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Abstract
We prove many new identities associated with Ramanujan’s continued fraction of
order sixteen and the Ramanujan-Gollnitz-Gordon continued fraction. We further
establish several new Eisenstein series identities associated with Ramanujan’s con-
tinued fraction of order sixteen.

1. Introduction

Throughout this paper, we assume that |¢|] < 1 and use the standard product
notation

(@ao =1, (@00 =[[(1—ag), and (ag)o = [[(1— aq").
7=0 n=0

For convenience, we sometimes use the multiple g-shifted factorial notation, which
is defined as

((Zl, az, ..., am;Q)oo = (al; q)oo(a% Q)oo T (am;Q)oo

The famous Rogers-Ramanujan continued fraction R(q) was studied by Ramanu-
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jan and Rogers [24]:

1
15 (66°)0(@h ) ¢ 0 ¢ ¢

(@ ¢)(@®0%)0e 1 + 1+ 1 + 1 4.

R(q) :==¢

Ramanujan made some significant contributions to the theory of the Rogers-
Ramanujan continued fraction expansion in his notebooks [23, Vol. II, Chapter
16, Section 15] and “Lost Notebook” [24]. Motivated by Ramanujan’s work, Liu
[18] and Chan, Chan, and Liu [11] established many new identities associated with
the Rogers-Ramanujan continued fraction R(q). Further, they proved new Eisen-
stein series identities which involve R(g). Recently, Cao et al. [7] established a
Rogers-Ramanujan-Slater type theta function identity.
The beautiful Ramanujan’s cubic continued fraction X;(q) was first introduced
by Ramanujan in his second letter to Hardy [23, p. xxvii], and is defined by
Xi(q) = g P2 a7 gt g et P _
(63, 4% ¢%) o 1+ 1 + 1 4+ 1 +--

Ramanujan’s cubic continued fraction has several properties that are analogous to
those of the Rogers-Ramanujan continued fraction. Adiga et al. [2], Bhargava et
al. [6], Chan [9], and Cooper [14] established numerous elegant theorems for X (q),
many of which are analogues of well known properties satisfied by the Rogers-
Ramanujan continued fraction.

In [29], Vasuki et al. studied the following continued fraction of order six:

(065w _ a7V 1-¢) (1414

X : = .
2(q) (@2 0% 0%) oo 1-7) + @21 -G A+ ) + -

The continued fraction X5(q) is a special case of an interesting continued fraction
identity recorded by Ramanujan in his second notebook [24], [1, p. 24]. Further-
more, they established modular relations between the continued fractions X5 (g) and
X3(g™) for n = 2,3,5,7, and 11. Motivated by these, Adiga et al. [5] established
two new identities associated with X;(¢) and X3(¢q) using the quintuple product
identity. Also, they derived Eisenstein series identities associated with X;(q) and
Xa(q).

The celebrated Ramanujan-Gollnitz-Gordon continued fraction [24] is defined by

Gla) = ¢} (0.4":¢%) o ¢'/* ¢ q*

(@%,¢%6%) 0 14+q+1+¢ + 14+¢ + -

The theory of the Ramanujan-Géllnitz-Gordon continued fraction has been further
developed by various mathematicians including Chan and Huang [10], Cooper [14],
and Vasuki and Srivatsa Kumar [30]. Chamaraju [8], in his thesis, established
new identities associated with G(¢) and derived a new Eisenstein series identity
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involving G(q). In [12], Chaudhary and Choi established certain identities asso-
ciated with Eisenstein series, the Ramanujan-Gollnitz-Gordon continued fraction,
and combinatorial partition identities. Recently, Chaudhary [13] established some
Rogers-Ramanujan type identities.

In [19], Naika et al. established the following continued fraction of order 12:

U(g) = L0050 _dl-9)  £0-¢)0-q) .
(454 (1-¢%) + A=) +¢%) +--

The continued fraction U(q) is a special case of a fascinating continued fraction
identity recorded by Ramanujan in his second notebook [24]. The above continued
fraction was studied by Naika et al. [19], Vasuki et al. [31], Dharmendra et al.
[15], and Adiga et al. [4]. Recently, Adiga et al. [3] established two new identities
associated with U(q) of order 12, using two elementary trigonometric sums and
the Jacobi theta function #;. They also derived several Eisenstein series identities
involving U(q). In [25], Shpot et al. established the integrals of products of Hurwitz
zeta functions and the Casimir effect in ¢* field theories.

