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Abstract
A positive integer is called a k-almost prime if it is a product of k prime numbers,
counted with repetition. In this paper we consider j-almost primes of k-almost
prime index for given integers j, k > 0. We establish asymptotic estimates for the
counting functions, nth occurrences, and reciprocal sums of such integers.

1. Introduction

For a given positive integer n, the omega functions w(n) and Q(n) give the number
of prime factors of n, without (respectively with) multiplicity. By convention, 1 is
an empty product so w(1) = Q(1) = 0. The number n is called a k-almost prime if
Q(n) = k.

Given an increasing sequence {a;} of positive integers, the jth term a; is called
the term of index j. In other words, the index of a term in a sequence describes
the order in which it appears.

Bayless et al. [2] established bounds for the counting function and sum of recip-
rocals of primes of prime index, as well as bounds for the nth prime of prime index.
We extend these results to almost primes of almost prime index.

We let Ni denote the set of k-almost primes. Similarly, for integers j,k > 0 we
let N, denote the set of j-almost primes of k-almost prime index. More generally,
for m € N and integers ki,...,kn > 0, we define N, g, inductively by letting
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N, ...k, denote the members of Ny, whose index is a k,,-almost prime. Where

m—1

necessary, we may separate the subscripts using commas for lack of ambiguity. We
have the chain of subsets

Nkl...k:m C Nk1...km71 cC...C Nkl C N.

For each m, the positive integers are partitioned as follows:

N={J Nuo.
k17---,kaO

where if k; = 0 if the previous index is one. Define
Nig(z) = {n <z:Q(n) =k}

so that Vg is the counting function of k-almost primes. With this definition in
place, we give an example. We have 3200 € Ny 3 10. To see this, 3200 = 27 .52, s0
that (3200) = 9. Also, Ng(3200) = 12 = 223, so that 3200 is the 9-almost prime
of 3-almost prime index 12, and in particular, 3200 € Ny 3. Moreover, N3(12) = 2,
the 1-almost prime of index 1, so that 3200 € Ng 3 ;. Since the previous index is 1
and Q(1) = 0, we have 3200 € Ng 31,0.

We define Njj, to be the counting function of N, and similarly, we define Ny, . 1.
as the counting function of Ny, .
Ny ok

We may use commas as necessary and write

m*

k.- With this notation in place, for the example above, we have

m T TRl

Q(3200) = 9 = 3200 € Ny,
Q(N(3200)) = Q(12) = 3 = 3200 € Ny 5,
Q(N5(12)) = Q(2) = 1 = 3200 € Ng 51,
Q(N1(2)) = Q(1) = 0 = 3200 € Ng 3.1.0.

Noting that N, = Nj o N;, we can also write Q(Ny 31(3200)) = 0.
Landau established the following asymptotic formula for the counting function
Ni(z) defined above. For a fixed positive integer k we have

w(logy 2)*!

Ni(z) ~ (k—1)!logx M)

as x — 0o, where log, x denotes loglogx. See for instance [4, Theorem 10.3] for
a proof by induction on k. Note that Ny(x) = m(x), the prime counting function.
Thus when k = 1 we have w(x) = Ni(x) ~ z/logz, so the Prime Number Theorem
is included as a special case of (1), and in fact it is the base step in the induction
argument. There are quantitative forms of (1). For instance, for fixed k¥ > 1 [9,
Theorem I1.6.5] gives

= s (0 () @
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In Section 3 we give analogous estimates for the counting function of Nj; and
the nth member of N,;. In Section 4 we give estimates for the reciprocal sum of
Njk.

2. Notation and Preliminary Lemmas

Throughout the paper, « denotes a real number and 7(z) denotes the prime counting
function. We use the notation logz for the natural logarithm and log, x for the
iterated natural logarithm. We sometimes use the more compact notation ¢ := log x
and L := logox. A k-almost prime is a product of k prime numbers, counted
with multiplicity. The 2-almost primes are also called semiprimes. Recall that Ny
denotes the set of k-almost primes and Ng(z) = [{n < x : Q(n) = k}| denotes the
corresponding counting function. We let p denote a prime variable, and p,, denote
the nth prime number.
We let 3 denote the Meissel-Mertens constant, defined by

) 1
8= xlggo Z ’ —log,
p<w

It is well-known that the numerical value of j is given by 5 = 0.261497.... We will
use the following asymptotic expansion for the counting function N5 of semiprimes
given by Crisan and Erban (see [3, Theorem 2.5], [1, Theorem 1.5]).

