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Abstract
Let K be a non-normal field of degree 3 over Q. Let ¢ > 2 be an integer. In
this paper, we investigate the fth power moment of the coefficients attached to
the Dedekind zeta function (kx(s) over a sequence. In particular, we consider the
following:
Se(x) = > ag(n)
n:m?+z§+x§+zi+x§+z§§z
(z1,22,23,24,T5,x6)EZLE

and establish an asymptotic result, where (x(s) =Y ", ‘”jl—(”) is the Dedekind zeta
function.

1. Introduction

Let K be a number field of degree [K : Q] = d and Ok be its ring of integers. Then
the Dedekind zeta function attached to K is defined as

1 \! 1
)= 11 (1‘ <Np>s> = 2 Wy M

pCOk uCOk
p#0 u#0

for Re(s) > 1, where the product is over non-zero prime ideals in Og and Nu
denotes the absolute norm of u. For K = Q, the Dedekind zeta function (x(s) is
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the Riemann zeta function. The function (x(s) extends analytically to the entire
complex plane except for a simple pole at s = 1, and the residue at s = 1 is given
by the analytic class number formula

2" (2m)"2hR
lim (s — 1)(kg(s) = ——F—,
Jm = 16l = =
where 71 is the number of real embeddings of K, 2ry is the number of complex
embeddings of K, h denotes the class number, R is the regulator, w is the number of
roots of unity in K, and Dk is the discriminant of K. The Dedekind zeta function
satisfies a functional equation similar to the Riemann zeta function,

€k (s) = &k (s — 1),

6ls) = ( m)sr(s)“ns)”@ds),

2ragn/2 2

where

which is analytic in the whole complex plane except for the simple poles at s = 0
and s = 1.
We rewrite Equation (1) as a Dirichlet series

=, ax(n)
= Re(s) > 1, 2
Gels) = 32, et )
where ag (n) denotes the number of integral ideals in K with norm n. The coefficients
ag(n) of the Dedekind zeta function (x(s) in Equation (2) satisfy the following
properties: for all n > 1, we have ag(n) > 0; for all coprime integers m and n,
ag(mn) = ag(m)ag(n); and for any € > 0,

ag(n) < d(n)FYU <« ne,

where d(n) denotes the divisor function. Since the coefficients ax(n) are multiplica-
tive, the Dedekind zeta function has the Euler product

el = 3 0 T (1 L) ax®?) e ) 3)
n=1

. ps p2s pk:s

for Re(s) > 1.
In 1949, Landau [13] investigated the first moment of ag(n) for a number field
K with degree d > 2 and proved that

3" ax(n) = cxx + Ot~ 7T

n<zc
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for some constant cx depending on K. Later, Chandrasekharan and Narasimhan
[4] studied the second moment of ax(n) and proved that

ZaK ) < z(logz)?~L.

n<x

For a Galois extension K over Q of degree d > 1, Chandrasekharan and Good [3]
proved that ,
Z ak(n) = xPy(logz) + Ozt =24 +¢),

n<x

for every € > 0 and integer £ > 2, where Py(logx) denotes a suitable polynomial of
degree d*~! — 1. For a non-normal field extension K over Q of degree 3 given by
an irreducible polynomial 2® + Ax? + Bz + C of discriminant D < 0, Fomenko [6]
investigated the first and second moments and proved

Z aﬂ2<(n) =cizlogx + cow + O(x9/11+5)

n<zx

and

Z a%(n) = 1'P3(10g :U) + O(x73/79+€)’

n<lz

where P3(logz) is a polynomial in logz of degree 4. Lii [17] improved the error
terms, and Liu [16] further improved the above-stated result of Fomenko. For a
more recent development, see [7].

Let K be a non-normal field over Q of degree 3 given by an irreducible polynomial
22 4+ Axz? + Bz + C of discriminant D < 0. For a given natural number ¢ > 2, we
consider the /th power moment of the Dedekind zeta function associated with K
given by

Sy(z) = > ag(n). (4)
n=x}+aj+ai+ai+ri+ai<z

6
(z1,%2,23,84,25,26) EL

In this paper, we prove the following results.

