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Abstract

We generalize a result by Vélez on second-order linear recurrence sequences that
are uniformly distributed modulo a prime power. Vélez showed that if a second-
order linear recurrence is uniformly distributed modulo a prime power p¢, then each
residue modulo p® also appears exactly once in a particular finite subsequence of
that recurrence. We find more general finite subsequences such that each residue
modulo p® appears exactly r times in that subsequence, where r may be greater
than 1.

1. Introduction

Let (w) = w(a,b) denote the sequence satisfying the second-order linear recursion
relation
Wnt2(a,b) = awpt1(a,b) + bwy(a, b),

where the parameters a and b and the initial terms wg(a,b) and wq(a,b) are all
integers. Let D = D(a,b) = a® + 4b be the discriminant of w(a,b). When the
parameters a and b are known, we frequently write w,(a,b) simply as w,. We
distinguish two special recurrences, the Lucas sequence of the first kind (LSFK)
u(a, b) with initial terms up = 0 and u; = 1, and the Lucas sequence of the second
kind (LSSK) v(a,b) with initial terms vy = 2 and v; = a. Throughout this paper,
p will denote a prime and m will denote a positive integer. It was shown in [4,
pp. 344-345] that w(a,b) is purely periodic modulo m if ged(m,b) = 1. From here
on, we assume that ged(m,b) = 1 and ged(p,b) = 1. The period length of w(a,b)
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modulo m, denoted by A, (m), is the least positive integer £ such that
Wpye = wy, (mod m) forall n > 0.

If the recurrence w(a,b) is understood, we will write A, (m) simply as A(m). The
restricted period of w(a, b) modulo m, denoted by h,,(m), is the least positive integer
f such that

Wyt = Mw, (modm) foralln >0, (1.1)

for some fixed residue M modulo m such that ged(M, m) = 1. Here, M = M,,(m) is
called the multiplier of w(a,b) modulo m. Since the LSFK u(a, b) is purely periodic
modulo m and has initial term uy = 0, it is easily seen that h,(m) is the least
positive integer ¢ such that

us =0 (mod m).

We easily observe that if A\,,(m) | r and h,(m) | s, then r is a general period of
w(a,b) modulo m and s is a general restricted period of w(a,b) modulo m. It is
proven in [4, pp. 354-355] that hq,(m) | Ay (m). Let

Then by [4, pp. 354-355], E,,(m) is the multiplicative order of the multiplier M,,(m)
modulo m. By repeated applications of (1.1), we see that if h = h,,(m), then

Whini = M'w, (mod m) (1.2)

foralln > 0 and 7 > 1.

The recurrence w(a, b) is said to be uniformly distributed (u. d.) modulo m if each
residue modulo m appears exactly the same number of times E in a least period
of w(a,b) modulo m, where E > 1. In 1975, Bumby [1] and Webb and Long [12]
independently gave necessary and sufficient criteria for the recurrence w(a,b) to be
u. d. modulo m. These criteria will be presented in Theorem 2.3 in Section 2. In
[11], Vélez sharpened the results of Bumby and Webb and Long, by showing that
if w(a,b) is u. d. modulo p, then there exist subsequences of w(a,b) that are also
u. d. modulo p®. Vélez’s result is given below.

Theorem 1.1. (Vélez) Suppose that the sequence w(a,b) is uniformly distributed
modulo p° with period \,(p°¢) = p°E, where e > 1 and each residue modulo p°
appears ezxactly E times in a least period of w(a,b) modulo p¢. Let s be a fized
nonnegative integer and define {w} }5%, by w), = wsinr(a,b). Then each residue
modulo p¢ appears exactly once in the finite sequence {w;}f;;ol Moreover, if p > 3,
then a 0 (mod p) and E = ordy,(a/2), while E=1 if p=2.

We note that already in 1975, twelve years before Vélez’s paper, Bumby [1] gave
a more precise result than that of Theorem 1.1 above for the case in which e = 1.
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Theorem 1.2. (Bumby) Let the sequence w(a,b) be uniformly distributed modulo
p with period A\, (p) = pE, where each residue modulo p appears exactly E times in a
least period of w(a,b) modulo p. Let ¢ be any multiple of E such that ged(c,p) = 1.
Then for every nonnegative integer s, the sequence Ws, Wsic, ..., Wet(p—1)c 05 CON-
gruent to an arithmetic progression with nonzero difference modulo p.