Lemma 1 (Crisan and Erban). For any N > 0, we have

1

N—
x nl(logy x + ¢,) xlogy
No(w) = =2 3 On (1082

2(1:) logx ~ logn T + N 10gN+1 z )

for explicit constants c,,. In particular, co = and c1 = —1—~—3_ logp/(p(p—
1)), where v = 0.5772... is Euler’s constant and where the sum is over all primes.

We will also use the following explicit bounds for the sum of reciprocals of
semiprimes up to x. (See [1, Theorem 1.4].)

Lemma 2 (Bayless et al.). For all 2 > 1 we have

PR2)-¢2) o
2 log

1 1
Ra(z) = D — = (logyz+f)° +
neNy
n<lx

+ E(z),

where E(z) is an error term satisfying |E(x)| < (logx)~3/%, a; = v+, logp/(p(p—
1)) = 1.3325822... and P and ( are the prime zeta and zeta functions, respectively,
so that P(2) =3_ p~2 =0.4522474. .. and ((2) = 72 /6.
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We have the following universal bound (see [7, (4.4)]).

Lemma 3 (Erdds and Sérkozy). We have
k4
Nip41(t) < ortlogt, (t,k>1).

Additionally, we have the following bounds of Dusart for the nth prime number
D (see [5]).

Lemma 4 (Dusart). We have

pn > n(logn +logyn —1),
1 —2.25
Dn >N <logn—|—log2n -1+ (og2n>) ,
logn
and

P < n(logn + logy n — 0.9484),
where the lower bounds hold for all n > 2 and the upper bound holds for all n >
39017.

We establish the following estimates involving the logarithm of 7(z).

Lemma 5. We have

1 3 1
logn(x) =logx —logox + —— + ——— + O ,
g() & 82 logz  2log?z (log3m>

1 1 2 1 1 3
log 7(z) = logy o — 282 _ 0B 0) +o((0g2x) )

log z 2log’z  log’x log®
and
11 (1 N log, = N (log, 932)2 -1 N (log239:)3 L0 (loggzr)) '
logm(z) logx log log?® log® x log® x

Proof. For ease of notation we let £ = logx and L = log, x. We use the well-known

W(x):§(1+é+€22+0(€13>>.

Taking logarithms and using the expansion log(l + z) = z — 22/2 + O(2?) for
z=1/0+2/0? + O(1/£3), we obtain the first assertion.
For the second assertion, we use the first assertion to write

L 1 3 1
10g7r(x):£(1—€+£2+2€3+0<€4)>.

expansion for 7(x),
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Therefore,

L 1 3 1
10g27r(m):L+10g(1—€+€2+2£3+O<£4)>.

We use the expansion log(1+ 2) = z — 22/2 4+ O(2?) again, with 2 = —L/0+1/¢? +
O(1/£3), to conclude the second assertion. Finally, for the third assertion, we use
the first assertion to write

1 1 1
Too( 7 L _ 1 V)"
logm(z) ¢ 1-(%-%+0(%))

We use the geometric series expansion 1/(1 — 2) = 1+ z + 22 + 2% + O(z*) with
z=L/l—1/*+ O (1/¢%), obtaining the third assertion. O

We next give a similar estimate for 1/log No(x).

Lemma 6. We have

1 1 logy x  loggx 15} 1
= — - +O0|——F—]-
log Na(z)  loga log x logz  logzlog,x (log z)(logy x)?

Proof. Recalling the convention ¢ = log z and L = log, =, we have by Lemma 1 that

xL 8 1 ¢ 1
Ng(x)—€<1+L+£+é2+O<€2>).