Theorem 1. Let K be a non-normal field over Q of degree 3 given by an irreducible
polynomial x>+ Ax? + Bx + C of discriminant D < 0. Then for any € > 0, we have

5 1z + o logx + O(x%“) if £ =2,
o(z) =
23 Py(log z) + O(x7 1) if £ =3,

where ¢1,co are some suitable constants and Ps3(logx) is a polynomial in logx of
degree 4.



INTEGERS: 25 (2025) 4

Theorem 2. Let K be a non-normal field over Q of degree 3 given by an irreducible
polynomial 2* + Ax? 4+ Bz + C of discriminant D < 0, and let £ > 4 be an integer.
Then for any € > 0, we have

5 23 Py(log x) + (9(303_3%+6) for even £ > 4,
\r) =
3Q(logx) + (9(3:3_3%+€) for odd £ > 5,
where Py(logx), Q¢(logx) are polynomials in logx of degree ag e+ as ¢ — 1. Here,

a”‘”z() Ty
and
= ‘
we= & () mieran

i=1

2. Preliminaries

Throughout the paper, € denotes an arbitrarily small positive constant, but not
necessarily the same one as others, and any implied constant may depend on e.

Let Hi(SL(2,Z)) be the set of normalized Hecke eigenforms of even integral
weight %k for the full modular group SL(2,Z). Let {\f(n)}nen be the normalized
Fourier coefficients of the cusp form f € Hy(SL(2,Z)) at infinity, i.e.,

0o
Z) — Z)‘f( n 2 eQﬂ'an
n=1

for all z € H, where H is the Poincaré upper half-plane. The Fourier coefficients
Af(n) are the Hecke eigenvalues of f, and these are real numbers. Also, Af(n)
satisfies the following relation:

s = 3 (). )
dlged (m,n)
As a consequence of Deligne’s [5] proof of Weil’s conjectures, we have
Ar(n)] < d(n) < n
for any € > 0, where d(n) is the divisor function.

The L-function associated with the normalized Hecke eigenform f(z) = Z Af (n)nkT e?minz

is defined as

Sl
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for Re(s) > 1. Since Af(mn) = Af(m)As(n) for all positive integers m and n such
that ged(m,n) = 1, the L-function has the Euler product

-1 ) - 10-3) (-8

where o, + 8, = Ap(p) and a8, = || = |5p] = 1.
For a given Dirichlet character x of modulus N, the twisted L-function is defined

L(f®x,s) ;:ZW

for Re(s) > 1. Note that both the L-functions L(f,s) and L(f ® x, s) have analytic
continuations to the whole complex plane (see, [11, Section 7.2]).
For j > 2, the jth symmetric power L-function of degree j + 1 is defined as

J 0 ]
L(sym/ f,s) := H H (1- apjfiﬂpipfs)il = Z )\g%]sf(n) for Re(s) > 1, (7)
p =0 n=1

where Ay, f(n) is a real-valued multiplicative function. From Deligne’s bound [5],
we have
|)‘5ymjf(n)| <djt1(n) < nf

for any € > 0, where d;(n) denotes the number of j factors of a positive integer n.
For j > 2, we define the twisted jth symmetric power L-function as

oo

L(sym? f @ x, 8) := Z M for Re(s) > 1. (8)

n=1
Also, both the L-functions L(sym?f,s) and L(sym’f ® x, s) have analytic contin-
uations to the whole complex plane and satisfy nice functional equations (for more
details, see [18, 19]).
For a given Dirichlet character x of modulus IV, the Dirichlet L-function is defined

as
L(s,x) = i x(n) for Re(s) > 1
’ n=1 ne
Denote
; ¢(s) ifj=0,
13 j —
(sym ) {L(f,s) ifj=1
and

L(sym’ f @ x, ) :

L(s, x) if j =0,
L(f®x,s) ifj=1.
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Let f = Z)\f(n)nk%q" € Hi(SL(2,Z)). The jth symmetric power L-function
n=1
can be written as

2
)\syW;gf(P) + /\syn;;i(P ) +. o

L(sym’f,s) =] (1 +

P

for Re(s) > 1. The coefficients Ay, (n) of the Dirichlet series in Equation (7) and
the Fourier coefficients A¢(n) satisfy
o+l — gitt

=B, (10)

