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Abstract

Let p be an odd prime and w be a primitive pth root of unity. In this paper, we
introduce a metric on the cyclotomic field K = Q(w). We prove that this metric
has several remarkable properties, such as invariance under the action of the Galois
group. Furthermore, we show that points in the ring of integers Ok behave in a
highly uniform way under this metric. More specifically, we prove that for a certain
hypercube in Ok centered at the origin, almost all pairs of points in the cube are
almost equi-distanced from each other when p and N are large enough. When
suitably normalized, this distance is exactly 1/+/6.

1. Introduction

Cyclotomic fields play an essential role in algebra and number theory, particularly
in understanding the behavior of prime numbers and the solutions to Diophantine
equations. In this paper, we uncover properties of cyclotomic fields equipped with
a special metric, which we study from both algebraic and probabilistic standpoints.

Let p be an odd prime and w be a primitive p-th root of unity. The extension
of Q generated by w in the field of complex numbers is the p-th cyclotomic field
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K = Q(w). We shall denote by Trg /g the trace map of the number field K (the
precise definition of Trg /g will be reviewed in Section 2).

For a € K, we denote by v, the vector in QP! whose jth component is
TrK/@(awj), for 1 < 7 < p—1. In this paper, we define d(«a,3), the distance
between o and § in K, as the Euclidean distance between the vectors v, and vg
in QP~!. We shall show that d is a metric on K, where positive-definiteness is the
only nontrivial property. Note that d is canonically defined and is independent of
the choice of w.

We aim to investigate this metric d from several perspectives. In Section 3, we
show that d has certain nice properties that are related to the algebraic and number-
theoretic structure of Q(w). For instance, the metric d is invariant under the action
of the Galois group G = Gal(K/Q). In turn, this gives us an analogy of Krasner’s
lemma within the context of cyclotomic fields equipped with the metric d.

In Section 4, we derive an explicit formula for the metric in terms of the coordi-
nates under the canonical basis {w,...,wP™!} of K.

In the rest of the paper, we build on the ideas of [1] and [2] to study the metric
d from a statistical point of view. More specifically, for a positive integer N, we
denote by B(p, N) the symmetric boz of cyclotomic lattice points:

B(p,N) := {alw—l— ...+ap_1wp_1 ta1,...,6p—1 € [-N, N] ﬂZ},

which lies in the ring of integers Ok. In Section 5, we normalize the metric d so
that the diameter of B(p, N) is exactly 1 in the sense of metric spaces, i.e., the
points furthest apart in B(p, N) are at a distance of exactly 1 from each other.
This gives us a scaled distance, denoted by 9, y(a, 8), which serves as a unitary
means of comparing the spacing of points in different hypercubes B(p, N), as p and
N vary. Our main theorem states that points in B(p, N) are almost equi-distanced
from each other in the following sense.

Theorem 1. For any € > 0, there exists an absolute and effectively computable
constant A(e) such that if N,p > A(e), then

#B(p,N)

Theorem 1 reveals a surprising uniformity in the spacing of points among the
high-dimensional lattice points in K. It provides insight into a certain “statistical
regularity” in the geometric properties of cyclotomic fields when viewed through
the lens of this particular metric. Theorem 1 will follow from Theorem 5, which is
an explicit quantitative version that we shall prove in Section 6. Our methods rely

L 2#{(a,ﬁ)€B(p,N)><B(p,N): Dp7N(a,B)—\}6‘>€}<a.

on calculating the various moments of distances between points in B(p, N).
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2. Notations and Definition of the Metric

2.1. Notations and Setup

In this subsection, we set up some notations and recall some preliminary facts from
algebraic number theory that will be needed in the later discussions. More details
can be found in [5], [6], and [11].

Throughout this paper, let p be an odd prime, and let w be a primitive pth root
of unity, say w = €2™/P, Let K = Q(w) be the pth cyclotomic field. It is well known
that the Galois group G := Gal(K/Q) is isomorphic to the group (Z/pZ)*, which
is cyclic of order p — 1.