Surekha [27] and Vanitha [28] studied two continued fractions I1(q) and I2(q) of
order sixteen, which are defined as follows:

0'%(¢% 4% ") _¢"P1-¢%)  ¢"(1-q)(1—4q")

M= e T e + A o0 Y

and

¢*%(¢,4":¢"%)% _ ¢*?1-q) ¢'(1-¢*)(1-¢)

(a7 4% 4"%) 0 (1-¢") + (1-g¢"H(A+¢) +--
The continued fractions I1(¢q) and I5(q), are a special case of a fascinating continued
fraction identity recorded by Ramanujan in his second notebook [24].

Surekha [27] derived modular relations for I;(q) and I3(q) and also proved the
2-, 4-, 8-, and 16-dissections for the continued fraction I;(q) of order sixteen and its
reciprocal. Vanitha [28] established the 2-, 4-, 8-, and 16-dissections of a continued
fraction Iy(q) of order sixteen and its reciprocal. Also, Vanitha gave combinatorial
interpretations for the coefficients in the power series expansion of a continued
fraction I3(q) and its reciprocal. Park [21] studied the continued fractions I;(q)
and I(g) by using the theory of modular functions. He proved the modularities
of I1(q) and I5(q). Further, he proved that the values of 2(I1(q)? + 1/I1(q)?) and
2(15(q)?+1/1I5(q)?) are algebraic integers for a certain imaginary quadratic quantity
q. Recently, Rajkhowa and Saikia [22] established theta function identities, explicit
values, partition-theoretic results and some matching coefficients of the continued
fractions I (¢) and I(q).

In this paper, we study the following. In Section 3, we derive several new iden-
tities associated with Ramanujan’s continued fractions I(¢) and Iz(q) of order

Ix(q) ==

(2)
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sixteen, and the Ramanujan-Gollnitz-Gordon continued fraction G(g), using the
Jacobi theta function 6. In Section 4, we establish two new identities associated
with I;(¢q) and I3(q) by using Ramanujan’s 1 ¥; summation formula. Finally, in Sec-
tion 5, we establish several Eisenstein series identities associated with Ramanujan’s
continued fractions I (¢q) and Iz(q) of order sixteen.

2. Definitions and Preliminary Results

In this section, we present some basic definitions and preliminary results on
Ramanujan’s theta functions. Ramanujan’s general theta function is

fla,b) = Z a2 pn(n=1/2 - gp) < 1. (3)
Then it is easy to verify that
f(a,b) = f(b,a), f(1,a)=2f(a,a®), f(~1,a) =0.
The Jacobi triple product identity states, for z # 0, that

> (—1)"¢" 72" = (3 @)oo (%5 @)oc (4/7 @)oo

n=—oo

In Ramanujan’s notation, the Jacobi triple product identity takes the shape
fla,b) = (—a; ab) oo (—b; ab) oo (ab; ab) .

In [26], Srivastava et al. derived some theta function identities related to the Jacobi
triple product identity. If n is an integer,

f(a,b) = a™"HD/2 pr(=1/2 (g (ab)™ blab)™"). (4)

The most interesting special cases of f(a,b) are [1, Entry 22]

T N N PRTCRE VR e i
¥(q) = f(g,9”) nz::oq O (5)
and
Fa) = fa =) = D (D)"Y = (). (6)

n—=—oo
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Note that n(7) = ¢*/?* f(—q) where ¢ = €>™7, Im7 > 0, and 7(7) is the Dedekind-
eta function. Also, Ramanujan, define

X(@) = (-4 ¢*) - (7)

For convenience, we define, for a positive integer n,
foi=F(=4") = (@":¢")-

The following lemma is a consequence of the product representations of Identities