)‘f(pj) = )‘symff(p> =

Let 7¢(n) denote the number of representations of a positive integer n by a
polynomial 2% + 23 + 23 + 23 + 22 + 22 € Q[x1, 72, 23, T4, T5, T6), i.€.,

re(n) := #{x = (x1, T2, 3,24, 25,76) € Z° | n = 2] + 235 + 235 + 2] + 22 + 22}

Note that

ro(n) = 162)((:1)7”2 — 4> x(mym’

m|n m|n

= 16r(n) — 4t(n), (11)

where x is a non-principal Dirichlet character of modulus 4. Note that both r(n)
and t(n) are multiplicative functions. Using Equation (11), the sum Sy(x) defined
in Equation (4) can be expressed as

Se(z) = > ag(n) =Y ag(n)re(n)

n:z%+m§+z§+mi+z§+x%§m n<lz
=16 Z ak(n)r(n) — 4 Z ak (n)t(n). (12)
n<x n<x
Also, notice that
r(p) =p* +x(p), tp) =1+p°x(p). (13)

From [6], we learn that
C]K(S) = C(S)L(f7 5)7

where f is a holomorphic cusp form of weight 1 for the congruence subgroup Iy (| D]).
This implies

ag(n) =Y As(m)

m|n
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and consequently, we get
ak(p) = 1+ Ap(p). (14)

Recent years have witnessed an increasing focus on the average behaviour of
arithmetical functions; refer to [2, 21] and the associated references for further
details.

3. Auxiliary Results

For a real number m, we write |m| and [m] for the floor and ceiling of m, respec-
tively.
Since a%(p) = (1 + A¢(p))*, we have

¢
€ i
k) =3 (5500 (15)
=0
Following Equation (10) and [14], we write

L
a%(p) = aopy + al,Z)‘f(p) + Z ai,l)‘symif(p)- (16)

=2

Let ¢ = 2m for some m > 1. From [14, Lemma 7.1, Equation (38)], we have

m—1
m I(2r+1
/\f‘(p) = A? (p) = m + ( ’ITL +r _)’_ 1) >>\symzrf(p) + )‘synLme(p)'

r=1

(17)

Let £ =2m + 1 be an odd integer for some m > 1. Then we have

3

2(2m + 1)!

)\2m+1 —
;) ml(m + 2)!

+

T

— <( (2m + 1)'(2T + 2)) ))\Sym2r+1f(p) + )\sym2m+1f(p)'

<\ (m—nr)l(m+r+2)!

(18)

From Equations (15), (16), (17), and (18), we get

1 =+ Z <22) ﬁ fOI' even f’

ao,e = (19)

1 — A
—|—Z<21) 2—1—1 or odd ¢
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and

Ju

[VEN

¢ i+ ,
2%i4+1) G-+ 3 RS

o

(20)

s

as.e =

YA 4(2i +1)!
> (22, N 1) o forodde

i=1
Next, we consider the Dirichlet series associated with af (n)r(n) and ak(n)t(n)
given by

RZ(S):iM (21)

and

> aé n)tin
TE(S)ZZ ]K( )t( ) (22)

for Re(s) > 3.

In this section, we find the L-decompositions of Ry(s) and Ty(s) involving known
automorphic L-functions. Throughout, s € C denotes the complex number s =
v + tt, where Re(s) = v and Im(s) = t.

Lemma 1. We have

Rols) — C(s —2)f L(sym>f, s — 2)**Wy(s)Hy(s)  for even £ > 4,
e(s) = C(s —2)f L(sym>f, s — 2)**W,(s)H}(s) for odd £ > 5,

where
Wits) = T Llsym® fos—2)7e [ Lisym®f . s)
1<t <0 0<ta<t
t17#£3
and

Wi(s)= [ L(symif.s—2)"¢ [ Lisym'f@x,s)"2
1<t < 0<th<t
t1#3
for some suitable constants ay, ,,at, ,,ay ¢, a1, 0. Here, Hy(s), Hy(s) converge ab-
solutely and uniformly in the right half-plane Re(s) > g with Hy(s), Hy(s) non-zero
for Re(s) = 3, where ap e and a3 are given in Equations (19) and (20).

