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Abstract

A partition of a positive integer n is called double-perfect if the summands contain
two partitions of every integer between 2 and n − 2. In this paper we give new
derivations of known results on double-perfect partitions. Then we consider gener-
alized double-perfect partitions of n in which the summands contain two partitions
of every integer between r and n−r, where 2 ≤ r < n/2. Our results include explicit
characterizations of double-perfect partitions of all orders and a seemingly new class
of pseudo-perfect partitions that produce double-perfect partitions. We also state
an inclusive enumeration formula in terms of ordered factorization functions.

1. Introduction

A partition of a positive integer n is any nondecreasing sequence of positive integers

whose sum is n. The summands are called parts, and n is the weight, of the partition.

Thus, a partition λ of n (also expressed as λ ⊢ n) into k parts will be denoted by

λ = (λ1, λ2, . . . , λk), 0 < λ1 ≤ · · · ≤ λk

or

λ = (λm1
1 , λm2

2 , . . . , λmr
r ), 0 < λ1 < · · · < λr, 1 ≤ r ≤ k,

where mi denotes the multiplicity of λi for all i.

The definition of a perfect partition first appeared in the works of P. A. MacMa-

hon [5, 6]. Subsequently other mathematicians studied and found several properties

and generalizations of perfect partitions (see for example, [1, 2, 4, 7, 8]).

Definition 1. A perfect partition of n is a partition in which the parts contain

exactly one partition of every positive integer less than or equal to n.
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For example, (13, 4) ⊢ 7 is a perfect partition since it contains the partitions (1),

(12), (13), (4), (1, 4), (12, 4), (13, 4) with weights 1, 2, . . . , 7, respectively.

There is a known bijection between the set of perfect partitions of n and the

set of ordered factorizations of N = n+ 1, that is, representations of N as ordered

products of positive integers without unit factors [3, 6, 9]. For example, N = 12 has

eight ordered factorizations, namely, 12, 2 ·6, 6 ·2, 3 ·4, 4 ·3, 2 ·2 ·3, 2 ·3 ·2, 3 ·2 ·2. Let
n+1 = a1a2 · · · ar, ai > 1, be an ordered factorization of n+1. Then the bijection

is given by

a1a2 · · · ar −→
(
1a1−1, aa2−1

1 , (a1a2)
a3−1, . . . , (a1a2 · · · ar−1)

ar−1
)
. (1)

Let f(n, k) be the number of ordered factorizations of n into k factors, and let

the prime-power factorization of n be n = pα1
1 pα2

2 · · · pαr
r . The formula for f(n, k)

is given by (see [6] or [3, p. 59])

f(n, k) =

k−1∑
i=0

(−1)i
(
k

i

) r∏
j=1

(
αj + k − i− 1

αj

)
.

We define f(n) :=
∑

k f(n, k), where f(0) = 0 and f(1) = 1. So the formula for the

number per(n) of perfect partitions of n is given by

per(n) = f(n+ 1).

Example 1. Table 1 shows the ordered factorizations of 6 which correspond to the

perfect partitions of 5.

Ordered Factorization of 6 6 2 · 3 3 · 2
Perfect Partition of 5 (15) (1, 22) (12, 3)

Table 1: Factorizations of 6 and perfect partitions of 5

Park [8] generalized perfect partitions to “complete partitions” by removing the

uniqueness condition from subpartitions, that is, contained partitions.

Definition 2 (Park). A complete partition of n is a weakly increasing partition λ

with λ1 = 1, such that each integer m, 1 ≤ m ≤ n, can be expressed as a sum of

parts of λ, that is, each m can be expressed as
∑k

j=1 αjλj , where αj ∈ {0, 1}.

For example, of the 7 partitions of n = 5, four are complete partitions, namely,

(15), (13, 2), (12, 3), (1, 22).

Another extension of perfect partitions was introduced by Lee [4] based on the

following observation.
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Lemma 1 (Lee). Let H(n, v) be the set of partitions of n that contain exactly v

partitions of m, v ≤ m ≤ n − v, and exactly one partition of every other positive

integer less than n. Then H(n, v) ̸= ∅ if and only if v = 1 or v = 2.

The case v = 1 gives perfect partitions. Naturally, Lee decided to study the

seemingly overlooked case of v = 2.

Definition 3. A double-perfect partition is a partition (λ1, λ2, . . . , λk) ⊢ n such that

each integer m, 2 ≤ m ≤ n−2, can be represented exactly twice as m =
∑k

i=1 αiλi,

where αi ∈ {0, 1}.

For example, (15, 2) is a double-perfect partition of 7 because it contains two par-

titions of 2, 3, 4, 5 and one partition of 1, 6, 7:

(1), (12), (2), (13), (1, 2), (14), (12, 2), (15), (13, 2), (14, 2), (15, 2). (2)

Proposition 1 (Lee [4]). A double-perfect partition has the form

(1q1 , 2q2 , (q1+2q2−1)q3 , {(q1+2q2−1)(q3+1)}q4 , {(q1+2q2−1)(q3+1)(q4+1)}q5 , . . .),
(3)

where q1 ≥ 2 and q2, q3, . . . are positive integers such that q1 ̸= 3 implies q2 = 1.