We denote by Ok the ring of integers of K, that is, the integral closure of Z in
K. It is well known that rings of integers have integral bases, and in this case, an
integral basis of O is given by {w,...,wP~1}. Therefore,

Ok :{alw—i—...—i—ap,lwp_l a1, ..., 0p—1 EZ}

Many key properties of number fields can be studied via the trace map. Since cy-
clotomic fields are always Galois over Q, the trace map Trg g has a simple definition
in this case, which is

Trg/g(a) = Z ola), ackK. (1)
o€Gal(K/Q)
It can be proved that Trg,g(a) € Q for all o € K. Furthermore, if o € O, then
TI‘K/Q(Oé) €.
Finally, for complex-valued functions f and g, we write f < g or f = O(g) to
indicate that there exists an absolute and effectively computable constant C' such
that |f] < C|g| for all inputs.

2.2. Definition of the Metric

We now formally define the metric d mentioned in the introduction. The metric
is, in fact, induced by a norm on K as a Q-vector space. The norm is defined as
follows.

Definition 1. For any a € K, we define

p—1

2
loll = \| 3 (Traese(aw))” = Ivalle,
j=1
where v, € QP71 is the vector whose jth component is Tr(aw’) and | - ||z denotes

the usual Euclidean norm on QP~!.

Definition 2. For a, 8 € K, we define their distance d(a, 8) to be ||a — ]|
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Theorem 2. The function || - || defined as in Definition 1 is a norm on K.

Proof. We verify the three conditions of a norm. The triangle inequality follows
immediately from the usual triangle inequality in Euclidean spaces QP~! C RP—1,
For any @ € K and A € Q, we need to prove that ||Aa|| = |A|||e||. This follows
from the Q-linearity of trace, since it implies that vy, = Av,,.
It remains to prove positive-definiteness. Clearly ||| > 0. Suppose || = 0.
Then v, € QP71 is the zero vector. Hence,

TrK/Q(ozwj) =0,
for all j =1,...,p — 1. Suppose a # 0. Then, we may write
1
—=cw+...+ cp,lwp_17 where ¢; € Q.
e

Therefore,
l=ciaw+...+ cp_lawp_l.

Taking the trace of both sides and using the fact that trace is Q-linear, we have

p—1
p—1= ch TrK/@(ozwj) =0,
j=1
which is a contradiction. Hence, o = 0. O]

It follows that the function d is indeed a metric on K. The distance defined in
this manner closely resembles the Euclidean distance in vector spaces but also has
properties that are well-suited to the study of cyclotomic fields. This will be further
explored in Section 3.

We remark that the norm in Definition 1 must be distinguished from the usual
norm of an algebraic number (say, over a Galois extension), which is defined to be
the product of all its Galois conjugates. There also exist several other notions of
norms over number fields. For example, one can define the Siegel norm of algebraic
numbers (see [4] and [10] for its construction and some interesting properties; for
some questions related to Siegel’s trace problem, see [8] and [9]). In this paper, the
word “norm” always refers to the norm we just defined unless stated otherwise.

3. Properties of the Metric

The metric d on K = Q(w) defined above is the main object we investigate in
this paper. To convince the readers that the metric is a natural object worth
studying, we shall first prove a number of remarkable facts about this metric, the
most important one of which is the invariance under the action of the Galois group.
This is the content of the following proposition.
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3.1. Invariance Under the Galois Group Action

Proposition 1. The metric d is invariant under the action of the Galois group
G = Gal(K/Q). In other words, for any o € G and o, B € K, we have

(e, ) = d(o(a),0(8)).