Proof. Since ak(n)r(n) is a multiplicative function, Ry(s) has the Euler product

14

R(s) =] (1 + “K(Z):(p) 5 %‘%@;,zj(pk)) (23)

p k=2
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for Re(s) > 3.
Let ¢ > 4 be an even integer. Note that

Y4

ag (p)r(p) = (ao,e + ar,eXs(p) + Z @it Asymi () (P* + x(p)) = c(p),

where ag, and ag, are given in Equations (19) and (20). From the structure of
¢(p), we define the Dirichlet series associated with the coefficients ¢(n) as

>

n=1
=((s —2)" ! L(sym® f, s — 2)*3:¢ H L(sym' f,5 —2)*t1t H L(sym™ f @ x, s)*2+¢,
1<t; <e 0<ta<t
6 #3

which is absolutely convergent in Re(s) > 3, where Aty oy ity o> Q! 0, Ayl 0 ATE SOIME
suitable constants. We also note that

H<1+C](j:)+...+c(pm)+...>

ms
- p

= ((s = 2) ¢ L(sym® fos —2)°¢ [ Lsym" f,s —2)e
1<t: </
t17£3

X H L(sym™ f @ x, s)*2*
0<t;<¢

= Gz(s)

for Re(s) > 3. Observe that c¢(n) <. n?>*< for any € > 0 and

o
c(p) | c?) c(p™) plFom
+ +ot +o < E <1
ps p25 pms pm'y
m=1
for Re(s) > 3 +e.
Write
L V4 m m
ag(p)r(p) ag(p™)r(®@™)
P = ps R pms +
and
Q: &13))4_...4_0(1;5) 4
p p

From the above calculations, we observe that |Q] < 1 in Re(s) > 3+ ¢. Notice that,
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for Re(s) > 3 + ¢, we have

1+ P 5 3
T (14 P)]l— _
5 =1+ P1-Q+Q = Q )
=14+ P — Q — PQ + higher terms
£ (02 2\ 12 m
:1+6LK(1) )T(;;S) b(p)_|_..._|_cmp(£s)_|_...

with ¢, (n) < n?*c. For Re(s) > 2, we have

1;[ Gig) _ 1;[ (1 N a%(pZ)rgjs) —c(p?) T cn;iz;j) +> <.l

Hence, for Re(s) > 3, we define

(s)
(s

G
(g)

<1

R,
¢

~

Hg(s) =

and Hy(s) # 0 for Re(s) = 3. The proof is similar for the other case. O

We omit the proof of the next lemma since it is very similar to the proof of
Lemma 1.

Lemma 2. For any € > 0, we have

T(s) C(s)* ¢ L(sym3f, s)“f*vZWg(s)ﬁg(s) for even £ > 4,
\S) = . —~ —~
((S)GOVZL(symsf, 5)*¢W,(s)H}(s) for odd £ >5,
where
Wals) = I Llsymfosr [ Lisym'f @ s — 2
1§t;£§l 0<t2<t
t1#£3
and

wis) = [T Lsym®ifos)™e T Llsym®f@x,s —2)"
1<t} <t 0<t5 <L
t)#3
for some suitable constants ay, ,,as, ,,ay, ¢, a4 0. Here, fﬂ(s) and 1:-};(5) converge
absolutely and uniformly in the right half-plane Re(s) > % + € with ﬁg(s) # 0,
Hj(s) # 0 for Re(s) =3, where ag and a3 are given in Equations (19) and (20).
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¢ ape aie G2¢ ase Qap GAse Qe Q7 A8y
1 1 1 0 0 0 0 0 0 0
2 2 2 1 0 0 0 0 0 0
3 4 5 3 1 0 0 0 0 0
4 9 12 9 4 1 0 0 0 0
5 21 30 25 14 5 1 0 0 0
6 51 96 69 44 20 6 1 0 0
7127 196 189 133 70 27 7 1 0
8 323 512 518 392 230 104 35 8 1

Table 1: Coefficients of af(p)

In the next two results, we explicitly compute the coefficients of the L-functions
appearing in the decompositions of Ry(s) and Ty(s) for 1 < ¢ < 8. Table 1 lists the
coefficients of af (p) (compare with Equation (16)).

Using this table, we state the following.

