012,100,110,120,210
001,010,011,012,100,110,201,210
001,010,011,012,100,120,201,210
001,010,011,012,101,102,110,120
001,010,011,012,101,102,110,201
001,010,011,012,101,102,110,210
001,010,011,012,101,102,120,201
001,010,011,012,101,102,120,210
001,010,011,012,101,102,201,210
001,010,011,012,101,110,120,201
001,010,011,012,101,110,120,210
001,010,011,012,101,110,201,210
001,010,011,012,101,120,201,210
001,010,011,012,102,110,120,201
001,010,011,012,102,110,120,210

011,012,102,110

1011,012,102,120
001,010,011,012,110,120,201,210 0 ~ 00, 01; 00 ~ 00

201,210
201,210

T 000,001,012,021,100,10T,102,T10
000,001,012,021,100,101,110,120
000,001,012,021,100,101,110,201

000,001,012,021,100,101,110,210
001 21,100,1 0,120

000,001,012,021,100,102,11
000,001,012;021,100,102,110,201
000,001,012;021,100,102,110,210
000,001,012,021,100,110,120,201
000,001,012,021,100,110,120,210
000,001,012,021,100,110,201,210
000,001,012;021,101,102,110,120
000,001,012;021,101,102,110,201
000,001,012,021,101,102,110,210
000,001,012,021,101,110,120,201
000,001,012,021,101,110,120,210
000,001,012;021,101,110,201,210
000,001,012;021,102,110,120,201
000,001,012,021,102,110,120,210
000,001,012,021,102,110,201,210
000,001,012,021,110,120,201,210
000,001,012,100,101,102,110,120
000,001,012;100,101,102,110,201
000,001,012,100,101,102,110,210
000,001,012,100,101,110,120,201
000,001,012,100,101,110,120,210
000,001,012;100,101,110,201,210
000,001,012;100,102,110,120,201
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No. B Rules of T(B) Fp(x)
000,00T,0T2,T00,T02,TT0,120,2T0
000,001,012,100,102,110,201,210
000,001,012,100,110,120,201,210
000,001,012,101,102,110,120,201
00,001,012,101,102,110,120,210
000,001,012,101,102,110,201,210
000,001,012,101,110,120,201,210
000,001,012,102,110,120,201,210 0_~» 00, 01; 01 ~ (00)2
[ 000,010,011,012,021,100,T0,102 — |~ — — = — = — — = — — — — — — 1
000,010,011,012,021,100,101,110
000,010,011,012,021,100,101,120
000,010,011,012,021,100,101,201
000,010,011,012,021,100,101,210
000,010,011,012,021,100,102,110
000,010,011,012,021,100,102,120
000,010,011,012,021,100,102,201
000,010,011,012,021,100,102,210
000,010,011,012,021,100,110,120
000,010,011,012,021,100,110,201
000,010,011,012,021,100,110,210
000,010,011,012,021,100,120,201
000,010,011,012,021,100,120,210
000,010,011,012,021,100,201,210
000,010,011,012,021,101,102,110
000,010,011,012,021,101,102,120
000,010,011,012,021,101,102,201
000,010,011,012,021,101,102,210
000,010,011,012,021,101,110,120
000,010,011,012,021,101,110,201
000,010,011,012,021,101,110,210
000,010,011,012,021,101,120,201
000,010,011,012,021,101,120,210
000,010,011,012,021,101,201,210
000,010,011,012,021,102,110,120
000,010,011,012,021,102,110,201
00,010,011,012,021,102,110,210
000,010,011,012,021,102,120,201
000,010,011,012,021,102,120.210
00,010,011,012,021,102,201,210
000,010,011,012,021,110,120,201
000,010,011,012,021,110,120,210
000,010,011,012,021,110,201,210
000,010,011,012,021,120,201,210 0 ~ 00,01; 00 ~ (01)2 z + 202 + 223
5] 000,001,012,02T,100,1071,102,120
000,001,012,021,100,101,102,201
000,001,012,021,100,101,102,210
000,001,012,021,100,101,120,201
000,001,012,021,100,101,120,210
000,001,012,021,100,101,201,210
000,001,012,021,100,102,120,201
000,001,012,021,100,102,120,210
000,001,012,021,100,102,201,210
000,001,012,021,100,120,201,210
000,001,012,021,101,102,120,201
000,001,012,021,101,102,120,210
000,001,012,021,101,102,201,210
000,001,012,021,101,120,201,210
000,001,012,021,102,120,201,210
000,001,012,100,101,102,120,201
000,001,012,100,101,102,120,210
000,001,012,100,101,102,201,210
00,001,012,100,101,120,201,210
000,001,012,100,102,120,201,210
000,001,012,101,102,120,201,210 0_~» 00, 01; 01 ~» 00,011; 011 ~ 00
[ 000;0T0,01T,012, X — = - T T e ST = s =
000,010,011,012,100,101,102,120
000,010,011,012,100,101,102,201
000,010,011,012,100,101,102,210
000,010,011,012,100,101,110,120
000,010,011,012,100,101,110,201
000,010,011,012,100,101,110,210
000,010,011,012,100,101,120,201
000,010,011,012,100,101,120,210
000,010,011,012,100,101,201,210
000,010,011,012,100,102,110,120
000,010,011,012,100,102,110,201
000,010,011,012,100,102,110,210
000,010,011,012,100,102,120,201
000,010,011,012,100,102,120,210
000,010,011,012,100,102,201,210
000,010,011,012,100,110,120,201
000,010,011,012,100,110,120,210
000,010,011,012,100,110,201,210
000,010,011,012,100,120,201,210
000,010,011,012,101,102,110,120
000,010,011,012,101,102,110,201
000,010,011,012,101,102,110,210
000,010,011,012,101,102,120,201
000,010,011,012,101,102,120,210
000,010,011,012,101,102,201,210
000,010,011,012,101,110,120,201
000,010,011,012,101,110,120,210
000,010,011,012,101,110,201,210
000,010,011,012,101,120,201,210
000,010,011,012,102,110,120,201
000,010,011,012,102,110,120,210
000,010,011,012,102,110,201,210
000,010,011,012,102,120,201,210
000,010,011,012,110,120,201,210 0 ~» 00, 01; 00 ~ 01, 002; 002 ~» 01 z + 222 + 225 4 22
[} 000,00T,0TT,02T,T00,T0T,T02,T20
000,001,011,021,100,101,110,120
000,001,011,021,100,101,120,201
000,001,011,021,100,101,120,210
000,001,011,021,100,102,110,120
000,001,011,021,100,102,120,201
000,001,011,021,100,102,120,210
000,001,011,021,100,110,120,201
000,001,011,021,100,110,120,210
00,001,011,021,100,120,201,210
000,001,011,021,101,102,110,120
000,001,011,021,101,102,120,201
000,001,011,021,101,102,120,210
000,001,011,021,101,110,120,201
000,001,011,021,101,110,120,210
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No. B Rules of T(B) Fp(x)
000,001,011,02T,101, 120,201,210
000,001,011,021,102,110,120,201
000,001,011,021,102,110,120,210
000,001,011,021,102,120,201,210
000,001,011,021,110,120,201,210
000,001,011,100,101,102,110,120
000,001,011,100,101,102,120,201
000,001,011,100,101,102,120,210
000,001,011,100,101,110,120,201
000,001,011,100,101,110,120,210
000,001,011,100,101,120,201,210
000,001,011,100,102,110,120,201
000,001,011,100,102,110,120,210
000,001,011,100,102,120,201,210
000,001,011,100,110,120,201,210
000,001,011,101,102,110,120,201
000,001,011,101,102,110,120,210
000,001,011,101,102,120,201,210
000,001,011,101,110,120,201,210
000,001,011,102,110,120,201,210 0 ~+ 00,01; 01 ~ 00,012; 012 ~+ 012

I,0T1,012,021 U'I, 77777777777777
001,011,012,021,100,101,102,120
001,011,012,021,100,101,102,201
001,011,012,021,100,101,102,210
001,011,012,021, 100 101,110,120
001,011,012,021,100,101,110,201
001,011,012,021,100,101,110,210
001,011,012,021,100,101,120,201
001,011,012,021,100,101,120,210
001,011,012,021, 100 101,201 ,210
001,011,012,021,100,102,110,12
001,011,012,021,100,102,110,201
001,011,012,021,100,102,110,210
001,011,012,021,100,102,120,201
001,011,012,021,100,102,120,210
001,011,012,021,100,102,201,210
001,011,012,021,100,110,120,201
001,011,012,021,100,110,120,210
001,011,012,021,100,110,201,210
001,011,012,021,100,120,201,210
001,011,012,100,101,102,110,120
001,011,012,100,101,102,110,201
001,011,012,100,101,102,110,210
001,011,012,100,101,102,120,201
001,011,012,100,101,102,120,210
001,011,012,100,101,102,201,210
001,011,012,100,101,110,120,201
001,011,012,100,101,110,120,210
001,011,012,100,101,110,201,210
001,011,012,100,101,120,201,210
001,011,012,100,102,110,120,201
001,011,012,100,102,110,120,210
001,011,012,100,102,110,201,210
001,011,012, 100 102,120,201,210
001,011,012,100,110,120,201,210 0 ~» 00, 01; 00 ~ 00; 01 ~ 010 22 + z3 =+ lza:

T 000,00T,010,02T,T00,T0T,TO2,T10

000,001,010,021,100,101,102,120

000,001,010,021,100,101,102,201
000,001,010,021,100,101,102,210
000,001,010,021,100,101,110,120
000,001,010,021,100,101,110,201
000,001,010,021,100,101,110,210
000,001,010,021,100,101,120,201
000,001,010,021,100,101,120,210
000,001,010,021,100,101,201,210
000,001,010,021,100,102,110,120
000,001,010,021,100,102,110,201
000,001,010,021,100,102,110,210
000,001,010,021,100,102,120,201
000,001,010,021,100,102,120,210
000,001,010,021,100,102,201,210
000,001,010,021,100,110,120,201
000,001,010,021,100,110,120,210
000,001,010,021,100,110,201,210
000,001,010,021,100,120,201,210
000,001,010,021,101,102,110,120
000,001,010,021,101,102,110,201
000,001,010,021,101,102,110,210
000,001,010,021,101,102,120,201
000,001,010,021,101,102,120,210
0,001,010,021,101,102,201,210
000,001,010,021,101,110,120,201
0,001,010,021,101,110,120,210
000,001,010,021,101,110,201,210
000,001,010,021,101,120,201,210
000,001,010,021,102,110,120,201
000,001,010,021,102,110,120,210
000,001,010,021,102,110,201,210
000,001,010,021,102,120,201,210
000,001,010,021,110,120,201,210
000,001,010,100,101,102,110,120
000,001,010,100,101,102,110,201
000,001,010,100,101,102,110,210
000,001,010,100,101,102,120,201
000,001,010,100,101,102,120,210
000,001,010,1 01,102,201,210
000,001,010,100,101,110,120,201
000,001,010,100,101,110,120,210
000,001,010,100,101,110,201,210
000,001,010,100,101,120,201,210
000,001,010,100,102,110,120,201

000,001,010,100,102,110,120,21
000,001,010,100,102,110,201,210
000,001,010,100,102,120,201,210
000,001,010,100,110,120,201,210
000,001,010,101,102,110,120,201
000,001,010,101,102,110,120,210
000,001,010,101,102,110,201,210
000,001,010,101,102,120,201,210
000,001,010,101,110,120,201,210
000,001,010,102,110,120,201,210
000,001,011,021,100,101,102,110
011,021 100,101,102,201

011,0
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000,001,(1T,02T,[[00, 101,110,201
000,001,911,021,1L00,101,110,210
000,001,011,021,100,101,201,210
00,001,411,021,/100,102,110,201
000,001,411,021.[100,102,110,210
000,001,911,021,100,102,201,210
000,001,911,021,1100,110,201,210
000,001,011,021,101,102,110,201
000,001,d11,021,[101,102,110,210
000,001,411,021.[101,102,201,210
000,001,911,021,L01,110,201,210
000,001,011,021,/102,110,201,210
000,001,011,100,101,102,110,201
000,001,d11,100,[101,102,110,210
000,001,411,100.[101,102,201,210
000,001,911,100,L01,110,201,210
000,001,(11,100,[102,110,201,210
000,001,0J11,101,102,110,201,210 0_~»_00, 0
- 00I-0I0,1I;021,f00,101,102,1I0 — — — — — — — — — o — — — — — — =

001,010,411,021.[100,101,102,120
001,010,911,021,1100,101,102,201
001,010,411,021,[100,101,102,210
01,010,411,021,/100,101,110,120
001,010,411,021,[100,101,110,201
001,010,411,021.[100,101,110,210
001,010,911,021,100,101,120,201
001,010,411,021,[100,101,120,210
001,010,411,021,[100,101,201,210
001,010,411,021.[100,102,110,120
001,010,411,021,[100,102,110,201
001,010,911,021,1100,102,110,210
001,010,011,021,100,102,120,201
001,010,411,021,[100,102,120,210
001,010,411,021.[100,102,201,210
001,010,911,021,100,110,120,201
001,010,911,021,1100,110,120,210

1,01 11,021,00,110,201,210
001,010,411,021,[100,120,201,210
001,010,411,021.[101,102,110,120
001,010,911,021,101,102,110,201
001,010,011,021,/101,102,110,210
001,010,011,021,101,102,120,201
001,010,411,021,[101,102,120,210
001,010,411,021.[101,102,201,210
001,010,911,021,(101,110,120,201
001,010,011,021,/101,110,120,210
001,010,411,021,[101,110,201,210
001,010,411,021.[101,120,201,210
001,010,411,021,[102,110,120,201
001,010,911,021,1102,110,120,210
001,010,411,021,[102,110,201,210
001,010,011,021,102,120,201,210
001,010,411,021.[110,120,201,210
001,010,411,100.[101,102,110,120
001,010,911,100,[L01,102,110,201
001,010,911,100,101,102,110,210
001,010,411,100,/101,102,120,201
001,010,411,100.[101,102,120,210
01,010,411,100,[101,102,201,210
001,010,911,100,[L01,110,120,201
001,010,411,100,[101,110,120,210
001,010,411,100,[101,110,201,210
001,010,411,100.[101,120,201,210
001,010,911,100,[102,110,120,201
001,010,911,100,1L02,110,120,210
001,010,411,100,[102,110,201,210
001,010,4d11,100,[102,120,201,210
001,010,411,100.[110,120,201,210
001,010,911,101,(102,110,120,201
001,010,011,101,/102,110,120,210
001,010,411,101,[102,110,201,210
001,010,4d11,101,[102,120,201,210
001,010,411,101.[110,120,201,210
001,010,911,102,1L10,120,201,210
001,010,012,021,/100,101,102,110
001,010,412,021.[100,101,102,120
001,010,412,021,[100,101,102,201
001,010,412,021.[100,101,102,210
001,010,912,021,L00,101,110,120
001,010,912,021,100,101,110,201
001,010,412,021,[100,101,110,210
001,010,412,021,[100,101,120,201
001,010,412,021.[100,101,120,210
001,010,912,021,100,101,201,21
001,010,412,021,[100,102,110,120
001,010,012,021,100,102,110,201
001,010,412,021.[100,102,110,210
001,010,412,021,[100,102,120,201
001,010,912,021,100,102,120,210
001,010,412,021,[100,102,201,210
001,010,012,021,100,110,120,201
001,010,412,021.[100,110,120,210
001,010,912,021,100,110,201,210
001,010,912,021,1100,120,201,210
001,010,412,021,[101,102,110,120
001,010,412,021,/101,102,110,201
001,010,412,021.[101,102,110,210
001,010,912,021,101,102,120,201
001,010,012,021,/101,102,120,210
001,010,412,021.[101,102,201,210
001,010,012,021,101,110,120,201
001,010,412,021.[101,110,120,210
001,010,912,021,1L01,110,201,210
001,010,012,021,/101,120,201,21
001,010,012,021,102,110,120,201
001,010,412,021.[102,110,120,210
001,010,412,021.[102,110,201,210
001,010,912,021,102,120,201,210
001,010,412,021,[110,120,201,210
01,010.,(12,100,/101,102,110,120
001,010,412,100,[101,102,110,201
001,010,412,100.[101,102,110,210
001,010,912,100,[L01,102,120,201
001,010,412,100,[101,102,120,210
001,010,412,100,[101,102,201,210