Theorem 1 (Lee [4]). Let d(n) be the number of double-perfect partitions of a

positive integer n. We have

d(n) =

{
f(n− 1) if n ̸≡ 1 (mod 4),

f(n− 1)− f(n−1
4 ) if n ≡ 1 (mod 4).

(4)

In the course of proving Theorem 1, Lee separated (3) into two forms of double-

perfect partitions λ by setting q2 > 1 (with q1 = 3) and q2 = 1, as follows:

λ = (13, 2q2 , (2(q2 + 1))q3 , (2(q2 + 1)(q3 + 1))q4 , . . . , (2(q2 + 1) · · · (qk−1 + 1))qk);
(5)

λ = (1q1 , 2, (q1 + 1)q3 , ((q1 + 1)(q3 + 1))q4 , . . . , ((q1 + 1)(q3 + 1) · · · (qk−1 + 1))qk).
(6)

These forms were then shown to correspond to the following ordered factorizations:

n− 1 = 2(q2 + 1)(q3 + 1) · · · (qk−1 + 1)(qk + 1), q2 > 1; (7)

n− 1 = (q1 + 1)(q3 + 1)(q4 + 1) · · · (qk−1 + 1)(qk + 1), q1 > 1. (8)

Notice that (7) and (8) exclude factorizations of the type n− 1 = 2 · 2 · (q3 +1) · · · .
The number of such factorizations, f(n−1

2 ), is therefore subtracted from the total

count in (4).
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The aim of this paper is to study generalized double-perfect partitions of n that

contain two partitions of every integer between r + 1 and n− r − 1, where 1 ≤ r ≤
⌊n−2

2 ⌋. These will be called double-perfect partitions of order r.

We will first give new proofs of Theorem 1 and Proposition 1 in Section 2. Then

in Section 3 we adapt the new approach to the study of double-perfect partitions

of order r and characterize the first sub-class of the partitions followed by an enu-

meration result (Theorems 2 and 3). In Section 4 we discuss alternative methods of

generating the partitions (Theorem 4). Section 5 deals with a special ordered fac-

torization which leads to the second sub-class of double-perfect partitions of order

r. Finally, we state an inclusive enumeration formula (Theorem 7).

2. New Proofs of Lee’s Results

Let G(λ) be the set of nonempty subpartitions of λ ⊢ n. Thus, if λ is complete,

then G(λ) contains at least one partition of every positive integer less than or equal

to n.

We will show that double-perfect partitions of N arise from perfect partitions of

N−2, and hence from ordered factorizations of N−1 by (1). Let Per(n) denote the

set of perfect partitions of n, and let D(N) be the set of double-perfect partitions

of N .

Proposition 2. A double-perfect partition λ ⊢ N > 3 may be obtained from a

partition β ∈ Per(N − 2) in two ways:

I. If the multiplicity of 1 in β is 1, then insert 12 into β. Denote the resulting

set by E(12).

II. If β does not contain 2 as a part, insert 2 into β. Denote the resulting set by

W (2).

Then

D(N) = E(12) ∪W (2).

Proof. Let h(m) be the partition of m contained in G(β) and write λ ∪ γ for the

partition obtained by combining the parts of two partitions λ and γ. Assume that

λ ⊢ N is obtained from β ∈ Per(N − 2) by insertion of 12 or 2 according to I or II

respectively.

Then fromG(β) toG(λ) we find one additional partition of each j ∈ {2, 3, . . . , N−
2}, namely (12)∪h(j−2) or (2)∪h(j−2). Then one new partition of each of N −1

and N appears, that is, (12) ∪ h(N − 3) or (2) ∪ h(N − 3) and (12) ∪ h(N − 2) or

(2) ∪ h(N − 2).
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So the resulting partition λ is double-perfect by definition. For example, let

β = (12, 3). Then from II, λ = (2)∪β = (12, 2, 3), and our construction is shown in

Table 2.

j h(j) ∈ G(β) γ ∈ G(λ) \G(β)
1 (1) −
2 (12) ((2), h(0)) = (2)
3 (3) ((2), h(1)) = (1, 2)
4 (1, 3) ((2), h(2)) = (12, 2)
5 (12, 3) ((2), h(3)) = (2, 3)
6 − ((2), h(4)) = (1, 2, 3)
7 − ((2), h(5)) = (12, 2, 3).

Table 2: The construction in the proof of Proposition 2 for β = (12, 3)

Example 2. We illustrate Proposition 2 further by extending Table 1 to the cor-

responding double-perfect partitions (see Table 3).

