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Abstract
Vishwakarma and Singh showed that 22:1 n'X™ permutes F, for certain choices
of k and t. We give a simpler proof of a more general result.

1. Introduction

Vishwakarma and Singh proved the following result.

Theorem 1 ([1]). If p is an odd prime, and k and t are positive integers such that
k=1 (mod p(p — 1)) and either k = 1 (mod p?) or (p — 1) t t, then 22:1 ntXm
permutes .

This is [1, Lemma 5], whose proof comprises the bulk of the paper [1], and from
which the main result of [1] follows at once via known methods. In this paper we
give a much shorter and simpler proof of the following more general result.

Theorem 2. Let ¢ = p* where p is prime and ¢ is a positive integer, and let k be
a positive integer such that k = 1 (mod p(q — 1)). Pick any h(X) € F,[X], and
write f(X) := 22:1 h(n)X™ and h(X) = > b; X" with b; € Fy. If ¢ > 2 then
f(X) acts as the identity map on Fy if and only if h(1) =1 and at least one of the
following holds:

1. k=1 (mod p?); or
m —1
2. ZJL:I/(I) e bj(p—1) = 0

Remark 1. For completeness, we note that if ¢ = 2 then the polynomial f(X) in
Theorem 2 acts as the identity map on Fy if and only if the integer M := (k+1)/2
satisfies h(M) = 1.
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There are four main differences between Theorem 2 and Theorem 1. Most im-
portantly, the coefficient of X™ in the polynomial f(X) in Theorem 2 is h(n), which
is much more general than the coefficient n® in Theorem 1. Next, Theorem 2 gives
necessary and sufficient conditions rather than merely sufficient conditions. Theo-
rem 2 applies to arbitrary finite fields ', with ¢ > 2, while Theorem 1 restricts to
the case that ¢ is odd and prime. Finally, Theorem 2 shows that f(X) acts as the
identity map on F,, while [1, Lemma 5] only asserts that f(X) is some permutation
of F; however, the stronger assertion is shown in the proof of [1, Lemma 5.

2. Proof

In this section we prove Theorem 2. We use the following classical lemma.

Lemma 1. For any prime p and any positive integer t, the value Sy := Zaele at
equals =1 if (p — 1) | t, and equals O otherwise.

Remark 2. Lemma 1 has been known for hundreds of years. It is immediate when
(p—1) | t. One proof for the nontrivial case (p —1) { ¢ is that S; is unchanged upon
multiplication by b¢ for any b € 7, which forces Sy to be 0 since there exists b with

b # 1. Another proof is by applying Newton’s identities to Haemp (X—a)=XP-X.

Proof of Theorem 2. Write k = 1 4+ Np(q — 1) where N is a nonnegative integer,
and assume g > 2. Then k = ¢+ (Np — 1)(¢ — 1), so that

k q Np—1
FX) = X + 3 X" = h()X + 3 3 hlr 4 sg - 1) X7,
n=2 r=2 s=0

Since ¢"t5(a=1) = ¢" for any ¢ € F, and any integers r > 0 and s > 0, it follows that

if c € Fy then
g Np-—1

fle)=h(1) 'C+Z Z h(r+s(g—1))-c".
r=2 s=0
As s varies over the integers 0,1,..., Np — 1, exactly N of the values r + s(¢ — 1)
lie in any prescribed congruence class mod p. Thus if ¢ € Fy then, writing H :=
>_aer, M(a), we have

q q—1
fl)=h(1)-c+ NHY " =h(1)-c+NHY "
r=2 r=1

It follows that f(X) acts as the identity on F, if and only if the polynomial

(h(1) —1)X + Nqu_:X’“

r=1
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vanishes on F,. Since this polynomial has degree less than ¢, it vanishes on F, if
and only if it is the zero polynomial; since ¢ > 2, this occurs if and only if NH =0
and h(1) = 1. Next, NH = 0 if and only if either p | N or H = 0. Plainly p | N if
and only if K =1 (mod p?). Finally, by Lemma 1 we have

m 4 m , [m/(p—1)]
UESTI 55 SRS 31 SETEEE SRy
a€F, i=1 i=1 acF, j=1
so that H = 0 if and only if Item 2 in Theorem 2 holds. O
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