Continuation of Table 4
No. B Rules of T(B) Fp(x)
00T,0710,0T2,T00, 10T, 110,120,207
001,010,012,100,101,110,120,210
001,010,012,100,101,110,201,210
001,010,012,100,101,120,201,210
001,010,012,100,102,110,120,201
001,010,012,100,102,110,120,210
001,010,012,100,102,110,201,210
001,010,012,100,102,120,201,210
001,010,012,100,110,120,201,210
001,010,012,101,102,110,120,201
001,010,012,101,102,110,120,210
001,010,012,101,102,110,201,210
001,010,012,101,102,120,201,210
001,010,012,101,110,120,201,21
001,010,012,102,110,120,201,210
001,011,012,021,101,102,110,120
001,011,012,021,101,102,110,201
001,011,012,021,101,102,110,210
001,011,012,021,101,102,120,201
001,011,012,021,101,102,120,210
001,011,012,021,101,102,201,210
001,011,012,021,101,110,120,201
001,011,012,021,101,110,120,210
001,011,012,021,101,110,201,210
001,011,012,021,101,120,201,210
001,011,012,021,102,110,120,201
001,011,012,021,102,110,120,210
001,011,012,021,102,110,201,210
001,011,012,021,102,120,201,210
001,011,012,021,110,120,201,210
901,01110121101,102/110120:201
001,011,012,101,102,110,120,2
001,011,012,101,102,110,201, 310
001,011,012,101,102,120,201,210
001,011,012,101,110,120,201,210
001,011,012,102,110,120,201,210 0 ~» (00)2; 00 ~ 00 e
000,0TT,0TZ,02T,T00,TOT, TO2,TTO
000,011,012,021,100,101,102,120
000,011,012,021,100,101,102,201
000,011,012,021,100,101,102,210
0001011,0121021,100/101,110,120
000,011,012,021,100,101,110,201
000,011,012,021,100,101,110,210
000,011,012,021,100,101,120,201
000,011,012,021,100,101,120,210
000,011,012,021,100,101,201,210
000,011,012,021,100,102,110,120
000,011,012,021,100,102,110,201
000,011,012,021,100,102,110,210
000,011,012,021,100,102,120,201
000,011,012,021,100,102,120,210
000,011,012,021,100,102,201,210
000,011,012,021,100,110,120,201
000,011,012,021,100,110,120,210
000,011,012,021,100,110,201,210
000,011,012,021,100,120,201,210
000,011,012,021,101,102,110,120
000,011,012,021,101,102,110,201
000,011,012,021,101,102,110,210
000,011,012,021,101,102,120,201
000,011,012,021,101,102,120,210
000,011,012,021,101,102,201,210
000,011,012,021,101,110,120,201
000,011,012,021,101,110,120,210
000,011,012,021,101,110,201,210
000,011,012,021,101,120,201,210
000,011,012,021,102,110,120,201
000,011,012,021,102,110,120,210
011,012,021,102,110,201
000:011;013; 021 103:130,301,310
000,011,012,021,110,120,201,210 0 ~» 00,01; 00 ~ (001)2; 01 ~ 001 = 4 222 4 323
T 000,011,012, 100,101, 102,110,120
000,011,012,100,101,102,110,201
000,011,012,100,101,102,110,210
000,011,012,100,101,102,120,201
000,011,012,100,101,102,120,210
000,011,012,100,101,102,201,210
000,011,012,100,101,110,120,201
000,011,012,100,101,110,120,210
000,011,012,100,101,110,201,210
000,011,012,100,101,120,201,210
000,011,012,100,102,110,120,201
000,011,012,100,102,110,120,21
000,011,012,100,102,110,201,210
000,011,012,100,102,120,201,210
000,011,012,100,110,120,201,210
000,011,012,101,102,110,120,201
000,011,012,101,102,110,120,210
000,011101211017102,110/201,210
011,012,101,102,120,201,210
000:011,015:101:190,130.501 /310
000,011,012,102,110,120,201,210 0 ~ 00,01; 00 ~ 001,01; 01 ~ 001 2 + 202 + 323 + 24
O 000.010,012,021,100.T0T,102.110
000,010, 1100,101,102,12
000,010,012,021,100,101,102,201
000,010,012,021,100,101,102,210
000,010,012,021,100,101,110,120
000,010,012,02 101,110,201
000,010,012,021,100,101,110,210
000,010,012,021,100,101,120,201
000,010,012,021,100,101,120,210
000,010,012,021,100,101,201,210
000,010,012,021,100,102,110,120
000,010,012,021,100,102,110,201
000,010,012,021,100,102,110,210
000,010,012,021,100,102,120,201
000,010,012,021,100,102,120,210
000,010,012,021,100,102,201,210
000,010,012,021,100,110,120,201
000,010,012,021,100,110,120,210
000,010,012,021,100,110,201,210
000,010,012,021,100,120,201,210
000,010,012,021,101,102:110,120
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No.

Rules of T(B)

Fp (@)

[y i

000,010,012,021,102,120, 201 210
000,010,012,021,110,120,201,210

0 ~» 00,01; 00 ~» 01,01; 01 ~~ 011

2 + 222

+ 323 4 224

1T

000,00T,02T,T00,T0T,T02,T10,120
00 1,100,101,110,120, 1201
000,001,021,100,101,110,120,210

S
i
M
™
=
1S

000,001,021,101,110, 201
000,001,021,102,110,120,201, 210

00T,0T1,021;100,T01,102,T10,120

01
001,012,100,101, 110 120,201,210
001,012,100,102,110,120,201,210

0 ~ 00, 01; 00 ~» 00; 01 ~ 010, 00

ac+ac3

2
2x
+ =

x

12

000,010,012,100,10T,102, 110,120

000,010,012,100,102,110,201,210
000,010,012,100,110,120,201,210

0 ~» 00,015 00 ~ 01, 002; 01 ~» 011;
002 ~ (011)2

z 4 222

+ 323 + 324

13

coo
=

000,010,012; ;
000,010,012,101,110,120,201,210

000,010,012,102,110,120,201,210

0 ~ 01, 002; 01 ~ 011;

z + 222

+ 323 + 324

+ @®

14

000,010,012,101,102,120,201,210

: 00 ~ 01,002; 0L ~» O11;
0022; 0022 ~ 01

24222 4325 + 32T +22° + 20

15

000,001,021, 100, 10T, 102,120,201
000,001,021,100,101,102,120,210
000,001, 021 100,101,120,201,210
000,001,021,100,102,120,201,210

000,001,021,101,102,120,201,210

z 4 23 4+ 24

2
2x
+ 1—=x
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000,010,011;021,T00,101,T027110
000,010,011,021,100,101,102,120

000,010,011,021,100,101,102,201
00,010,011;021,100, 1011102.210
000,010,011,021,100,101,110
000,010,011,021,100,101,110,201
000,010,011;021,100,101,110,210
000,010,011,021,100,101,120,201
000,010,011,021,100,101,120,210
000,010,011,021,100,101,201,210
000,010,011,021,100,102,110,120
000,010,011;021,100,102,110,201
000,010,011,021,100,102,110,210
000,010,011,021,100,102,120,201
00,010,011,021,100,102,120,210
000,010,011;021,100,102,201,210
000,010,011,021,100,110,120,201
000,010,011,021,100,110,120,210
000,010,011,021,100,110,201,210
000,010,011;021,100,120,201,210
000,010,011;021,101,102,110,120
000,010,011,021,101,102,110,201
000,010,011,021,101,102,110,210
000,010,011,021,101,102,120,201
000,010,011,021,101,102,120,210
000,010,011;021,101,102,201,210
000,010,011,021,101,110,120,201
000,010,011,021,101,110,120,210
000,010,011,021,101,110,201,210
000,010,011,021,101,120,201,210
000,010,011;021,102,110,120,201
000,010,011,021,102,110,120,210
000,010,011,021,102,110,201,210
000,010,011,021,102,120,201,210
000,010,011;021,110,120,201,21
T,0T0,021,100, TOT, 102, T101120
001,010,021,100,101,102,110,201
001,010,021,100,101,102,110,210
001,010,021,100,101,102,120,201
001,010,021,100,101,102,120,210
001,010,021,100,101,102,201,210
001,010,021,100,101,110,120,201
001,010,021,100,101,110,120,210
001,010,021,100,101,110,201,210
001,010,021,100,101,120,201,210
001,010,021,100,102,110,120,201
001,010,021,100,102,110,120,210
001,010,021,100,102,110,201,210
001,010,021,100,102,120,201,210
001,010,021,100,110,120,201,210
001,010,021,101,102,110,120,201
001,010,021,101,102,110,120,210
001,010,021,101,102,110,201,21
001,010,021,101,102,120,201,210
001,010,021;101,110,120,201,210
001,010,021,102,110,120,201,210
001,010,100,101,102,110,120,201
01,010,100,101,102,110,120,210
001,010,100,101,102,110,201,210
001,010,100,101,102,120,201,210
001,010,100,101,110,120,201,210
001,010,100,102,110,120,201,210
001,010,101,102,110,120,201,210
001,011,021,101,102,110,201,210
10127021,101,102,120,201,210
70T1,012,021,T00,101,T02;110
010,011,012,021,100,101,102,120
010,011,012,021,100,101,102,201
010,011,012;021,100,101,102,210
010,011,012,021,100,101,110,120
010,011,012,021,100,101,110,201
010,011,012,021,100,101,110,210
010,011,012,021,100,101,120,201
010,011,012;021,100,101,120;210

0_~_0,01; 01 ~» 01

0_~»_00, 0; 00 ~» 00

No. B Rules of T(B) Fp(x)
16 000,00T,02T,T00,T0T,T02,TT0,20T

000,001,021,100,101,102,110,210

000,001,021,100,101,110,201,210

000,001,021,100,102,110,201,210

000,001,021,101,102,110,201,210

000,001,100,101,102,110,120,201

000,001,100,101,102,110,120,210

000,001,100,101,110,120,201,21

000,001,100,102,110,120,201,210

00,001,101,102,110,120,201,210 0 ~» 00, 01; 01 ~» 00,00, 01

O0I0T1,021;100,T0T,102, 110,201 — [— — — = — = — — = 2'= — — — — 4

001,011,021,100,101,102,110,210

001,011,021,100,101,102,201,210

001,011,021,100,101,110,201,210

001,011,021,100,102,110,201,210

001,011,100,101,102,110,201,210

001,012,021 100 ,101,102,120,201

001,012,021,100,101,102,120,210

001,012,021,100,101,102,201,210

001,012,021,100,101,120,201,210

001,012,021,100,102,120,201,210

001,012,100,101,102,120,201,210 0~ 00,01; 00 ~ 00; 01 ~» 010,01

00I;0T1,02L,101; 101200201 — = — — — & = — T =T === —

901011, 7021,101,102,110,120,210

01,011,021,101,102,120,201,210

001 7011,021,101,110,120,201,210

001,011,021,102,110,120,201,210

001,011,101,102,110,120,201,210

0011012.0211101,102110,120:201

001,012,021,101,102,110,120,210

001,012,021,101,102,110,201,210

001,012,021,101,110,120,201,210

001,012,021,102,110,120,201,210

001,012,101,102,110,120,201,210 0 ~> 00, 01; 00 ~ 00; 01 ~ (00)2
17 000,00T,02T,1T00,T0T,T02,20T,2T0

000,001,100,101,102,120,201,210 9 <> 00,015 01 ~ 00,011, 01; @ 4222 4 323 4 42
18 000,001,100,101,102,110,201,210 A ~ (00)m+1,am+1,