Therefore, letting A = logg x, we have
log No(x) =€ — L+ A+log(1l+ z2),

letting 2 = 3/L+1/0+c1 /¢L+0O(1/¢?). Using the expansion log(1+z) = z+0(z?),
we have
p

L A 1
Therefore, letting w = L/¢ — A/ — B/L{ + O(1/¢L?) and using the expansion
1/(1 —w) =1+ w+ O(w?), we have

1 1 1 L A B 1
logNg(:c)_E(l—w)_£<1+€_€_€L+O(€L2)>' =

3. Counting Functions

We now give asymptotic estimates for the counting function of j-almost primes of
k-almost prime index, where j and k are fixed positive integers. We begin with the
cases j=1,k=2and j =2,k =1.
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Theorem 1. We have

(logy x + B)(logg = + 1) + cl>

x
Ny o(z) = 2 <log2 z+ B+ log &

og“x
0 (:E(logz z)3> 7
log™ x

where B is the Meissel-Mertens constant and ¢y is given by Lemma 1.

Proof. We have Ny 2(z) = Na(w(x)). Applying Lemma 1 with N = 2, we therefore
have

() (logy w(x) + B) _ () (logy () + 1)
log 7(x) log” (x)

o (z10g2x> -

log* =

1
:Sl+52+0<x OEQw),
log™ x

Nl,g(x) =

say. Here the estimate for the error term follows from the relations 7 (z) ~ z/log x
(the Prime Number Theorem), logw(z) ~ logz, and log, m(z) ~ log, x; see for
instance Lemma 5. For the main terms, we again apply the estimates in Lemma 5.
Let a = 1/logz and b = log, = for ease of notation. We therefore have

Sy = x(a+a® + 0(a®))(a)(1 + ab+ a®b* + O(a?))
-(B+b—ab— %asz + 0(a?)).

Expanding this expression algebraically and noting that we may drop any terms of
the form a*b™z (m < 3) or a/b™x (j > 5), we obtain

Sy = a*z(b+ ab® + B+ aB + abB) + O(a*b’x).
We also have
Sy = x(a+ a* + 0(a®))(a*) (1 + ab + O(a?b?))?
(1 +b—ab+ O(a®V?)).

Expanding algebraically, we have
Sy = a’x(b+ c1) + O(a*b’x).
Summing S; and Sz, we complete the proof of Theorem 1. O
We obtain a similar estimate for Na 1(z).

Theorem 2. We have

N271(I) =

(10g2 c4 B4 (logy x)(logy © — logs x)) 40 <xlog2 x) .

x
log? log log® «
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Before proving Theorem 2, we note that by comparing Theorems 1 and 2, we
immediately see that not only do we have Ny 2(z) > Na 1 () for all sufficiently large
x, but we also have the following asymptotic estimate for the difference.

Corollary 1. We have N1 2(x) > Na1(z) for all sufficiently large z. In fact,

Mﬂ@_MA@:xMWw&$Q+O< 1))

log® logs x

Proof of Theorem 2. Noting that No 1(x) = m(Na(x)), we have by the Prime Num-
ber Theorem that

Ny () = m 0 (109;22]\[2(1’)> '

We first address the error term. With £ and L as above, we have Ny(z) ~ xzL/{ by
Lemma 1, and therefore log Na(z) ~ £ (as in Lemma 6), so that Na(z)/log? No(z) ~
xL/0-1/0? = xL/03.

For the main term, we have by Lemmas 1 and 6 that

No(z) = L+ L
oo = 1 (0 o (7))

1/, L A B 1
'e@*z‘e‘a+0<uﬁ)

where A = logs x as above.

We now give an estimate for N for arbitrary fixed j, &k > 1.

Theorem 3. For fized integers j > 1 and k > 1 we have

o) = e e (4 (i)

logy @

and the same estimate holds for Ny;.

Proof. We prove the result for N;;, and note that the same estimate holds for Ny;
by symmetry. Let j > 1 and k > 1 be fixed. By (2),

¢ <1og12x)>'

_ a(logy ) !
M@”%w4m%w@
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This implies

log(N; (2)) = log — logy &+ (j — 1) logy & — log((j — )1) + O ( ! )

logy
1 O(l
— (log ) (1 _ logya + O 0g333))
log x
1
= (log x) (1 +0 ( Ong))
log x
and
log, x + O(log; x
logy (N;(z)) = logy « + log (1 - =2 logaE 3 )> .
Now, for positive small z, we have log(1 — z) = —z + O(z?). Hence,
logy
1 N; =1 (@] .
o808, (2)) = oy 0+ 0 (2222
Thus,

Nj(z) (logy Nj(x))** 1
N; = 2 ! 1
MO =g -\l M)
z(log, x)i 1 1 1
(kfl)!(jfl)llogx( + (log z)) |:
= e logy z(1 4 O(
(log ) (1 — 2 Breensd)

Jtk=2 (14 O(=2-))(1 + O(£1))

log, x log z

'(k — 1)t 1+ 058

_ @ (oot @+0(1>>.
log?z (j — 1)!(k — 1)! log, @

Let pg,, denote the nth k-almost prime. For fixed k, it follows from Estimate
(2) for the counting function Ny that we have
1
. 4
(ers)) @

(k—1)!