Our main result, which is given below, generalizes Theorem 1.1. The proof of
Theorem 1.3 will be given in Section 3 and is shorter than the proof of Theorem
1.1 given by Vélez in [11].

Theorem 1.3. Suppose that the sequence w(a,b) is uniformly distributed modulo
¢ with period A\, (p¢) = p°E, where ged(b,p) = 1, e > 1, and each residue modulo
p° appears exactly E times in a least period of w(a,b) modulo p¢. Let g be any
fized positive integer such that ged(g,p) = 1. Let d = ged(g, E) and let r = %. Let
s be a fizred nonnegative integer and define {w},}°2, by wi, = Wsyng(a,b). Then
each residue modulo p° appears exactly r times in the finite sequence {w;}flzo_l
Further, if p > 3, then a # 0 (mod p) and E = ord,(a/2), while E =1 if p=2.

2. Auxiliary Results

Before proving our principal result, Theorem 1.3, we introduce some definitions
and useful statements. Associated with the recurrence w(a, b) is the characteristic
polynomial
f(x)=2%>—azx —b

with characteristic roots & = (a + va? + 4b)/2, 8 = (a — va? + 4b) /2, and discrim-
inant D = D(a,b) = (o — B)? = a® + 4b. We will frequently consider the case in
which p | D for some prime p. In that case, « = 8 = a/2 (mod p) if p is odd. We
further note that if p = 2 and p | D, then a is even. By the Binet formulas,

=S —an i, D20,
a—p
while
up =na™ 1t v, =2a" if D=0.

More generally,
wp, = cpa” +cgf” it D F#£0,

where
. wy — PBwo on = W0 — W1
o = o ﬁ P B = o — ﬂ )
(see [5, p.174]), while
wp, = (ain+ )™ if D=0,
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where
w1 — Wox
ClL=——", Co = Wo,
«

(see [9, pp. 33-35]).
A recurrence w(a, b) is called regular modulo p, or p-regular for short, if

‘wo w1

wr ’11)2‘ = wowy —w? #0 (mod p).

Remark 2.1. If w(a,b) is not p-regular, then it is said to be p-irregular. It is clear
that w(a, b) is p-regular if and only if the vectors (wg,w;) and (wy,ws) are linearly
independent modulo p. Further, w(a, b) is p-irregular precisely when w(a, b) satisfies
a recursion relation modulo p of order less than two. Clearly, w(a,b) is p-irregular
if p | ged(wg, w1). We note that for the LSFK u(a, b),

upug —ui =0-a—12=—-1%0 (mod p),
while for the LSSK v(a, b),
vouy — v3 = 2(a® + 2b) — a® = a® + 4b = D(a,b).
Thus, u(a, b) is always p-regular, while v(a, b) is p-irregular if and only if p | D(a, b).

Lemma 2.2 below, which is proved in [2, p.695], characterizes those sequences
w(a,b) that are p-irregular in the case in which wy Z 0 (mod p).

Lemma 2.2. Consider the sequences w(a,b) and w'(a,b) with discriminant D and
characteristic roots a and . Suppose that ptb. Then the following hold:

(i) If wo =0 (mod p), then w(a,b) is p-irregular if and only if wy =0 (mod p).

(i) Suppose that p is odd, p 1 ged(wo, wy), and (D/p) = —1, where (D/p) denotes
the Legendre symbol and (D/p) =0 if p| D. Then w(a,b) is p-regular.

(iii) Suppose that p is odd, p t ged(wo,w1), and (D/p) = 1. Then « and (3 lie
in Z/pZ and aff = —b £ 0 (mod p). Moreover, w(a,b) is p-irregular if and
only if either wi = awy or wy = Pwy (mod p). If w; = awy (mod p), then
wy, = a™wg forn > 0. If wy = Pwy (mod p), then w, = B"wqy for n > 0.

