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Abstract

For a set A of k elements from an additive abelian group G and a positive integer
r < k, we consider the set of elements of G that can be written as a sum of h
elements of A with at least r distinct elements. We denote this set by h(Z")A.
The set h(Z") A generalizes the classical sumsets hA and KA for r = 1 and r = h,
respectively. As the main result of this article, we give an upper bound for the
minimum size of h(Z") A over Z,, for m > 2. Further, by an observation relating the
sumsets hA, KA, and h(Z") A we obtain the sharp lower bound on the size of h(Z™) A
and also characterize the set A for which the lower bound on the size of h(Z") A is
tight over the groups Z and Z,, where p is a prime number.

1. Introduction

In this article, p stands for a prime number, 6 for the golden ratio 1+2\/g’ G for

an additive abelian group, Z for the group of integers, and Z,, for the group
{0,1,...,m — 1}, where m is a positive integer. For a given set A of integers,
|A| denotes the number of elements of A.

For a non-empty subset A of G and a positive integer h, let hA denote the set of
elements of G that can be written as a sum of h elements of A, and #A denote the
set of elements of G that can be written as a sum of h distinct elements of A. The
sets hA and KA are called sumsets and restricted sumsets, respectively. One of the
important problems in additive combinatorics is to estimate the sumsets hA and
KA in terms of the size of A and the integer h. Such problems are known as direct
problems. Some of the early results in this direction are the Cauchy-Davenport
theorem [6, 7, 8] and the Erdés-Heilbronn conjecture (or Dias da Silva-Hamidoune
theorem) [9].

DOLI: 10.5281/zenodo.14907283



INTEGERS: 25 (2025) 2

Theorem 1 (Cauchy-Davenport theorem [6, 7, 8]). Let A be a non-empty k-element
set in Z,. Then, for any positive integer h, we have

|hA| > min{p, hk — h + 1}.

Theorem 2 (Dias da Silva-Hamidoune theorem [9]). Let A be a non-empty k-
element set in Z,. Then, for any positive integer h < k, we have

|KA| > min{p, hk — h* + 1}.

Another important problem in additive number theory is determining the struc-
ture of a set A given some information on the size of the sumsets. These are clas-
sified as inverse problems. Examples of such results are Vosper’s theorem [21, 22],
Nathanson’s theorem [17], and Freiman’s 3k — 4 theorem [12].

Theorem 3 (Vosper’s theorem [21, 22]). Let A be a non-empty k-element set in
Zy with k> 2. If h > 2 and |hA| = hk —h+1 < p— 2, then A is an arithmetic
PTogression.

Theorem 4 (Nathanson [17]). Let A be a non-empty k-element set of integers with
k>5. If2<h<k—2and|WA| = hk—h?+1, then A is an arithmetic progression.

Theorem 5 (Freiman’s 3k —4 theorem [12]). Let k > 3. Let A = {ag,a1,...,ak-1}
be a set of integers such that 0 = ag < a1 < -+- < ag—1 and d(A) = 1. If
[2A] = 2k — 1+ b < 3k — 4, then A is a subset of an arithmetic progression of
length at most k + b.

For recent results along this line, see [4, 5, 15, 16, 23].
In this paper, we consider a sumset that generalizes the sumsets hA and KA and
also discuss the direct and inverse problems.

Definition 1. Let A = {aj,as,...,a;} be a non-empty finite set in G. Let r < k
be a positive integer. For integers h > r, we define

hEDA = {Zwiai I C 1k, [I| >ra; >1foralliel, and le = h}.
iel iel

Then hZWA = hA if r =1 and GV A = RA if r = h.

Before we state our main result, we present some background on the problem.

In 2006, Plagne [19] (also see [10, 20]) extended the Cauchy-Davenport theorem
to the group Z,, by finding the exact value of

W(Zpm, kyh) = min{|hA| : A C Zp,, |A| = k}.
Theorem 6 (Plagne [19]). Let m,k, h be positive integers with k < m. Then
W(Zpy,, k. h) = min{(h [k/d] — h+1)d : d € D(m)},

where D(m) is the set of positive divisors of m.
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Later, in 2016, Bajnok [3] considered the analogous function (i(Z,,k,h) =
min{|WA| : A C Zn,|A| = k} and proved an upper bound for (i(Z,,k,h) by
estimating the exact size of the set WAy(m, k), where FAg(m,k) is defined in
the following way. For a fixed positive divisor d of m, consider the subgroup
H = {0,m/d,...,(d —1)(m/d)} of Z,, of order d. Write k = ud + v for some
non-negative integers u,v with 1 < v < d. Define