Lemma 3. For any € > 0, we have

C(s —2)Wy(s)Hi(s) ife=1,
C(s — 2)°Wa(s) Ha(s) if (=2,
C(s — 2) L(sym3f, s — 2)W3(s)Hs(s) if £ =3,
Rus) = C(s —2)°L(sym®f, s — 2)*Wiy(s)Hy(s) if ¢ =4,
C(s —2)2 L(sym®f, s — 2)"W5(s)Hs(s) if =5,
C(s — 2 L(sym®f, s — 2)**W;(s)He(s) if £ =6,
Cls — 2P L(sym3f, s — 2)133Wr (s)Hq(s) if =7,
C(s =238 L(sym>f,s — 2)>*Wg(s)Hg(s) if £ =38,
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where

Wi(s) =

Wa(s) =
W3(
Wa(s) =

Ws(s) =

We(s) =

W7(S) =

Wg(s) =

L(f,s = 2)L(s,x)L(f ® X, 5),

L(f,s = 2)*L(sym®f,s — 2)L(s, x)*L(f @ x, 5)* L(sym®f @ x; ),

= L(f,s = 2)°L(sym®f, s — 2)° L(5,X)* L(f ® X, 5)° L(sym® f ® x, s) L(sym®f ® x, 5)*,
L(f,s = 2)"L(sym® f, s — 2)° L(sym™ f, s = 2)L(5,X)? L(f ® x, 5)"* L(sym® f ® x, 5)*
X L(sym® f @ x,s)° L(sym* f @ x; 9),

L(f,s —2)2°L(sym?f,s — 2)®* L(sym™ f,s — 2)5 L(sym® f, s — 2) L(s, x)*' L(f ® x, 5)>°
x L(sym®f @ x,8) " L(sym® f @ x, 8)*° L(sym* f @ x, 5)° L(sym® f @ x, ),

L(f,s —2)% L(sym?2f, s — 2)%° L(sym®f,s — 2)2°L(sym®f, s — 2)6 L(symS f, s — 2)

X L(s,x)° L(f ® x, ) L(sym® f ® x, 5)° L(sym® f ® x, 5)**

x L(sym™ f ® x, 8)*°L(sym® f ® x,s)° L(sym® f ® x, s),

L(f,s —2)1 L(sym?2f, s — 2)1¥ L(sym* f, s — 2)"°L(sym® f, s — 2)2" L(symS f,s — 2)7
X Lsym™ f,5 = 2)L(s,x)*TL(f © X, 8)° L(sym®f ® x, 5)'* L(sym® f ® x, 5)'*

X L(sym* f @ x,8) " L(sym® f @ x,8)*" L(sym® f @ x,s)"L(sym" f @ x; 9),

L(f,s —2)°12L(sym?2f, s — 2)> 8 L(sym? f, s — 2)2C L(sym? f, s — 2)104

x L(symSf,s — 2)35L(sym” f, s — 2)8 L(sym®f, s — 2)L(s, X)>*®L(f ® x, s)°12

X L(sym® f @ x,8)° 8 L(sym® f © x, 5)* L(sym* f ® x, 5)**° L(sym® f @ x, 5)'**

x L(sym®f ® x,8)* L(sym™ f ® x, s)*L(sym®f ® x, s),

and Hy(s) converges absolutely and uniformly in the right half-plane for Re(s) >
5+ € with H(s) # 0 for Re(s) =