(5)-(7).
Lemma 1. We have
3 f3 3 f
==, == ==, and —q) = —.
¥(q) T fla) h x(a) " x(—q) T
Lemma 2 ([1, Entry 30 (i -iii)]). We have
f(a,ab®) f(b,a®b) = f(a,b)i(ab), (8)
f(a,b) + f(—a,—b) = 2f(a®b, ab?), (9)
and
b 5.3
f(a,b) — f(—a,—b) = 2af i b° . (10)
3. Main Results
The Jacobi theta function, 64, is defined as
01(z7) =23 ()¢5 sin(2n + 1)z
n=0
=25 3 (—1)"¢™F " sin(2n + 1)=. (11)
n=0
In [11], Chan et al. showed that
> n(nt1) | > n(nt1)
2 Z (=D)"q =2 sin(2n+ 1)z = Z (-=1)"q = sin(2n+ 1)z
n=0 n=-—oo
= 2(sin 2)(4; @)oo (4€°*; D)oo (g% @)oo (12)
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Combining Identities (11) and (12) together, we find the infinite product represen-
tation of 0;:

01(2|7) = 2¢7 (sin 2)(q; @)oo (4€%"*; @) o (g€ @)
P 1z —2iz
= iq5e " (q;0) o0 (€¥%5 @)oo (g€ % @) - (13)
Putting z = {5, 2 = 21%, z= ?{—g, z= ‘%, z= 51—2, z= ?—g, and z = %, respectively,
in Identity (13), we obtain
0, (%IT) =2+ (Sin 116) (4 @)oo (96 T8 5 0) o (g€ T8 5 q) e (14)
2 . 2 i mi
6, (1@7) =2¢3 (Sin 12) (4 @)oo (@€ 5 0o (g€ 3 @)oo (15)
3 1 . 3 i —67i
61 (16|T) =28 (sm 1) (4 0)o0 (7€ T @)oo (06T 5 @) o (16)
471' 1 . 47T s —8mi
61 (16|T) =25 (Sm 1> (45 9) o0 (46T 5 @)oo (06T 5 ) 00 (17)
57 1 . 5 107mi —107i
61 (16|T) = 2¢* (sm 1) (45 9) o0 (g€ 775 5 )00 (g6 ;@) o0, (18)
6m 1 . 61 i —127i
61 <1|T) =28 (sm 16) (4 9)oo (7€ T8 5 Qoo (g€ TT6 5 @)oo (19)
and
77T 1 . 77T 14mi —147i
o (T517) =2t (s 35 ) (0 )lae ™ )i 500 (20

Multiplying Identities (14)-(20) together, and using the identities

w21 31w _4m . 5w . 6w . Tm V2
sin — sin — sin — sin — sin — sin — si = (21)

1671616 "M 16 ™ 16 ™M 16 MM 16 T 64
and
(1—2)(1 —zeT8)(1 —ze 16 )(1— 218 )(1 —ze 16 )(1 — zeT )(1 — ze 16 )

X (1—ze16)(1— xe%)(l - xe%)(l - mefl%m)(l - xe%)(l - xeillrém)

x (1 —ze' 16 )(1 —ze 16 )(1 — ze 16°) = (1 — z'),
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in the resulting equation, then after some simplifications, we obtain the following
identity:

m 2 3T 4 o 6 T
01 <T6|T)91 <16|T> 01 (16|T> 91 <16|T) 91 (16|’7—> 01 <167_> 01 <16|T)

_ 23 i (Dn(16r)

22
n(2r) (22)
Taking
2m \/7 4
CV——QCOSE—— 2+\/§, 5——20081—6_—\/5,
’Y:—?COS%:— 2 — /2, 5:—2cos?—76r:0,
107 127
57*2(308176— 2 — /2, /\—72(:08?*\/5,
14
u:f2cos—7r: 2+\/§,
16
and using n(7) = ¢*/?* f(—q), we may rewrite Identities (14)-(20) as follows:
s -1 01 (l|7‘)
Pi(q) = ]0+aq"+¢*) =q7 —H5——, (23)
111;[1 n(7)2 (sm E)
s -1 01 (2l|7')
Py(q) = [0+ B¢" +¢*") =qT 1, (24)
nl;[l n(7)2 (sm 21—6)
o - 01 (3%|7)
P3(q):= ][ (1 +2¢" +¢*) =q7 s (25)
nl;[l 7(7)2 (sm %)
i -1 91 (4l|7')
Pi(q) = [ +6¢" +¢*") =qT ' (26)
};[1 7(7)2 (Sm %)
= -1 91 (L|T)
Psi(q):= [0 +eq” +¢*)=q™ o (27)
711;[1 7(7)2 (sin 1—6)
- n o, 2n - 0 (%I
Po(g) == [[(1+ A" +¢*") =q™ (i 27, (28)
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and

ol 7(7)2 (Sm%)