u—1

Ad(m,k)::U{i+H}U{u+j-’;:j:o,1,...,v_1}. (1)

i=0

The following is the theorem of Bajnok.
Theorem 7 (Bajnok [3]). Let h, k, and m be positive integers such that k < m. Let
d be a positive divisor of m. Let Aqg(m, k) be the set of k elements defined in (1). If

h =k, then |FAq(m, k)| =1, and if h > k, then |FAq(m, k)| =0. For1 <h <k-1,
let v and w be the positive remainders of k and h modulo d, respectively. Then

g, k)| = 4T (R[§] —h+ 1) dnk A +1} if h < minfo,d -1},
m, = . ‘
' min{m, hk — h* +1 — 64} otherwise,
where
(v—ww—(d—1) if w<w,
S = (d—w)(w-v)=(d-1) ifv<w<d,
d = d—1 ifv=w=d,
0 otherwise.

The main result of this paper is the following theorem along the lines of Theorem
7.

Theorem 8. Let m,k,r be positive integers such that v < k < m. For a fized
positive divisor d of m, let Ag(m, k) C Zy, be a set of k elements defined in (1). Let
v, w be the respective positive remainders of k,r modulo d. Then, for every integer
h > r, we have

min {m, (h[5] =h+1)d,h(k—1) —r(r—1) + 1}
\h(ZT)Ad(m,kZH = if r <min{v,d — 1,k — 1}
min{m,h(k—1)—r(r—1)+ 1 —e4} otherwise,
where
(h—r)v—1)4wlv—-—w)—(d-1) ifw<w

ca=(h—r)v—-1)+{d-w)(w—v)—(d—-1) fv<w<d
(h—r)v—1)—(d—1) otherwise.
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If we set fC")(Zy,, k,h) := min{|hZ"A| : A C Z,,,|A| = k}, analogous to the
functions p(Zy,, k, h) and (i(Zy, k, h), we obtain the following upper bound from
Theorem 8&:

1 (L, ke, h) < min{|hZD Ag(m, k)| : d € D(m)}. (2)

2. Proof of Main Result

In this section we prove Theorem 8, for which we require the following lemma.

Lemma 1 (Bajnok [3]). Let d and t be positive integers witht < d—1, and let £ €
Zq. Then there is a t-element set L = {{1,..., 0} in Zq for which 1+ -+ £y = £.

Proof of Theorem 8. For a fixed positive divisor d of m, consider the subgroup
H={0,m/d,...,(d—1)(m/d)} of order d. Let k = ud + v with 1 <wv < d, and

Ad(m,k)—U{j+H} U {u+e~7§:e—o,1,...,v—1}.

Jj=0

Since w is the positive remainder of r modulo d, we have r = gd + w with some
non-negative integer q. By definition every element of h(ZT)Ad(m, k) is of the form

(j1+---+jh)+(1€1+---+€h)~%, (3)

where j1,...,jn € {0,1,...,u} and 4y,...,¢, € {0,1,...,d — 1}, with the following
two added conditions:

(i) when any of the j-indices equals u, the corresponding ¢-index is at most v —1,
(ii) there are at least r distinct j 4 £- (m/d) in every sum of the form (3).

Let us denote the least value of j1 + - -+ j5 in (3) by jmin and the largest value
of j1 + -+ jn in (3) by Jmaz- Then

Jmin=(h—=r4+d)-0+d-1+d-24+---+d-(¢—1)+w-q=q(r+w—d)/2.

On the other hand, to calculate j,,,, we consider the following four possible cases.
Ifg=0and w>wv,thenr =w >vand 1 <w—v <d— 1. Therefore

jmaz:(h—r—I—v)-u—l—(w—U)-(u—l):hu—r—i—v.
If ¢ =0 and w < v, then r = w < v. Therefore

Jmaz = h-u=hu—7r+w.
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If ¢ > 1 and w > v, then by writing r = v+ ¢d+ (w —v), where 1l <w —v <d—1,
we get

Jmaz = (h=r+0) cutd (w=1)+ -+ d (w— )+ (w—0) (=g 1)
After simplification we get

—d
jmam:hu—r—l—vq—%—l—v.
Finally, if ¢ > 1 and w < v, then by writing r = v + (¢ — 1)d + (d + w — v), where
1<d+w—v<d, we get

jmax
=th-r+v) ut+d-(u—-1)4+-+d-(u—qg+1)+(d+w—2v)- - (u—q)
=th-r+v) ut+d-(u—-1)4+-+d-(u—q)+(w—v) - (u—q¢g—1)+ (w—v)
—d
:hu—rJrvq—%er.
We can combine the above four possible values of j,,4, and write in the following
unified form
qir+w—d)
2
Since j = j; + - - - + jp can assume any integer value between j,,in and jmaz, the
sumset (2™ Ay(m, k) lies in exactly min{m,/d, jmaz — jmin + 1} cosets of H. Thus,

Jmaz = hu —r +vq — + min{v, w}.

|h(2T)Ad(m7 k)| S min{m7 (jmax - jmin + 1)d}7 (4)
where after simplification we can write
(Jmaz —Jmin+1)d = h(k—=1)—r(r—1)—(h—r)(v—1)—w(v—w)+d-min{0, v—w}+d.