Proof. Tt suffices to show that the norm in Definition 1 is invariant under G, i.e.,
lo(a)|| = ||a| for all « € K and ¢ € G. Suppose 0~} (w) = wF, where 1 <k < p—1.
Then we have

3
L

2
llo(a)]| = Try/o(o(a)wd)
\ ( /e )

-5 (1 (oo )

= |3 (e (2o 1wp))

<.
Il
—

i
L

<.
I
—

3
L

<.
Il
—_

3
L

-\ (e (o))

where the third equality follows from the fact that Trg /g is invariant under G.
Since k must be coprime to p, it follows that {kj : 1 < j < p— 1} is a permutation
of {j:1<j<p-—1}. Hence, |jo(a)| = |||, as required. O

<.
Il
Ja

3.2. An Analogue of Krasner’s Lemma

As a consequence of Proposition 1, we now prove that the metric d has another
surprising property, with which we will draw an analogy between the following
version of Krasner’s lemma.

Theorem 3 ([7, Lemma 8.1.6]). Let k be a complete field with respect to a non-
Archimedean wvaluation, and let Q be an algebraic closure of k. Let o € § be

separable over k and let « = o, ..., a, be the conjugates of a over k. Suppose that
for B € Q we have

o =Bl <|a—a; fori=2,...,n,
where | - | denotes the unique extension of the valuation to Q. Then k(a) C k(f).

We now prove the following analogous result.
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Theorem 4. Let K = Q(w), where w is a primitive pth root of unity. Let « be
an element of K and let aq,...,a, be the conjugates of a over K, with a; = a.
Suppose that for f € K we have

1
d(a, B) < gd(a,ai) fori=2...,n,
where d is the metric in Definition 2. Then Q(a) C Q(f).

Proof. Let G = Gal(K/Q). From Galois theory, Q(or) C Q(f) if and only if
Gal(K/Q(5)) C Gal(K/Q(«)). Since G is a cyclic group of order p — 1, the preced-
ing condition is equivalent to |Gal(K/Q(8))| dividing |Gal(K/Q(«))|, which is then
equivalent to [K : Q(p)] dividing [K : Q(«)]. By the tower law, this is equivalent
to [Q(a) : Q] dividing [Q(3) : Q).

As in the statement, let aq,...,a, be the Galois conjugates of a over K, with
a1 = «. Similarly, let 51, ..., 8,, be the Galois conjugates of 8 over K, with 5, = 3.
Since K/Q is Galois, we have [Q(«) : Q] = n and [Q(8) : Q] = m. Therefore, we
need to prove that n divides m under the hypothesis that d(a, 8) < 3d(a, o;) for
allt=2,...,n.

Let 1
=g min d(a, o).
Then d(«, 8) < r. For any element x € K, denote by B(x,r) the open ball centered
at x with radius r under the metric d. Observe that if a;, a; are two distinct Galois

conjugates of a, say o; = o(a) and a; = 7(«), where o, 7 € Gal(K/Q(«)), then
d(ai,aj) = d(o(a), () = d(a,0 ' 7(a)) > 2r.

It follows that any two distinct conjugates a; and o are at a distance of at least
2r from each other. In particular, the open balls {B(a;,r) : 1 <i < n} are pairwise
disjoint.

We claim that for every 3; there exists an «; such that 8; € B(a;,r). In other
words, the balls contain all conjugates of 3. Indeed, if 5; = o(/3), then

d(o(a), Bj) = d(o(@),0(B)) = d(e, ) <,

by Proposition 1. Hence, 8; € B(o(a),r).

Furthermore, we claim that for 1 < i < n, each ball B(«;,r) contains the same
number of conjugates of 8. Indeed, suppose «; = o(@). Then by Proposition 1
again, we have

d(ai, B;) = d(o(a), ;) = d(, 0~ (8;))-
Therefore, 8; € B(a;,r) if and only if o71(3;) € B(a,r). Since o is a bijection,
this proves that B(«, r) and B(«;,r) contain the same number of Galois conjugates
of 8. This number is nonzero because 5 € B(a, ). Since the balls are disjoint, we
conclude that n divides m, as desired. O
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Remark 1. The following example illustrates that the constant % in the statement
of Theorem 4 is optimal, in the sense that any larger constant would make the
statement false. Consider p =3, @ = w, and § = —%. Then « only has one Galois
conjugate other than itself, namely w?. A straightforward computation shows that

d(a, 8) = and  d(a,w?) = 3V2.