amy = 01
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0T0,0TT,0T2,02T,T00,T0T,20T,2T0
010,011,012,021,100,102,110,120
010,011,012;021,100,102,110,201
010,011,012;021,100,102,110,210
010,011,012,021,100,102,120,201
010,011,012,021,100,102,120,210
010,011,012,021,100,102,201,210
010,011,012;021,100,110,120,201
010,011,012;021,100,110,120,210
010,011,012,021,100,110,201,210
010,011,012,021,100,120,201,210
010,011,012,021,101,102,110,120
010,011,012;021,101,102,110,201
010,011,012;021,101,102,110,210
010,011,012,021,101,102,120,201
010,011,012,021,101,102,120,210
010,011,012,021,101,102,201,210
010,011,012;021,101,110,120,201
010,011,012,021,101,110,120,210
010,011,012,021,101,110,201,210
010,011,012,021,101,120,201,21
010,011,012;021,102,110,120,201
010,011,012;021,102,110,120,210
010,011,012,021,102,110,201,21
010,011,012,021,102,120,201,210
010,011,012,021,110,120,201,210 am ~ apgqs (O™, ap = 0™
9 000,010,01T,100,101,102,110,120
000,010,011;100,101,102,120,201
000,010,011;100;101,102,120,21
000,010,011,100,102,110,120,201
000,010,011,100,102,110,120,210
000,010,011,100,102,120,201,210
000,010,011,101,102,110,120,201
000,010,011;101,102,110,120,210
000,010,011,101,102,120,201,210
z(1423—a2?)
000,010,011,102,110,120,201,210 ~» 00, 01; 00 ~» 00, 002; 01 ~» 01; 2orE o
005 0021, (1—x)
20 000,0T0,0TT,T00,TOT, TOZ2,TT0,20T
000,010,011;100,101,102,110,210
000,010,011,100,101,102,201,210
000,010,011,100,102,110,201,210
3
000,010,011,101,102,110,201,210 0 ~» 00, 01; 00 ~» 00, 002; 01 ~» 01; ””(LI;
002 ~ 0021, 002 (A—=)
2T OTO0,0TT,0TZ,TO0, TOT, TOZ,TTO,2T0O
010,011,012;100,101,102,120,210
010,011,012,100,101,102,201,210
10,011,012,100,101,110,120,210
010,011,012;100,101,110,201,210
010,011,012;100,101,120,201,210
010,011,012;100,102,110,120,210
010,011,012,100,102,110,201,210
010,011,012,100,102,120,201,210
010,011,012,100,110,120,201,210
010,011,012;101,102,110,120,210
010,011,012;101,102,110,201,210
010,011,012,101,102,120,201,210
010,011,012,101,110,120,201,210 R
010,011,012,102,110,120,201,210 am ~ a1, {03 %@
-
b~ 0T ap, = 0™, by = 07 m
o7 000,010,01T,100,1071,110,120,20T
000,010,011;100,101,110,120,210
000,010,011;100,101,120,201,210
000,010,011,100,110,120,201,210
000,010,011,101,110;120,201,210 0_~>_ 00, 01; 00 ~» 00, 0; 01 ~» 01
[ 010,0T1,012,100,T01,102,T10,120 — |~ — — = — — — — ='=— = == — — 1
010,011,012;100,101,102,110,201
010,011,012;100,101,102,120,20
010,011,012,100,101,110,120,201
010,011,012,100,102,110,120,201
xz(14x
010,011,012,101,102,110,120,201 am ~ a1, {05325 1_(*1)5
-1
b~ {537 am = 0™,
by =0Mm
23 000,010,011,100,101,110,201,210 0 ~> 00, 01; 00 ~> 00, 00; 01 ~ 01
24 000,010,100,101,102,110,120,201e Ay~ b Y cam—j>
4m—25 |
{agm— Js 1}1*2m i’
b~ {0,371
27n+2
cm ~ {am+1 1}1_m+1
m,j =0%...(m - 1)2j,
bm =01 .. (m — 1)2(2m)(2m — 1),
,,,,,,,,,,,,,,, em = 0% (m —1)2
000,010,100,101,102,110,120,210e am,j ~ b} " Theorem 17
4m—2j |
{agm— ],1}172,,1 3’
bm ~ {b'}i,
2m4-2
em ~> {“m+1 1}17”:1—4»1'
am,j =02 (m — 125,
b =01~ (m — 1)%(2m)m,
ey =02 (m —1)2
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No. B

Rules of T(B)

Fp (@)

25 000,010,100,101,102,120,201,210e

000,010,100,102,110,120,201,210e

000,010,101,102,110,120,201,210e

~ (0021)7 7™ | p
m—2j
{azm—j, 1}1,2mjj'

Am,j m,j»

bin,j ~ (0021)7—
(azmi1—jiYilote i ts

Am,j = 02... (m — 1)2]‘7

by =02 m =Dy
A5~ (0021)7 77 bg, g,

{agm—j, 1}117121112le

2m 42
bm ~ {amy1,i 7‘,217;:4-1?
0021 ~ 00212,

ap,j =02 (m =12,

_bp=02em? ]
Ay, g~ (0021)T 77 by gy
m—2
{azm—j, 1}1,2mjj‘
2m+2

bm ~ {am41,iti= o,y
0021 ~ 00211,

Theorem 18

Am,; =02 (m - 12y,
by = 02 ... m?2
76 000,010,100, 101,102, 110,201,210 Ty TTheorem 10
(0021)7 7™ gy {ayy i 330
2m+2
bm ~ {am+1,i}i:7j;+1«
Am,j =02 (m = 1)2j,
by =02 - m?2
27 000,010,100,101,110,120,201,210e A, ~ (bam—j)I TI=T Theorem 20
4m —2j
OIS S
+2
bm ~ {am+1,i}i:m+1’
am,j =02 (m — 125,
by = om?2
28 000,01T2,02T,T00,TOT,T02,TT0, T20
000,012,021,100,101,102,110.201
000,012,021,100,101,102,110,21
000,012,021,100,101,110,120,20
000,012,021,100,101,110,120,210
000,012,021,100,101,110,201,210
0001012/0211101,1021110,120:201
000,012,021,101,102,110,120,210
000,012,021,101,102,110,201,210
000,012,021,101,110,120,201,210 0 ~> 00, 015 00 ~» 001, 001; z + 222 + 423 4 224
01 ~ 010, 010; 001 ~ 010

29 000,012,02T,T00,T0T,102,1T20,20T
000,012,021, 100 101,102,120, 210
000,012,021,100,101,102,201,210
000,012,021,100,101,120,201,210

000,012,021,101,102,120,201,210

[ 000;012,021;100,T02;1 10,120,201 —
000,012,021,100, 102,110 120,210

000,012,021,100,102,110,201,210
000,012,021,100,110,120,201,210
000,012,021,102,110,120,201,210
000;012,T00;101,T02;1 10,120,201
000,012,100,101,102,110,120,210
000,012,100,101,102,110,201,210
000,012,100,101,110,120,201,210

0 ~ 00,01; 00 ~ (001)2;
01 ~ 010, 001; 001 ~» 010

- 01; 00 ~» 001, 001;
01 0()1 011; 001 ~ 011’

0 ~» 00, 01; 00 ~» 001, 01;
01 ~ 010, 010; 001 ~ 010

z 4 2262 + 423 4 324
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000,011,021,100,101,102,110,210
000,011, 021, 100 101,102,201,210
000,011,021,100,102,110,201,210
000,011,021,101,102,110,201,210

[[ 000,0T1,T00,101,T027110,T20,201 —
000,011,100,101,102,110,120,210
000 011,100,101,102,120,201,210
000,011,100,102,110,120,201,210
000,011,101,102,110,120,201,210
[ 001,021.100,101,102:110,20 1,210 —
[ 00T-021,T00,101,T02,120,201,21T0 —

001,100,101,102,110,120,201,210

0 ~» 0,01; 01 ~» 010,012; 012 ~~ 012
—0=~700; 0T; 00 = 00{ 0L +5 010,00,0T ]

~0~700,0T; 00 =~ T0;~ — — — — — = 1
01 ~~ 010, 011, 012; ()11 ~» 010, 011;
012 ~ 00, 01

z(1+z2—23)

No. B Rules of T(B) Fp(x)
30 000,012,101,102,110,120,201,210 0 ~» 00, 01; 00 z + 222 + 425 + 327 + o°
01 ~ 010, 010;
002 ~ 001, 010
31 | 000,012,021,100,102,120,201,210 0 ~ (00)%; 00 ~ (001)2
000,012,100,102,110,120,201,210 0 ~ 00, 01; 00 ~ 001, 002; z + 222 + 423 + 424
01 ~ 061 011; 001 ~ 011!
002 ~ 011,011
32 000,012,100,101,102,120,201,210 0 ~ 00, 01; 00 ~» 001, 01; z 4 222 + 423 4 42 4 25
01 ~ 010, 001; 001 ~~ 010
33 000,01T,021,100,107T,102,110,120
000,011,021,100,101,102,120,201
000,011,021,100,101,102,120,210
000,011,021,100,102,110,120,20
000,011,021.100,102,110,120,21
000,011,021,100,102,120,201,210
000,011,021,101,102,110,120,201
000,011,021,101,102,110,120,210
000,011,021,101,102,120,201,210
000,011,021,102,110,120,201,210 0 ~ 00, 01; 00 ~» 00, 002
01 % 010, 002; 002 < 002
[ 00T;021,T00;101,T02;110,T205201 — |[— — — — = — = = — == — — — — 1
001,021,100,101,102,110,120,210
001,021,100,101,110,120,201,210 )
001,021,100,102,110,120,201,210 0 ~» 00, 01; 00 ~» MZL
01 ~ 010, 00, 012; 012 ~ 00,012 (A—=x)
34 000,0TT,02T,T00,T0T, T02,TT0,20T

011,012,100,102,110,120,201,210

(1—=x)2
35 000,01T,02T,T00,T0T,110,120,20T
000, 2 1 10,120,210
000,011,021,100,101,120,201,210
000,011, 021 100,110,120,201, 210
000,011,021,101,110,120, 201 210
F 00OT0T1,T00°101,T02:110,20 -
U1T-0T2,0217100,T0T,102, 0,—120 -
011,012,021,100,101,102,110,201
011,012,021,100,101,102,110,21
011,012,021,100,101,102,120,201
011,012,021,100,101,102,120,210
011,012,021,100,101,102,201,210
011,012,021,100,101,110,120,201
011,012,021,100,101,110,120,210
011,012,021,100,101,110,201,210
011,012,021,100,101,120,201,210
011,012,021,100,102,110,120,201
011,012,021,100,102,110‘120,210
011,012,021,100,102,110,201,210
011, 012 021,100,102,120,201, 210
m z(1+2?)
011,012,021,100,110,120,201,210 am ~ @41, (01)™; 01 ~» 010 Gz
—x
36 000,0TT,02T,T00,T0T,1TT0,20T,2T0 0 ~ 00, 0; 00 ~ 00,002; 002 ~ 002
F U10°0T2,02T-100,T0T-102,T10.120 — |- — — = = — — = == ="—"—"= — +
010,012,021,100,101,102,110,201
010,012,021,100,101,102,110,210
010,012,021,100,101,102,120,201
010,012,021,100,101,102,120,210
010 012, 1021,100 101,102,201,210
010 012 021,100 101,110,120,201
010,012,021,100,101,110,120,210
010,012, 021 100,101,110,201,210
010,012,021,100,101,120,201,210
010,012,021,100,102,110,120,201
010,012,021,100,102,110,120,210
010,012,021,100,102,110,201,210
010,012,021,100,102,120,201,210
010,012,021,100,110,120,201,210
010,012,021,101,102,110,120,201
010,012,021,101,102,110,120,210
010,012,021,101,102,110,201,210
010,012,021,101,102,120,201,210
010,012,021,101,110,120,201,210
010,012,021,102,110,120,201,210
011,012,021,10 ,102,110,120,201
011,012,021,101,102,110,120,210
011,012,021,101 102,110,201,210
011,012,021.101 102,120,201,210
011,012,021,101,110,120,201, 210
011,012,021,102,110,120,201,210 am ~ ami1, (01)™; 01 ~ 01,
am = 0"
[ 011,012,7T00,101,T027110,20,210 — |— — — — — — — — — — — — = = 7 ]
011,012,100,101, 102 120,201,210
011,012,100,101,110,120,201, 210
z(l—z+z2)

(1-2)3
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37 011,012,100,101,102,110,120,210 am ~ ami1, {370 %
= —x
by ~ by, 010; bm ~ cm, (010)™— L,
cm ~ (010)M~1 4, = o™,
by, = 0"Mm, ¢y = 0™Mm0
38 [ 000,011,100,101,110,120,20L,210 _ [_0_~> 0, 01; 0L ~» 0, 012; 012 — 012 "
011,012,100,101,102,110,120,201 A = a1 '(bf} m
bm ~
by =
39 010,012,100,101,102,110,120,210
010,012,100,101,102,110,201,210
010,012,100,101,110,120,201,210
010,012,100,102,110,120,201,210 s
011,012,101,102,110,120,201,210 am ~ a1, {37 l“’(—f*‘)%)
-
b~ (0021)™ =L b1y, = 0™,
bm = 0"m
— 2 _ 3
40 010,012,100,101,102,110,120,201 am ~ ami1s {35 z(1 3(11+4z)0 227)
= —x
m—1
b~ {c;}ilo, b1i em ~ {eit;—o™ +m5(—1+2m—x2+ac3)
am = 0", by =0"m, (1—=)
cm = 0" m(m — 1)
4T 010,012,100,10T,T02,1T20,20T,2T0 am ~ Amt 1 b1, ., bm;
b~ (0021)™ =1 b ay, = 0™,
,,,,,,,,,,,,,,, by =0™Mm _ _ _ _ _ _ _ _ _ _ 2
010,012,101,102,110,120,201,210 Am ~ Q15 b1y b w(l(*l%t?w )
by~ (b1)™, am = 0™, by, = 0™m v
T2 0T0,0TT,02T,T00,TOT,T02,TT0, T20
010,011,021,100,101,102,110,201
010,011,021,100,101,102,110,210
010,011,021,100,101,102,120,201
010,011,021,100,101,102,120,210
010,011,021,100,101,102,201,210
010,011,021,100,101,110,120,201
010,011,021,100,101,110,120,210
010,011,021,100,101,110,201,210
010,011,021,100,101,120,201,210
010,011,021,100,102,110,120,201
010,011,021,100,102,110,120,210
010,011,021,100,102,110,201,210
010,011,021,100,102,120,201,210
010,011,021,100,110,120,201,210
10,011,021,101,102,110,120,201
010,011,021,101,102,110,120,210
0100011,0211101,1021110:201,210
010,011,021,101,102,120,201
010,011,021,101,110,120,201, 310
010,011,021,102,110,120,201,210 am ~ Gpyt1b1s - bms N T
bm ~ by, ..., bm, am = 07",
by, = 0Mm
I3 0T0,0TT,T00,T0T,T02,T20,20T,2T0
010,011,100,102,110,120,201,210 s o
xz(x®+x“—2x+1
010,011,101,102,110,120,201,210 am ~ _a"’""l’ {bm,i};”:p b;n’j' ~ El—%)u—z) )
(00201 {by g 3T
am = 0", by, ;= om
Ey O0T0,0TT,TO0,TOT, TO2,1TT0,T20,20T
3
1—2x+42x°)
010,011,100,101,102,110,120,210 L {by, 3T x(
, am ~> amy 1, {bm,i}j (1—z)(1—2x)(1—z—x2)
e Abmg1—ji
Cm ~ €Oy, Coy 1,am70
b, =04, cm = 0" m(m — 1) ; 5
2 (x5 4222 —3x+1)
45 010,011,100,101,102,110,201,210 am ~ Gyt {-?'{'i}?; - e
bm,j ~ (0021)7 71 fb,, 37
am = 0™, b, i —o™m;
46 000,0T0,02T,T00,T0T,T02,TT0,T20
000,010,021,100,101,102,110,201
000,010,021,100,101,102,110,210
000,010,021,100,101,102,120,201
000,010,021,100,101,102,120,210
000,010,021,100,101,102,201,210
000,010,021,100,101,110,120,201
000,010,021,100,101,110,120,210
000,010,021,100,101,110,201,210
000,010,021,100,101,120,201,210
000,010,021,100,102,110,120,201
000,010,021,100,102,110,120,210
000,010,021,100,102,110,201,210
000,010,021,100,102,120,201,210
000,010,021,100,110,120,201,210
000,010,021,101,102,110,120,201
0001010,0211101/10211101120,210
000,010,021,101,102,110,201
000,010,021,101,102,120,201; 310
000,010,021,101,110,120,201,210
Cx—222_1_2z_322
000,010,021,102,110,120,201,210 am ~ bm, {a; 3%, 1-z—22 2“ 2z—3z
- x
bm ~ {a;}h
arm —02«»-(m —1)2m, by = amm
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T—2z
a7 010,011,100,101,110,120,201,210 [ — =zll-2s)
, ,101,110, , am ~ am+1 {bm,itiz1i bm,j :j (1—3z+22)(1—a))
(-1 (bm+1 7, 1}17 ,
am =0, by, i =0
18 012,021,100,101,102,120,201,210 am = i1 (01)"‘, 01 =010, 01,
am = 0™
[ 012;021,T007102,T107120,20T2T0 — |~ ' — — — — — — — — — — — — —
012,021,101,102,110,120,201,210 am ~ @y p1, (01)™; 01 ~ (010)2;
010 ~» 010, ay, = 0™
,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 2
z(1—a+2x
012,100,101,102,110,120,201,210 am ~ a1, {b; 372, W
by ~ (010)™,011; 011 ~» 011,
Gy = 0™
49 OTT,02T,TO0,TOT, TO2,TT U,lZU,ZUl
011,021,100,101,102,110,120,210
011,021,100,101,102,120,201,210
_ 5.3
011,021,100,102,110,120,201,210 am ~ amp1. (5370 %
= 22
bm ~> 010, {c; 31 15 em ~ {3y
50 000,021,100,101,102,120,201,210 a0 = 5o, 0T;
am ~ b, {a;}72,002;
01 ~ 010, 011, 002;
bm ~ {ai};'jgl‘ 002; 002 ~ bg, 002;
011 ~» 010, ap, 002,
am = 02 m — IL m, by = amm
,,,,,,,,,,,,,,,,,,,,,,,,,,,, B
000,021,100,102,110,120,201,210 ag ~ b, 01; % — 14
am ~ bm, {a;}]%,002; 23 4t *
01 ~» 010, bg, 002;
bm ~ {a; 371, 002; 002 ~ by, 002;
010 ~ 0101, am = S (m —1)2m,
b = amm
o V1-—22-322
51 000,021,100,101,102,110,201,210 ag ~ b, 01; % — 14
am ~ bm, {a;}T,002; *
01 ~ 010, bg, 01;
bm ~ {a;} 0, 002; 002 ~ by, 002,
am:02«--(m—1)2m, by = amm
2 — 3y 2 _ 3.3
52 011,021,101,102,110,120,201,210 am ~ a1, {b; 3 z tl 31;“(1 23; )
bm ~ 010, {c; }T,, 010; ” ”
em ~ {c;}j2 45, 010; 010 ~ 010,
am = 0™, by = 0™1, cpy = 012
53 011,021,100,101,102,110,201,210 am ~ A1y 101 1ieqs
b~ 010, {b;}72 1, am = 0™,
by = 0™M1
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 5
z(z2—z+1)
011,100,101,102,110,120,201,210 am ~ a1, {bm,i}gi ; bm,j.w Too)d—3)
o s
(010)7 ey —js {bm—j ity
em ~ emy {bm_1,i}ieq s
am = 0", by, j =0T, ey =012
2
54 000,021,100,101,110,120,201,210 ag ~ bg, 01; 1*4; —zZ
am ~ bm, {a;}]Lq,002; ) -
5 i= (1+z—22)/1—22—3x
01 ~ (bg)<, 002; 2@
bm ~ {a;} 0, 002; 002 ~ by, 002,
am =02 (m —12m, by, = amm
55 000,100,101, 102,110,120,201,210e TTheorem 21
— )
56 011,021,100,101,110,120,201,210 am ~ g1 {037 %
b ~ {b;}7L,,012; 012 ~ 012, * ®
am =0, by, =01
57 010,02T,T00,10T,T02,TT0,120,20T
010,021,100,101,102,110,120,210
010,021,100,101,102,110,201,210
010,021,100,101,102,120,201,210
010,021,100,101,110,120,201,210
010,021,100,102,110,120,201,210
010,021,101,102,110,120,201,210 am ~ {a;}mF ap = 0™ 1=2e-/1-dz
58 010,100,101,102,110,120,201,210e am ~ Gt 1 Gmo (b, i g z(1 4+ «5C3)C?,
bm,j ~ c=1=vi-dz
? . - 2z
-1
(0021)7 ’am+f G Amt1—j
m L
{b7n+1 ]z} + I am =0m
by g =07
59 012,02T,T00,T0T,T02,TT0,T20,20T
012,021,100,101,102,110,120,210
012]021,100,101,102,110,201,210
3 5.2,
012,021,100,101,110,120,201,210 am ~ apyp1, (01)™, 01 ~ 010, 011; z(z 129‘ +x—1)
011 ~ 011 (1—=z)
60 000,02T,T00,TOT, LIT0,T20,20T
000.031,100,101'103.110,150,510
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Continuation of Table 4
No. B Rules of T(B) Fp(x)