Multiplying Identities (23)-(29) together, and then using Identity (21) and Identity
(22) in the resulting identity, we find that

(29)

Pi(q)Pa(q) Ps(q)Pa(q) P5(q) Ps(q) Pr(q) = ¢ = (30)

We are now ready to prove the main results.

Theorem 1. Let P;(q), where 1 < i < 7, be defined as in (23)-(29) where a =
_\/2+\/§a ﬁ:—\/i,’}/:—\,Q—\/Q,&: \/2_\/55 )\:\/ia n= V2+\/§7 and
G.(q) = \/G(q). Then, we have

i=1,i#4 i=1,i7#4
_2V20(1) | [ L) 1
V22 l G.(q) I(9)G.(q) 2 h{g)G-(@))» (B
1 7 1 1 7 N
Pi(a') [ Pla)-Psa®) J] Piah)
i=1,i#4 i=1,i7#4
2v2n(r) | [L(e) _ 1
V22 l Ga)  /Ti(q)G.(q) + V2 L(g)G ()|, (32)
1 7 1 1 7 1
(1+n) Pr(g7) H P(q*)+ (1 + «) Pi(g%) H Pi(q7)
i=1,i#4 i=1,1#4
— 9 (r Gila)
= 2,(7) L) I ( )G*(q)>
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where

25 (2025)
1 ’ 1 1 7 1
pPr(g?) [ Pler)—aPier) J[ Pile?)
i=1,i1#4 i=1,i#4
_ 2V2 (1) Gilg) 1
22 I(q)  /Ti(9)G.(q)
+ (143 ( f;((qq)) - \/12<q>G*<q>>] 7
1 ! 1 1 U 1
e Ps(q7) [] Pila®)—v Ps(e®) J] Pile?)
i=1,i#4 i=1,i7#4
_ 2V2.(7) G.lg) 1
212 I>(q) I(q)G.(q)
+(1-v2) ( (I;(z])) - \/Ig(Q)G*(q)ﬂ :

_zrn(r)n(167) | n(7)
1) = 05 )\ e

Proof. Subtracting Identity (29) from Identity (23), we obtain

Using Identity (11), the right-hand side of Identity (36) can be written as

where

oo

3

Pi(q) — Pr(q) ==

n=1 n=1

-1
g (0(ER) 0 (ER)
n(r) \ 2sinZ  2siniT |-

oo

(2n+1)?2
Y (-1)"Am)g s,

n=0

=l
Nl

q
n(7)

; s H s
Aln) = 51n(2?1 +1)7% B sm(2?1 —I; 1) 16 .
sin 75 sin 1%

(1+ag"+¢") = [[(1+pa" + ¢
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Now, by using maple computations, we find that

A(16m + 0) = 0, A(16m + 8) =0,
2 242
A(l6m +1) = 22 : A(16m +9) = — V2 ,
2-v2 22
2 2v/2
A(16m +2) = 2v2 , A(16m + 10) = — V2 :
2-v2 22
4 4
A(16m + 3) = ———, A(16m +11) = — ———,
V2-V2 V2 -2
4 4
A(l6m +4) = ——, A(16m +12) = — ———u,
V2 -2 V2-12
242 242
A(16m +5) = L, A(16m +13) = — v2 )
2-v2 22
2v/2
A(16m + 6) = 27‘/5, A(16m + 14) = W2 . A(16m+7) =0,
2-42 22
A(16m + 15) = 0.
Therefore,
> (2n+1)2 2\/5 P (32m43)? O (32m+5)?
(=D)"A(n)q ™ = —— {_ g s + ¢ 5
n; 22 mzo Z