3
V2
Therefore,
1
d(a7 6) = Qd(a7 OJQ),
but Q(«) is not contained in Q(S).

As a simple consequence, we deduce the following corollary, which is reminiscent
of the primitive element theorem in field theory.

Corollary 1. Let o, € K = Q(w). Define v, = a + g Then Q(vn) = Q(o, B)
for all sufficiently large n.

Proof. Clearly, Q(v,) € Q(a, 8), so it suffices to prove the reverse inclusion. Note

that
Bl _ 18l

d(av')/n) = Ha _’YnH = n n

Thus, when n is sufficiently large, we would have d(a,v,) < 3d(a, o(c)) for all
o € G. Theorem 4 implies that Q(a) € Q(7y,). In particular, @ € Q(v,), and so
B € Q(vn), as desired. O

Not only does Corollary 1 prove a special case of the primitive element theorem,
but it also provides a simple algorithm to find generators of subextensions of K.

4. Computing the Metric in Coordinates

In this section, we aim to derive an explicit formula of the metric d in terms of the
coordinates of a € K under the integral basis {w,...,wP~1}. We first note that
Trg/o(1) =p—1, and Trgg(w) = ... = Trg/g(wP™') = —1. Therefore, if

-1
a=aw+...+ap_ 1w,

then
Trggla) = —(a1 + ... +ap_1), (2)
and for j=1,...,p— 1, we have
p—1
Tr g/ (0w’) Z i+ (p—Dap—j = Trrjg(a) + pap—;.

1?]
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Therefore,
p—1
lal* = Trijglaw’)?
j=1
p—1 2
= >~ (Trxal@) +pap-;)
Jj=1
p—1 2
= Z (TI'K/@(OZ) +paj>
j=1
p—1
_ (TrK/Q(a)2 + 2pa; Tricjq(c) +p2a?)
j=1
p—1 p—1
= (p — 1) TI‘K/Q(Oz)2 + 2pTI‘K/Q(Oé) Zaj +p2 Zag
Jj=1 j=1

From Equation (2) we see that

p—1
lall? = (p — 1) Triejg(@)® — 20 Trejg(e)? + 07 3 a3
j=1

p—1

= p2 Za? — (p+ 1) T\FK/Q(Q)Z

Jj=1

Hence, we have arrived at the following convenient formula, which we shall fre-
quently use in the later sections.

Lemma 1. Suppose o = ajw+ ...+ ap_lw”’l € K. Then

led = pllallE = (p + 1) Trijqa)?, 3)

where ||| g is the Euclidean norm of a, i.e., ||a||% = Zf;ll a?.

Also, note that by the Cauchy-Schwarz inequality,

Trgelel = (Ya) <Y a2 = (o - Dol

j=1 =1

<

so we conclude that
lal? > (5 — 0+ D~ 1) lal3 = llalf3

In other words, the norm of « is always larger than or equal to the Euclidean norm
of a.
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5. The Normalized Distance

Let B(p, N) be the hypercube
B(p,N) :={a1w+... +ap_1wPtia; € ZN[-N, N1} C Ok.

Then B(p, N) contains (2N + 1)P~! points in total. In this section, we introduce a
normalized distance on B(p, N). To do so, we shall need to compute the diameter
of the hypercube B(p, N). This is done in the following lemma.

Lemma 2. The diameter of B(p, N), i.e., the maxzimum distance between two points
in B(p,N), is exactly
diam B(p, N) = 2Np+/p — 1,

which is achieved by the following pairs of points

p—1

a= 2:]\7(—(4))”'*1 =Nw—Nw?+ ...+ NP2 = NowP™! and B=—a.

i=1
Proof. Tt suffices to maximize Equation (3) for a — 3, where «, 8 € B(p, N). Note
that

a—B=2a=2Nw—-2Nw? — ... +2NwP 2 —2NwP~ L.