Equation (4) gives an upper bound for the size of h(Z") A4(m, k). However, to
compute the exact value of |h(Z™) Ay(m, k)| we need to consider the following three
cases.

Case 1: r = k. In this case u = ¢ and v = w. Therefore,

=" Ag(m, k)|

= min{m, (Jmaz — Jmin + 1)d}

=min{m,h(k—-1)—r(r—1)—(h—7)(v —1) —w(v —w) + d - min{0,v — w}
+d}

=min{m,h(k—1)—r(r—1)—(h—7r)(v —1) + d}.
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Case 2: r = 1. In this case h(Z") A4(m, k) is simply hA4(m, k). So,

hu—1

hED Ag(m,k) = | {j+H} U {hu+€~73:€—0,1,...,h(v1)}.

Jj=0
Hence,

|hED Ay(m, k)| = min{m, hud + min{d, hv — h + 1}}
= min{m, (hu + 1)d, h(ud + v) — h + 1}
= min{m, (h[k/d] —h+1)d,h(k—1) 4+ 1}
= min{m, (h[k/d] —h+1)d,h(k — 1) —r(r — 1) + 1}.
Case 3: 2 <r < k—1. We divide the proof of this case into the following six
possible subcases.

Subcase 1: Assume that r <vandr <d. Theng=0,r=w <d,and r =w < v.
Therefore, jmin = 0 and e = hu. Thus, by Lemma 1, we get

hu—1

(=r) _ : m o, _rr=1) r(r=1)
R Ay(m, k) jL_JO{j+H}U{hu+€ T gt

h(v—1) — T(T_l)}.

2
Hence,
|hZP) Ag(m, k)| = min{m, hud + min{d, h(v — 1) — r(r — 1) + 1}}
= min{m, (hu + 1)d, hud + h(v — 1) —r(r — 1) + 1}
= min{m, (h[k/d] —h+1)d,h(k — 1) —r(r — 1) + 1}.
Subcase 2: Assume that » = v = d. Then ¢ = 0 and w = r = d. This implies

Jmin = 0 and Jae = hu. Further, since r = d, k = ud +v = (u+ 1)d, and r < k,
we have u > 1. Therefore,

R Ag(m, k)

moo,_ d(d—1)
U{hu+é.d. = 1 h(d = 1) - = }

Hence,

|hE") Ag(m, k)| = min{m, (hu — 1)d + 2 - min{d, h(d — 1) — d(d — 1) + 1}}
= min{m, (hu + 1)d, (hu — 1)d + 2(h — d)(d — 1) + 2}.
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Ash>r+1=d+1andd>1, we have (hu—1)d+2(h—d)(d—1)+2 > (hu+1)d.
Therefore,

|hET) Ag(m, k)| = min{m, (hu + 1)d} = min{m, (h[k/d] — h + 1)d}.
But, (h[k/d] —h+1)d=h(k—1)—r(r—1)— (h—1r)(v—1) + d, thus, we get
|hET) Ag(m, k)| = min{m, h(k — 1) —r(r —1) — (h —7)(v — 1) + d}.

Subcase 3: Assume that r > v, w # d, and w # v. Then, by Lemma 1, we have

j‘maz
hED Ag(m k) = | j+H}.

J=Jmin

Hence,

[hZ) Ag(m, k)|

= min{m7 (jmaw — Jmin + 1)d}

=min{m,h(k—=1)—r(r—1)—(h—7r)(v—-1) —w(v — w) + d - min{0,v — w}
+d}.

Subcase 4: Assume that r > v, w = d, and w # v. Then r = (¢ + 1)d and

k = ud + v with v < d. This implies jmnin = W and jae = hu. Thus,

h=") Ag(m, k)

q(g+1)d m ,  (¢+1)dd—1) (¢+1)d(d—1)
‘{g“'d”— > 2

(g+1)d(d—1)

WD na-nh U e}

j= q(q;rl)d +1

+1,...,

Hence,
|7 Ag(m, k)|
= min{m, min{d, (h — r)(d — 1) + 1} + (jmax — Jmin)d}
- min{m, (jmax - jmin + 1)da (jmax - jmin)d + (h - T)(d - 1) + 1}
=min{m,h(k—=1)—r(r—1)—(h—r)(v—-1)+d,h(k—1)—r(r—1)
—(h=r)(v—d)+1}.