(32m+7) (32m+9) (32m+11)
—V2 Z +V2 Z - Z
o0
(32m+13)2 (32'm+19) ($2m+21) (32m+23)
+Zq 8 Zq —Da T V2 Zq

m=0
(32m+25)2 (32m+27)2 e (32m+29)2
7\/5 E q 8 + E q 8 — E q 8 .
m=0 m=0 m=0

In the right-hand side of the above equation, changing m to m — 1 in the first six
summations and also changing m to —m in the last six summations, we obtain

> (2n+1)2 2\/§ s (32m—19)2 e (32m—21)2
- L B I A Dl
AR >

n=0 m=—00 m=—oo

i (32m—23)2 e (32m—25)2 ad (32m—27)2 ad (32m—29)2
+\@Eq8—\/§gq8+gq8—§q8.

m=—0oo m=—0oo m=—0o0 m=—0o0
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Now, using Identities (3) and (4) in the right-hand side of the above equation, we
find that

> (-1)"A(n)q s 2\2[(1\;5{—[f(q1°4,q152)—qzof(q24,q232)]
n=0 -
+21f(6%,4'%) — 42 (a", 6™ = V24 [F (a7, ¢") — a* (g™, ™))} (38)

Subtracting Identity (10) from Identity (9), we deduce
f(—a,—b) = f(a®b,ab®) — af (2,&51)3) . (39)

Putting {a = ¢*°,b = ¢**}, {a = ¢*%,b = ¢°?}, and {a = ¢*,b = ¢°°} in the above
equation, we obtain

f(=¢* q44) = f(a"",¢"%) = ¢® f(@*, ¢*), (40)
F(=a'%=4%) = f(¢®,4"%) — ¢ (4™, ¢**°), (41)
f(=d*, q6°) F@™®d") = ¢* £, ). (42)
Employing Identities (40)-(42) in Identity (38), we obtain
Z (_1)n,A(n)q(2n;r1)2 \Z/jl { f q44) + qu(_qu7 _q52)
n=0 -
—V2¢° f(—q4,—q6°)}- (43)
Combining Identities (36), (37), and (43), we find that
2V2 g5
Pi(q) — Pi(q) = — 229"
1(q) — Pr(q) 2 Vo)

x {—f(—qQO, —¢") + ¢ f(—4"*,—¢"*) = V2¢° f (=", —qGO)} L (44)
Multiplying both sides of Identity (44) by Identity (30), we deduce

PE(q)Px(q)Ps(q)Pa(q) Ps(q) Ps(q) P (q) — Pi(q)Pa(q) Ps(q) Pa(q) P5(q) Ps(q) P7 (q)
_ 2\[‘1%( ) (20 44 200 12 52
7\[77(7—)77(7—){ f(=¢®, =" + ¢ f(=¢"%, —¢>)

—V2¢° f(—¢", —q60)} :

Now, using 6 = 0 in the left-hand side of the above equation and using the fact

_2n47)

that (—¢%¢%)e = ¢~ 21 W7 then, after some simplification and changing ¢ to
n(27
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q'/* throughout, we get Identity (31). The proof of Identity (32) is identical to the

proof of Identity (31), so we omit it.
From Identities (23) and (29), we obtain

(14 1) Pr(q) + (1 + a)Pi(q)

=1+ [[O+pa"+ ) + (1 + ) [0+ ag" +¢*")
n=1 n=1
- q% (I+p) 64 (7” T) N (1+a) 6y (116|T)
n(7) 2sin 1% 2sin 75

Using Identity (11), the right-hand side of Identity (45), can be written as

> (2n+1)2
S (-1)"B(n)g =,

n=0

-

1

n(7)

&l

(=}

where

(14 p)sin(2n 4+ 1)1 N (14 a)sin(2n + 1) %

S11 16 sin TG

B(n) =

Now, by using Maple computations, we find that

B(16m +0) = B(16m +8) = — 2,

2 2
16m + 1 : B(16m +9) = :
B( ) = ﬁ, 1 ( ) N
B(16m +2) = B(16m + 10) =2,

2 2
B(16m + 3 : B(16m + 11) = ,

m+3) = V21 ( ) V2 -1

2 2

B(16m + 4 : B(16m +12) =———,
)= V21 ( ) V2-1
B(16m +5) = —2, B(16m + 13) =2,

2 2
16m + 6 : B(16m + 14) = ,
B( ) = \/57 1 ( ) N
B(16m +17) = B(16m +15) = — 2
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13
Therefore,
i( 1)"B(n) (2n+1)2 {i (32m+1)2 n 1 i (32m+3)2
— n)q 8 q 8 q 8
n=0 m=0 \/5 -1 m=0
_ i q(32m8+5>2 1 > q<32m8+7)2 _ 1 i q<32m8+9)2
m=0 \/5 -1 m= \/é —1 m=0