It is easy to see that choosing such a and § would simultaneously maximize the
Euclidean norm || — 3|3, and minimize the trace term (Trg g(o — 3))?, because
in this case Trg/g(a — B) = 0. Therefore, this pair must achieve the maximum
distance. It follows from Lemma 1 that

(diam B(p, N))2 =|la— 5”2 = PQ(p - 1)(2N)27
as required. O

Definition 3. For «, 8 € B(p, N), we define the normalized distance of a and /3 in
the cube by
_d(a.p)
 2Npyp—1°

If we normalize the metric in this way, then the diameter of the hypercube
B(p, N) is exactly 1. This normalized distance is not only more aesthetically ap-
pealing but also very useful in comparing the distribution of points in different
hypercubes B(p, N), as p and N vary.

OP,N(O‘v 5)

6. Almost All Points in B(p, N) are Almost Equi-distanced

In this section, we show that, in an appropriate sense, almost all points in B(p, N)
are “equi-distanced” from each other in the sense of Theorem 1. Our proof relies on
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the explicit calculations of the second and fourth moments of the distances, which
we define below.

Definition 4. Fix p, N, and let k be a positive integer. We define the kth moment
of distances between points in B(p, N) to be the following averaged sum:

1
My(p, N) := ZB(p. N > > et
P 8" e B(p,N) peBm,N)

6.1. Computation of the Second Moment
Now, we evaluate the second moment of the distances in the following lemmas.

Lemma 3. For integers v > 0 and N > 1, consider the sum of powers

Then we have:

Sr(N)=0, ifr is odd,

Sy(N) = %N(N +1)(2N +1),

1
T 15

Proof. When r is odd, the sum is zero because a” + (—a)” = 0. When r is even,
this follows from the well-known Faulhaber’s formula of sums of powers (see [3] for

S4(N) N(N +1)(2N +1)(3N? + 3N —1).

example). O

Lemma 4. The second moment of distances between points in B(p, N) is given by

2
Ms(p,N) = g(p?’ —2p* +1)N(N +1)

2
= 3P°N? + O(p’N* + p°N).

Proof. By Lemma 1, we have

p—1
> depi= X 3 (P b
a€B(p,N) BEB(p,N) —N<a1,b1<N —N<ap_1,bp_1<N i=1
p—1p—1
~(p+1) > Y (e = bi)(a; — by))-
i=1j=1

We break this sum into two pieces by linearity. The first piece equals

2 Y Y ey (4)

=1 —N<a1,b6<N —N<ap—_1,bp—1<N
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The second piece equals

p—1p—1
+DY > > > (ai—b)(a—by)
i=1 j=1 —N<a;,b1 <N —N<ap_1,bp_1<N

We now simplify the second piece. If 7 # j, then the terms a; — b; and a; — b; are
independent, in which case the sum is zero because

—N<a;,b;)<N

If i = j, then (a; — b;)(aj — bj) = (a; — b;)?, in which case the sum becomes

p—1
w0y Y @y
i=1 ~N<a1,b<N  —N<ap_1,bp—1<N

which is exactly the same as Equation (4), up to a difference in the coefficient. It
follows that

> >, dep)y

a€eB(p,N) peB(p,N)
p—1

:<p2_p_1)z Z Z (ai—bi)Q
i=1 =N<a1,b6<N  —N<ap_1,bp,_1<N

=@ -p-DE-DEN+** 3" (af - 2ab + b))
~N<ar,<bi <N

Again, we break the above sum by linearity and note that

> alblz( > al)( > bl)zoa (6)

—N<ai,bi <N —~N<a1<N —~N<b<N

and

S (al+b)=22N+1) Y al =2(2N +1)S(N), (7)

—N<a1,b1 <N —N<a; <N

where the value of S3(N) is computed in Lemma 3. Therefore, we obtain
2
Yo Y dap?’= S —p=1p-1EN+ )" N(N+1)2N +1)
a€B(p,N) BeB(p,N)

2
= g(p3 —2p> + 1)N(N +1)(2N +1)?P72,

and the result follows from dividing the above quantity by #B(p, N)? = (2N +
1)%r—2, O
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We will argue that almost all pairs of points (a, 3) € B(p, N)? are almost Vi
away from each other, where

2
p=p(p,N) = §p3N2 (8)

is exactly the main term appearing in the expression in Lemma 4. To this end, we
shall need to compute the fourth moment My(p, N).