=nl e (140
Pln =TT Glogy my 1

Similarly, let p; r.n denote the nth member of N;;. As a consequence of Theorem

3, we have the following asymptotic estimate.

)

log

O

Corollary 2. For fixed j, k > 1, we have

pj,k,n:nIOan'w (1+O< ! ))

(logy ) th=2 logy n
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We prove Corollary 2 and note that the proof of (4) is nearly identical.

Proof. By Theorem 3, we have

Vo) = o o (1o (L))

B x (logy N (z))I+k=2 1
log® Njp(z) (5 — 1)k —1)! <1 O <log2 Njk(fﬂ))) '

Here, the last estimate follows from the first by noting that as in the proof of
Theorem 3, we have log Nji(z) = (logz)(1 + O(logy z/logx)) and logy Nji(z) =
(logy )(1+0(1/log x)). Now we substitute © = p; . », noting that N;x(pj x.n) = n,

to obtain ko
L Dl (o (1Y),
log“n(j — )!I(k —1)! logyn
Solving for p; 1.n, we obtain the corollary. O

We now give the following generalization of Theorem 3.

Theorem 4. For fized n > 1 and positive integers ki, ks ..., kn_1, kn,

1 kit+kot..4+kn_1kn—n 1
Nietkaeodon 1 (%) = (log, 2) 140 :
" log" x (k1 — D)(ke — 1)1+ (K, — 1)! log,

Note that we may also write this estimate in the form

n
T (logy z)Fi~1
N, = :
kika...kn_1kn (Z‘) logn T < (10g2 .’L’)) H k _ ]_

=1

Proof of Theorem 4. We proceed by induction on n. By symmetry, it suffices to
prove the claim for Ny k. . kok, - Let

1 kn+kn_1+...+ka+k1—n 1
Nivko 1ok () = — (logy ) 1+0( —
i log" x (k1 — )(ka — D)+ (ky — 1)! logy x

for n > 1 be the inductive hypothesis.
For the base case, let n = 1. Then the result is exactly estimate (2). For
the induction step, suppose the inductive hypothesis is true for n = m. Then,



INTEGERS: 24 (2024) 10

Nkm+1k¢m~-k2k1 (l’) is given by

Nk'm.k'rn71~~~k72k1 (Nkm+1 (x))
_ Nk (@) (logy Ni,,, (x)) ot Hhetthnmm (1 +0 (1)>
log™ Ni,,. (2) (k1 = 1) (ke = 1)l (kpm — 1)! logz N1, ()

z(logy x)Fm+1-1 <1+O< 1 )) (10g2x+0<10g2m))kl+k2+'“+km_m

(km+41—1)!logx log, logx

logmx(1+0(l°g§'x)) (k1 = Dl (kg = )1+ (kb = 1)

log™ x

1
logy z + O(T27)

(using results from Theorem 3)

_ T (10g2 x)kl+k2+-~+km+km+1—(m+1) (1 Lo ( 1 )) . -

log™ ' 2 (k1 — D)!(ka — D)+ (kn — D! (kms1 — 1)! log, ©

Corollary 3. For fixed positive integers ki,.. ., ky,, we have

T n(logn)™(ky — 1)!--- (ky, — 1)! (1 Lo ( 1 )) .

(10g2 n)kl—&-kg—i-...km—m loggn

Note that this estimate can also be written as

1 (ki —1)!
=n(logn)™ (110 S
[ S n(logn) ( + (log2 n)> 2t (log, n)F—1

4. Reciprocal Sums

For fixed k > 0, we have

This follows by applying partial summation to the asymptotic formula (1) for Ni(z).
It implies that for each k € N, the k-almost primes have a divergent reciprocal sum.

On the other hand, the following result shows that almost primes of almost prime
index have a convergent reciprocal sum.