o -
(32m+11)2
+ E q 8 - E
m=0 2 -1 m=0

q
io: (32m+17)2 1 Z (32m+19)2 + Z (32m+21)2
— q 8 — q 8 q 8
m=0 \/§ —1 m=0
1 i (32m,+23)2 i (32m+25)2 i (32m+27)2
_—— q 8 q 8 f— q 8
V2 -1 -1
m=0 m=0 m=0
1 O (32m+429)?
P M
V2—-1~

(32m+31)2
q 8 .
0

In the right-hand side of the above, changing m to m — 1 in the first eight summa-
tions and also changing m to —m in last eight summations, we obtain

(32m+13)2 (32m+15)2
3 — E q 3

m=0

M8%

3
I

i ( 1)”3( ) @nin)? 9 i (@2m-17)2 1 i (32m—19)2
— n 8 = — B — B
= ! = VZ-1 q

m=—0oo

e <32m 21)2 1 e (32m —23)2 1 e (32m —25)2
A i SR R

m=—0o0 m=—0oo \/5 - 1

m=—0o0

m=—0oo m=—0o0 m=—0oo

i (32m—27)2 n 1 i (32m—29)2 4 i (32m—31)2
_ g S 3 s .
‘ Vi1 2 ¢ ’

Using Identities (3) and (4), in the right-hand side of the above equation, we find
that

e n (2n+1)2
> (=1)"B(n)q =245[f(¢",¢"%) — ® £(¢*, **%)]
n=0
2 9 25
- a1 (q" ") — O F (@ 7)) = 205 [ (6%, ¢%%) — 42 F(¢*, )]
V2-1
2 49
+

Ao1l” [£(d%, ¢"**) — ¢* f(¢°°, ¢°)]. (47)
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Using Identity (39), with setting {a = ¢*®,b = ¢*°}, {a = ¢*°,b = ¢**}, {a =
q'2,b = ¢°?}, and {a = ¢*, b = ¢°°}, respectively, we obtain

F(=¢, =) = f(a",¢"°) — ¢ f(d*, **), (48)
F(=a* q N = 1@ 6% = ¢ f(a*, ), (49)
F(=4%,-4") = f(¢®,4'®) — ¢ f(q 40»(1216) (50)
F(=a".=a™) = f(d",d"*") — " F(a™°, ¢*). (51)
Employing Identities (48)-(51) in Identity (47), we obtain
Z (—l)nB(n) (2n+1) _qu {f 36) _ q3f(_q12, _q52)
n=0

qu6+nw@fﬂw“mwwefrfw} (52)

Combining Identities (45), (46), and (52), we find that

1

(1+p) Pr(9)+(1+ ) Pi(q) = 25(2:) {f(=¢*, =) — ¢’ f(—q"*, =)

+ (V24 Dlaf (=4, ~¢*) + ¢ F(~a*, ~a")] } . (53)

Multiplying both sides of Identity (53) by Identity (30), we obtain

{(1+ p)P1(q)P2(q) P3(q) Pa(q) P5(q) Ps(q) P7 (q)}
+{(1 4 @) P} (q)P2(q)Ps(q) Ps(q) Ps(q) Ps(q) Pz (q)}

a= {f —¢*°) = ¢ f(—4"%, =)
+ (\/§+ Digf(—¢*% —¢*") +q6f(*q4,fq6°)]}~

Now, using § = 0 in the left-hand side of the above equation and using the fact that

1
3
=
N
ﬂ
SN—

, changing ¢ to ¢'/* throughout, we obtain Identity (33).