1—z—/1-2z—3z2

3

000,021,101,102,110,120,201,210 ag ~ bg, 01; 1 14
P
am ~ bm, {a; }I% 002
01 ~ 010, by, 002;
b~ {a;}THL, 002; 002 ~ by, 002,
am =02 (m = 12m, by, = apm
— /1= 3
61 021,100,101,102,110,120,201,210 am = Qg1 {05371 It 1y (em?
= E —x

bm ~ 010, {¢;}72,,012;
em ~ {e; 3t 0125 012 — ¢, 012,

Ay = 0", by, = 01, ¢y = 011
End of Table 4

Theorem 17. Let B, = {000,010, 100,101,102,110,120,7}. Then Bay L Bo1g.
Moreover, the generating function Fp,,, (x) is given by

1— 2% — 423 — 7ot — 525 — 225 — (1 + = + 222 + 223 + 2%)V/1 — 22 — 322
223(1 + ) (22 4 22 + 2) ’

Proof. From the fact that the generating trees are isomorphic, it remains to find the
generating function Fg,, (z). According to Class 24 in Table 4, define A,, ;(z) (re-
spectively, By, (x), Cy,(x)) to be the generating function for the number of nodes at
level n > 0 for the subtree of T (Bao1; am,;) (respectively, T (Bao1;bm), T (B201; ¢m)),
where its root stays at level 0. Thus,

j—m 4m—27
Apj(x)=z+z Z Bi(z) + 2Cop—; + Z Ao s(x),
i=1 i=2m—j

Bulz)=a 2y Bilo)

2m—+2

Cpn(z)=z+=z Z Apyi,s(x).

1=m-+1

Clearly, By, () = 2(1 + )™ for all m > 1. Let Ay, (z) = 2" Ay, j(2). Then

Ap(z) = (m + 1)z + 22 Z(m +1-9)(1+z)" + xZ(AZ(J:) + Ci(z)),
i=1 i=0

Cp(z) =2+ 2Am_1(x).

Define A(v) = 32,50 Am(@)v™ and C(v) = >°, 5o Cm(z)v™. Then, the above
recurrence can be written as

T L&
I-v)(1-v—vx) 1-—vw
x x

Clv) = 7+ L(A(0) - A(0)).

A(v) = (C(v) + A(v)),
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Thus,
x x x x
A(v) = —(A(v) — A(0 A .
) (1—v)(1—v—va:)+1—v(1—v+v( ) 0) + (v))
By taking v = 1=g=vi-2z-327 W and solving for A(0), we complete the proof. O

Theorem 18. Let

By = {000,010, 100, 101, 102, 120, 201, 210},
B, = {000,010, 100,102, 110, 120, 201, 210},
Bs = {000,010, 101,102, 110, 120, 201, 210}.

Then, for j =1,2,3,
C1-2z—a2*+2° — (1 —2)V1— 2z — 322

x2

Fp, ()

Proof. Since the proof of the cases are similar, we only present the details of the
case By. According to Class 25 in Table 4, define A,, ;j(z) (respectively, By, ;j(z))
to be the generating function for the number of nodes at level n > 0 for the subtree
of T(B1;am,;) (respectively, T(B1;bm,;)), where its root stays at level 0. Thus,

Apj(z) =2+ (j —m)2® + 2By, j(2) + zA2m—;(z),
Brm,j(x) =z + (j — m)a® + xAzmy1-5(2),

where A, (z) = 2" A, i(z) and By, (z) = 327" By;(x). Then

i=m i=m

m+1\ o =
Am(x):(m+1)93+< ) ) FeBa e AL
m—+1

B, () =(m+ 1z + <m;— 1>x2 +aB,, +zx Z Ai(z).
i=1

Define A(v) = >, 50 Am(z)v™ and B(v) = > <o Bn(x)v™. Then, the above
recurrences lead to

Crz(l4z)(vz —v+1)  z(l+x) x? x?
Afr) = TS T A ) + - (AW) - A0) - £ A).
By taking v = 1=2=V1=20=32% a3 solving for A(0), we complete the proof. O

Theorem 19. Let B = {000,010, 100, 101,102,110, 201, 210}. Then,

Fo) = 1-2r—22+2% -2 — (1 —2—23)V1 - 22 — 322
B 202(1 + ) '
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Proof. According to Class 26 in Table 4, define A,, j(z) (respectively, By, (z)) to
be the generating function for the number of nodes at level n > 0 for the subtree
of T(B;am,;) (respectively, T(B;by,)), where its root stays at level 0. Thus,

2m
Am,j (1:) =+ (] — m)x2 + .IBQm_j (l’) +x Z A7n7i(lli),
=3

2m—+42

Bmﬂ'(l‘) =xr+x Z Am+17i(l‘).

i=m-+1

Define A(v,u) =3, 5 Z?Zm A j(z)u™ 0™ and B(v) = 3 <o Bm(z)v™. The
above recurrences give

(1 — uv + uox) x x
Alw) = B A(v,1) —uA
(1) = T T B + T (A1) — A (v, ),
x x
By taking u = ﬁ and then v = l=z=v1-2w-3z® ”2_2””_3“2 and solving for A(0,1), we
complete the proof. O

Theorem 20. Let B = {000,010, 100,101,110, 120,201, 210}. Then,

vo(l + = — wvp)

FB(x) - ZL’(]. — U(]) ’

where vg = 2+ 23 +3x*+- -+ is the root of the polynomial v(1—v)? —vz(l—v)—z.

Proof. According to Class 26 in Table 4, define A,, ;(x) (respectively, B,,(z)) to
be the generating function for the number of nodes at level n > 0 for the subtree
of T(B;am,;) (respectively, T(B;by,)), where its root stays at level 0. Thus,

4m—2j
Ap (@) =2+ (j+1=m)aBom_j(@) +2 Y Agmji(2),
i=2m—j
2m—+2
By (z)=z+=z Z Apt,i(x).
i=m-+1

Define A(v) = 3,5 Z?:m Apj(x)v™ and B(v) = 32, 5o Bm(2)v™. Then, the
above recurrences lead to

Av) = ﬁ (1 o+ S (AW) - A(O))) +

—v

X

A(v).

1—w

Let vg = 22+ 2% +32% + - -+ be the root of the polynomial v(1 —v)? — vz (1 —v) —z.
Then, by taking v = vy, we complete the proof. O
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Theorem 21. Let B = {000,100, 101,102,110, 120,201, 210}. Then

Fi(a) 2 -2z — 522 — 2% — (2 — 2%)V1 — 22 — 322
x) = .
B 222(1+ )

Proof. The rules of the generating tree 7 (B) are given by

Am ~ bma Cm,m+17 ceey Cm,2m+17
bm ~* Am4-15 Cmym4-15 - -+ Cm 2m+1,

Cm.j ~ (010)77™ b i\ C ; ; c j j
m,j s 2m+41—35, C2m+1—j5,2m+2—355 - - - » C2m+1—35,4m+3-2j5-

Define A,,(x) (respectively, B, (z),Cp, ;(z)) to be the generating function for the
number of nodes at level n > 0 for the subtree of T(B; an,) (respectively, T (B;by,),
T(B;cm,j)), where its root stays at level 0. Thus,

2m—+1
Am(x) =2+ 2Bn(z) + Z Chn.i(x),
1=m-+1
2m—+1
Bn(x) =2+ xAnt1(z) +x Z Ch.i(x),
i=m-+1
4m+3—2;
Crmj(z) =2+ (j —m)2® + 2Byms1—j(@) +2 Y Comi1—ji().
i=2m+2—j

Define C,,(z) = Zf;”;;l_l Cri(x). Then Cp, j(z) =2+ (5 —m)a? +2Bopmi1—j(x)+
2Com41—;(x), which leads to Cp, (z) = (m+ 1)z + ("] )22 +2 31 (Bi(2) + Ci(2)).
Hence,

Ap(z) = 2+ 2By (x) + 20 (2),

Bn(z) =z + xAni1 () + 2Ch(2),

m

Con() = (m + 1)z + (m; 2) 2 +2 > (By(x) + Ci(x)).
=0

Define f(v) =>_,,5¢ fm(2)v™ for f € {A, B,C}. Then, the above recurrences lead
to

A(v) = T + zB(v) + 2C(v),
B(v) = - + = (A(v) — A(0)) +2C(v),
C) = Top + a1y B0 +C0).

By taking v = 1=g=v1i-2z-327 ”2_2’”_3“”2 and solving for A(0), we complete the proof. O
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7. d-Tables, Where d = 9,10,11,12

In this section, we show that wg = 35, w19 = 21, wy; = 10, and wyy = 4 (of course,
w1s = 1). By our procedure, we present the generating functions for all of the wy I-
Wilf-equivalences. Actually, we see that there is only 1 set among Z;ig (15) sets of
d length-3 patterns with d = 9,10, 11, 12, 13 that cannot be reduced to a smaller set
of length-3 patterns. In Tables 5-8, we present all the distinct I-Wilf-equivalences of
sets of d = 9,10,11, 12, length-3 patterns, respectively. Due to the similarity with

the work in previous sections, we omit all the proofs.

Table 5: Succession rules for the generating trees 7(B) and generating functions
Fp(z), where B C P3 and |B| =9.