6.2. Computation of the Fourth Moment

The following lemma will be used several times in the evaluation of My(p, N), so
we prove it here explicitly.

Lemma 5. We have

p—1p—1
)3 DD DR DR G AR C R (9)
i=1 j=1 -N<a1,b6 <N —N<ap_1,bp_1<N

2
= BN(N +1)(p — 1)(10N?p + 4N? + 10Np + 4N — 3).

Proof. We break Equation (9) into two pieces according to whether i equals j. The
1 = j piece equals:

N+ p-1) > (e —b)h (10)
—N<ai,b1<N

Since (a1 —b1)* = (a] +b1) +4(a?b + a1b3) + 6a3b?, we can further rewrite the sum
in Equation (10) as
2

22N +1) Y a‘f+6( > a?),

—N<a;<N —N<a;<N

since all terms with odd powers vanish. The above quantity can be computed
directly using Lemma 3.
On the other hand, the i # j piece of Equation (9) equals

N+ -De-2( Y (a-n)) (11)

—N<ai1,b1<N

The innermost sum inside the square has been previously calculated in Equations
(6) and (7). The result now follows from combining the i = j piece and the i # j
piece. We omit the details of the tedious calculation. O
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Lemma 6. The fourth moment of distances between points in B(p, N) is given by

2
My(p, N) == N(N +1)(p ~ 1)((2N? 4 2N)(5p° — 8p* + p® + 8p” — 21p — 18)
-3 -p—1)%)
4
:§p6N4 + O(p°N* 4 pSN3).

Proof. By Lemma 1, we need to compute

> Y dep)

a€B(p,N) BEB(p,N)

p—1

= Z Z (p4( (a; —bj)2)2

~N<a1b1<N  —N<ap_1,bp_1<N j

—20%(p + 1)(2 (0 - bi)Q) CZ_‘; (4 -1))

Il
—

e+ 1)2(pzl<aj ~5)").

j=

By linearity, similar to the proof of Lemma 4, we break up the sum above into three
pieces.
The first piece of the sum equals

p—1p—1
2B DI DD DN et DN CEL A
i=1j=1 -N<a;,b<N —N<ap_1,bp,_1<N

Observe that this has been calculated in Lemma 5
We now evaluate the second piece of the sum, which is

p—1 p—1
2p°(p+1) Z Z Z(ai *bi)z(Z(ai *bi))g- (13)
~N<a1,bt<N  —N<ap_1,bp_1<N i=1 i=1

Omitting the coefficient 2p?(p + 1), Equation (13) equals

p—1p—1p—1

)39 3P DD DI > (@i = bi)*(aj — bj)(ay, — by)

i=1 j=1 k=1 -N<a1by<N  —N<ap_1b,_1<N
p—1p—1
2 2
=>> > > (a; = bi)"(a; —b;)7,
i=1j=1 -N<ar,h<N  —N<ap_1,bp-1<N

because when j # k, the sum vanishes as in Equation (5). Hence, Equation (13) is
the same as Equation (12), up to a constant multiple, so it can also be calculated
using Lemma 5.
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The third piece of the sum is

p—1 1
(RS DENEHIED DI O D (B (14)
—N<aq,b1<N —N<ap_1,bp—1<N  j=1

Omitting the coefficient (p + 1)2, we may rewrite Equation (14) as

p—lp—1p—1p—1

YNS O ST (@ bi)(ay — b)) (ak — bi)(a— by).

i=1 j=1k=11=1 —N<a1,b6<N  —N<a,_1,bp_1<N

(15)
Depending on the relations between i, j, k, and [, the above sum can be split into
pieces that correspond to the set of all integer partitions of 4. For example, if
it = j = k # [, then the partition is 4 = 3+ 1; if s = j # k = [, then the partition
is 4 = 2 4+ 2. Now, observe that if the partition has an odd number in it (which is
either 1 or 3 in this case), then the sum must vanish because

Z (ai - bl) = Z (ai — b1)3 =0.
—N<a;,b;<N —N<a;,b;<N

Hence, only the partitions 4 = 4 and 4 = 2 + 2 result in nonzero summands.
Therefore, Equation (15) equals (omitting the coefficient (p + 1)?)