(iv) Suppose that p is odd, p t ged(wo,wr), and p | D. Then o = 8 = a/2
(mod p) and a £ 0 (mod p). Furthermore, w(a,b) is p-irreqular if and only
if w1 = (a/2)wo (mod p), in which case wy, = (a/2)"wy for n > 0.

(v) Suppose that p = 2 and 2 1 ged(wg, w1). Then w(a,bd) is 2-irreqular if and
only if a =0 (mod 2), b =1 (mod 2), and wy = w1 = 1 (mod 2), in which
case 2| D and w, =1 (mod 2) for n > 0.
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(vi) If w(a,b) is p-irregqular, then either w, =0 (mod p) for alln >0 or w, £ 0
(mod p) for alln > 0. In particular, if there exists terms w; and w; such that
i# 7, w; =0 (mod p), and w; Z 0 (mod p), then w(a,b) is p-regular.

(vii) If (w) = w(a,b) and (w') = w'(a,b) are both p-regular and e > 1, then
P¢) = huw(p®), Mu(p®) = My (p®) (mod p°), and

>
g
—~
s
N
|
>
S\
=
[1)
—
>
g
—

Proof. All parts except part (vi) follow from results in [2, p.695]. Part (vi) follows
from parts (1)—(v). O

Theorem 2.3. Let w(a,b) be a recurrence modulo p¢ with characteristic Toots «
and 8 and discriminant D = (o — 3)? = a® + 4b. Then the following hold.

(i) The recurrence w(a,b) is u. d. modulo p if and only if p | D and w(a,b) is
regular modulo p. In this case, h(p) = p, AM(p) = pE(p), and each residue
modulo p appears exactly E(p) times in a least period of w(a,b) modulo p.
If p > 3 and w(a,b) is u. d. modulo p, then a Z 0 (mod p), a = 8 = a/2
(mod p), and E(p) = ord,(My(p)) = ordy(a) = ordy(a/2). If p = 2, then
E(p) =1. In all cases, E(p) | p— 1.

(i) Suppose that p > 5 and e > 2. Then w(a,b) is u. d. modulo p® if and only if
p | D and w(a,b) is reqular modulo p. In this case, a Z 0 (mod p), h(p®) = p°,
E(p) = ordy(a/2), and A(p®) = p°E(p). Moreover, each residue modulo p°
appears exactly E(p) times in a least period of w(a,b) modulo p¢. Further,
E(p) [p—1.

(iii) Suppose that p =3 and e > 2. Then w(a,b) is u. d. modulo 3¢ if and only if
3| D, D #6 (mod9), and w(a,b) is regular modulo 3. In this case, a # 0
(mod 3), h(3¢) = 3¢, E(3) = ords(a/2), and \(3°%) = 3°E(3). Moreover,
each residue modulo 3° appears exactly F(3) times in a least period of w(a,b)
modulo 3¢. Furthermore, E(3) | 2.

(iv) Suppose that p = 2 and e > 2. Then w(a,b) is u. d. modulo 2¢ if and only
if 2| D, a =2 (mod4), b =3 (mod 4), wy Z w; (mod 2), and w(a,b)
is regular modulo 2. In this case, h(2°) = 2¢, E(2) = 1, and \(2°) = 2°.
Moreover, each residue modulo 2° appears exactly once in a least period of
w(a,b) modulo 2°.

(v) If p >3 and p | D, then w(a,b) is reqular modulo p if and only if p t 2wy —wyp.
Ifp=2andp| D, then a =0 (mod 2) and w(a,b) is reqgular modulo 2 if and
only if wg Z wy (mod 2).

Proof. This follows from Lemma 2.2 (iv) and (v) of this paper and results in [1],
[12], [8], [11, p. 38], Theorem 1.11 of [6], and [7, pp. 30-48]. O
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Theorem 2.4 below will be needed to prove Theorem 1.3.

Theorem 2.4. Let w(a,b) be any second-order linear recurrence and define wl,
by w!, = winir(a,b), where n > 0, t is a fived positive integer, and r is a fived
nonnegative integer. Then for all n > 0,

/ A A
wn+2 =a wn—i—l + b Wy, s

where a' = vi(a,b) and V' = (=1)"T1b, and the sequence {w!,}° is equal to the
second-order recurrence sequence w(a',b"). Further, if o and B are the character-
istic roots of w(a,b) and D(a,b) is the discriminant of w(a,b), then w(a’,b’) has
characteristic roots o' and 8t and discriminant D(a’',b") = (us(a,b))2D(a,b).