Lemma 4. For any € > 0, we have

C(s)Wi(s)Hi(s) if0=1,
C(3)2Wa(s) Ha(s) if 0 =2,
((s)* L(sym®f, )W( )Hs(s) if ¢ = 3,
ey J GO Lsym? £} Wa(s) Ha(s) i € =4
o(s) = 21 3¢ 457 .
C(8)2 L(sym®f, ) " Wy(s)Hs(s) it £=5,
C(s) L(sym?* f, 5y We(s)Ho(s)  if £ =6,
C(s)2 L(sym® f, s)" 33 W (s)Hp(s) it =17,
C(s)*PB L(sym®f, s)*2Wy(s)Hs(s) if £ =8,
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where
Wi(s) = L(f,8)L(s = 2,X) L(f @ x, s — 2),
Wa(s) = L(f,)° L(sym® f, $)L(s = 2,0)°L(f @ x, s = 2)° L{sym®f @ x, s = 2),
Ws(s) = L(f,9)°L(sym® f, 5)°L(s = 2, ) ' L(f @ X, s = 2)°L(sym® f @ x5 — 2)
x L(sym?f ® x,s — 2)3,
Wa(s) = L(f, 5) 2 L(sym? . 5)° Lsym f,5)L(s — 2,)°L(f & x, 5 — 2) 2 L(sym®f @ x, 5 — 2)°
x L(sym?f ® x,s — 2)°L(sym*f @ x, s — 2),
Wi(s) = L(f, $)™ L(sym®f, 5)2° L(sym* ,5)° L(sym® £, 5)L(s — 2, ) L(f & x, 5 — 2)*
x L(sym®f ® x,s — 2)Y L(sym?f @ x, s — 2)2 L(sym*f @ x, s — 2)°
x L(sym®f ® x, s — 2),
We(s) = L(f, )% L(sym® f, s)% L(sym* f, 5)*° L(sym® f, s)° L(sym° f, 5)
X L(s —2,X)> ' L(f @ x, s — 2) L(sym?f @ x, 5 — 2)%° L(sym3f @ x, s — 2)**
X L(sym*f ® x,s — 2)2°L(sym®f @ x, s — 2)° L(sym®f ® x, s — 2),
Wa(s) = L(f, 5) 9 L(sym?, $)!%° L(sym* f, 5) O L(sym® f, )7 L(sym® f, )" L(sym" f, 5
X L(s = 2,%)""TL(f @ x,s — 2)" P L(sym® f @ x, s — 2)" L(sym®f ® x, s — 2)'*
x L(sym*f ® x,s — 2) O L(sym®f @ x, s — 2)2 L(symSf @ x, s — 2) " L(sym” f ® x, s — 2),
Wa(s) = L(f, )" 2 L(sym?f, s)* * L(sym* f, 5)**° L(sym® f, s)' " L(symS £, 5)* L(sym" f, )"
x L(sym®f,8)L(s — 2, x)3BL(f ® x, 5 — 2)°2L(sym?f ® x, s — 2)°18
x L(sym®f ® x,s — 2)392L(sym*f ® x,s — 2)>°L(sym® f @ x, s — 2)104
X L(symSf ® x,s — 2)3 L(sym f @ x, s — 2)3L(symBf ® x, 5 — 2),
and ﬁg(s) converges absolutely and uniformly in the right half-plane for Re(s) >
5+ € with Hy(s) # 0 for Re(s) = 3.

3.1. Convexity/Subconvexity Bounds and Integral Moments

In this section, we state results related to the convexity/subconvexity bounds and
integral moments of L-functions.

We recall results concerning the subconvexity bound, the twelfth moment of the
Riemann zeta function, and the fourth moment of Dirichlet L-functions. Proofs
may be found in [9], [1, Theorem 5|, and [20], respectively.

Lemma 5. Let ((s) be the Riemann zeta function. Then, for any e > 0, we have
Cly + it) <o (1 + J¢)mexd B =m0} e

uniformly for % <~y<1land|t|>1,

T 1
/1 C<2+Lt,f)
T 1

12
dt < T?e,

and
4

dt < T+
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uniformly for T > 1.

For the L-functions L(f,s), L(s,x), and L(sym?f,s), we recall the following
subconvexity bounds; see 8, Corollary], [10], and [15], respectively, for the proofs.

Lemma 6. For any € > 0, we have

L(f,y+it) < (1 + [¢])m>{30-0}+e
L(yv+u,x) < (1+ |t|)’f’““”‘{%(1—7)70}+e7
and
L(sym®f, v +ut) < (1+ |t‘>max{%(1—’)’),0}+e
uniformly for 5 <~ <1 and [t| > 1.

Lemma 7 ([12]). Let x be a primitive character of modulus q and £, , (s, x) be a

general L-function of degree 2A. For any ¢ > 0, we have
Sy + ity x) < (1 + [t]))mex{AG =)0}t

uniformly for —e < v <1+4¢€ and

2T
/ &2 (v + o, x)| dt < (qT)*A0=+e
T

uniformly for % <~v<l+eandT >1.

Remark 1. From Fomenko’s paper [6], we learn that L(sym3f,s) has an analytic

continuation to the half-plane for Re(s) > % except for a simple pole at s = 1.