Note that

hk—1)—r(r—1)—(h—-m)(v—=1)+d<hk—-1)—r(r—1)—(h—r)(v—d)+1
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if and only if
(h=r)(d—1)>d-1.
As h > r, the latter inequality is true. Hence,
|WED Ag(m, k)| = min{m, h(k — 1) —r(r —1) — (h —r)(v — 1) + d}.

Subcase 5: Assume that r > v, w # d, and w = v. Thenr = gd+v and k = ud+v

. _ .. . . _ . o (r—v—d)
with v = w < d. This implies jnin = ¢(r+w—d)/2 and jmazr = hu—r—l—v—qf
Thus,

h(ZT)Ad(ma k)

Jmax—1

. . m did =1 ol — 1
:j:LjJ_ {JJFH}U{JmMJre.d; _ . Ja . (2 )

d(d;l)q+v(v2—1)+17 7d(d;1)q U(U;1>+(h—r)(d—1)}_
Hence,

|h=) Ay(m, k)|

= min{m, (Jmax — Jmin)d + min{d, (h —r)(d — 1) + 1}}

= min{m, (Jmax — Jmin + 1)@, (Jmax — Jmin)d + (h —7)(d — 1) + 1}
= min{m, (jmax — Jmin + 1)d}
=min{m,h(k—1)—r(r—1)—(h—r)(v —1) +d}.

Subcase 6: Assume that r > vand w = v =d. Thenr = (¢+1)d and k = (u+1)d.
Thus,

R Ag(m, k)

={jmin+€~7§:€= (q+1)§(d_l),...7(q+1)g(d_1)+(h—r)(d—1)}
et . m +1)d(d—1
j—jngﬂ{]JrH} U {]max+£.d:£((])2()""’

(g +1)d(d—1)
A (h—1)(d- 1)}.
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Hence,

RED Aa(m, k)|

= min{m, (jmax — Jmin — 1)d + 2 - min{d, (h —r)(d — 1) + 1}}

= min{m, (jmax — Jmin + 1)d, (jmax — Jmin — 1)d +2(h —r)(d — 1) + 2}

=min{m,h(k—-1)—r(r—1)—(h—r)(v—-1)+d,h(k—1)—r(r—1)
+(h—r=1)(d-1)+1}

=min{m,h(k —1)—r(r—1)— (h—7r)(v —1) + d}.

3. An Observation and its Consequences

Recall that in the introduction we defined the sumsets hA and KA for positive
integers h. Here we add the convention that 04 = 0A = {0}. As every element
of h(2M A is a sum of h terms of A with at least r of them distinct, we have the
following lemma.

Lemma 2. Let A be a non-empty k-element set in G. Let r be a positive integer
such that r < k. Then, for every positive integer h > r, we have

hEDA = (h —1)A + FA. (5)

We note that this lemma does not provide a simple proof of Theorem 8. However,
we can use it to obtain some direct and inverse results for h(Z") A (see Theorems 9,
11, and 12). We can also use Lemma 2 to obtain a Freiman’s 3k — 4 theorem-type
result for h(Z") A. We start with the following direct theorem.

Theorem 9. Let k,r be positive integers with v < k. Then, for every positive
integer h > r and non-empty k-element set A in Z,, we have

|REM Al > min{p, h(k —1) —r(r — 1) + 1}. (6)
This lower bound is sharp.

To prove this theorem we shall use Theorem 1 together with the following theo-
rem, which is another version of the Cauchy-Davenport theorem.

Theorem 10 ([18]). Let A, B be non-empty subsets of Z,, where p is a prime
number. Then

A+ B| > min{p, | 4] + [B| - 1}.
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Proof of Theorem 9. The case k = 1 is obvious. Assume that & > 2. By Lemma 2,
we have h(Z") A = (h — r)A + r*A. Then, by Theorem 10,

|WEDA| = |(h —r)A+rA| > min{p, |(h — 7)A| + [FA| — 1}.
Now, by applying Theorem 1 on (h — r)A and Theorem 2 on A, we obtain
R A| = min{p, |(h = r)A| + [FA] - 1}
> min{p, min{p, (h —r)(k — 1) + 1} + min{p,r(k —r) + 1} — 1}
>min{p, (h—r)(k—1)+r(k—r)+1}
=min{p,h(k —1) —r(r—1)+ 1}
This establishes the lower bound in Equation (6).
Choose a prime number p and positive integers h,r, k such that r < min{h, k}
and h(k—1)—r(r—1)+1<p. Let A=[1,k] C Z,. Then
hEDA C [(h—r4+1)- 14243447, (h—r+1)-k+(k—=1)+(k—2)+- - -+ (k—r+1)].