Ordered Factorization of 6 6 2 · 3 3 · 2
Per(5) (15) (1, 22) (12, 3)
Insert Parts 2 12 2
Double-Perfect Partition of 7 (15, 2) (13, 22) (12, 2, 3)

Table 3: Factorizations of 6 and double-perfect partitions of 7

The following corollary is equivalent to Proposition 1.

Corollary 1. A double-perfect partition has one of the forms in (5) and (6).

Proof. Consider an ordered factorization of the form N − 1 = 2a2a3 · · · ak, a2 > 2.

From (1) the corresponding perfect partition is

(1, 2a2−1, (2a2)
a3−1, (2a2a3)

a4−1, . . . , (2a2a3 · · · ak−1)
ak−1). (9)

Secondly, an ordered factorization of the form N − 1 = a1a2a3 · · · ak, a1 > 2, corre-

sponds to the perfect partition

(1a1−1, aa2−1
1 , (a1a2)

a3−1, . . . , (a1a2a3 · · · ak−1)
ak−1). (10)

Observe that the partitions in (9) and (10) fulfill the asserted properties of β in

parts I and II of Proposition 2. Lastly, insertion of 12 and 2 into these partitions

restores (5) and (6) respectively (on setting ai = qi + 1 for all i).
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Proof of Theorem 1. Proposition 2 implies that d(N) = f(N−1) with the exception

of certain duplicated partitions. Note that the factorizations N − 1 = 2 · 2 ·m and

N − 1 = 4 ·m produce the same double-perfect partition:

N − 1 = 2 · 2 ·m =⇒ β = (1, 2, 4m−1) 7−→ (13, 2, 4m−1) ∈ E(12)

and

N − 1 = 4 ·m =⇒ β = (13, 4m−1) 7−→ (13, 2, 4m−1) ∈ W (2).

The number of factorizations of the form N−1 = 2 ·2 ·m is given by f(N−1
4 ). Thus,

when N − 1 ≡ 0 (mod 4), we have d(N) = f(N − 1)− f(N−1
4 ). This completes the

proof.

3. Double Perfect Partitions of Higher Order

We propose the following extension of double-perfect partitions.

Definition 4. A double-perfect partition of order r is a partition λ = (λ1, . . . , λk) ⊢
N such that each integer m with r+1 ≤ m ≤ N − r− 1 can be represented exactly

twice as m =
∑k

i=1 αiλi, αi ∈ {0, 1}, and other integers less than or equal to N can

be uniquely represented.

In particular, double-perfect partitions of order r = 1 are the original double-perfect

partitions discussed above.

The representation scheme of a double-perfect partition of N of order r is

1, 2, . . . , r︸ ︷︷ ︸
1 time

, r + 1, r + 2, . . . , N − r − 1︸ ︷︷ ︸
2 times

, N − r,N − r + 1, . . . , N − 1, N︸ ︷︷ ︸
1 time

. (11)

Let Ur(N) be the set of double-perfect partitions of N of order r with ur(N) =

|Ur(N)|. Then (11) implies that

Ur(N) ̸= ∅ ⇐⇒ N ≥ 2(r + 1). (12)

Let Dr(N) be the subset of Ur(N) containing partitions which may be found by in-

sertions of (1r+1) and (r+1) into perfect partitions (thus extending the construction

in Section 2 that corresponds to r = 1). Then define Er(N) := Ur(N) \Dr(N).

Partitions in Dr(N) and Er(N) will also be referred to as Type-A and Type-

B respectively. The rest of this section is devoted to the characterization and

enumeration of Dr(N). Properties of Er(N) will be explored in detail in Sections

4 and 5.
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Theorem 2. A Type-A double-perfect partition λ ⊢ N of order r > 0 may be

obtained from a partition β ∈ Per(N − r − 1) in two ways:

I. If the multiplicity of 1 in β is r, then insert 1r+1 into β, and denote the resulting

set by A(1r+1).

II. If the multiplicity of 1 in β is different from r, then insert r + 1 into β, and

denote the resulting set by B(r + 1).

Then

Dr(N) = A(1r+1) ∪B(r + 1). (13)

Proof. Let h(m) ∈ G(β), 1 ≤ m ≤ N − r − 1. We show that any λ ⊢ N obtained

from I or II is double-perfect of order r by accounting for new partitions arising

between G(β) and G(λ).

The single partitions of 1, 2, . . . , r are not affected by insertion of additional parts

into β, but one new partition of each m ∈ {r + 1, r + 2, . . . , N − r − 1} appears

from A(1r+1) or B(r+ 1), namely, (1r+1) and (1r+1)∪ h(m− r− 1) or (r+ 1) and

(r + 1) ∪ h(m− r − 1)), respectively.

Finally we obtain one new partition of each m ∈ {N − r, . . . , N} by symmetry

(since G(λ) already contains partitions of j = 0, 1, . . . , r). This shows that weights

of partitions in G(λ) are distributed as in (11), as desired.

Remark 1. In the proof of Theorem 2 consider the effect of inserting γ ∈ P (r +

1) \ {(1r+1), (r+1)} into β, where r > 1. So γ has the form γ = (γ1, . . . , γk), k > 1

and γi > 1 for some i.