Theorem 5. For each pair of positive integers j, k € N, the sum of reciprocals of
j-almost primes of k-almost prime index is convergent. The same is true for the
sum of reciprocals of members of Ni, .k, for anym > 2.
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Proof. We prove the first assertion, noting that the second assertion follows imme-

diately. By Theorem 3, we have
x  (logyz)/th—2

Nji(x) = (Nk o Nj)(z) < log2z ( — D!k —1)!"

Also, (log, x)71*=2 < \/logz for all > x0(j, k), where z4(j, k) denotes a suf-
ficiently large constant depending on j and k. We therefore have (Nj o N;)(z) <
x/(log z)3/? for all & > x4(j, k). Tt follows by partial summation that the reciprocal
sum is bounded. O

Bayless et al. [2] proved that the reciprocal sum of primes of prime index is
between 1.04299 and 1.04365. That is,

1
1.04299 < — . .
E - < 1.04365
n€Ny 1

This determines the sum to two decimal places as 1.04. ... We show in the following
theorem that the reciprocal sum of primes of semiprime index is also close to 1.

Theorem 6. We have

1
0.9910 < Y ~ < 0.9915.

n€ENy 2
In particular, the sum is determined to three decimal places as 0.991.. ..

Proof of Theorem 6. We have

1 1
> Loy
meN] 2

neNy

where p,, denotes the nth prime. Let xq = 10'!. We split n into three ranges. For
n < 1.5-107, we compute the sum directly using Pari/GP, obtaining

> L 0762202, ..

n€Ny Pn
n<1.5-107

In the range 1.5 - 107 < n < g, we use Dusart’s bounds (see Lemma 4): letting
c = 0.9484, we have

logom —2.25

n (logn+log2n1+ (
logn

)) < pn < n(logn +logy n — ),
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where the lower bound holds for all n > 2 and the upper bound holds for all
n > 39017. We sum the upper and lower bounds directly over 1.5 - 107 < n < xg,
n € Ny using Pari/GP. Combining this with the range n < 1.5 - 107, we obtain

1
0.823109 < ) — < 0.823152.

n€ENy Pn
n<xo

Finally, we use Dusart’s bounds again to write

1
—<
Z n(logn +logon —c) — Z Z logn+1og2n—1)

n€ENy nENz
n>xg n>xg n>a:0
Let
1 1
ft) = and g(t) =

logt +log,t — 1 logt +log,t — ¢
Recall that Ry(t) denotes the sum of reciprocals of semiprimes up to ¢. For the

upper bound, we have by partial summation that

1
Z — < Rg {EO CL’O / RQ

nEN, Pn
n>xo

* Ra(t)(141/logt) dt

= ~Ralwo)f (o) + v t(logt+logyt —1)2"

and an analogous lower bound holds. By direct computation in Pari/GP, we have
Ra(zo) = 5.560528. .., so that —Ra(zo)f(xo) < —0.201758. We now turn to the
integral. By Lemma 2, we have

PR -C?), @
2 logx 10g3/2x

Ro(z) < %(log2x+ﬁ)2 + , (x>1).

Using this bound for Ro(¢) in the integral and substituting v = logt, we find by
numerical integration that the value of the integral is less than 0.37003. Therefore,
an upper bound for the reciprocal sum is

0.823152 — 0.201758 + 0.37003 < 0.9915.

By an analogous argument, we have

1
Z 7> RQ .130 .230 / RQ

neNs Pn
n>xog

* Ra(t)(1+1/logt) dt
v, t(logt+logyt —c)?
> —0.201382 + 0.36928.

= —Ra(wo)g(z0) +
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Therefore, a lower bound for the reciprocal sum is
0.823109 — 0.201382 + 0.36928 > 0.9910.

This completes the proof of Theorem 6. O

We now prove that as £ — oo, the reciprocal sum of primes of k-almost prime
index tends to 1. We give an asymptotic estimate for the error term, showing that
it decays exponentially.