4. Proofs of Theorems 1 and 2

Proof of Theorem 1. To estimate the integrals, we frequently use Lemmas 5-7 and
the Cauchy-Schwarz inequality. For £ = 2, consider the sum Y, _ ag(n)r(n). From
Lemma 3 and Perron’s formula, we have

) 1 3+e+T 8 p3te
ZaK(n)r(n) = %/3 Rg(s)?ds + (’)( T ),

n<z +e—LT
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where 1 < T < x, for some T to be chosen later. Using Cauchy’s residue theorem,
we get

ms
> () = Rese-ad o)}
n<x
1 %+€+LT g+67LT 3+e+uT s
+— + + Ry(s)—ds
270 | S5 qemir 34e—tT 54etiT §

$3+E
+0< - )

Since Ra(s) has a pole at s = 3 of order 2 coming out from ((s — 2)2, we find

Ry (s)x?®

S

16Ress_3{ } = 2°Py(log ),

where Py(log z) is a polynomial of degree 1 in logz. By using Lemma 5, Lemma 6,
and Lemma 7, we get

2te—uT 3+e+iT e
H / +/ Ry(s)—ds
3+e—1T %+6+LT S

I+e 1 R T) |27 +2
« [ D,
d+e T

<  max g T2TGItEEEI-n)-lte

FHe<y<l+e
3+€ 5 331
< SR LAY T
T
and
g+€+LT s 5 331 _ 13
‘/ Ry(s)—ds| < x(zHT2m—11+e,
%+E—LT s
Therefore,

$3+6 5 331 _ 13
163" a2(n)r(n) = o Py(log z) + o( - ) + o(xwm—w).

n<zx

Now, consider > __a%(n)t(n). Since T5(s) (as in Lemma 4) is analytic in the
obtained region, applying Perron’s formula and Cauchy’s residue theorem, we obtain

1 g+€+LT g+€7LT 34e+.T 5 x3+e
E az(n)t(n) = — / +/ +/ To(s)—ds + (9< )
2me ngefLT 3+e—1T g+€+LT $ T

n<zx

Also, we find

g+57LT 3+e+.T 5
‘ { / + / To(s)—ds
3+e—T g+e+LT S

3+e
< x +x%+eT%fl+e
T
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and
S+e+iT o 5 5
‘/ Ty(s)—ds| < zzTITite,
%JrEfLT s
Therefore,
3+e€
x 5 5
4 Z(n)t sheate,
;amn) (n) < =5+
n<lz

From Equation (12), we obtain

3+e _ s
Sy(z) = 2°Py(log x) + O(xT ) 4 O<x§+€T4+e>'

To balance the error terms, we choose T' = .Z'%, which implies
So(z) = 2®Py(log x) + (’)(x%“).

For ¢ = 3: Consider the sum ) _ ag(n)r(n). From Lemma 3 and Perron’s
formula, we have

5 1 3+e+.T 5 (E3+€
ZaK(n)r(n):Tm/g Rg,(s)sds—i—(’)( 7 )

n<z te—iT

where 1 < T < x, for some T to be chosen later. Using Cauchy’s residue theorem,
we get

Z ax(n)r(n) = ReSS_g{Rg(S)xS}
n<x
1 g+€+LT g+€7LT 34e+.T st
—|—2{/ —|—/ +/ }Rg(s)ds
e %JrEfLT 3+e—LT g+€+LT s

LL’3+6
+o( T )

Since R3(s) has a pole at s = 3 of order 5 coming out from ((s—2)* and L(sym?f, s—
2) (see Remark 1), we find

R3(s)x®

16 Resszg{ S

} — #*Py(log ),

where P;(logz) is a polynomial of degree 4 in log . Again, by using Lemmas 5-7,
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we get

%JrGfLT 3+e+.T 5
3+e—1T %+E+LT S

1+e R T ~y+2
<</ \ 3(7+TL )|z iy

3+e
< max x7+2T(%+¥+%+2)(1*7)71+6
THe<y<lte
3+
< TE 4 gsteran - lte
and
Stet T s
‘/2 Rs(s) =ds| < a3 5E-1i+e
2te—uT S
Therefore,
3+e€
:I; 2
16> ai(n)r(n) ==z P3(10gw)+0( - )+(’)< e ios — 1i+>

n<x

Now, consider )3 ag (n)t(n). Since T3(s) is analytic in the obtained region,
we apply Perron’s formula and Cauchy’s residue theorem to obtain