We claim that λ = γ ∪ β is not a Type-A double-perfect partition of order r.

Assume that the multiplicity of 1 in β is x ≥ r. Then λ would contain at least

two partitions of γi instead of one, namely (1γi) and (γi).

The case when the multiplicity of 1 in β is x < r affects only type II. Observe

that already x + 1 ∈ β since β is perfect. Thus, if 1 ∈ γ, then λ would contain at

least two partitions of x+ 1: (1x+1) and (x+ 1).

However, if 1 /∈ γ when x < r, it is possible for λ to be double perfect of order r,

but not of Type-A. For example, consider N = 23, r = 5 with β = (12, 3, 62) and

γ = (32). Then it may be verified that λ = (12, 33, 62) ∈ E5(23).

A systematic method of obtaining all members of Er(N) is discussed in Section 5.

Corollary 2. A Type-A double-perfect partition λ ∈ Dr(N) has either of the fol-

lowing forms:

λ = (12r+1, (r + 1)a2−1, ((r + 1)a2)
a3−1, . . . , ((r + 1)a2a3 · · · ak−1)

ak−1), (14)

λ = (1a1−1, (r + 1), aa2−1
1 , (a1a2)

a3−1, (a1a2a3)
a4−1, . . . , (a1a2 · · · ak−1)

ak−1), (15)

where a1 ̸= r + 1 and the location of r + 1 in (15) depends on its relative size.
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Proof. The two forms are consequences of converting the following ordered factor-

izations to perfect partitions by means of the bijection (1), and then inserting 1r+1

and r + 1 respectively.

N − r = (r + 1)a2a3 · · · ak; (16)

N − r = a1a2a3 · · · ak, a1 ̸= r + 1. (17)

Note that the two sets on the right-hand-side of (13) are not always disjoint as

certain partitions may be obtained twice using the two methods. The following

result gives the exact cardinality of Dr(N) after excluding duplicates.

Theorem 3. The number dr(N) of Type-A double-perfect partitions of N of order

r, 1 ≤ r ≤ ⌊n−2
2 ⌋, is given by

dr(N) =
f(N − r)− f( N−r

2(r+1) )− (f(r + 1)− 1)f(N−r
r+1 ) if N ≡ r (mod 2(r + 1)),

f(N − r)− (f(r + 1)− 1)f(N−r
r+1 ) if N ≡ −1 (mod 2(r + 1)),

f(N − r) otherwise.

(18)

In particular when 1 ≤ r ≤ 3, we obtain d1(N) = d(N) (same as (4));

d2(N) =

{
f(N − 2)− f(N−2

6 ) if N ≡ 2 (mod 6),

f(N − 2) otherwise;
(19)

d3(N) =


f(N − 3)− f(N−3

8 )− f(N−3
4 ) if N ≡ 3 (mod 8),

f(N − 3)− f(N−3
4 ) if N ≡ 7 (mod 8),

f(N − 3) otherwise.

(20)

Proof. From Theorem 2, λ ∈ Dr(N) is obtained by inserting 1r+1 or r + 1 into

suitable perfect partitions of n = N − r − 1. The latter may be constructed from

the ordered factorizations of N − r; see Corollary 2.

Thus, dr(N) = f(N − r) subject to the following exceptions.

(i) If N − r ≡ 0 (mod 2(r + 1)), the factorizations N − r = (r + 1) · 2 · m and

N − r = (2(r + 1)) ·m produce the same λ:

(r + 1) · 2 ·m =⇒ (1r, r + 1, (2(r + 1))m−1) 7→ (12r+1, r + 1, (2(r + 1))m−1)

∈ A(1r+1),

and

(2(r+1))·m =⇒ (12r+1, (2(r+1))m−1) 7→ (12r+1, r+1, (2(r+1))m−1) ∈ B(r+1).
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We remove the first type of such factorizations which is counted by f( N−r
2(r+1) ).

(ia) Furthermore, since N − r ≡ 0 (mod 2(r + 1)) implies N − r ≡ 0 (mod

r + 1) we isolate a set of perfect partitions that do not contribute to discover-

ing additional λ, namely, factorizations of the form a1a2 · · · atm, t > 1, where

a1a2 · · · at = r + 1. Note that a1a2 · · · atm translates into the perfect partition

β = (1a1−1, aa2−1
1 , (a1a2)

a3−1, . . . , (a1a2 · · · at)m−1). However, β contains 1a1−1

but a1 − 1 ̸= r, so Method I does not apply. Also, β already contains the part

r + 1 = a1a2 · · · at, so Method II does not apply. The number of such non-

contributing perfect partitions of N − r − 1 is equal to the number of ordered

factorizations of r+1 into two or more factors times the number of ordered factor-

izations of (N − r)/(r + 1), that is, (f(r + 1)− 1)f(N−r
r+1 ).

Parts (i) and (ia) together give the first line of the stated formula.