Theorem 7. We have

1 1

n€ENyy
Proof. We have

1 1
meZle m - ngl\:?k P

where p,, denotes the nth prime. We use the estimate

pn, = n(logn + O(logy n)) = nlogn (1 +0 <log2n>> ,

logn
>

oes (-0 (51
i, nlogn ogn

_ 1 logs 1
_anogn+0<z 2 >

2
neNy neNy nlog n

so that

2
‘H
I

Gorodetsky et al. [6, Theorem 1.2] showed that °, . 1/(nlogn) =1+ O(k?/2%).
We now address the second sum, following the method [7, Theorem 4.1] of Lichtman.
Letting f(t) = (logy t)/(tlog?t), we have

oo

S8 [T N @t

nlog®n ok+1

nENg 11

by partial summation. Also,

) = logy t(logt +2) — 1 log, t
t2log> ¢ 2log?t’

so that N . X t
- N1 (8) f'(t)dt < Ni+1(t) logy t

222t
ok+1 2k+1 12 log t
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Splitting the integral at eek/r, where r := 1.99, we first address the range 2¥*! <
k/r
t <ef / . By Lemma 3, we have

k/r ok/T

7 N (6)1 k4 ¢ logyt k4R
/ k1 ( )20g2 it < = / 082l 4y > y dy,
ok+1 t2log“t 28 Jor+1  tlogt 2% Jlog,(2k+1)

which is bounded above by
k* (k/r)? » kS

2k 2 2k
For the range t > eek/T, we have
% Nita(t)logy t kjr [ Nt ) k/r 1
T Plogt dt < 77 | e Fog At < o < ok (5)

because the second integral in (5) is bounded by [7]. Combining all estimates, we
complete the proof of Theorem 7. O

In contrast to Theorem 7, we show in the following theorem that for fixed j > 2,
the reciprocal sum of Njj tends to infinity as k — oo.

Theorem 8. For fized j > 1 we have
1 .
D i
n
neN;x
In particular, for fived j > 2, as k — oco we have
1
vl
n
neNjy

Proof. The estimate holds for j = 1 by Theorem 7, so we assume j > 2. By estimate
(4) we have

(logy n 1
Z Z m )! Z n?ogn (1+O (log2n))

meNJk neENy
log2 n)’
>
Z nlogn
neNy

Letting f(t) = (logyt)?~1/(tlogt), we have by partial summation that
log, n)7~1 o
O iy VNI

nlogn k41
nENg 11 8 2

We have

(logy t)’?((logy t)(1 + logt) — (j — 1)) (logyt)’~"
t21log? t t2logt

~f() =
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Letting » = 1.99 we thus have

o0

- Nis1(t) f/(t)dt >>/

ok+1 e
EN'7N % N (t
r b/ t2logt

We complete the proof by noting that this integral is bounded above zero by [7,
Theorem 4.1]. O

> Niga(t)(logy )71

dt
e/ t2logt

On the other hand, we have the following estimate.

Theorem 9. For fited m > 2 and k..., kn > 1, we have

1 1
Z n < (ek/2ym—1"

NENE; .k k

In particular, as k — oo we have

Z %—>0.

NENE, .k k

Proof. Letting j = k1 + ...+ k,, — m, we have by Corollary 3 that

1 1 1 J
Y oaey ey el

NENK, .k k neENy Phy...kmn nENy

Let f(t) = (logyt)?/(tlog™t). By partial summation,

o0

(log, n)? /

E =— N1 () ' (t)dt.
m

neNs nlog™ n okt1

Now ) ;
(logy t)7~'(—j + (logy t)(logt +m)) _ (logyt)’
t2log™ ™t ¢ t2log™t

-ft) =

As in the proof of Theorem 7, we split the integral at eek/T, where r = 1.99. In the
range 2k+tl < ¢ < eek/r we have by Lemma 3 that

k4
Nip41(t) < ortlogt, (t,k>1).
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We thus have

k/r k/r

e Kt ¢ (logyt)!
— N () (Ddt < — —~2 0t
L. Meoroa<g [ TorT1
k/r

K 1 " (log, t)’
< / ( OgQ ) dt
2

2710gm_2(2k+1) k1 tlogt

k4 k/r )
< 7_/ y'dy
Qkkm 2 )

0g, 2k+1
kj+7—m

<=5

Next, we have

t <

o0 ] j o
Nig+1(t)(log, t)? (k/r)? / Ni41(t)
/e i< ceh/r 12 logt d (ek/2ym=1"

/e t2logMt (ek/rym—1

Here we used the fact that for k > rj/(m — 1), (logy )7/ log™ ' ¢ is decreasing for
k/r
t>ef . O
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