Beginning of Table 5
No. B Rules of T(B) Fp(x)
T 000,001,010,011,012,021,100,101,102
000,001,010,011,012,021,100,101,110
000,001,010,011,012,021,100,101,120
000,001,010,011,012,021,100,101,201
000,001,010,011,012,021,100,101,210
000,001,010,011,012,021,100,102,110
000,001,010,011,012,021,100,102,120
000,001,010,011,012,021,100,102,201
000,001,010,011,012,021,100,102,210
000,001,010,011,012,021,100,110,120
000,001,010,011,012,021,100,110,201
000,001,010,011,012,021,100,110,210
000,001,010,011,012,021,100,120,201
000,001,010,011,012,021,100,120,210
000,001,010,011,012,021,100,201,210
000,001,010,011,012,021,101,102,110
000,001,010,011,012,021,101,102,120
000,001,010,011,012,021,101,102,201
000,001,010,011,012,021,101,102,210
000,001,010,011,012,021,101,110,120
000,001,010,011,012,021,101,110,201
000,001,010,011,012,021,101,110,210
000,001,010,011,012,021,101,120,201
000,001,010,011,012,021,101,120,210
000,001,010,011,012,021,101,201,210
000,001,010,011,012,021,102,110,120
000,001,010,011,012,021,102,110,201
000,001,010,011,012,021,102,110,210
000,001,010,011,012,021,102,120,201
000,001,010,011,012,021,102,120,210
000,001,010,011,012,021,102,201,210
000,001,010,011,012,021,110,120,201
000,001,010,011,012,021,110,120,210
000,001,010,011,012,021,110,201,210
000,001,010,011,012,021,120,201,210
000,001,010,011,012,100,101,102,110
000,001,010,011,012,100,101,102,120
000,001,010,011,012,100,101,102,201
000,001,010,011,012,100,101,102,210
000,001,010,011,012,100,101,110,120
000,001,010,011,012,100,101,110,201
000,001,010,011,012,100,101,110,210
000,001,010,011,012,100,101,120,201
000,001,010,011,012,100,101,120,210
000,001,010,011,012,100,101,201,210
000,001,010,011,012,100,102,110,120
000,001,010,011,012,100,102,110,201
000,001,010,011,012,100,102,110,210
000,001,010,011,012,100,102,120,201
000,001,010,011,012,100,102,120,210
000,001,010,011,012,100,102,201,210
000,001,010,011,012,100,110,120,201
000,001,010,011,012,100,110,120,210
000,001,010,011,012,100,110,201,210
000,001,010,011,012,100,120,201,210
000,001,010,011,012,101,102,110,120
000,001,010,011,012,101,102,110,201
000,001,010,011,012,101,102,110,210
000,001,010,011,012,101,102,120,201
000,001,010,011,012,101,102,120,210
000,001,010,011,012,101,102,201,210
000,001,010,011,012,101,110,120,201
000,001,010,011,012,101,110,120,210
000,001,010,011,012,101,110,201,210
000,001,010,011,012,101,120,201,210
000,001,010,011,012,102,110,120,201
000,001,010,011,012,102,110,120,210
000,001,010,011,012,102,110,201,210
000,001,010,011,012,102,120,201,210
000,001,010,011,012,110,120,201,210 0 ~ (00)2 z + 222
2 000,001,010,012,021,100,101,102,110
000,001,010,012,021,100,101,102,120
000,001,010,012,021,100,101,102,201
000,001,010,012,021,100,101,102,210
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Continuation of Table 5

B

Rules of T(B)

Fp (@)

000,001,010,012,021,100,101,110,120
000,001,010,012,021,100,101,110,201
000,001,010,012,021,100,101,110,210
000,001,010,012,021,100,101,120,201
000,001,010,012,021,100,101,120,210
000,001,010,012,021,100,101,201,210
000,001,010,012,021,100,102,110,120
000,001,010,012,021,100,102,110,201
000,001,010,012,021,100,102,110,210
000,001,010,012,021,100,102,120,201
000,001,010,012,021,100,102,120,210
000,001,010,012,021,100,102,201,210
000,001,010,012,021,100,110,120,201
000,001,010,012,021,100,110,120,210
000,001,010,012,021,100,110,201,210
000,001,010,012,021,100,120,201,210
000,001,010,012,021,101,102,110,120
000,001,010,012,021,101,102,110,201
000,001,010,012,021,101,102,110,210
000,001,010,012,021,101,102,120,201
000,001,010,012,021,101,102,120,210
000,001,010,012,021,101,102,201,210
000,001,010,012,021,101,110,120,201
000,001,010,012,021,101,110,120,210
000,001,010,012,021,101,110,201,210
000,001,010,012,021,101,120,201,210
000,001,010,012,021,102,110,120,201
000,001,010,012,021,102,110,120,210
000,001,010,012,021,102,110,201,210
000,001,010,012,021,102,120,201,210
000,001,010,012,021,110,120,201,210
000,001,010,012,100,101,102,110,120
000,001,010,012,100,101,102,110,201
000,001,010,012,100,101,102,110,210
000,001,010,012,100,101,102,120,201
000,001,010,012,100,101,102,120,210
000,001,010,012,100,101,102,201,210
000,001,010,012,100,101,110,120,201
000,001,010,012,100,101,110,120,210
000,001,010,012,100,101,110,201,210
000,001,010,012,100,101,120,201,210
000,001,010,012,100,102,110,120,201
000,001,010,012,100,102,110,120,210
000,001,010,012,100,102,110,201,210
000,001,010,012,100,102,120,201,210
000,001,010,012,100,110,120,201,210
000,001,010,012,101,102,110,120,201
000,001,010,012,101,102,110,120,210
000,001,010,012,101,102,110,201,210
000,001,010,012,101,102,120,201,210
000,001,010,012,101,110,120,201,210
000,001,010,012,102,110,120,201,210
000,001,011,012,021,100,101,102,110
000,001,011,012,021,100,101,102,120
000,001,011,012,021,100,101,102,201
000,001,011,012,021,100,101,102,210
000,001,011,012,021,100,101,110,120
000,001,011,012,021,100,101,110,201
000,001,011,012,021,100,101,110,210
000,001,011,012,021,100,101,120,201
000,001,011,012,021,100,101,120,210
000,001,011,012,021,100,101,201,210
000,001,011,012,021,100,102,110,120
000,001,011,012,021,100,102,110,201
000,001,011,012,021,100,102,110,210
000,001,011,012,021,100,102,120,201
000,001,011,012,021,100,102,120,210
000,001,011,012,021,100,102,201,210
000,001,011,012,021,100,110,120,201
000,001,011,012,021,100,110,120,210
000,001,011,012,021,100,110,201,210
000,001,011,012,021,100,120,201,210
000,001,011,012,021,101,102,110,120
000,001,011,012,021,101,102,110,201
000,001,011,012,021,101,102,110,210
000,001,011,012,021,101,102,120,201
000,001,011,012,021,101,102,120,210
000,001,011,012,021,101,102,201,210
000,001,011,012,021,101,110,120,201
000,001,011,012,021,101,110,120,210
000,001,011,012,021,101,110,201,210
000,001,011,012,021,101,120,201,210
000,001,011,012,021,102,110,120,201
000,001,011,012,021,102,110,120,210
000,001,011,012,021,102,110,201,210
000,001,011,012,021,102,120,201,210
000,001,011,012,021,110,120,201,210
000,001,011,012,100,101,102,110,120
000,001,011,012,100,101,102,110,201
000,001,011,012,100,101,102,110,210
000,001,011,012,100,101,102,120,201
000,001,011,012,100,101,102,120,210
000,001,011,012,100,101,102,201,210
000,001,011,012,100,101,110,120,201
000,001,011,012,100,101,110,120,210
000,001,011,012,100,101,110,201,210
000,001,011,012,100,101,120,201,210
000,001,011,012,100,102,110,120,201
000,001,011,012,100,102,110,120,210
000,001,011,012,100,102,110,201,210
000,001,011,012,100,102,120,201,210
000,001,011,012,100,110,120,201,210
000,001,011,012,101,102,110,120,201
000,001,011,012,101,102,110,120,210
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Continuation of Table 5

No.

B

Rules of T(B)

Fp (@)

000,001,001
000,001,01
000,001,01

000,001,01

S0T2,10)
,012,10]
;012,10

,012,10]|

"T02,110,201,210
[1,102,120,201,210
1,110,120,201,210

2,110,120,201,210

0 ~ 00,01; 01

~> 00

(1 + )2

000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01

000,001,01
- 000,0T0,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01

000,010,01

021,10
1021,10]
;021,10
,021,10]
,021,10]
,021,10]
;021,10
1021,10]
,021,10]
,021,10]
;021,10
;021,10
,021,10]
,021,10]
;021,10
1100,10]
;100,10
;100,10
1100,10]
;100,10

,101,10]
FoT2,02)
,012,02]
;012,02
;012,02
,012,02]
,012,02]
;012,02
;012,02
,012,02]
,012,02]
1012,02]
;012,02
,012,02]
,012,02]
1012,02]
;012,02
,012,02]
,012,02]
1012,02]
;012,02
,012,02]
,012,02]
,012,02f
;012,02
,012,02]
,012,02]
,012,02f
;012,02
,012,02]
,012,02]
,012,02]
;012,02
1012,02]
,012,02]

,012,02]

.T01,102,110,120
1101,102,110,201
1101,102,110,210
1101,110,120,201
;101,110,120,210
;101,110,201,210
1102,110,120,201
1102,110,120,210
1102,110,201,210
;110,120,201,210

1,102,110,120,201

1,102,110,120,210
1,102,110,201,210

[1,110,120,201,210

,110,120,201,210

1,102,110,120,201

1,102,110,120,210

[1,102,110,201,210

1,110,120,201,210

,110,120,201,210

R,110,120,201,210
r;100,T0T;102,T10°
[1,100,101,102,120
1,100,101,102,201
1,100,101,102,210
1,100,101,110,120
[1,100,101,110,201
1,100,101,110,210
1,100,101,120,201
1,100,101,120,210
[1,100,101,201,210
1,100,102,110,120
1,100,102,110,201
1,100,102,110,210
[1,100,102,120,201
1,100,102,120,210
1,100,102,201,210
1,100,110,120,201
[1,100,110,120,210
1,100,110,201,210
1,100,120,201,210
1,101,102,110,120
1,101,102,110,201
[1,101,102,110,210
1,101,102,120,201
1,101,102,120,210
[1,101,102,201,210
[1,101,110,120,201
1,101,110,120,210
1,101,110,201,210
[1,101,120,201,210
[1,102,110,120,201
1,102,110,120,210
1,102,110,201,210
1,102,120,201,210

1,110,120,201,210

0 ~ 00,01; 01

0 ~» 00, 01; 00

~ (01)2

@ 4 222 4

000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01

- 000;0T0,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01

000,010,01

021,10
,021,10]
,021,10]
102110
;021,10
,021,10]
;100,10

[;O0T2,T0|

,012,10]
;012,10
;012,10
101210
,012,10]

,012,10

.101,102,120,201
1101,102,120,210
0,101,102,201,210

1101,120,201,210

1102,120,201,210
1,102,120,201,210
[1,102,120,201,210

07101,T02;1T0,T20°
1101,102,110,201
;101,102,110,210
1101,102,120,201
1101,102,120,210
1101,102,201,210
1101,110,120,201
1101,110,120,210
1101,110,201,210
1101,120,201,210
1102,110,120,201
;102,110,120,210
1102,110,201,210
1102,120,201,210
1110,120,201,210
[1,102,110,120,201
1,102,110,120,210
1,102,110,201,210
1,102,120,201,210
[1,110,120,201,210

2,110,120,201,210

0 ~» 00, 01; 01

0 ~» 00, 01; 00
002 ~ 01

~ 00, 011;

~+ 01, 002;

@ + 222 4

2z3 —+ m4

000,01T,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01

S02T,10)

"T0T,102,110,120
1101,102,110,201
1101,102,110,210
1101,102,120,201
1101,102,120,210
1101,102,201,210
1101,110,120,201
1101,110,120,210
;101,110,201,210
;101,120,201,210
1102,110,120,201
1102,110,120,210

,021,10]

;102,110,201,210
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B
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000,01T,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01

000,011,01

J021,10p,102,120,201,210
1021,100,110,120,201,210
7021,10[1,102,110,120,201
1021,10[1,102,110,120,210
1021,10[1,102,110,201,210
,021,10[1,102,120,201,210
1021,10[1,110,120,201,210

,021,108,110,120,201,210

0 ~ 00, 01; 00|~ (001)2;

01 ~ 001

z + 222 4

000,01T,01
000,011,01
000,011,01
000,011,01
000,011,01
000,011,01

000,011,01

~T00, 10,102, 110,120,207
1100,10[1,102,110,120,210
1100,10[1,102,110,201,210
1100,10[1,102,120,201,210
1100,10[1,110,120,201,210
1100,10p,110,120,201,210

,101,10R2,110,120,201,210

0 ~ 00,01; 00|~ 01, 001;
001

01 ~~»

z + 222 4

3:53 + ac4

000,010,071
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01
000,010,01

000,010,01

J02T,T0p, 10T, 102,110,120
1021,100,101,102,110,201
1021,100,101,102,110,210
,021,100,101,102,120,201
1021,100,101,102,120,210
1021,100,101,102,201,210
,021,100,101,110,120,201
1021,100,101,110,120,210
1021,100,101,110,201,210
1021,100,101,120,201,210
;021,100,102,110,120,201
1021,100,102,110,120,210
,021,100,102,110,201,210
1102,120,201,210
1021,100,110,120,201,210
,021,10[1,102,110,120,201
,021,10[1,102,110,120,210
7021,10[1,102,110,201,210
1021,10[1,102,120,201,210
1021,10[1,110,120,201,210

,021,108,110,120,201,210

0 ~ 00, 01; 00|~ (01)2;
01 ~ 011

@ + 222 4

303 + 224

000,010,01
000,010,01
000,010,01
000,010,01

000,010,01

7T00,10[[,102,110,120,201
1100,10[1,102,110,120,210
,100,10[1,102,110,201,210
,100,10[1,110,120,201,210

,100,10R2,110,120,201,210

0 ~» 00, 01; 00|~ 01, 002;
01 ~ 011; 002|~ (011)2

z + 222

323 + 324

000,0T0,0T
000,010,01

,100,10[T,T02,120,201,2T0
,101,10p2,110,120,201,210

0 ~» 00, 01; 00|~ 01, 002;
01 ~ 011; 002~ 01,011

@ + 222 4

323 4 324 4+ 25

000,012,02
000,012,02
000,012,02
000,012,02

000,012,02

~T00,10[[,102,110,120,20T
,100,10[1,102,110,120,210
,100,10[1,102,110,201,210
1100,10[1,110,120,201,210

,101,108,110,120,201,210

0 ~ 00, 01; 00|~ (001)2;

01 ~ (010)2;

z + 222 4

423 4 224

000,012,02

000,012,10:!