) 1 g+6+LT g+67LT 3+e+.T 5 x3+5
> ak(n)t(n) = =— / +/ +/ Ts(s) —ds + (9< )
2me %JrefLT 3+e—LT g+6+LT s T

n<zx

On using Lemmas 5-7, we deduce

g+67LT 3+e+.T 5
‘{/ +/ T3(S)fd5 <
34+e—T g+6+LT s

and applying the Cauchy-Schwarz inequality, we get

3+e€

4 x%+eT%71+€

5+6+LT 75
‘/ Zds| < 2GTOTH e,
+e—1T S
Hence,
3+e
x 5 23
4 3 t << §+ETT+€.
> k(i) < T+

From Equation (12), we have

3+e€ . -
Ss(x) = 2° Ps(logz) + O (xT ) + 0(1‘#61’4“).
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We balance the error terms by choosing T' = xz%, which further provides the desired
asymptotic formula

S3(z) = 2®Ps(log x) + (’)(x;%“).
This completes the proof. O

Proof of Theorem 2. We only give the proof when ¢ > 4 is an even integer, and
the other case follows similarly. Consider the sum »_, a (n)r(n). From Lemma
1, we have

R@(s) = C(S - Q)GO‘KL(Sym?’f, s — 2)(13‘,3 H L(Symtl f,s— 2)0.{,1,[
1<t <0
t1#£3

x [ Lisymf @ x,s)"=¢Hy(s).
0<ta <l
From [14, Lemma 2.4], we learn that the degree of
L(sym?®f, s — 2)%: H L(sym't f,s — 2)*1:t
1<t <0
t1#£3
is (3Y — ap¢). From Lemma 1 and Perron’s formula, we have

Z ak (n)r(n) = 1 /33+€+LT Rg(s)m—sds + O(J::;_E).

2L J3qe T ]

n<x

Using Cauchy’s residue theorem, we get

> aktnr(n) = Res,o{ Ru(s) |

s
1 2tetiT Ste—uT 3+e+.T o
+o + + Ry(s)—ds
T JiteT 34e—1T S fetuT s

x3+e
+o( . >

From Remark 1, the order of the pole at s = 3 in Ry(s) is (ao,¢ + as3¢); therefore,
we have

n<lz

(I/‘S

16Ress=3R¢(s) o= 3 Py(log z),

where Py(logx) is a polynomial in logx of degree (ap¢ + as¢) — 1. We use results
from Subsection 3.1 to estimate the integrals appearing in the proof of this theorem,
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from which one can easily find

%+6*LT 3+e+.T 5
‘{ / +/ Ry(s)—ds| <«
3+e—T g+6+LT S

4 ol a
o (gwo;z)ﬁ %’e>(1w>1+e
< max 27T
%+e§'y§1+e

/ TR+ D)2

b+e T

34e 13ag p+21(3° —ag 4) Cite
< X n :L'%+6T 84
T
and
StetiT s ﬁ+<1302+2;i3’3—02>)+6
z 5
’/ Ry(s)—ds| < 22 79T
%+E*LT s
Therefore,

13ag,0+21(3¢—ag o)

p3te 5 —}i+( 5T >+e
16 Z ag(n = 2°Py(log x)+(’)< )+(’) <x2+€T >

T

n<z

Now, consider the sum »_, ak(n)t(n). Since Ty(s) is analytic (as in Lemma 2)

in the obtained region, we apply Perron’s formula and Cauchy’s residue theorem to
get

1 %+€+LT %JrEfLT 3+e+.T 5 1.3+e
ZaK / +/ +/ Tg(s)ds+0< >
27TL g+€7LT 3+e—1T %+€+LT s T

n<lz

Note that the degree of

[T Houmf o s -2
1<to <t

is (3Y — ap ). Therefore, we obtain

ol
g+€7LT 34-e+.T 25 ISJFE 5 (W) —14e
+ Ty(s)—ds
3+e—T g+6+LT S T

and applying the Cauchy-Schwarz inequality, we get

+5+LT s
ZE
‘ / %
+e—1T S

<<33( +e€) —71+e'
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Hence,

From Equation (12), we have

x3te 5 3t
Se(x) = 23 Py(log ) + O(T) + O(x2+€T41+5>.

We choose T = 3 to get

Se(z) = 2®Py(log x) + (’)(xg324+6>,

where Py(log x) is a polynomial in log « of degree ag ¢+ ag¢ — 1. This completes the
proof. [
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