Therefore,
|IWEDAl < h(k—1) —r(r—1)+1.

This upper bound together with Equation (6) shows that |[h(ZDA| = h(k — 1) —
r(r — 1) + 1. Hence, the lower bound in Equation (6) is sharp. O

The following theorem gives the structure of set A for which the bound in The-
orem 9 is tight.

Theorem 11. Let k,r be positive integers with k > 2 and r < k. Let h > r 4+ 2 be
a positive integer and A be a non-empty k-element set in Z, with

WEDAl =h(k—1)—r(r—1)+1<p—2.
Then A is an arithmetic progression.

Proof. As any set of two elements is an arithmetic progression, we shall assume that
k > 3. Observe that

max{(h—r)(k—1)+1Lrk—r)+1} < (h—r)k—-1)+r(k—r)+1
=hk—1)—7r(r—1)+1
<p—2

As it is given that
|IWEDA = h(k—1) —r(r—1)+1,

from the proof of Theorem 9, we obtain
|(h—r)A] =min{p,(h—r)(k—1D)+1}=(h—-r)k—1)+1<p—2.

Then, Theorem 3 implies that the set A is an arithmetic progression. O
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One can prove the following theorem using similar arguments as in Theorem 9
and Theorem 11.

Theorem 12. Let k,r be positive integers with v < k. Then for every positive
integer h > max{r,2} and non-empty k-element set A of integers, we have

|hEIA] > h(k = 1) —r(r—1) + 1. (7)
Furthermore, if W2V Al = h(k —1) —7(r — 1) + 1 and
1. k> 2in case h > r+ 2,
2.k>5and2<r<k—2incaseh=r orh=r+1,
then A is an arithmetic progression.

From Theorem 12 it follows that the set A is an arithmetic progression if the
lower bound for |h(Z") A| is tight. A natural question that arises here is: up to what
deviation from the lower bound in Theorem 12 can one cover the set A inside a
“small” arithmetic progression? To answer such a question, one possible way is to
express the size of h(Z") A in terms of the size of (h—1)(Z") A or lower order sumsets.
Theorem 14 is one such result in this direction, which directly follows from Lemma

2 and the following theorem of Lev [13].

Theorem 13 (Lev [13]). Let k > 3. Let A = {ag,a1,...,ax_1} be a set of integers
such that 0 = ap < a1 < -+ < ag—1 and gcd(A) = 1. Then, for h > 2, we have

|[hA| > |(h — 1)A| + min{ag_1, h(k — 2) + 1}.

Theorem 14. Let r,k be positive integers such that k > 3 and r < k. Let A =
{ag,a1,...,ak—1} be a set of k integers such that 0 = ap < a1 < -+ < agx—1 and
ged(A) = 1. Then, for h > r + 2, we have

|WED A > [#FA| + |(h — 7 — 1) A] + min{ag_1, (h — r)(k — 2) + 1}.

4. Further Remarks

Another sumset that may come immediately to the reader’s mind is the sumset
h(=") A, which contains those elements of the group G that are the sum of h elements
of A with at most r distinct elements. The sumset hA is a special case of h(S") A
for r = h.

Let A = {a1,aq9,...,a;} be a set of k integers. Then for any positive integer h
the sumset hA contains at least the following hk — h + 1 elements written in an
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increasing order:

ha; < (h—=1)a;1+as <---<a1+ (h—1)asy <
hag<(h—l)a2+a3<~-~<a2+(h—1)a3<

hap_1 < (h —Dag—1 +ar <---<ag_1+ (h—Dag <
hak.

Observe that to get the minimum number of elements (which is hk — h + 1) in the
sumset hA = h(EM A, we only required elements in hA which are sums of at most
two distinct elements of A (see the list of elements above). Thus, the sumset h(<") A
contains at least hk — h + 1 distinct elements for all » > 2. Therefore, we ask the
following question for integers r > 2.

Question 1. Is it always the case that the minimum size of both the sumsets hA
and h(=") A are the same in any abelian group G, where the minimum runs over the
subsets of G of size (say) k?

Acknowledgement. The author thanks Professor Georges Grekos and the anony-
mous referee for reading the article carefully, pointing out some typos, and making
suggestions that improved the presentation of the article.
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