(ii) When N − r ≡ r + 1 (mod 2(r + 1)), we obtain part (ia) independently. Hence

the second line of the formula follows.

There are no other exceptions. The remaining factorizations all yield valid par-

titions λ. Hence their number is f(N − r).

Example 3. Let N = 17 with 1 ≤ r ≤ 7. The members of Dr(N) are shown

in Table 4. The derivation of members of D2(17) is shown in Table 5. It may be

verified that the distribution of weights of members of G(λ), for every λ ∈ D2(17),

corresponds to the scheme (cf. (11))

1, 2︸︷︷︸
1 time

, 3, 4, . . . , 14︸ ︷︷ ︸
2 times

, 15, 16, 17︸ ︷︷ ︸
1 time

.

r Dr(17) dr(17)
1 (13, 27), (13, 2, 43), (13, 23, 8), (13, 2, 4, 8), (115, 2), (17, 2, 8) 6
2 (114, 3), (15, 34), (14, 3, 5) 3
3 (113, 4), (1, 26, 4), (16, 4, 7) 3
4 (112, 5) 1
5 (111, 6), (1, 25, 6), (12, 23, 6), (13, 42, 6), (1, 2, 42, 6) 5
6 (110, 7) 1
7 (19, 8), (1, 24, 8), (14, 5, 8) 3

Table 4: Type-A double-perfect partitions of 17 of all orders

Remark 2. Note that Dr(17) = Ur(17) when r ̸= 2, that is, Er(17) = ∅; but

E2(17) = {(1, 22, 34)}. Hence d2(17) = 3 but u2(17) = 4 (see Example 4).
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Ordered Factorization of 15 15 3 · 5 5 · 3
Per(14) (114) (12, 34) (14, 52)

Insert Parts 3 13 3
D2(17) (114, 3) (15, 34) (14, 3, 52)

Table 5: Derivation of D2(17)

4. Further Properties of Double-Perfect Partitions

We record the following assertion which corresponds to many members of Dr(N).

Proposition 3. Let λ ∈ Dr(n), r > 0. Then

λ ∪ ((n− r)m) ∈ Dr(n+m(n− r)), m ≥ 0.

Proof. Refer to the construction in Theorem 2. The perfect partition β ⊢ n− r− 1

is classified according to the multiplicity of 1. The latter does not change if (n−r)m

is inserted to give γ = β ∪ ((n− r)m), m ≥ 1. However, γ is still a perfect partition

since n− r exceeds the weight of β by 1. The weight of γ is n− r − 1 +m(n− r).

This shows that (1r+1) ∪ γ or (r + 1) ∪ γ belongs to Dr(n+m(n− r)).

We remark that Proposition 3 cannot be nested, that is, if λ ∈ Dr(n) and

n∗ = n + m(n − r), then γ = λ ∪ ((n − r)m) ∪ ((n∗ − r)s) /∈ Dr(n + m(n − r) +

s(n∗ − r)) for any s > 0. However, γ is still double-perfect of order r, but belongs

to Er(n+m(n− r) + s(n∗ − r)). The following assertion relates to all members of

Ur(N) and admits nesting when a partition is mapped to Er(N).

Theorem 4. Let λ ∈ Ur(n), r > 0. Then

λ ∪ ((n− r)m) ∈ Ur(n+m(n− r)), m ≥ 0.

Proof. The representation scheme of weights of members of G(λ) is

1, 2, . . . , r︸ ︷︷ ︸
1 time

, r + 1, r + 2, . . . , n− r − 1︸ ︷︷ ︸
2 times

, n− r, n− r + 1, . . . , n− 1, n︸ ︷︷ ︸
1 time

. (21)

The sequence of multiplicities has the form 1, . . . , 1, 2, . . . , 2, 1, . . . , 1 or 1r, 2n−2r−1,

1r+1. We denote the empty partition of 0 by ∅. Let S10, S20, S30 be the sets of

partitions whose weights are represented by the three segments in (21) from left to

right, and assume that ∅ ∈ S10 so that |S10| = r+1 = |S30| and |S20| = n− 2r− 1.

Let α ∈ S10, γ1, γ2 ∈ S20 and ρ ∈ S30, where γ1 and γ2 represent a pair of different

partitions of the same integer. Furthermore define Sijπ := {θ ∪ π | θ ∈ Sij}.
With N0 = n, we claim that |S1ℓ| = r + 1 = |S3ℓ| and |S2ℓ| = Nℓ − 2r − 1 for

0 ≤ ℓ ≤ m.
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We will prove the claim by induction on ℓ. The result is obviously true for

ℓ = 0. Assume that ℓ = 1. The effect of inserting N0 − r into λ is that members

of S10 and S20 remain unchanged. Then S20 is extended to include partitions

of N0 with r + 1 new pairs of partitions ρ ∈ S30, α ∪ (N0 − r) ∈ S10(N0 − r).