,100,10[1,102,120,201,210

[,100,10[2,110,120,201,210

),101,1082,110,120,201,210

0 ~ 00, 01; 00|~ (001)Z;

01 ~»010,0014 001 ~» 010 _
0 ~ 00, 01; 00|~ (001)Z;

0113 001 ~» 11

0 ~ 00, 01; 00|~ 001, 01;

01 ~~ 001

01 ~ (010)2;

z + 222

423 4 324

000,001,071
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01
000,001,01

JOTT,021,100,101,102,110
7011,02]1,100,101,102,120
;011,02[1,100,101,102,201
,011,02]1,100,101,102,210

1101,102,110,210
,101,102,120,201
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000,001,010,011,100,101,102,120,210
000,001,010,011,100,101,102,201,210
000,001,010,011,100,101,110,120,201
000,001,010,011,100,101,110,120,210
000,001,010,011,100,101,110,201,210
000,001,010,011,100,101,120,201,210
000,001,010,011,100,102,110,120,201
000,001,010,011,100,102,110,120,210
000,001,010,011,100,102,110,201,210
000,001,010,011,100,102,120,201,210
000,001,010,011,100,110,120,201,210
000,001,010,011,101,102,110,120,201
000,001,010,011,101,102,110,120,210
000,001,010,011,101,102,110,201,210
000,001,010,011,101,102,120,201,210
000,001,010,011,101,110,120,201,210
000,001,010,011,102,110,120,201,210

[ 00T,0T0,011,012,021,100,T0T,102,T10°

001,010,011,012,021,100,101,102,120
001,010,011,012,021,100,101,102,201
001,010,011,012,021,100,101,102,210
001,010,011,012,021,100,101,110,120
001,010,011,012,021,100,101,110,201
001,010,011,012,021,100,101,110,210
001,010,011,012,021,100,101,120,201
001,010,011,012,021,100,101,120,210
001,010,011,012,021,100,101,201,210
001,010,011,012,021,100,102,110,120
001,010,011,012,021,100,102,110,201
001,010,011,012,021,100,102,110,210
001,010,011,012,021,100,102,120,201
001,010,011,012,021,100,102,120,210
001,010,011,012,021,100,102,201,210
001,010,011,012,021,100,110,120,201
001,010,011,012,021,100,110,120,210
001,010,011,012,021,100,110,201,210
001,010,011,012,021,100,120,201,210
001,010,011,012,021,101,102,110,120
001,010,011,012,021,101,102,110,201
001,010,011,012,021,101,102,110,210
001,010,011,012,021,101,102,120,201
001,010,011,012,021,101,102,120,210
001,010,011,012,021,101,102,201,210
001,010,011,012,021,101,110,120,201
001,010,011,012,021,101,110,120,210
001,010,011,012,021,101,110,201,210
001,010,011,012,021,101,120,201,210
001,010,011,012,021,102,110,120,201
001,010,011,012,021,102,110,120,210
001,010,011,012,021,102,110,201,210
001,010,011,012,021,102,120,201,210
001,010,011,012,021,110,120,201,210
001,010,011,012,100,101,102,110,120
001,010,011,012,100,101,102,110,201
001,010,011,012,100,101,102,110,210
001,010,011,012,100,101,102,120,201
001,010,011,012,100,101,102,120,210
001,010,011,012,100,101,102,201,210
001,010,011,012,100,101,110,120,201
001,010,011,012,100,101,110,120,210
001,010,011,012,100,101,110,201,210
001,010,011,012,100,101,120,201,210
001,010,011,012,100,102,110,120,201
001,010,011,012,100,102,110,120,210
001,010,011,012,100,102,110,201,210
001,010,011,012,100,102,120,201,210
001,010,011,012,100,110,120,201,210
001,010,011,012,101,102,110,120,201
001,010,011,012,101,102,110,120,210
001,010,011,012,101,102,110,201,210
001,010,011,012,101,102,120,201,210
001,010,011,012,101,110,120,201,210

001,010,011,012,102,110,120,201,210

0 ~» 00,01; 01 ~ 01

0 ~» 00, 01; 00 ~» 00

1—x

13

00T,011,012,021,100,101,102,110,120
001,011,012,021,100,101,102,110,201
001,011,012,021,100,101,102,110,210
001,011,012,021,100,101,102,120,201
001,011,012,021,100,101,102,120,210
001,011,012,021,100,101,102,201,210
001,011,012,021,100,101,110,120,201
001,011,012,021,100,101,110,120,210
001,011,012,021,100,101,110,201,210
001,011,012,021,100,101,120,201,210
001,011,012,021,100,102,110,120,201
001,011,012,021,100,102,110,120,210
001,011,012,021,100,102,110,201,210
001,011,012,021,100,102,120,201,210
001,011,012,021,100,110,120,201,210
001,011,012,100,101,102,110,120,201
001,011,012,100,101,102,110,120,210
001,011,012,100,101,102,110,201,210
001,011,012,100,101,102,120,201,210
001,011,012,100,101,110,120,201,210
001,011,012,100,102,110,120,201,210
T00,001,011,021,T00,101,T0Z,1T0,T20"
000,001,011,021,100,101,102,120,201
000,001,011,021,100,101,102,120,210
000,001,011,021,100,101,110,120,201
000,001,011,021,100,101,110,120,210
000,001,011,021,100,101,120,201,210
000,001,011,021,100,102,110,120,201
000,001,011,021,100,102,110,120,210
000,001,011,021,100,102,120,201,210
000,001,011,021,100,110,120,201,210

0 ~» 00, 01; 00 ~ 00; 01 ~» 010
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B
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Fp (@)

000,001,011,021,101,102,110,120,201
000,001,011,021,101,102,110,120,210
000,001,011,021,101,102,120,201,210
000,001,011,021,101,110,120,201,210
000,001,011,021,102,110,120,201,210
000,001,011,100,101,102,110,120,201
000,001,011,100,101,102,110,120,210
000,001,011,100,101,102,120,201,210
000,001,011,100,101,110,120,201,210
000,001,011,100,102,110,120,201,210

000,001,011,101,102,110,120,201,210

0 ~» 00, 01; 01 ~= 00, 012;
012 ~~ 012

22 + 23 +

x
1—=z

14

T

000,001,010,021,100,101,102,110,120
000,001,010,021,100,101,102,110,201
000,001,010,021,100,101,102,110,210
000,001,010,021,100,101,102,120,201
000,001,010,021,100,101,102,120,210
000,001,010,021,100,101,102,201,210
000,001,010,021,100,101,110,120,201
000,001,010,021,100,101,110,120,210
000,001,010,021,100,101,110,201,210
000,001,010,021,100,101,120,201,210
000,001,010,021,100,102,110,120,201
000,001,010,021,100,102,110,120,210
000,001,010,021,100,102,110,201,210
000,001,010,021,100,102,120,201,210
000,001,010,021,100,110,120,201,210
000,001,010,021,101,102,110,120,201
000,001,010,021,101,102,110,120,210
000,001,010,021,101,102,110,201,210
000,001,010,021,101,102,120,201,210
000,001,010,021,101,110,120,201,210
000,001,010,021,102,110,120,201,210
000,001,010,100,101,102,110,120,201
000,001,010,100,101,102,110,120,210
000,001,010,100,101,102,110,201,210
000,001,010,100,101,102,120,201,210
000,001,010,100,101,110,120,201,210
000,001,010,100,102,110,120,201,210
000,001,010,101,102,110,120,201,210
000,001,011,021,100,101,102,110,201
000,001,011,021,100,101,102,110,210
000,001,011,021,100,101,102,201,210
000,001,011,021,100,101,110,201,210
000,001,011,021,100,102,110,201,210
000,001,011,021,101,102,110,201,210
000,001,011,100,101,102,110,201,210

00T,0T0,011,021,T00,101,T02,1T0,T200 | — — — — — — — — = = — = 7 1

001,010,011,021,100,101,102,110,201
001,010,011,021,100,101,102,110,210
001,010,011,021,100,101,102,120,201
001,010,011,021,100,101,102,120,210
001,010,011,021,100,101,102,201,210
001,010,011,021,100,101,110,120,201
001,010,011,021,100,101,110,120,210
001,010,011,021,100,101,110,201,210
001,010,011,021,100,101,120,201,210
001,010,011,021,100,102,110,120,201
001,010,011,021,100,102,110,120,210
001,010,011,021,100,102,110,201,210
001,010,011,021,100,102,120,201,210
001,010,011,021,100,110,120,201,210
001,010,011,021,101,102,110,120,201
001,010,011,021,101,102,110,120,210
001,010,011,021,101,102,110,201,210
001,010,011,021,101,102,120,201,210
001,010,011,021,101,110,120,201,210
001,010,011,021,102,110,120,201,210
001,010,011,100,101,102,110,120,201
001,010,011,100,101,102,110,120,210
001,010,011,100,101,102,110,201,210
001,010,011,100,101,102,120,201,210
001,010,011,100,101,110,120,201,210
001,010,011,100,102,110,120,201,210
001,010,011,101,102,110,120,201,210
001,010,012,021,100,101,102,110,120
001,010,012,021,100,101,102,110,201
001,010,012,021,100,101,102,110,210
001,010,012,021,100,101,102,120,201
001,010,012,021,100,101,102,120,210
001,010,012,021,100,101,102,201,210
001,010,012,021,100,101,110,120,201
001,010,012,021,100,101,110,120,210
001,010,012,021,100,101,110,201,210
001,010,012,021,100,101,120,201,210
001,010,012,021,100,102,110,120,201
001,010,012,021,100,102,110,120,210
001,010,012,021,100,102,110,201,210
001,010,012,021,100,102,120,201,210
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00T,010,012,021,100,110,120,201,210
001,010,012,021,101,102,110,120,201
001,010,012,021,101,102,110,120,210
001,010,012,021,101,102,110,201,210
001,010,012,021,101,102,120,201,210
001,010,012,021,101,110,120,201,210
001,010,012,021,102,110,120,201,210
001,010,012,100,101,102,110,120,201
001,010,012,100,101,102,110,120,210
001,010,012,100,101,102,110,201,210
001,010,012,100,101,102,120,201,210
001,010,012,100,101,110,120,201,210
001,010,012,100,102,110,120,201,210
001,010,012,101,102,110,120,201,210
001,011,012,021,101,102,110,120,201
001,011,012,021,101,102,110,120,210
001,011,012,021,101,102,110,201,210
001,011,012,021,101,102,120,201,210
001,011,012,021,101,110,120,201,210
001,011,012,021,102,110,120,201,210

001,011,012,101,102,110,120,201,210

0 ~ (00)2; 00 ~ 00

202
i—=w

x +

15

000,001,021,100,101,102,110,120,201
000,001,021,100,101,102,110,120,210
000,001,021,100,101,110,120,201,210
000,001,021,100,102,110,120,201,210

000,001,021,101,102,110,120,201,210

[ 00T;0T1,021;100,T01;102,T10,120,20T

001,011,021,100,101,102,110,120,210
001,011,021,100,101,102,120,201,210
001,011,021,100,101,110,120,201,210
001,011,021,100,102,110,120,201,210
001,011,100,101,102,110,120,201,210
001,012,021,100,101,102,110,120,201
001,012,021,100,101,102,110,120,210
001,012,021,100,101,102,110,201,210
001,012,021,100,101,110,120,201,210
001,012,021,100,102,110,120,201,210

001,012,100,101,102,110,120,201,210

0 ~ 00,01; 01 ~ (00)2,012;
012 ~ 00, 012

0 ~ 00,01; 00 ~» 00;
01 ~ 010, 00

2
@423 4 220

16

000,001,021,100,101,102,120,201,210

0 ~» 00, 01; 01 ~» 00,011, 012;
011 ~ 00; 012 ~ 00, 012

P
w+z3+z4+12fz

17

000,001,021,100,101,102,110,201,210
000,001,100,101,102,110,120,201,210

[ 00T,0T1,021,100,T01,102,T10,201,210 |

001,012,021,100,101,102,120,201,210
TOT;0T1,021;101,T02;1T0,T20;201, 210"
001,012,021,101,102,110,120,201,210

0 ~ 00,01; 01 ~ (00)2, 01

0 ~ 00, 01; 00 ~ 00; 01 ~ (00)2

23
@ 4222 4 $25

T

000,010,011,021,100,101,102,110,120
000,010,011,021,100,101,102,110,201
000,010,011,021,100,101,102,110,210
000,010,011,021,100,101,102,120,201
000,010,011,021,100,101,102,120,210
000,010,011,021,100,101,102,201,210
000,010,011,021,100,101,110,120,201
000,010,011,021,100,101,110,120,210
000,010,011,021,100,101,110,201,210
000,010,011,021,100,101,120,201,210
000,010,011,021,100,102,110,120,201
000,010,011,021,100,102,110,120,210
000,010,011,021,100,102,110,201,210
000,010,011,021,100,102,120,201,210
000,010,011,021,100,110,120,201,210
000,010,011,021,101,102,110,120,201
000,010,011,021,101,102,110,120,210
000,010,011,021,101,102,110,201,210
000,010,011,021,101,102,120,201,210
000,010,011,021,101,110,120,201,210
000,010,011,021,102,110,120,201,210
001,0T0,021,100,T01,102,T10,120,20
001,010,021,100,101,102,110,120,210
001,010,021,100,101,102,110,201,210
001,010,021,100,101,102,120,201,210
001,010,021,100,101,110,120,201,210
001,010,021,100,102,110,120,201,210
001,010,021,101,102,110,120,201,210
001,010,100,101,102,110,120,201,210

[ 010,0T1,012,021,T00,101,T02,1T0,T20°

010,011,012,021,100,101,102,110,201
010,011,012,021,100,101,102,110,210
010,011,012,021,100,101,102,120,201
010,011,012,021,100,101,102,120,210
010,011,012,021,100,101,102,201,210
010,011,012,021,100,101,110,120,201
010,011,012,021,100,101,110,120,210
010,011,012,021,100,101,110,201,210
010,011,012,021,100,101,120,201,210
010,011,012,021,100,102,110,120,201
010,011,012,021,100,102,110,120,210
010,011,012,021,100,102,110,201,210
010,011,012,021,100,102,120,201,210
010,011,012,021,100,110,120,201,210
010,011,012,021,101,102,110,120,201
010,011,012,021,101,102,110,120,210
010,011,012,021,101,102,110,201,210
010,011,012,021,101,102,120,201,210
010,011,012,021,101,110,120,201,210