DI DD DR CE )

i—=1 —N<a1,b1<N  —N<ap_1,bp 1<N
(4) p—1p—1
2 2 2
+7§ ) > > (a; = bi)"(a; — b;)",
i=1j=1 -N<a1,b1<N  —N<ap_1,b,_1<N
J#i

which can be further simplified to
(P-1DEN+1** 3" (a1 —by)?

—N<ai1,b1<N

2
+3p-DE-2N+ >0 3 (@ -h)?)
—N<ay,b1 <N
We recognize that these two smaller sums have been previously calculated in the
two subcases of Lemma 5 (see Equations (10) and (11), respectively). Again, we
omit some details of the tedious calculation.

Now, combining these three pieces gives the total sum in the lemma, and dividing
the quantity by #B(p, N)? = (2N + 1)??~2 yields the result. O

Remark 2. We shall never appeal to the first explicit formula of My(p, N) in
Lemma 6. Rather, the second asymptotic estimate of My(p, N) will be much more
useful in the following analyses.
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6.3. Computation of the Second Moment about the Mean

In this subsection, we apply Lemmas 4 and 6 to obtain an estimate of the second

moment of distances about the mean between points in B(p, N), which is formally
defined by

1
R(p,N) := W Z Z (d(e, 8) = p)?,
P aeB N seBEN)

where p is defined by Equation (8). R(p, N) will play a crucial role in the proof
of our main theorem, and the following lemma establishes an upper bound of this
quantity.

Lemma 7. We have
R(p,N) < p°N* 4 pSN3.
Proof. Indeed, we have

S (e, 8)? — w2 =S d(a, ) — 21> d(a, B)? + p2(2N + 1)272,
a,f a,B a,B

By Lemmas 4 and 6, we have

4 2 2
R(p,N) =§p6N4 +O(P°N* +p°N?) —2- (gp?’Nz) : (§p3N2 + O(p*N? +p3N))

+ (2 3N2>2
3p
<p°N* + pSN3,

where the main terms cancel nicely, leaving us with only the big-O term. O

6.4. Proof of Theorem 1

Our main result Theorem 1 now follows immediately from the following quantitative
estimate in Theorem 5. Note that, instead of normalizing the distance by a factor of
2Npy/p — 1, we chose to normalize it by 2Np3/2 in Theorem 5. This choice makes
the computations much cleaner, and it will not at all affect the end result since
2Npy/p — 1 and 2Np?/? are asymptotic as p — co.

Theorem 5. For any € > 0 and any positive positive integer N,

1 2., d(avﬁ) 1 1 1 1

Proof. Multiplying both sides of the required inequality in Equation (16) by 2Np

gives us
2 3/2

3/2

> - 2Np/?,
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which may be rewritten as
(e, B) — Vil > ey/6p.
Also, note that
|d(e, 8)? — | = |d(a. B) + Vaul |d(e, B) — /il = Vild(e, B) — v/ul .

Therefore, by Lemma 7,

1
PN 4N > S (d(a, B - p)?
#B(p7 N)2 a,ﬁ

1
> Y (e, - p)?
#B(p,N) oy

|d(cv,8)— /| >e+/Bp

#{(a,8) € B(p,N)? : |d(cv, B) — /| > e\/6p1}

> 4B, N)? (5\/@ Vi)?
_ #{(0.8) € Bp.N) : |d(o )/ @ND*?) ~ NG|},
7B N2 "

Therefore, dividing both sides by 6212, we have

1 d(a, B) 1 1 p°N* 4 pSN3
- - B(p.N)? : LA B S S I el
ot @) € B ‘2Np3/2 Lo« B

1/1 1
<<?2(5+N>' O
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