This is followed by a further extension with N0 − 2r − 1 new pairs of partitions

γ1 ∪ (N0 − r), γ2 ∪ (N0 − r) ∈ S20(N0 − r). Lastly, we find r + 1 new partitions

ρ ∪ (N0 − r) ∈ S30(N0 − r).

Note that the scheme (21) remains unchanged relative to λ ∪ (N0 − r) whose

weight is N1 = 2N0 − r. Indeed we have S11 = S10, S31 = S30(N0 − r) and

S21 = S20 ∪ (S30∪̇S10(N0 − r)) ∪ S20(N0 − r), (22)

where ∪̇ denotes a combination (by pairwise equal weights) of two sets of partitions

having exactly the same multiset of weights, and

|S21| = (N0 − 2r − 1) + (r + 1) + (N0 − 2r − 1) = 2N0 − 3r − 1 = N1 − 2r − 1.

Hence λ ∪ (N0 − r) is double-perfect.

If ℓ = 2, we insert N0 − r into the relevant partition of N1 corresponding to (22)

and obtain the following results:

S12 = S11 (= S10);

S22 = S21 ∪ S30(N0 − r)∪̇S10((N0 − r)2) ∪ S20((N0 − r)2);

S32 = S30((N0 − r)2).

We have

|S22| = |S21|+ |S30((N0 − r))∪̇S10((N0 − r)2)|+ |S20((N0 − r)2)|
= (N1 − 2r − 1) + (r + 1) + (N0 − 2r − 1)

= N1 +N0 − 3r − 1

≡ N2 − 2r − 1.

So the basic scheme (21) is preserved. The result follows by a straightforward

application of the principle of mathematical induction.

Remark 3. Let λ ∈ Ur(n), and set λ = λ1, n = n1. Then according to Theorem

4, λk ∈ Ur(nk), k ≥ 1, where

λj+1 = λj ∪ ((nj − r)ej ), j ≥ 1, ej ≥ 0 and nj+1 = nj + ej(nj − r).

That is,

λ2 = λ1 ∪ ((n1 − r)e1)

λ3 = λ1 ∪ ((n1 − r)e1) ∪ ((n2 − r)e2)

λ4 = λ1 ∪ ((n1 − r)e1) ∪ ((n2 − r)e2) ∪ ((n3 − r)e3)

...
...

...
...

...
...

...
...

...
...
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Thus, given λj+1 = λj∪((nj−r)ej ), one may insert additional copies of the existing

largest part to obtain γ = λj ∪ ((nj − r)ej+s), s ≥ 1, or create a new largest part by

inserting copies of nj+1−r to obtain γ = λj ∪ ((nj−r)ej )∪ (nj+1−r)ej+1 , ej+1 ≥ 1.

In either case γ is a double-perfect partition of order r.

The emerging partitions originate from λ = λ1. For example, (13, 42, 6) ∈ D5(17)

and (13, 42, 62) ∈ E5(23), and subsequently (13, 42, 6x) ∈ E5(11 + 6x), x ≥ 3. In

addition, a new set may start with (13, 42, 6) ∪ (12v) which gives (13, 42, 6, 12v) ∈
E5(17 + 12v), v ≥ 0. Since (13, 42, 63) ∈ E5(29), a further set may start with

(13, 42, 63) ∪ (24y) which gives (13, 42, 63, 24y) ∈ E5(29 + 24y), y ≥ 0. As a final

example, note that (13, 42, 63, 24) ∪ (48)z = (13, 42, 63, 24, 48z) ∈ E5(53 + 48z).

Observe that each of these Er-partitions is “halved perfect” in the sense that if we

double every part greater than or equal to (r+1), we obtain a perfect partition. For

example, (13, 42, 63, 24y) is double-perfect of order 5 but (13, 42, (2 · 6)3, (2 · 24)y) =
(13, 42, 123, 48y) is a perfect partition. Such partitions will be discussed in the next

section.

Corollary 3. Let λ ∈ Ur(n) with largest part ℓ(λ) ̸= r + 1. Then

λ ∪ (ℓ(λ)) ∈ Ur(n+ ℓ(λ)).

The condition ℓ(λ) ̸= r + 1 is necessary in general. For example, (12, 34, 6) ∈
D5(20) but (1

2, 34, 62) /∈ U5(26). Exceptions occur with ℓ(λ) = r + 1 only when λ

contains a perfect partition β ⊢ m such that r + 1 = m − r. So from Proposition

3, β ∪ (r + 1) = β ∪ (m− r) ∈ Dr(2m− r). For example, since β = (1, 23) implies

λ = (1, 23, 4) ∈ D3(11), it follows that (1, 2
3, 42) ∈ E3(15), (1, 2

3, 43) ∈ E3(19), . . ..