(=% 60 = q=

Proofs of Identities (34) and (35) are identical to the proof of Identity (33), so we
omit them here. O

4. New Identities Associated with I;(qg) and I2(q)

In this section, we establish the following two new identities associated with I(q)
and I(q) by using Ramanujan’s 1 U7 summation formula.
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Theorem 2. Let |q| < 1. Then, we have the identities

e 1— q16n — 1— q16n ’172(167') I1(q2) ’
n=1 (mod 2) n=1 (mod 2)
(54)
and
& n o ™ e 9n+ 15n 4 327 1
Z ! (1]6n o Z ql (1]6n - n2(1 ) IQ(QQ) + I (g2 )
n=1 l—q n=1 —4q n ( 67—) 2(q )
n=1 (mod 2) n=1 (mod 2)
(55)

Proof. Changing n to —n in the second summation in the left-hand side of Identity
(54), we obtain

—1
i q3n +q5n B Z qflln _|_q713n
£ 1— q16n S~ 1— q716n
n=1 (mod 2) n=1 (mod 2)
oo oo 5
- Z q6n+3 N q10’n+ (56)
- 1— q32n+16 : : 1— q32n+16 '
n=—o00 n=—oo

Using a corollary of Ramanujan’s 1 U7 summation formula [1, Entry 17, p. 32]

- z" (az,q/az,q,4;q)o
2 Toap ~Gajanazay << (57)
n=—o00 q y4/4y 2,4/ 25q)cc
in Identity (56), we find that
i " + ¢ - i g1 4 g—13n
v 1— qlﬁn L~ 1— q716n
n=1 (mod 2) n=1 (mod 2)

(%32 { 57,0"% 0600 | 5 (6*%,4% %) } (58)

T @ ! e 0 )
Using Identity (1) in Identity (58), we obtain Identity (54). The proof of Identity
(55) is similar to the proof of Identity (54), so we omit it here. O

5. Eisenstein Series Identities Associated with I;(q) and I2(q)

In this section, we prove four Eisenstein series identities associated with I;(¢) and
I5(q) by using the Jacobi theta function 6;. Differentiating both sides of Identity
(13), and then setting z = 0, yields

01(0|7) = 24"/3(q; 9)3,,
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where 0] denotes the partial derivative of 6; with respect to z.
Now we prove a lemma, which is fruitful in deriving Eisenstein series identities
associated with I1(¢) and I(q).

Lemma 2. We have

i qn _ q7n _ q9n + q15n )
1 ot6n sin 2nz
n=1 q

01 (0]167)0: (87 7|167)6, (677 |167)0; (22|167)

=— 59
461 (z + 77|167)01 (2 — wT|167)01 (2 + Tr7|167)01 (2 — Tr7|167)’ (59)
and
i q3n _ q5n _ qlln T q13n )
1 ot6n sin 2nz
n=1 q
B 01(0]167)0; (27 7|167)6, (877 |167)01 (22]167) (60)

46, (z + 377|167)01 (2 — 377|167)01 (2 + 577 |167)01 (2 — 57 |167)

Proof. For simplicity, we use J(z|7) to denote the logarithmic derivative of 6; with
respect to z. Logarithmically differentiating (13) with respect to z, after some
simplifications, we have

e n/2
J (z + %h) = — —|—4n§;1 lq_ 0 sin 2nz.
Replacing 7 by 167 in the above equation, we deduce that

o0 8n
J(z+8r7]167) = —i +4 > 1‘1716 sin 2nz.
— q n
n=1

Replacing z by z — 777 in the above equation, we obtain
0 an
J(z+77|167) = —i 4+ 4 Z T gon sin2n(z — 777).
n=1

Writing z as —z in the above equation, we are led to the identity

e 8n
J(z —n7|167) =i + 42 %sirﬁn(z +77T).
—q

n=1
Adding the previous two equations together and using the trigonometric identity

sin 2n(z + 7w7) + sin 2n(z — 7r7) = 2cos l4n7rsin 2nz = (¢"™ + ¢~ ™) sin 2nz,
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in the resulting equation, we immediately deduce that