0 ~ 0,01; 01 ~ 01

0 ~ 0,00; 00 ~~ 00




Continuation of Table 5
No. B Rules of T (B) Fp(x)
010,011,012,021,102,110,120,201,210 A~ Ay 1, (1), am =070 ﬁfm)
9 00T,021,100,101,102,110,120,201,210 0 ~ 00, 01; 00 ~ 00;
01 ~» 010, 00,012; 012 ~» 00, 012
000,0T1,021;100,T02;1T0,T20;201,2100 —| — — — — — — — — — = = = = 1
000,011,021,101,102,110,120,201,210
000,011,021,100,101,102,110,120,201
000,011,021,100,101,102,110,120,210
2 2
000,011,021,100,101,102,120,201,210 0 ~» 00, 01; 00 ~ 00, 002; x(1+—z(1—2w
01 ~ 010, 002; 002 ~» 002
20 000,010,011,100,1071,102,110,120,201
000,010,011,100,101,102,110,120,210
000,010,011,100,101,102,120,201,210
000,010,011,100,102,110,120,201,210
000,010,011,101,102,110,120,201,210 0 ~» 00, 01; 00 ~ 00, 002;
01 ~ 01; 002 ~ 0021, 01
7T 000,011,021,100,101,102,110,201,210 0 ~ 00, 01; 00 ~ 00, 002;
L e e e - - - - — — — — - 01~.010,01; 002 » 002 _ _ _ |
000,011,100,101,102,110,120,201,210 0~ 0,01; 01 ~» 010, 012;
012 ~ 012
3
22 000,010,011,100,101,102,110,201,210 0 ~» 00, 01; 00 ~» 00, 002; “Lzz,)
01 ~» 01; 002 ~» 0021, 002 (1—=)
23 000,011,021,100,101,110,120,201,210 0 ~ (00)2; 00 ~ 00, 002;
002 ~> 002
[ 011,0T2,021;100,T0;102,T105120,200 | — — — — — — — = = = = = =
011,012,021,100,101,102,110,120,210
011,012,021,100,101,102,110,201,210
011,012,021,100,101,102,120,201,210
011,012,021,100,101,110,120,201,210
2
z(14x
011,012,021,100,102,110,120,201,210 am ~ @1, (01)™; 01 ~ 010, ﬁf)
P——
pL 010,011,012,100,101,102,110,120,210
010,011,012,100,101,102,110,201,210
010,011,012,100,101,102,120,201,210
010,011,012,100,101,110,120,201,210
010,011,012,100,102,110,120,201,210
2(l—otzd
010,011,012,101,102,110,120,201,210 am ~ Qi1 1033700 m((l1 z+)z )
b, ~» (01)™ ™1 a,, = 0™,
by, = 0Mm
25 010,012,021,100,101,102,110,120,201
010,012,021,100,101,102,110,120,210
010,012,021,100,101,102,110,201,210
010,012,021,100,101,102,120,201,210
010,012,021,100,101,110,120,201,210
010,012,021,100,102,110,120,201,210
010,012,021,101,102,110,120,201,210
011,012,021,101,102,110,120,201,210 am ~ apyy1, (01)™; 01 ~ 01,
m
77777777777777777777777777 z(1—a+a?)
011,012,100,101,102,110,120,201,210 1 EEe:
-
b, ~ (010)™, am = 0™,
by, = 0Mm
2
26 012,021,100,101,102,110,120,201,210 am ~ a1, (01)™; z(l—lz(l—z) )
01 ~» 010, 011; 011 ~» 011, -
am = 0™
27 1 000,010,011,100,101,110,120,201,210 | 0 -~ 00, OT; 00 -~ 00,
010,011,012,100,101,102,110,120,201 am ~ a1, {bi 15
—1
bm ~> {bi)?;l , a=0",
by, = 0"Mm
— T, 3
28 010,012,100,101,102,110,120,201,210 am ~ apyy1s {01 %
- —x
b, ~> (0021)™ 1 b1 a0,
by, = 0Mm
79 010,011,021,100,101,102,110,120,201
010,011,021,100,101,102,110,120,210
010,011,021,100,101,102,110,201,210
010,011,021,100,101,102,120,201,210
010,011,021,100,101,110,120,201,210
010,011,021,100,102,110,120,201,210
m .
010,011,021,101,102,110,120,201,210 am > g1y {035 2
bm ~ {b;}% 1, am =0,
by, = 0™ - -
30 011,021,100,101,102,110,120,201,210 am ~ apyy1s {01 %
- —x —2x
bm ~» 010, {ci};';il;
em ~ {e; 3%y, am =0,
bm =01, ¢y =012
2 3
. z((1—z)“+z”)
31 010,011,100,101,102,110,120,201,210 am ~ ami1s {bm, i} Toqs Ao (isa
b, j ~
o 1
(0021)3 71, (b, g T,
am = 0", by, j = amij
32 000,010,021,100,101,102,110,120,201
000,010,021,100,101,102,110,120,210
000,010,021,100,101,102,110,201,210
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Continuation of Table 5
No. B Rules of T(B) Fp(x)
000,010,021,100,101,102,120,201,210
000,010,021,100,101,110,120,201,210
000,010,021,100,102,110,120,201,210
000,010,021,101,102,110,120,201,210 am ~ bm, {a; 3} o;
1
bm ~ {ag} bt
am = 02. .. (m — 1)2771,

1—z—222—\/1-20—3a22
000,021,100,101,102,110,120,201,210 ag ~ bg, 01; 01 ~» 010, by, ¢; >
c ~ bg, c; 2z
am ~ bm, {a;}jq, ¢
1

bm ~ {a; 310 e,

am =02 (m —1)2m,

bm = amm, ¢ = 002
33 000,010,100,101,102,110,120,201,210% Theorem 22
34 010,021,100,101,102,110,120,201,210 am ~ {ai}’.'itl, am = 0™ 1*2w*2Tv1*4w

Bnd of Table 5

Theorem 22. We have

2 -3z — 322 + (v — 2)V1 — 2z — 322
F(000,010,100,101,102,110,120,201 210} (%) = 222(1 + 2) .

Proof. Let ay,; = 0%12--- (m — 1)%j with m < j < 2m and b, = 0?1%---m?. Then
the succession rules of the generating tree 7 (B) are given by
A ~> 7™ o iy Aam—j 2m—is - -+ s A2m—j Am—j s
bm ~ am+1,m+1a ey am+1,2m+2-
Note that there are no children for vertex c. Define A,, ;(x) (respectively, By, (z))

to be the generating function for the number of nodes at level n > 0 for the subtree
of T(B;am,;) (respectively, T(B;b.,)), where its root stays at level 0. Thus,

4m—2j
Apj(x) =2+ (j = m)a® + 2Bom_j(@) + 7 D Agm_j«(2),
i=2m—j
2m-—+2
Bu(z)=xz+zx Z Apt,i(2).
1=m-+1

Let Ap(z) = 327" Ay, j(z). Then

Ap(z)=(m+ 1)z + (m;— 1) x? + xZ(Bj(x) + A;(z)),
j=0

B (x) =2+ zApmi(2).
Define A(v) = >_,~; Am(z)v™ and B(v) = > -, Bn(z)v™. Then, the above
recurrence can be written as
— 1
x(ve —v+1) 4"
(1—-wv)3 1-wv
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Thus,
x(ve —v+1) x x x
A(v) = A —— + —(A(v) — A(0
() = TR (A0 + T+ (A - 40)
By taking v = 1=2=v1-2z=3c7 w, we obtain
2~ 32— 322+ (z — 2)v/1 — 22 — 322
A(0) = 3x —3x° 4 (x — 2) x — 3z 7
222(1+ )

as required. O

Table 6: Succession rules for the generating trees 7(B) and generating functions
Fp(z), where B C P3 and |B| = 10.

Beginning of Table 6
No. B Rules of T (B) Fp(x)
T 000,001,010,011,012,021,100,101,102,T10
000,001,010,011,012,021,100,101,102,120
000,001,010,011,012,021,100,101,102,201
000,001,010,011,012,021,100,101,102,210
000,001,010,011,012,021,100,101,110,120
000,001,010,011,012,021,100,101,110,201
000,001,010,011,012,021,100,101,110,210
000,001,010,011,012,021,100,101,120,201
000,001,010,011,012,021,100,101,120,210
000,001,010,011,012,021,100,101,201,210
000,001,010,011,012,021,100,102,110,120
000,001,010,011,012,021,100,102,110,201
000,001,010,011,012,021,100,102,110,210
000,001,010,011,012,021,100,102,120,201
000,001,010,011,012,021,100,102,120,210
000,001,010,011,012,021,100,102,201,210
000,001,010,011,012,021,100,110,120,201
000,001,010,011,012,021,100,110,120,210
000,001,010,011,012,021,100,110,201,210
000,001,010,011,012,021,100,120,201,210
000,001,010,011,012,021,101,102,110,120
000,001,010,011,012,021,101,102,110,201
000,001,010,011,012,021,101,102,110,210
000,001,010,011,012,021,101,102,120,201
000,001,010,011,012,021,101,102,120,210
000,001,010,011,012,021,101,102,201,210
000,001,010,011,012,021,101,110,120,201
000,001,010,011,012,021,101,110,120,210
000,001,010,011,012,021,101,110,201,210
000,001,010,011,012,021,101,120,201,210
000,001,010,011,012,021,102,110,120,201
000,001,010,011,012,021,102,110,120,210
000,001,010,011,012,021,102,110,201,210
000,001,010,011,012,021,102,120,201,210
000,001,010,011,012,021,110,120,201,210
000,001,010,011,012,100,101,102,110,120
000,001,010,011,012,100,101,102,110,201
000,001,010,011,012,100,101,102,110,210
000,001,010,011,012,100,101,102,120,201
000,001,010,011,012,100,101,102,120,210
000,001,010,011,012,100,101,102,201,210
000,001,010,011,012,100,101,110,120,201
000,001,010,011,012,100,101,110,120,210
000,001,010,011,012,100,101,110,201,210
000,001,010,011,012,100,101,120,201,210
000,001,010,011,012,100,102,110,120,201
000,001,010,011,012,100,102,110,120,210
000,001,010,011,012,100,102,110,201,210
000,001,010,011,012,100,102,120,201,210
000,001,010,011,012,100,110,120,201,210
000,001,010,011,012,101,102,110,120,201
000,001,010,011,012,101,102,110,120,210
000,001,010,011,012,101,102,110,201,210
000,001,010,011,012,101,102,120,201,210
000,001,010,011,012,101,110,120,201,210
000,001,010,011,012,102,110,120,201,210 0 ~ (00)2 = + 222
2 000,0071,010,012,02T,T00,10T,102,T10,120
000,001,010,012,021,100,101,102,110,201
000,001,010,012,021,100,101,102,110,210
000,001,010,012,021,100,101,102,120,201
000,001,010,012,021,100,101,102,120,210
000,001,010,012,021,100,101,102,201,210
000,001,010,012,021,100,101,110,120,201
000,001,010,012,021,100,101,110,120,210
000,001,010,012,021,100,101,110,201,210
000,001,010,012,021,100,101,120,201,210
000,001,010,012,021,100,102,110,120,201
000,001,010,012,021,100,102,110,120,210
000,001,010,012,021,100,102,110,201,210




INTEGERS: 24 (2024)

108

Continuation of Table 6

B

Rules of T(B)

Fp (@)

000,001,010,012,021,100,102,120,201,210
000,001,010,012,021,100,110,120,201,210
000,001,010,012,021,101,102,110,120,201
000,001,010,012,021,101,102,110,120,210
000,001,010,012,021,101,102,110,201,210
000,001,010,012,021,101,102,120,201,210
000,001,010,012,021,101,110,120,201,210
000,001,010,012,021,102,110,120,201,210
000,001,010,012,100,101,102,110,120,201
000,001,010,012,100,101,102,110,120,210
000,001,010,012,100,101,102,110,201,210
000,001,010,012,100,101,102,120,201,210
000,001,010,012,100,101,110,120,201,210
000,001,010,012,100,102,110,120,201,210
000,001,010,012,101,102,110,120,201,210
000,001,011,012,021,100,101,102,110,120
000,001,011,012,021,100,101,102,110,201
000,001,011,012,021,100,101,102,110,210
000,001,011,012,021,100,101,102,120,201
000,001,011,012,021,100,101,102,120,210
000,001,011,012,021,100,101,102,201,210
000,001,011,012,021,100,101,110,120,201
000,001,011,012,021,100,101,110,120,210
000,001,011,012,021,100,101,110,201,210
000,001,011,012,021,100,101,120,201,210
000,001,011,012,021,100,102,110,120,201
000,001,011,012,021,100,102,110,120,210
000,001,011,012,021,100,102,110,201,210
000,001,011,012,021,100,102,120,201,210
000,001,011,012,021,100,110,120,201,210
000,001,011,012,021,101,102,110,120,201
000,001,011,012,021,101,102,110,120,210
000,001,011,012,021,101,102,110,201,210
000,001,011,012,021,101,102,120,201,210
000,001,011,012,021,101,110,120,201,210
000,001,011,012,021,102,110,120,201,210
000,001,011,012,100,101,102,110,120,201
000,001,011,012,100,101,102,110,120,210
000,001,011,012,100,101,102,110,201,210
000,001,011,012,100,101,102,120,201,210
000,001,011,012,100,101,110,120,201,210
000,001,011,012,100,102,110,120,201,210

000,001,011,012,101,102,110,120,201,210

0 ~ 00, 01; 01 ~

00

= 4 222 + 23

T

000,001,012,021,100,101,102,110,120,201
000,001,012,021,100,101,102,110,120,210
000,001,012,021,100,101,102,110,201,210
000,001,012,021,100,101,110,120,201,210
000,001,012,021,100,102,110,120,201,210
000,001,012,021,101,102,110,120,201,210

000,001,012,100,101,102,110,120,201,210
000,0T0,011,012,021,100,T01,102,T10,120
000,010,011,012,021,100,101,102,110,201
000,010,011,012,021,100,101,102,110,210
000,010,011,012,021,100,101,102,120,201
000,010,011,012,021,100,101,102,120,210
000,010,011,012,021,100,101,102,201,210
000,010,011,012,021,100,101,110,120,201
000,010,011,012,021,100,101,110,120,210
000,010,011,012,021,100,101,110,201,210
000,010,011,012,021,100,101,120,201,210
000,010,011,012,021,100,102,110,120,201
000,010,011,012,021,100,102,110,120,210
000,010,011,012,021,100,102,110,201,210
000,010,011,012,021,100,102,120,201,210
000,010,011,012,021,100,110,120,201,210
000,010,011,012,021,101,102,110,120,201
000,010,011,012,021,101,102,110,120,210
000,010,011,012,021,101,102,110,201,210
000,010,011,012,021,101,102,120,201,210
000,010,011,012,021,101,110,120,201,210

000,010,011,012,021,102,110,120,201,210

0 ~ 00,01; 00 ~

z + 222 + 223

000,001,012,021,100,101,102,120,201,210

000,070,011 1;0T2,T00;101,T0Z;1 10, 1207201
000,010,011,012,100,101,102,110,120,210
000,010,011,012,100,101,102,110,201,210
000,010,011,012,100,101,102,120,201,210
000,010,011,012,100,101,110,120,201,210
000,010,011,012,100,102,110,120,201,210

000,010,011,012,101,102,110,120,201,210

0 ~ 00, 0T; 0T ~
011 ~~ 00

0 ~» 00, 01; 00 ~»
002 ~~ 01

01, 002;

z 4 222 + 223 4 2%

000,011,012,021,100,101,102,110,120,201T
000,011,012,021,100,101,102,110,120,210
000,011,012,021,100,101,102,110,201,210
000,011,012,021,100,101,102,120,201,210
000,011,012,021,100,101,110,120,201,210
000,011,012,021,100,102,110,120,201,210

000,011,012,021,101,102,110,120,201,210

0 ~» 00, 01; 00 ~
01 ~ 001

(001)2;

z 4 222 + 323

000,011,012,100,101,102,110,120,201,210

0 ~+ 00,01; 00 ~~
01 ~ 001

001, 01;

z + 202 + 325 + 2

000,010,012,021,100,101,102,110,120,201
000,010,012,021,100,101,102,110,120,210
000,010,012,021,100,101,102,110,201,210
000,010,012,021,100,101,102,120,201,210
000,010,012,021,100,101,110,120,201,210
000,010,012,021,100,102,110,120,201,210

000,010,012,021,101,102,110,120,201,210

0 ~» 00, 01; 00 ~»
01 ~> 011

(01)2;

z + 222 + 323 4 224
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000,010,012,100,101,102,110,120,201,210