5. Halved Perfect Partitions

If N ≡ r (mod (r + 1)), we consider the following restricted ordered factorizations:

2(N − r) = a1a2 · · · ak, k > 2, (23)

a1a2 · · · aj = 2(r + 1), 1 < j < k, (24)

aj > 2, aj+1 > 2. (25)

Theorem 5. The following partition is double-perfect of order r and belongs to

Er(N):

λ = (1a1−1, aa2−1
1 , . . . , (a1 · · · aj−1)

aj−1, (
a1 · · · aj

2
)aj+1−1, . . . , (

a1 · · · ak−1

2
)ak−1).

(26)

Note that λ cannot be obtained from Theorem 2 since a1 − 1 < r and r + 1 is

already a part.
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The restrictions imposed on the factorizations (23), namely (24) and (25), ensure

the determination of λ ∈ Er(N) with Er(n)∪Dr(N) = ∅. The number of factors is

k > 2, otherwise (r + 1) would not be a part of λ. Also aj ̸= 2, otherwise λ would

contain a repeated base: (r + 1)1, (r + 1)aj+1−1 which is not reversible. If aj = 2

when k = j + 1, then λ reduces to an ordinary perfect partition. Lastly, we must

have aj+1 ̸= 2, otherwise λ would contain a single copy of r + 1 = 1
2a1 · · · aj which

would duplicate a member of B(r + 1).

Proof of Theorem 5. We first show that the weight
∑

λ of λ is N . We have∑
λ = a1 − 1 + a1(a2 − 1) + a1a2(a3 − 1) + · · ·+ a1 · · · aj−1(aj − 1)

+
a1 · · · aj

2
(aj+1 − 1) + · · ·+ a1 · · · ak−1

2
(ak − 1)

= a1a2 · · · aj − 1 +
a1 · · · aj

2
(aj+1 − 1) + · · ·+ a1 · · · ak−1

2
(ak − 1)

=
a1a2 · · · aj

2
+

a1a2 · · · aj
2

aj+1aj+2 · · · ak − 1

=
2(r + 1)

2
+

2(r + 1)

2
· 2(N − r)

2(r + 1)
− 1

= N.

Next, we show that λ is double-perfect of order r. Define, for every t, j < t ≤ k,

λt = (1a1−1, aa2−1
1 , . . . , (a1 · · · aj−1)

aj−1, (
a1 · · · aj

2
)aj+1−1, . . . , (

a1 · · · at−1

2
)at−1),

that is,

λt = (1a1−1, aa2−1
1 , . . . , (a1 · · · aj−1)

aj−1, (r + 1)aj+1−1, ((r + 1)aj+1)
aj+2−1,

. . . , ((r + 1)aj+1 · · · at−1)
at−1).

Let the weight of λt be Nt. Then from the calculation of
∑

λ we deduce that

Nt = r + (r + 1)aj+1 · · · at.

It is clear that β = (1a1−1, aa2−1
1 , (a1a2)

a3−1, . . . , (a1 · · · aj−1)
aj−1) is a perfect

partition with weight a1a2 · · · aj − 1 = 2(r + 1) − 1. Since a1 ̸= r + 1 Theorem 2

implies β ∪ (r + 1) ∈ Dr(3r + 2). Thus, from the remark immediately following

Corollary 3 the partition β ∪ ((r + 1)x) is double-perfect of the same order for all

x > 0. The case x = aj+1 − 1 > 1 is

λj+1 = (1a1−1, aa2−1
1 , (a1a2)

a3−1, . . . , (a1 · · · aj−1)
aj−1, (r + 1)aj+1−1) ⊢ Nj+1.

The fact that the full partition λ = λk is double-perfect of order r now follows from

Theorem 4 (or Remark 3).

Example 4. If N = 17, r = 2, the only ordered factorization of 2(17 − 2) = 30

satisfying (23) to (25) is 2 · 3 · 5. So by Theorem 5, (1, 22, (6/2)4) = (1, 22, 34) ∈
E2(17).
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5.1. Enumeration of Er(N)

If n− r is inserted into λ ∈ Dr(n) to give γ ∈ Er(N), then from (12) and Theorem

4 we have

Dr(n) ̸= ∅ =⇒ n =
N + r

2
≥ 2(r + 1) =⇒ r ≤

⌊
N − 4

3

⌋
.

So from the factorizations (23) and Theorem 5 we deduce that if N ≡ r (mod

r + 1), then Er(N) ̸= ∅ provided that r ≤
⌊
N−4
3

⌋
. We claim that er(N) = |Er(N)|

is given by the following formula.

Theorem 6. The number er(N) of Type-B double-perfect partitions of N of order

r, 1 ≤ r ≤ ⌊n−4
3 ⌋, is given by

er(N) =
(f(2(r + 1))− 1− f(r + 1))

(
f(N−r

r+1 )− f( N−r
2(r+1) )

)
if N ≡ r (mod 2(r + 1)),

(f(2(r + 1))− 1− f(r + 1)) f(N−r
r+1 ) if N ≡ −1 (mod 2(r + 1)),

0 otherwise.

(27)

Proof. It will suffice to count the factorizations (23) subject to the restrictions (24)

and (25).