J 167) + J 1) =43 LT Gy
(z —77|167) + J (2 + 77|167) = T;Wsm nz.
In a similar way, we find that
e q7n + q9n
J(z = TrT|167) + J (2 + Tr7|167) = 4 Z S sin 2nz.
— q n

n=1
Combining the previous two equations, we find that

X n_ n_ 9n 15n
1y ql_ T 9 Ginone
n=1 q

=J(z—n7|167) + J (2 + 77|167) — J (2 — Tn7|167) — J (2 + Tn7|167) . (61)

Recall the following remarkable identity, which can be found in [16, 20]:

J(z1|7) + J(22|7) + J(23]7) — J (21 + 2 + 23|T)
_ 01(0[7)0: (w1 + 2|7)01 (w2 + w3|7)01 (21 + 23|7)
01(21]7)01 (x2|7)01 (23]7)01 (1 + 22 + 23|7)

Replacing 7 by 167 in the above equation and then letting z; to z — w7, x5 to
z+ 7T, x3 to — 2z + TwT, we obtain

J(z —7w7|167) + J (2 + 77|167) — J (2 — Tw7|167) — J (2 + Tw7T|167)

01(0|]167)0; (677|167)01 (877 |167)01 (22|167)
01(z + 77|167)01 (2 — 77|167)61 (2 + Tr7|167)01 (2 — TrT|167)

Combining the above equation and Identity (61), we get Identity (59). The proof
of Identity (60) is similar to the proof of Identity (59), so we omit it here. O

Using Identities (59) and (60), we can obtain the following Eisenstein series
identities.

Theorem 3. Let |q| < 1. Then, we have the following identities

n(qn _ q7n _ q9n + q15n) B q(qw;q16)go(q8;qS)gc(q(s’qm;qw)oo (62)
1— q16n - (q q7 q9 q15.q16)2 ’
bl b bl 9 [e'e)

NE

3
Il
—

and

(" — " — "+ ¢ (1% M) % (6% ¢®) % (62, 45 ¢'0) (63)
Z 1 _ qun (q3 q5 qll q13. q16)2 :
) ) ) ; 00

—

n=
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Proof. Dividing both sides of Identity (59) by z and then letting z — 0, we are led
to

i n(g" —q¢™ —¢”" +¢'"") _ 61(0[167)0:(877[167)6, (677|167)
1 — gion 402 (mr|167)02 (TmT|167)

n=1

Using Identity (13), we easily find that

01(77|167) = ig*2(q,4"°, 4"% ¢"%) oo, 01(677(167) = ig (¢%, 4", ¢"% ¢*) e,
01 (7r7(167) = iq~**(0", 4%, "% ¢"%)oo, O2(877(167) = ig *(¢%, 0", ¢'% 4" e

Combining the above two equations, we obtain Identity (62). The proof of Identity
(63) is similar to the proof of Identity (62), so we omit it here. O

Theorem 4. Let |q| < 1. Then, we have the following identities

(E) qn _ q7n _ qgn + q15n

M8

3 1— q16n
n=1
_ a(6%6%)3 (0% 4") e (6%, 4" 4") 0 (9,47, 4%, 471 4*) (64)
(qlﬁ;qlﬁ)oc(quq217q27’q45;q48) )
and
& n q?m _ q5n _ qlln + ql?m
Z (g) 1 — gion

3
Il
-

AP0 0o (02, 6 0o (. 1 0 07501 o (65)
- (qlﬁ;q16)oo(q97q15,q33’q39;q48) :

Proof. If p is a prime, we use <5> to denote the Legendre symbol modulo p. Setting
z = % in Identity (59) and noting that

2nmw V3 /n 2T 1/8(.3. .3
blnT = 7 <§) ) 91(?|7') = \/gq (q 34 )ooa
we find that
i (ﬁ) qn_q7n_q9n+q15n
_ 416
n=1 3 1 q "

L q20,(01167)01 (677|167)0, (877|167)(¢*%; ¢*°) 0o
~201(7/3 + 7T|167)01(7/3 — 7©T|167)01 (7/3 + TrT|167)01 (7/3 — Trwr|167)°
(66)

Recall the beautiful identity [17, Eq. (3. 1)]

m 7r :q)3, 01(32]37
5o o) - R
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Using the above identity in Identity (66), we obtain Identity (64). The proof of
Identity (65) is similar to the proof of Identity (64), so we omit it here. O
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