0 ~ 00, 01; 00 ~ 01, 002;
01 ~ 011; 002 ~ (011)2

z + 222 + 325 + 327

000,012,021,100,101,102,110,120,201,210

0 ~ 00,01; 00 ~ (001)2;
01 ~ (010)2; 001 ~ 010

z + 222 + 425 + 227

T

000,001,010,011,021,100,101,102,110,120
000,001,010,011,021,100,101,102,110,201
000,001,010,011,021,100,101,102,110,210
000,001,010,011,021,100,101,102,120,201
000,001,010,011,021,100,101,102,120,210
000,001,010,011,021,100,101,102,201,210
000,001,010,011,021,100,101,110,120,201
000,001,010,011,021,100,101,110,120,210
000,001,010,011,021,100,101,110,201,210
000,001,010,011,021,100,101,120,201,210
000,001,010,011,021,100,102,110,120,201
000,001,010,011,021,100,102,110,120,210
000,001,010,011,021,100,102,110,201,210
000,001,010,011,021,100,102,120,201,210
000,001,010,011,021,100,110,120,201,210
000,001,010,011,021,101,102,110,120,201
000,001,010,011,021,101,102,110,120,210
000,001,010,011,021,101,102,110,201,210
000,001,010,011,021,101,102,120,201,210
000,001,010,011,021,101,110,120,201,210
000,001,010,011,021,102,110,120,201,210
000,001,010,011,100,101,102,110,120,201
000,001,010,011,100,101,102,110,120,210
000,001,010,011,100,101,102,110,201,210
000,001,010,011,100,101,102,120,201,210
000,001,010,011,100,101,110,120,201,210
000,001,010,011,100,102,110,120,201,210
000,001,010,011,101,102,110,120,201,210
001,010,011 £,012,021,100,T01,102,T10,120
001,010,011,012,021,100,101,102,110,201
001,010,011,012,021,100,101,102,110,210
001,010,011,012,021,100,101,102,120,201
001,010,011,012,021,100,101,102,120,210
001,010,011,012,021,100,101,102,201,210
001,010,011,012,021,100,101,110,120,201
001,010,011,012,021,100,101,110,120,210
001,010,011,012,021,100,101,110,201,210
001,010,011,012,021,100,101,120,201,210
001,010,011,012,021,100,102,110,120,201
001,010,011,012,021,100,102,110,120,210
001,010,011,012,021,100,102,110,201,210
001,010,011,012,021,100,102,120,201,210
001,010,011,012,021,100,110,120,201,210
001,010,011,012,021,101,102,110,120,201
001,010,011,012,021,101,102,110,120,210
001,010,011,012,021,101,102,110,201,210
001,010,011,012,021,101,102,120,201,210
001,010,011,012,021,101,110,120,201,210
001,010,011,012,021,102,110,120,201,210
001,010,011,012,100,101,102,110,120,201
001,010,011,012,100,101,102,110,120,210
001,010,011,012,100,101,102,110,201,210
001,010,011,012,100,101,102,120,201,210
001,010,011,012,100,101,110,120,201,210
001,010,011,012,100,102,110,120,201,210

001,010,011,012,101,102,110,120,201,210

0 ~ 00,01; 01 ~» 01

0 ~» 00, 01; 00 ~ 00

000,001,011,021,100,101,102,110,120,201
000,001,011,021,100,101,102,110,120,210
000,001,011,021,100,101,102,120,201,210
000,001,011,021,100,101,110,120,201,210
000,001,011,021,100,102,110,120,201,210
000,001,011,021,101,102,110,120,201,210
000,001,011,100,101,102,110,120,201,210

001;011,012;021,T00,101,T02,110, 20,201
001,011,012,021,100,101,102,110,120,210
001,011,012,021,100,101,102,110,201,210
001,011,012,021,100,101,102,120,201,210
001,011,012,021,100,101,110,120,201,210
001,011,012,021,100,102,110,120,201,210

001,011,012,100,101,102,110,120,201,210

0 ~» 00,01; 01 ~» 00,012;
012 ~ 012

0 ~+ 00,01; 00 ~» 00;
01 ~ 010

m+2w2+2z3+1

T

000,001,011,021,100,101,102,110,201,210
000,001,010,021,100,101,102,110,120,201
000,001,010,021,100,101,102,110,120,210
000,001,010,021,100,101,102,110,201,210
000,001,010,021,100,101,102,120,201,210
000,001,010,021,100,101,110,120,201,210
000,001,010,021,100,102,110,120,201,210
000,001,010,021,101,102,110,120,201,210
000,001,010,100,101,102,110,120,201,210
001,010,011,021,T00,101,T02,110,120,2

001,010,011,021,100,101,102,110,120,210
001,010,011,021,100,101,102,110,201,210
001,010,011,021,100,101,102,120,201,210
001,010,011,021,100,101,110,120,201,210
001,010,011,021,100,102,110,120,201,210
001,010,011,021,101,102,110,120,201,210
001,010,011,100,101,102,110,120,201,210
001,010,012,021,100,101,102,110,120,201
001,010,012,021,100,101,102,110,120,210
001,010,012,021,100,101,102,110,201,210
001,010,012,021,100,101,102,120,201,210
001,010,012,021,100,101,110,120,201,210
001,010,012,021,100,102,110,120,201,210
001,010,012,021,101,102,110,120,201,210
001,010,012,100,101,102,110,120,201,210

|

0 ~ 0,00




Continuation of Tablec 6
No. B Rules of T(B) Fp(x)
001,011,012,021,101,102,110,120,201,210 | 0 ~» (00)2; 00 ~ 00 @ 4 22
13 000,001,021,100,101,102,110,120,201,210 | 0 ~» 00, 01; 01 ~ (00)2, 012;
012 ~» 00,012
[ 00T;011,021;100,T01;102,T10;120,2015200 T — — — — — — — =~ — = — 1
4
001,012,021,100,101,102,110,120,201,210 | 0 ~» 00, 01; 00 ~» 00; x4 202 4325 + 22
01 ~ 010, 00 T
T2 000,010,011,021,100,101,102,110,120,20T
000,010,011,021,100,101,102,110,120,210
000,010,011,021,100,101,102,110,201,210
000,010,011,021,100,101,102,120,201,210
000,010,011,021,100,101,110,120,201,210
000,010,011,021,100,102,110,120,201,210
000,010,011,021,101,102,110,120,201,210 | 0 ~» 0, 01; 01 ~» 01
[ 00T,0T0,021,100,T01,102,T10,120,201,2T0 T T <5 00,0; 00 =00~ — — ~ ]
[ 010,0T1,012,021,T00,101,T02,110,120,201 T — — — — — — — — — — — 1
010,011,012,021,100,101,102,110,120,210
010,011,012,021,100,101,102,110,201,210
010,011,012,021,100,101,102,120,201,210
010,011,012,021,100,101,110,120,201,210
010,011,012,021,100,102,110,120,201,210
010,011,012,021,101,102,110,120,201,210 | am ~> ap41, (01)™, ﬁ
am =0
z(14z2—225+a27)
15 000,011,021,100,101,102,110,120,201,210 | 0 ~» 00, 01; 00 ~» 00, 002; motw —er e )
00 ~ 00, 002; (1—z)
01 ~» 010, 002; 002 ~ 002
(145 —27)
16 000,010,011,100,101,102,110,120,201,210 | 0 ~» 00, 01; 00 ~» 00, 002;
01 ~ 01; 002 ~» 0021, 01 (1—=)
P
17 011,012,021,100,101,102,110,120,201,210 | am ~> apyy1,b™; b~ 010; ’”((11+’) )
Ay, = 0™, b =01 i
m 2(1—ztad)
18 010,011,012,100,101,102,110,120,201,210 | am ~ apyp1, {b; 31015 S
b~ b T am = 0™,
b, =
2 o 2
19 010,012,021,100,101,102,110,120,201,210 am %
o (1—=)
=
20 010,011,021,100,101,102,110,120,201,210 | am -
bm
Qg =
17m72z27\/172z73z2
21 000,010,021,100,101,102,110,120,201,210 | am, P
@
bm
am
bm = amm
End of Table 6

Table 7: Succession rules for the generating trees 7(B) and generating functions
Fp(x), where B C P3 and |B| = 11.

Boginning of Table 7

B

Rules of T (B)

Fp(z)

000,001,010,011,012,021,100,101,102,110,120
000,001,010,011,012,021,100,101,102,110,201
000,001,010,011,012,021,100,101,102,110,210
000,001,010,011,012,021,100,101,102,120,201
000,001,010,011,012,021,100,101,102,120,210
000,001,010,011,012,021,100,101,102,201,210
000,001,010,011,012,021,100,101,110,120,201
000,001,010,011,012,021,100,101,110,120,210
000,001,010,011,012,021,100,101,110,201,210
000,001,010,011,012,021,100,101,120,201,210
000,001,010,011,012,021,100,102,110,120,201
000,001,010,011,012,021,100,102,110,120,210
000,001,010,011,012,021,100,102,110,201,210
000,001,010,011,012,021,100,102,120,201,210
000,001,010,011,012,021,100,110,120,201,210
000,001,010,011,012,021,101,102,110,120,201
000,001,010,011,012,021,101,102,110,120,210
000,001,010,011,012,021,101,102,110,201,210
000,001,010,011,012,021,101,102,120,201,210
000,001,010,011,012,021,101,110,120,201,210
000,001,010,011,012,021,102,110,120,201,210
000,001,010,011,012,100,101,102,110,120,201
000,001,010,011,012,100,101,102,110,120,210
000,001,010,011,012,100,101,102,110,201,210
000,001,010,011,012,100,101,102,120,201,210
000,001,010,011,012,100,101,110,120,201,210
000,001,010,011,012,100,102,110,120,201,210

000,001,010,011,012,101,102,110,120,201,210

0 ~ (00)2

z + 222

000,001,010,012,021,100,101,102,110,120,201
000,001,010,012,021,100,101,102,110,120,210
000,001,010,012,021,100,101,102,110,201,210
000,001,010,012,021,100,101,102,120,201,210
000,001,010,012,021,100,101,110,120,201,210
000,001,010,012,021,100,102,110,120,201,210




Continuation of Table 7
No. B Rules of T(B) Fp(x)
000,001,010,012,021,101,102,110,120,201,210
000,001,010,012,100,101,102,110,120,201,210
000,001,011,012,021,100,101,102,110,120,201
000,001,011,012,021,100,101,102,110,120,210
000,001,011,012,021,100,101,102,110,201,210
000,001,011,012,021,100,101,102,120,201,210
000,001,011,012,021,100,101,110,120,201,210
000,001,011,012,021,100,102,110,120,201,210
000,001,011,012,021,101,102,110,120,201,210
000,001,011,012,100,101,102,110,120,201,210 0 ~» 00,01; 01 ~ 00 z + 222 4 23
3 000,001,012,021,100,101,102,110,120,201,210 0 ~» 00,01; 01 ~ (00)7
[ 000,0T0,011,012,021,100,101,102,110,120,201— |~ — — — — — — — = — =
000,010,011,012,021,100,101,102,110,120,210
000,010,011,012,021,100,101,102,110,201,210
000,010,011,012,021,100,101,102,120,201,210
000,010,011,012,021,100,101,110,120,201,210
000,010,011,012,021,100,102,110,120,201,210
000,010,011,012,021,101,102,110,120,201,210 0 ~» 00, 01; 00 ~ (01)2 = + 222 223
4 000,010,011,012,100,101,102,110,120,201,210 0 ~ 00,01; 00 ~» 001, 002; z + 222 + 225 + o7
002 ~ 01
5 000,011,012,021,100,101,102,110,120,201,210 0 ~ 00,01; 00 ~ (001)2; z + 222 + 329
01 ~» 001
6 000,010,012,021,100,101,102,110,120,201,210 | 0 ~ 00, 01; 00 ~ (01)2; z + 222 + 325 + 227
01 ~» 011
7 000,001,010,011,021,100,101,102,110,120,201
000,001,010,011,021,100,101,102,110,120,210
000,001,010,011,021,100,101,102,110,201,210
000,001,010,011,021,100,101,102,120,201,210
000,001,010,011,021,100,101,110,120,201,210
000,001,010,011,021,100,102,110,120,201,210
000,001,010,011,021,101,102,110,120,201,210
000,001,010,011,100,101,102,110,120,201,210 0 ~» 00,01; 01 ~ 01
[ 001,0T0,011,012,021,100,101,102,110,120,201 |~ — — — — — — — — = = ]
001,010,011,012,021,100,101,102,110,120,210
001,010,011,012,021,100,101,102,110,201,210
001,010,011,012,021,100,101,102,120,201,210
001,010,011,012,021,100,101,110,120,201,210
001,010,011,012,021,100,102,110,120,201,210
001,010,011,012,021,101,102,110,120,201,210
3
001,010,011,012,100,101,102,110,120,201,210 0~ 00,01; 00 ~ 00 o+ 222 + f=
000,001,011,021,100,101,102,110,120,201,210 0 ~ 00,01; 01 <~ 00,012
012 ~ 012
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, "
001,011,012,021,100,101,102,110,120,201,210 0 ~ 00, 01; 00 ~ 00; @+ 222 + 225 + S
01 ~» 010 ~
9 000,001,010,021,100,101,102,110,120,201,210 0 ~ 0,00
[ 00f,010,011,021,T00,101,T02,110,120,201,210— |~ — =~ — — — — — — = = 7
2
001,010,012,021,100,101,102,110,120,201,210 0 ~ (00)2; 00 ~ 00 z + 12533
10 000,010,011,021,100,101,102,110,120,201,210 0 ~ 0,01; 01 ~ 01
[ 010,011,012,021,100,101,102,110,120,201,210" | am = a1, o™y T T —
— om (1—=)
am = 0
End of Table 7

Table 8: Succession rules for the generating trees 7(B) and generating functions
Fp(x), where B C P3 and |B| = 12,13.

Boginning of Table 8
No B Rules of T(B) 5 (@)
T 000,001,010,011,012,021,100,10T,102, 110,120,201
000,001,010,011,012,021,100,101,102,110,120,210
000,001,010,011,012,021,100,101,102,110,201,210
000,001,010,011,012,021,100,101,102,120,201,210
000,001,010,011,012,021,100,101,110,120,201,210
000,001,010,011,012,021,100,102,110,120,201,210
000,001,010,011,012,021,101,102,110,120,201,210
000,001,010,011,012,100,101,102,110,120,201,210 0 ~ (00)2 z + 222
3 000,001,010,012,021,100,101,102,110,120,201,210
000,001,011,012,021,100,101,102,110,120,201,210 0 ~> 00, 01; 01 ~» 00 @ 4 222 + 23
3 000,010,011,012,021,100,101,102,110,120,201,210 0 ~ 00,01; 00 ~ 01,01 | =+ 222 + 22>
T 000,001,010,011,021,100,101,102,110,120,201,210 0 ~ 00, 01; 01 =~ 0T
23
001,010,011,012,021,100,101,102,110,120,201,210 0~ 00, 01; 00 ~» 00 @+ 202 4 2
[1 000,001,010,011,012,021,100,101,102,110,120,201,210 0 ~ 00,01 [ o+ 222 |

End of Table
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