The number of ordered factorizations of 2(r + 1) into two or more factors is

f(2(r+1))− 1. Note that the condition aj ̸= 2 forbids factorizations that end in 2.

The number of such factorizations is f(r+1) · 1. So the number of factorizations of

2(r+ 1) into two or more factors that do not end in 2 is f(2(r+ 1))− 1− f(r+ 1).

If N ≡ r (mod 2(r+1)), the condition aj+1 ̸= 2 can be violated. The number of

factorizations of a1a2···ak

2(r+1) = 2(N−r)
2(r+1) that do not start with 2 is given by f( 2(N−r)

2(r+1) )−
f(2(N−r)

4(r+1) ). Thus, together with the previous paragraph, the first line of (27) is

proved.

Finally, if N − r ≡ r+1 (mod 2(r+1)), then aj+1 ̸= 2 is automatically satisfied

and we simply multiply the first result by f( 2(N−r)
2(r+1) ).

Remark 4. Equation (27) gives e1(N) = 0 for all N > 0. So if 2 ≤ r ≤
⌊
N−4
3

⌋
,

then er(N) > 0 whenever N ≡ r (mod r + 1). The sequence of such weights N

is given by [10, A254671] and described as “Numbers that can be represented as

xy + x+ y, where x ≥ y ≥ 1”.

Lastly, we state the full formula for ur(N) = dr(N)+ er(N), after simplification.

Theorem 7. The number ur(N) of all double-perfect partitions of N of order r, 1 ≤
r ≤ ⌊n−2

2 ⌋, is given by
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ur(N) =

f(N − r) + (f(2(r + 1))− 2f(r + 1))f(N−r
r+1 )

−(f(2(r + 1))− f(r + 1))f( N−r
2(r+1) ) if N ≡ r (mod 2(r + 1)),

f(N − r) + (f(2(r + 1))− 2f(r + 1))f(N−r
r+1 ) if N ≡ −1 (mod 2(r + 1)),

f(N − r) otherwise.

(28)

Example 5. It may be verified that Er(22) = ∅ for all r; so Ur(22) = Dr(22). But

Er(23) ̸= ∅ when r = 2, 3, 5; so Ur(23) = Dr(23) for r ̸= 2, 3, 5. The classification of

all members of Ur(23), 1 ≤ r ≤ 10, is shown in Table 6. Note that when r = 2, 3, 5,

the rth row is split into two parts showing Ur(23) on top and Er(23) at the bottom

of each row.

r Ur(23) = Dr(23) ∪ Er(23) ur(23)

1 (13, 210), (121, 2), (110, 2, 11) 3 3

2 (15, 36), (120, 3), (16, 3, 72) 3
(1, 22, 36) 1 4

3 (17, 44), (119, 4), (1, 29, 4), (14, 4, 53), (19, 4, 10), (1, 24, 4, 10),
(14, 4, 5, 10) 7

(1, 23, 44) 1 8

4 (118, 5) 1 1

5 (111, 62), (117, 6), (1, 28, 6), (12, 35, 6), (18, 6, 9), (12, 32, 6, 9) 6
(1, 2, 42, 62), (13, 42, 62), (12, 33, 62), (1, 25, 62) 4 10

6 (116, 7) 1 1

7 (115, 8), (1, 27, 8), (13, 43, 8), (1, 2, 43, 8) 4 4

8 (114, 9), (12, 34, 9), (14, 52, 9) 3 3

9 (113, 10), (1, 26, 10), (16, 7, 10) 3 3

10 (112, 11) 1 1

Table 6: Type-A and Type-B double-perfect partitions of 23 of all orders

References

[1] A. K. Agarwal and R. Sachdeva, Combinatorics of n-color perfect partitions, Ars Combinatoria
136 (2018), 29–43.

[2] A. K. Agarwal and M. V. Subbarao, Some properties of perfect partitions, Indian J. Pure
Appl. Math., 22 (1991), 737–743.

[3] G. E. Andrews, The Theory of Partitions, Addison-Wesley, Reading 1976; reprinted, Cam-
bridge University Press, Cambridge, 1984, 1998.



INTEGERS: 25 (2025) 16

[4] H. Lee, Double perfect partitions, Discrete Math. 306 (5) (2006), 519–525.

[5] P. A. MacMahon, Combinatory Analysis, Volume 1, Cambridge University Press, 1915

[6] P. A. MacMahon, The theory of perfect partitions and the compositions of multipartite num-
bers, Messenger Math. 20 (1891) 103–119.

[7] A. O. Munagi, Perfect compositions of numbers, J. Integer Seq. 23 (2020), Article 20.5.1.

[8] S. K. Park, Complete partitions, Fibonacci Quart. 36 (1998), 354–360.

[9] J. Riordan, An Introduction to Combinatorial Analysis, Wiley, 1958.

[10] OEIS Foundation Inc. (2025), The On-Line Encyclopedia of Integer Sequences, Published
electronically at https://oeis.org.