Proof. All assertions of Theorem 2.4 follow from [10], except for the one concerning
the discriminant of w(a’,b’). We note that

at_[@t

a—pf

2
D(a'.¥) = (a' = 82 = ( ) (a=8)% = (w(a,4)*D(a,b).

3. Proof of the Main Theorem

We are now able to prove Theorem 1.3.

Proof of Theorem 1.3. Let (w) = w(a,b) with characteristic roots « and 8 and
discriminant D = D(a,b). Since (w) is u. d. modulo p¢, we see by Theorem 2.3
that p | D, (w) is p-regular, h = hy,(p) = p, E = Ey(p) = ord,(«) = ordy(a/2),
and A, (p®) = p°E. Further, each residue modulo p® appears exactly F times in a
least period of (w) modulo p¢. Moreover, there exists a nonnegative integer ¢ such
that 0 < ¢ <h—1=p—1and wy =0 (mod p). Then w,(a,b) =0 (mod p) if and
only if n = ¢ (mod p).

We define the sequence {w],}5%, by w], = Wsing(a,b). Then by Theorem 2.4,
{w) 3oy = (w') = w(a, V'), where a’ = vy(a,b) and b’ = (—1)971p9. Additionally,
by Theorem 2.4, (w’) has characteristic roots @9 and 89 and discriminant

D' = D(d',V) = (uy(a,b))?D.

Since ged(b,p) = 1 and p | D, we see that ged(b/,p) = 1 and p | D’. We will
show below that (w') = w(a’,V’) is u. d. modulo p¢ and E' = E,(p) = r. Then
by Theorem 2.3, it would follow that A, (p®) = p°r and each residue modulo p©
appears exactly r times in a least period of (w') = w(a’, '), as desired.

We first show that (w’) = w(a’,b’) is p-regular. Consider the first h = p terms

ws(aa b)a ws+g(a7 b)v s 7ws+(p—1)g(a7 b)
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of w(a’,b'). Since ged(g,p) = 1, it follows that the set {s,s+g,...,s+ (p — 1)g}
is congruent to the set {0,1,...,p — 1} modulo p. Thus, wstg(a,b) =0 (mod p)
if and only ¢ = ¢ (mod p), where 0 < ¢ < p — 1. Hence, there are terms w, and
w’; such that w; = 0 (mod p) and w} # 0 (mod p). It now follows by Lemma 2.2
(vi) that w(a’,b") is p-regular. It further follows by Theorem 2.3 (i) and (ii) that
w(a’,b') is u. d. modulo p® if either e = 1 or it is the case that e > 2 and p > 5.
We now suppose that p = 3 and e > 2. Then 3 | D and D # 6 (mod 9) by

Theorem 2.3 (iii), since w(a, b) is u. d. modulo 3°. By Theorem 2.4,
D' = D(d',b) = (uy(a,b))?D.

By inspection, (u4(a,b))* = 0,1,4, or 7 (mod 9), while D = 0 or 3 (mod 9). By
examination, we then observe that D' = (ug(a,b))>D = 0 or 3 (mod 9), and also
D’ #£6 (mod 9). Consequently, w(a’,b’) is u. d. modulo 3¢ by Theorem 2.3 (iii).

We next suppose that p =2 and e > 2. Then g =1 (mod 2), since ged(g,2) = 1.
Moreover, a = 2 (mod 4), b = 3 (mod 4), and wo(a,b) # wi(a,b) (mod 2) by
Theorem 2.3 (iv). Since a = 0 (mod 2) and b = 1 (mod 2), we can find that
wai(a,b) = wp(a,b) (mod 2) and we;t1(a,b) = wi(a,b) (mod 2) for i > 0. By
Theorem 2.1, a’ = v,(a,b) and & = (=1)97'9 = 1-39 = 3 (mod 4). Noting
that vo(a,b) = 2 and v1(a,b) = a = 2 (mod 4), it follows now by induction that
vp(a,b) = 2 (mod 4) for all n > 0. Hence, ' = 2 (mod 4) and ¥ = 3 mod 4.
We now show that wi(a’,b') £ wy(a’,b"). By definition, wg(a’,b’) = ws(a,b) and
wi(a', V) = weyg(a,b), where ged(g,2) = 1. Then s # s+g (mod 2), which implies
that wy (a’,b') Z wo(a’,d’) (mod 2). Hence, w(a’,V’) is u. d. modulo 2¢ by Theorem
2.3 (iv).

Finally, we show that A\, (p®) = p°r, which then implies that each residue modulo
p© appears exactly r times in a least period of w(a’,b") modulo p¢, because w(a’,d’)
is u. d. modulo p°. By Theorem 2.3 (i) and (ii), Ay (p®) = p®EWy (p). It thus suffices
to show that F,(p) = r. By our earlier arguments, w(a’, ") has characteristic roots
a9 and B9 and E, (p) = ord,(a¥). Since E,,(p) = ord,(a) by our above discussion,
we see that

Ew(p)

Euw(p) = ordyla®) = g o)

Our result now follows. O

4. Conclusions

Remark 4.1. We observe that in a certain sense, Theorem 1.3 is the best possible.
Let g be any fixed positive integer. Let s be a fixed nonnegative integer and define
{wi,}o2 o by w], = wsing(a,b). Suppose that ged(g,p) > 1. Let g = pi for some
positive integer . We claim that the finite subsequence {w;}ﬁzg ! does not contain
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all residues modulo p¢, where e > 1. By Theorem 2.3 (i), h(p) = p. It now follows
by (1.2) that

Wl = Wsing = M™ws (mod p) (4.1)
for n € {0,1,...,p% — 1}, where M = M (p). Since ged(M,p) = 1, we see by (4.1)
that w], Z 0 (mod p) if ws Z0 (mod p), while w), =0 (mod p) if ws =0 (mod p).

We now consider the problem of extending our results from second-order linear
recurrence sequences to kth-order linear recurrence sequences, where k > 2. Let
w(ay, ag,...,a) denote the kth-order linear recurrence defined by

Wn+k = A1 Wnp4+Ek—1 + A2Wn+k—2 +-- ApWn,

where the parameters aq,as,...,a; and the initial terms wq,wq,...,w,_1 are all
integers. Let

g(z) = 2 —apa T —agr T — o —ap i — ap
be the characteristic polynomial of w(a1,as,...ax) with roots ag,as,...,q; and
discriminant
2
D= H (O[i — ij) .
1<i<j<k

We make the following conjecture.

Conjecture 4.2. Suppose that the sequence w(ay,as,...,a) is uniformly dis-
tributed modulo p¢ with period A, (p¢) = p°E, where ged(ag,p) = 1, e > 1, and
each residue modulo p® appears exactly F times in a least period of w(ay, as, ..., ax)
modulo p¢. Let g be any fixed positive integer such that ged(g,p) = 1. Let
d = ged(g, E) and let r = £ Let s be a fixed nonnegative integer and define
{wi}o2y by w), = wWsyng(a1,as,...,a;). Then each residue modulo p® appears

exactly r times in the finite sequence {w;}fzo_ L

The example below provides some justification for Conjecture 4.2.

Example 4.3. Consider the third-order linear recurrence (w) = w(3,—1,—2) de-
fined by

W43 = 3Wni2 — Wpi1 — 2Wy,

with initial terms wy = 0, w; = 0, ws = 1, and having the characteristic polynomial
flz)=2® -32> + 2+ 2

with characteristic roots a = (1++/5)/2, aa = (1-+/5)/2, a3z = 2, and discriminant
D = 5. By inspection, (w) is u. d. modulo 25 with period A\(25) = 100 = 25-4. Let
g be a fixed positive integer such that ged(g,5) = 1. Let

4

ged(4, g)
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Consider the finite subsequence of (w) defined by
Wo, Wq, Wag, - - .w(25r,1)g. (42)

By examination, the subsequence (4.2) is u. d. with each residue modulo 25 ap-
pearing exactly r times when (g,r) = (4,1) or (2,2) or (3,4).
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